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IWAHORI-MATSUMOTO INVOLUTION AND LINEAR KOSZUL DUALITY

IVAN MIRKOVIC AND SIMON RICHE

ABSTRACT. We use linear Koszul duality, a geometric version of the standard duality between modules
over symmetric and exterior algebras studied in [MR1, MR2], to give a geometric realization of the
Iwahori-Matsumoto involution of affine Hecke algebras. More generally we prove that linear Koszul
duality is compatible with convolution in a general context related to convolution algebras.

1. INTRODUCTION

1.1. Linear Koszul duality. In [MR1, MR2] we have defined and studied linear Koszul duality, a
geometric version of the standard Koszul duality between (graded) modules over the symmetric algebra
of a vector space V' and (graded) modules over the exterior algebra of the dual vector space V*. As an
application of this construction (in a particular case), given a vector bundle A over a scheme Y (satisfying
a few technical conditions) and subbundles A;, Ay C A we obtained an equivalence of triangulated

categories between certain categories of coherent dg-sheaves on the derived intersections A A AAs and
AL\ AL (Here A* is the dual vector bundle, and A+, A+ C A* are the orthogonals to A; and As.)

1.2. Linear Koszul duality of convolution algebras. In this paper we continue this study further in
a special case related to convolution algebras (in the sense of [CG, §8]): we let X be a smooth and proper
complex algebraic variety, V' be a complex vector space, and F' C E :=V x X be a subbundle. Applying
our construction in the case Y = X x X, A= E x E, Ay = AV x Y (where AV C V2 is the diagonal),
As = F x F we obtain an equivalence between triangulated categories whose Grothendieck groups are
respectively Kém (F xy, F) and K®= (F+ xy« F4) (where G,y acts by dilatation along the fibers of E x E
and E* x E*). In fact we consider this situation more generally in the case X is endowed with an action
of a reductive group G, and V is a G-module, and obtain in this way an isomorphism

(%) KEXCm(F xy F) =2 KEXCm(pt . FL)

where G acts diagonally on E x E and E* x E*. (These constructions require an extension of the results
of [MR2] to the equivariant setting, treated in Section 3.)

Our main technical result is that this construction is compatible with convolution (even at the categorical
level): the derived categories of dg-sheaves on our dg-schemes are endowed with a natural convolution
product (which induces the usual convolution product of [CG] at the level of K-theory). We prove that
our equivalence intertwines these products and sends the unit to the unit.

1.3. A categorification of Iwahori—-Matsumoto duality. We apply these results to give a geometric
realization of the Iwahori-Matsumoto involution on the (extended) affine Hecke algebra H,g of a semi-
simple algebraic group G.

The Iwahori-Matsumoto involution of H.g is a certain involution which naturally appears in the study

of representations of the reductive p-adic group dual to G in the sense of Langlands (see e.g. [BC, BM]).

This involution has a version for Lusztig’s graded affine Hecke algebra H,g associated with Hag (i.e. the

associated graded of H,g for a certain filtration, see [L1]), which has been realized geometrically by
1



2 IVAN MIRKOVIC AND SIMON RICHE

S. Evens and the first author in [EM]. More precisely, H,g is isomorphic to the equivariant Borel-Moore
homology of the Steinberg variety Z of G (|12, L3]), and it is proved in [EM] that the Iwahori-Matsumoto
involution is essentially given by a Fourier transform on this homology.

In this paper we upgrade this geometric realization to the actual affine Hecke algebra H,g. This replaces
Borel-Moore homology with K-homology, and Fourier transform with linear Koszul duality. (Here we
use Kazhdan—Lusztig geometric realization of Hag via K-homology [KL], see also [CG].) In the notation
of §1.2 this geometric situation corresponds to the case X = B (the flag variety of G), V = g* (the
co-adjoint representation), and F = A (the Springer resolution): then F xy F = Z, and FL xy. FL is
the “extended Steinberg variety”, whose (equivariant) K-homology is naturally isomorphic to that of Z,
so that (x) indeed induces an automorphism of H,.g.

In a sequel we will extend this result to a geometric realization of the Iwahori-Matsumoto involution of
double affine Hecke algebras. One can expect that this would correspond to the Koszul duality for the
category O of the (still undefined) double loop group.

1.4. The role of derived geometry. Our “categorification” of the Iwahori-Matsumoto involution is
a (contravariant) equivalence of categories R between some categories of equivariant coherent (dg-
)sheaves on differential graded versions of the varieties Z and Z. However, the codomain of Ry is “not
really derived,” in the sense that it is equivalent to the usual category DbCoh&*Cm (£), see Remark 5.3.
On the other hand, the domain of Ky is not equivalent to DbCthXGm(Z); in fact the main reason
for replacing Z by its differential graded version is that the category DbCthXG"‘(Z ) has no obvious
convolution product “categorifying” the product of Hag. A similar replacement of Z by its derived
version appears in [B]. See also Remark 5.5 for a more elementary “categorification” statement, which
however does not mention convolution.

In this paper, for simplicity and since these conditions are satisfied in our main example, we restrict
ourselves to complex algebraic varieties endowed with an action of a reductive algebraic group. Using
stacks it should be possible to work in a much more general setting; we do not consider this here.

1.5. Linear Koszul duality and Fourier transform. The proofs in this paper use compatibility prop-
erties of linear Koszul duality with various natural constructions proved in [MR2]. (More precisely, here
we need equivariant analogues of these results.) These properties are similar to well-known compatibility
properties of the Fourier—Sato transform. We will make this observation precise in [MR3], showing that
linear Koszul duality is related to the Fourier isomorphism in homology considered in [EM] by the Chern
character from K-homology to (completed) Borel-Moore homology. This will explain the relation between
Theorem 5.4 and the main result of [EM]. The wish to upgrade Fourier transform to Koszul duality was
the starting point of our work.

1.6. Organization of the paper. In Section 2 we collect some useful results on derived functors for
equivariant dg-sheaves. In Section 3 we extend the main results of [MR2] to the equivariant setting.
Most of the results in the rest of the paper will be formal consequences of these properties. In Section 4
we study the behavior of our linear Koszul duality equivalence in the context of convolution algebras.
Finally, in Section 5 we prove that the special case of linear Koszul duality considered in §1.3 provides a
geometric realization of the Iwahori-Matsumoto involution.

1.7. Notation. Let X be a complex algebraic variety! endowed with an action of an algebraic group
G. We denote by QCth(X ), respectively Cth(X ) the category of G-equivariant quasi-coherent, re-
spectively coherent, sheaves on X. If Y C X is a closed subscheme, we denote by Cohg(X ) the full

1By complex algebraic variety we mean a reduced, separated scheme of finite type over C.



IWAHORI-MATSUMOTO INVOLUTION AND LINEAR KOSZUL DUALITY 3

subcategory of Cth(X ) whose objects are supported set-theoretically on Y. If F, G are sheaves of
Ox-modules, we denote by F B G the Oxz-module (p1)*F @ (p2)*G on X2, where p1,pa: X x X — X
are the first and second projections.

We will frequently work with Z2?-graded sheaves M. The (i,j) component of M will be denoted M;
Here “2” will be called the cohomological grading, and “j” will be called the internal grading. We will
write |m| for the cohomological degree of a homogeneous local section m of M. Ordinary sheaves will be
considered as Z2-graded sheaves concentrated in bidegree (0,0). As usual, if M is a Z2-graded sheaf of
Ox-modules, we denote by MV the Z2-graded Ox-module such that

(MY)s = Homoy (M~} Ox).
We will denote by (m) the shift in the internal grading, such that
(M(m))j = Mj_,,.

J
We will consider G x Gm-equivariant? sheaves of quasi-coherent Ox-dg-algebras (as in [MR1]). Recall
that such an object is a Z2-graded sheaf of Ox-dg-algebras, endowed with a differential of bidegree (1,0)
of square 0 which satisfies the Leibniz rule with respect to the cohomological grading, and also endowed
with the structure of a G-equivariant quasi-coherent sheaf, compatible with all other structures. If A is
such a dg-algebra, we denote by C (.A—I\/IodG) the category of G x Gy-equivariant quasi-coherent sheaves
of Ox-dg-modules over A. (Such an object is a Z2-graded G-equivariant quasi-coherent Ox-module,
endowed with a differential of bidegree (1,0) and an action of A — extending the Ox-action — which
makes it an 4-dg-module, the action map being graded and G-equivariant.) We denote by D(AfModG)
the associated derived category, obtained by inverting quasi-isomorphisms.

If F is an Ox-modules (considered as a bimodule where the left and right actions coincide), we denote
by Sox (F), respectively A, (F), the symmetric, respectively exterior, algebra of F, i.e. the quotient of
the tensor algebra of F by the relations f ®g—g® f, respectively f®g+g® f, for f, g local sections of F.
If F is a complex of (graded) Ox-modules, we denote by Sym, (F) the graded-symmetric algebra of F,
i.e. the quotient of the tensor algebra of F by the relations f ® g — (—1)I/119lg @ f for f, g homogeneous
local sections of F. This algebra is a sheaf of (Gm-equivariant) Ox-dg-algebras in a natural way.

As in [MR2] we use the general convention that we denote by the same symbol a functor and the induced
functor between opposite categories.

1.8. Acknowledgements. This article is a sequel to [MR1, MR2]. It was started while both authors
were members of the Institute for Advanced Study in Princeton. Part of this work was done while the
second author was a student at Paris 6 University, and while he visited the Massachusetts Institute of
Technology.

We thank Roman Bezrukavnikov for helpful remarks, and the referee for his careful reading.

I.M. was supported by NSF grants. S.R. was supported by ANR grants No. ANR-09-JCJC-0102-01 and
No. ANR-10-BLAN-0110.

2. FUNCTORS FOR (G-EQUIVARIANT (QUASI-COHERENT SHEAVES

This section collects general results on equivariant quasi-coherent sheaves and dg-modules. Some of these
results are well known, but we include proofs since we could not find an appropriate reference. Most of

2Note that G and Gm do not play the same role: G acts on the variety, while the Gm-equivariance simply means an
extra Z-grading.
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our assumptions are probably not necessary, but they are satisfied in the situations where we want to
apply these results.

2.1. Equivariant Grothendieck—Serre duality. Let X be a complex algebraic variety, endowed with
an action of a reductive algebraic group G. By [AB, Example 2.16], there exists an object 2 in DbCth(X )
whose image under the forgetful functor For : D*Coh®(X) — DCoh(X) is a dualizing complex. We will
fix such an object.

We will sometimes make the following additional assumption:

For any F in Coh(X), there exists P in Coh®(X)

2.1
2.1) which is flat over Ox and a surjection P — F in Coh®(X).

This assumption is standard in this setting; it is satisfied e.g. if X is normal and quasi-projective (see
[CG, Proposition 5.1.26]), or if X admits an ample family of line bundles in the sense of [VV, Definition
1.5.3]. Note also that (2.1) implies a similar property for quasi-coherent sheaves.

Recall that by [AB, Corollary 2.11] the natural functors
D’Coh®(X) — D'QCoh“(X) and D’Coh(X) — D’QCoh(X)
are both fully faithful. This will allow us not to distinguish between morphisms in these categories.
We denote by a : G x X — X the action, and by p : G x X — X the projection. Both of these morphisms
are flat and affine. Recall the “averaging functor”
Ay | QCoh(X) — QCoh%(X)
' F — asxp*F
This functor is exact, and is right adjoint to the forgetful functor For : QCth(X) — QCoh(X) which is
exact. Hence Av sends injective objects of QCoh(X) to injective objects of QCth(X). From this one

easily deduces that there are enough injective objects in QCth(X ), and that every such injective object
is a direct summand of an injective object of the form Av(Z) for some injective Z in QCoh(X).

Recall also that for any F in Coh®(X) and G in QCoh®(X), the C-vector space Homo, (F, G) is naturally
an algebraic G-module, and that we have a canonical isomorphism

(2.2) Homgeope (x)(F,G) = (Homoy (F,G))”

induced by the functor For. (Here and below, for simplicity we do not write the functor For.) Now we
prove a version of this statement for derived categories, which will simplify our constructions a lot.

Lemma 2.1. For any F,G in D*Coh®(X), the C-vector space Hompocon(x)(F,G) is naturally an alge-
braic G-module. Moreover, For induces an isomorphism Hompucone (x)(F, G) = (Hompucon(x) (F, g))G.
Proof. The construction of the G-action is standard, and left to the reader. To prove the isomorphism,
by a standard “dévissage” argument it is enough to prove that if 7 and G are in Cth(X ) and if i > 0
the natural morphism

7 i G
Extegne x)(F,G) = (Exteonx)(F,9))

is an isomorphism. Now let Z be an injective resolution of G in the abelian category QCth(X ). By
Lemma 2.2 below, this complex is acyclic for the functor Home,, (F, —), hence can be used to compute
Extéoh( x)(F,G). Then our claim easily follows from isomorphism (2.2) and the fact that the functor of
G-invariants is exact. O

Lemma 2.2. Let F be in Cth(X), and J be an injective object of QCth(X). Then for any j > 0 we
have ExthCoh(X)(]-", J)=0.
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Proof. We can assume that J = Av(Z) for some injective object Z of QCoh(X). Then we have
Ext{.\)coh(x)(}“, J) = Extécoh(x)(]:, a.p*T) = Extécoh(Gxx)(a*]:,p*I)

by adjunction. As F is G-equivariant we have an isomorphism a*F = p*F, and using adjunction again
we deduce an isomorphism

Extconx) (F> ) = Extegn x) (F:pep”J)-

Now we have p,p*J = C[G] ®c J, and it follows from [Ha, Corollary I1.7.9] that p,p*J is injective. This
finishes the proof. O

As Q is a dualizing complex, we have an equivalence
Do := RHomo,(—,Q): D’Coh(X) = DPCoh(X)°P,
and a canonical isomorphism of functors eq : Idpscon(x) — Da o Da (see e.g. [MR2, §1.5] for details).

Let now Zg be a bounded below complex of injective objects of QCth(X ) whose image in the derived
category D+QCth(X ) is 2. Then the “internal Hom” bifunctor defines a functor

'D§ := Homo, (—, Za) : C°Coh®(X) — C*QCoh®(X)°P.
Lemma 2.3. Assume condition (2.1) is satisfied.

The functor ODg is exact. The induced functor on derived categories factors through a functor between
bounded derived categories
D§ : D*Coh®(X) — D"Coh®(X)°P.

Moreover, the following diagram commutes up to isomorphism:

DG
DPCoh%(X) ————— DPCoh¥(X)°P

For\L \LFor

DPCoh(X) —— 22 . DVCoh(X)P

where vertical arrows are the usual forgetful functors.

Proof. To prove exactness, it suffices to prove that if 7 is an injective object of QCth(X ), the functor
Homoy (—, J) : Coh®(X) — QCoh®(X)°P

is exact. One can assume that J = Av(Z) for some injective Z in QCoh(X). Then for any F in Coh®(X)
we have

Homo (F,T) = Homo, (F,ap*T) = aHomoy,,  (a*F,p*T)
by adjunction. Now we have a canonical isomorphism a*F = p*F, and we deduce isomorphisms
Homo (F,T) = axHomog, x (0" F,p*L) = ap*Homo (F,T) = AV(’HomoX (F, I))
As both the functors Homo, (—,Z) and Av are exact, we deduce the claim, hence exactness of °D§.
Let us denote by ’DS the functor induced between derived categories, and by 'Dg the non-equivariant

analogue. Now, let us prove that the following diagram commutes:

MG

DbCoh®(X) —2% . P+QCoh%(X)°P
(23) For\L \LFor

DbCoh(X) —— 22 P+QCoh(X)P
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Let Jo be a complex of injective objects in QCoh(X) whose image in DTQCoh(X) is 2, so that the
functor ‘D is the functor induced by the exact functor Homoy (—, Ja) : C®Coh(X) — C*tQCoh(X )P,

By standard arguments there exists a quasi-isomorphism Zg 2 Jo in the category CTQCoh(X). We
denote by Kq the cone of this morphism. To prove the commutativity it is sufficient to prove that for
any F in C’Coh®(X) the natural morphism

Homoy (F,Za) = Homo (F, Ja)

is a quasi-isomorphism, or in other words that the complex Homo, (F,Kq) is acyclic. By our assump-
tion (2.1), there exists a complex £ in C~Coh%(X) whose objects are Ox-flat and a quasi-isomorphism
L2 F Using what was checked in the first paragraph of this proof, one can show that the induced
morphism Home, (F,Kq) = Homo, (£, Kq) is a quasi-isomorphism. Now, as K¢, is an acyclic complex
and L a bounded above complex of flat O x-modules the complex Homp, (£, Kq) is acyclic. This finishes
the proof of the commutativity of (2.3).

Finally, as the functor ‘Dgq takes values in D*Coh(X), one deduces the second claim of the lemma and
the commutativity of the diagram from the commutativity of (2.3). O

Corollary 2.4. Assume condition (2.1) is satisfied.

There exists a canonical isomorphism 1d = D§ o D of endofunctors of ’DbCth(X). In particular, D§
is an equivalence of categories.

Proof. For F in D*Coh®(X), the isomorphism eq(F) : F =» Dg o Dq(F) is canonical, and in particular
invariant under the action of G'on Hompucon(x)(F, DooDq(F)). Using the commutativity of the diagram
in Lemma 2.3 and Lemma 2.1, we deduce the existence of the canonical isomorphism Id = D§ o D§.
The final claim is obvious. O

2.2. Grothendieck—Serre duality in the dg setting. As above let X be a complex algebraic variety,
endowed with an action of a reductive algebraic group G. Let also A be a G x Gmp-equivariant,® non-
positively (cohomologically) graded, graded-commutative, sheaf of quasi-coherent Ox-dg-algebras. We
assume furthermore that A is locally finitely generated over A°, that A is locally finitely generated as
an Ox-algebra, and that A is K-flat as a Gpy-equivariant A%-dg-module (in the sense of [Sp]). Finally,
we will assume that condition (2.1) is satisfied.

If A denotes the (G-equivariant) affine scheme over X such that the pushforward of 04 to X is A%, then
there exists a Gy-equivariant quasi-coherent G-equivariant O 4-dg-algebra A’ whose direct image to X
is A. Moreover there exists an equivalence of categories C(A'—Mod®) = C(A—Mod®). Using this trick
we can reduce our situation to the case A is Ox-coherent and K-flat as an Ox-dg-module.

Using conventions similar to those in [MR2], we denote by D*¢(A—Mod®) the subcategory of D(A—Mod®)
whose objects are the dg-modules M such that, for any j € Z, the complex M has bounded and coherent
cohomology.

Lemma 2.5. For any F,G in DbC(AfModG) the C-vector space Hompove(a_mod)(F,G) has a natural
structure of an algebraic G-module. Moreover, the natural morphism

G
(2.4) Homopbe(4-mogc)(F>G) — (Hompre a_mod) (F, G))

induced by the forgetful functor is an isomorphism.

3The Gm-equivariance (or equivalently the additional Z-grading) will not play any role in §§2.2-2.4. We make this
assumption to avoid introducing new notation, and because this is the only case we will considerx.
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Proof. The construction of the G-action is similar the the one in §2.1. Now, let us prove that (2.4) is an
isomorphism. As explained above, we can assume that A4 is Ox-coherent and K-flat as an Ox-dg-module.
Consider the induction functor
G G
Indy - C(Ox—Mod”) — C(A—Mod™)
M — A®o, M

This functor is left adjoint to the forgetful functor For4 : C(A—Mod®) — C(Ox—Mod®). Moreover, by
our K-flatness assumption the functor Ind 4 is exact, hence induces a functor between derived categories,
which we denote similarly. Then the functors

Ind4 : D(Ox —Mod®) — D(A-Mod®) and Fory : D(A—Mod®) — D(Ox —Mod®)
are again adjoint. As A is Ox-coherent, the functor Ind 4 sends the subcategory DbC(OX—I\/IodG) into
DP¢(A—Mod?).

Using these remarks and Lemma 2.1, one can show that (2.4) is an isomorphism in the case F = Ind 4(F’)
for some object F' in D*¢(Ox—Mod?). Now we explain how to reduce the general case to this case.
In fact, using a simplified form of the construction in [R2, proof of Theorem 1.3.3] (without taking K-
flat resolutions), one can check that any object of DP¢(A—Mod®) is a direct limit of a family (P,),>0
of objects of DbC(AfModG) such that each P, admits a finite filtration with subquotients of the form
Ind4(#) for some H in D*(Ox —Mod?). As the functor of G-fixed points commutes with inverse limits,
this reduces the general case to the case treated above, and finishes the proof. (]

Finally we can prove our “duality” statement for G-equivariant A-dg-modules. First, recall that there is
a canonical equivalence of triangulated categories

Dy : D*(A—Mod) = DP¢(A—Mod)°P,

where the exponent “b¢” has the same meaning as above, see [MR2, §1.5] for details. The equivariant
analogue of this statement can be deduced from the properties of the functor D{z‘ using Lemma 2.5, just
as the properties of the functor DS where deduced from those of Dg in §2.1.

Proposition 2.6. There exists an equivalence of categories
D5¢ : D*(A-Mod¥) =5 DP¢(A—ModF)°P

such that the following diagram commutes (where the vertical arrows are the natural forgetful functors):

D’A’G
DP¢(A—Mod®) 2 DP¢(A—Mod®)op
For\L \LFor
D3
DPe(A—Mod) = DPe(A—Mod)P

and a canonical isomorphism of functors Id = DS’G o DS’G.

2.3. Inverse image of equivariant dg-sheaves. We let X and Y be complex algebraic varieties, each
endowed with an action of an algebraic group G. (In practice G will be reductive, as above, but this
property will not be used in this subsection.) We also assume that condition (2.1) is satisfied on Y.

Let A, respectively B, be a sheaf of non-positively graded, graded-commutative, quasi-coherent, G X
Gm-equivariant Ox-dg-algebras, respectively Oy-dg-algebras. Let f : (X, A) — (Y,B) be a G X G-
equivariant morphism of dg-ringed spaces. By [BR, Proposition 3.2.2] (see also [MR2, §1.1]) the inverse
image functor

f*: C(B—Mod) — C(A—Mod)
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admits a left derived functor
(2.5) Lf* : D(B—Mod) — D(A—Mod).

This property follows from the existence of K-flat resolutions in C(B—Mod). The same arguments extend
to the G-equivariant setting under our assumption that condition (2.1) holds on Y.

Lemma 2.7. For any object M in C(B—Mod®), there exists an object P in C(B—Mod%), which is K -flat

as a B-dg-module, and a quasi-isomorphism of G x Gy -equivariant B-dg-modules P 95 F

In particular, it follows from this lemma that the functor
f*:C(B=Mod®) — C(A—Mod®)
admits a left derived functor
Lf* : D(B—Mod%) — D(A—Mod%).
Moreover, the following diagram commutes by definition:

Lf*

D(B—Mod®) D(A—Mod®)
(26) Forl \LFor
(2.5)
D(B—Mod) D(A—Mod).

(This property justifies our convention that the notation Lf* denotes the derived functor both in the
equivariant and non-equivariant settings.)

2.4. Direct image of equivariant dg-sheaves. We let again X and Y be complex algebraic varieties,
each endowed with an action of an algebraic group G. Let A, respectively B, be a sheaf of non-positively
graded, graded-commutative, G x Guy,-equivariant, quasi-coherent Ox-dg-algebras, respectively Oy -dg-
algebras. Let f: (X, A) = (Y, B) be a G x Gy-equivariant morphism of dg-ringed spaces.

We will assume that A is locally free of finite rank over A%, that A° is locally finitely generated as an
Ox-algebra, and finally that A is K-flat as a Gy-equivariant A%-dg-module.

It follows from [BR, Proposition 3.3.2] (existence of K-injective resolutions in C(.A—Mod)), see also [MR2,
§1.1], that the direct image functor
f« : C(A—Mod) — C(B—Mod)
admits a right derived functor
(2.7) Rf. : D(A—Mod) — D(B—Mod).

Our goal in this subsection is to extend this property to the equivariant setting. In this case for simplicity
we restrict to a subcategory.

We denote by Ct(A—Mod®) the subcategory of C(A—Mod®) whose objects are bounded below in the
cohomological grading (uniformly in the internal grading), and by Dt(A—Mod®) the full subcategory
of D(A*ModG) whose objects are the dg-modules whose cohomology is bounded below. Note that the
natural functor from the derived category associated with C*(A—Mod®) to D(A—Mod®) is fully faithful,
with essential image D (A—Mod%).

Proposition 2.8. (1) For any M in Ct(A—Mod®), there exists an object T in Ct(A—Mod®) which
is K -injective in C(.A—I\/IodG) and a quasi-isomorphism M = T
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(2) The functor f, : CT*(A—Mod®) — C(B—Mod®) admits a right derived functor
Rf. : DY (A—Mod®) — D(B—Mod).

Moreover, the following diagram is commutative up to isomorphism:

DH(A-Mod®) — P D(B—Mod®)
For\L \LFor
(2.7)

D(A—Mod) D(B—Mod).

Proof. (1) As in §2.2 we can assume that A° = Ox, so that A is locally free of finite rank over Ox.
Under this assumption, the proof of [R2, Lemma 1.3.5] (using the coinduction functor Coind 4) generalizes
directly to our setting and proves property (1).

(2) The existence of the derived functor follows from (1). Now, let us prove the commutativity of our
diagram. Again we can assume that A% = Ox. As explained in [VV, Proof of Lemma 1.5.9], any injective
object of QCth(X ) is fi-acyclic. It follows easily from this that the diagram commutes if A = Ox and
B = Oy. Using this and [BR, Proposition 3.3.6] (compatibility of derived direct images for A- and
Ox-dg-modules), it suffices to prove that the following diagram commutes:

DH(A-Mod®) — T D(B—Mod)

For 4 \L \LFOYB
R(fo)«
DH(Ox —Mod®) — 22 b0y —Mod®)
(where fp : X — Y is the morphism of schemes underlying f.) However, this is clear from the construction

in (1) and the fact that, under our assumptions, the functor Coind 4 sends a bounded below complex of
injective objects of QCth(X ) to a complex which has the same property. O

3. LINEAR K0szuL DUALITY

3.1. Linear Koszul duality in the equivariant setting. We let X be a complex algebraic variety,
endowed with an action of a reductive algebraic group G, and let 2 be an object in DbCth(X ) whose
image in D’Coh(X) is a dualizing complex (see §2.1). We will assume that condition (2.1) is satisfied.

Let E be a G-equivariant vector bundle on X and let Fy, F5 C E be G-equivariant subbundles. As in
[MR2], we denote by &, F1, Fa the sheaves of sections of F, F, F», and we define the G x Gy-equivariant
complexes
X=0—=FF > F —0), YVi=(0—F—=E/F —0).

In X, Fi- is in bidegree (—1,2), Fy is in bidegree (0,2), and the differential is the composition of the
natural maps Fi- — &Y — Fy. In Y, Fy is in bidegree (1,—2), £/F; is in bidegree (2, —2), and the
differential is the opposite of the composition of the natural maps Fo < & — £/F;. We will work with
the G X Gp-equivariant sheaves of dg-algebras

T :=8ym(&), S:=Sym(Y), R:=Sym(Y[2]).
We set
Do (FL g Fy) = D¥(T-Mod®), D¢ (Fi-Np- F5H) = DB(R—Mod®),

where the exponent “fg” means the subcategory of dg-modules over T (or R) whose cohomology is locally
finitely generated over H*(T) (or H*(R)). We also set

DL (Fi (g Fy) = D¥(T—Mod), D& (Fi g F3) = D¥(R—-Mod).
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(Here and below, when no group appears in the notation, we mean the categories of {1} x Gy-equivariant
dg-modules, i.e. we forget the action of G.) Recall that in [MR2, Theorem 1.9.3] we have constructed an
equivalence of triangulated categories

koD (Filg F) = D (Fi(g- F3)°P.
The following result is an equivariant analogue of this equivalence.

Theorem 3.1. There exists an equivalence of triangulated categories
R ~ R
kG Doxen (FL0E F2) = Dgyg,, (Fi Np- F3)P,

which satisfies kS (M[n](m)) = kS (M)[—n + m]{(—m) and such that the following diagram commutes:

G
R K R
D, (FiNp Fy) —————= D¢, o (Fi* Mg« F3)°P

For\L \LFor

Dg, (Fi Mg Fy) ———=—= D5 _(F{" Mg F§)7,

where the vertical arrows are the forgetful functors.

— —b
Proof. We use the same notation as in [MR2]; in particular we will consider the equivalences o7, &/ C,
D/ and ¢ constructed in [MR2, §1]. With this notation we have kg = £ o 70 DJ.

It is straightforward to construct an equivalence of categories o/ ¢ which makes the following diagram
commutative:

D(T-Mod®) ——Z¢ _ D(S—Mod?)

Forl/ \LFor

D(T-Mod_) ——Z + D(S—Mod%).

(Here, as in [MR2], the index “—” means the subcategories of dg-modules which are bounded above for
the internal grading. A similar convention applies to the index “+” below.) This equivalence restricts to
an equivalence

o DY (T—Mod®) = D(S—Mod€)

(where, as in [MR2] or in §2.2, the exponent “bc” means the subcategories of dg-modules whose inter-
nal degree components have bounded and coherent cohomology). Now in §2.2 we have constructed an
equivalence Dg’G which induces an equivalence

D/ ¢ : D*(T—Mod{) — DP¢(T—Mod%)°P.
Moreover, by Proposition 2.6 the following diagram commutes:

T,G

D
DP(T—Mod{) ———2——= D (T —Mod%)°P
For\L o \LFor

D (T —Mod.) - DPe(T—Mod_)°P.
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—b
Finally the regrading functor has an obvious G-equivariant analogue ¢ and, setting /ﬁg =% Gcng’G

we obtain an equivalence which makes the following diagram commutative:

HG
DP(T—Mod?) - DP(R—Mod¢ )°P
(31) For\L \LFor
DP¢(T—Mod, ) o DP¢(R—Mod_)°P.

It is easy to check that the natural functors

D'E(T—Modf) — D%(T—Mod®) and D%(R—Mod?) — D%(R—-Mod®)

are equivalences of categories and, using the commutativity of (3.1), that under these equivalences ng

restricts to an equivalence

~

kS : D®(T—Mod®) = DE(R—Mod®)°P.
This finishes the proof. O

Remark 3.2. From now on we will omit the exponent “G”, and write kg instead of /ﬁg. This convention
is justified by the commutativity of the diagram in Theorem 3.1.

3.2. Linear Koszul duality and morphisms of vector bundles. We let G, X, E be as in §3.1. Let
also E’ be another G-equivariant vector bundle on X, and let

E

® B
X -
be a morphism of G-equivariant vector bundles over X. We consider G-stable subbundles Fy,Fy C FE
and F{, F5 C E’, and assume that
¢(F1) C Iy, o(F2) C Fy.

Let &, F1, Fa, £, Fi, F} be the respective sheaves of sections of E, Fy, F», E', F|, F;. We consider the
(G-equivariant) complexes X (for the vector bundle E) and X’ (for the vector bundle E’) defined as
in §3.1, and the associated dg-algebras T, R, 7', R'. By Theorem 3.1 we have linear Koszul duality
equivalences

The morphism ¢ defines a morphism of complexes X' — X, to which we can apply (equivariant analogues
of) the constructions of [MR2, §2.1]. More geometrically, ¢ induces a morphism of dg-schemes @ :

o %E F, — F| erE/ Fj, and we have a (derived) direct image functor

R®, : Dy, (Fi (g Fy) = D(T'—Mod®).
(This functor is just the restriction of scalars functor associated with the morphism 7' — 7.)
The following result immediately follows from [MR2, Lemma 2.3.1].

Lemma 3.3. Assume that the induced morphism between non-derived intersections Fy Ng Fo — F{Ng: F}
is proper. Then the functor R®, sends D¢, (Fy rRTE F) into D¢ G, (F} %E/ F}).
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We also consider the (derived) inverse image functor
LO* : Dy, (F{ Npr Fy) = D(T—Mod).
(This functor is just the extension of scalars functor associated with the morphism 7' — T.)
The morphism ¢ induces a morphism of vector bundles
Yi="t¢: (B') — B,

which satisfies ¢((F])+) C Fi* for i = 1,2. Hence the above constructions and results also apply to .
We use similar notation.

The following result is an equivariant analogue of [MR2, Proposition 2.3.2]. The same proof applies; we
leave the details to the reader.

Proposition 3.4. (1) Assume that the morphism of schemes Fy Ng Fo — F| Ng: F} induced by ¢ is
proper. Then LY* sends D, ¢ (Fi- Ag- F3) into D ((F])* r%(E/)* (F3)*). Moreover, there
exists a natural isomorphism of functors

LU*okq = khoR®, :Dgye, (FilpFa) = Dayg, (F) my (F3)H)°P.
(2) Assume that the morphism of schemes (F{)* Mg~ (F4)= — Fi- Np: F5~ induced by 1 is proper.

Then L®* sends D, (F] Agr Fy) into D¢, g, (F1 Ag Fy). Moreover, there exists a natural
isomorphism of functors

Koo L®* = RU,okh :Dayg, (Fi O Fy) = Dgye. (Fi e F5-)oP.

In particular, if both assumptions are satisfied, the following diagram is commutative:

D, (Fi N F) = D, (Fi- (e Fi)oP
Lo* NR% R\II*NL\IJ*
R K R
D¢y, (F1 NEr Fy) — Dy (F1)F Oprys (Fg)+)°P.

3.3. Particular case: inclusion of a subbundle. We will mainly use only a special case of Proposi-
tion 3.4, which we state here for future reference. It is the case when F = E’', ¢ =1d, F; = F| (and F}
is any G-stable subbundle containing F»). In this case we denote by

fiR AR = R OEF,  g:Fig (F)Y = F A F-

the morphisms of dg-schemes induced by Fy < Fj, (F)* < F3-. The assumption that the morphisms
between non-derived intersections are proper is always satisfied here (because these morphisms are closed
embeddings). Hence by Proposition 3.4 we have functors

Rf.: Dien(FiNEF2) = Do, (FiNEFS),  Lf':Diye, (FiNEF}) — Dive, (Fi Mg F),
and similarly for g. Moreover, the following proposition holds true.

Proposition 3.5. Consider the following diagram:

Do, (Fi g Fo) ——2 =D& (F{* e F5-)oP

7 e

Do, (F1 (g Fy) —————— D& o (Fi- M- (F3)1)°P.
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There exist natural isomorphisms of functors

koo Rf. & Lg*okq and koolLf* = Ry, okg.
3.4. Linear Koszul duality and base change. Let X and Y be complex algebraic varieties, each
endowed with an action of a reductive algebraic group G. We assume that condition (2.1) holds on X
and Y, and we let Q be an object of D?Coh®(Y’) whose image in D*Coh(Y') is a dualizing complex. We

let 7 : X — Y be a G-equivariant morphism. Then 7'Q) is an object of DbCth(X) whose image in
DbCoh(X) is a dualizing complex.

Consider a G-equivariant vector bundle F on Y, and let Fy,Fy C E be G-equivariant subbundles.
Consider also EX := E xy X, which is a G-equivariant vector bundle on X, and the subbundles
FX := F, xy X C EX (i = 1,2). If & Fi, Fa are the respective sheaves of sections of E, Fy, Fy,
then 7*&, 7* Fy, m* Fy are the sheaves of sections of EX, F{X, F5X respectively. Out of these data we
define the complexes Xx and Xy as in §3.1, and then the dg-algebras Tx, Sx, Rx and Ty, Sy, Ry.
Note that we have natural isomorphisms of dg-algebras

Tx =Ty, Sx=7n"Sy, Rx =71"Ry.
We define the categories
D (Fi (8 Fy), D, (Fi Ape F-)
c R c R
GxGm(F1X Npx F5Y), GxGm((le)J_ O(px)- (F55)*)
as in §3.1. Then by Theorem 3.1 there are equivalences of categories
R ~ R
Fimg : Do (F1 Nex F5') ™ Dy, (F{Y) Nx)e (F3)1)°P,
Y . C B ~ C 1R 1 \op
kO Daxgn(F1NEF2) — Doy, (FT Np- F57)P.

If X and Y are smooth varieties, then {2 is a shift of a line bundle, so that 7*€Q is also a dualizing complex
on X. Hence under this condition we also have an equivalence

C PAY ~ C Pis o
g DGxGm(le Npx F5Y) = Dc:x(r;,,,,((l[’lx)L O(px)- (F5))or.
The morphism of schemes 7 induces a morphism of dg-schemes
#: FX Apx FX = F (g Fy.

This morphism can be represented by the natural morphism of dg-ringed spaces (X, Tx) — (Y, Ty).
We have derived functors R7, and L7* for this morphism by the constructions of §§2.3-2.4. Note in

particular that D&, o (Ff* Apx F5X) is a subcategory of DT (Tx —Mod®), so that R, is defined on this
category.

As in [MR2], we will say that 7 has finite Tor-dimension if for any F in QCoh(Y’), the object Lf*F of
DQCoh(X) has bounded cohomology.

Lemma 3.6. (1) Assume w has finite Tor-dimension. Then the functor
L#" : Dg e, (F1 (g ) — D(Tx—Mod®)

takes values in Dg, g (Fi© Apx F3).
(2) Assume m is proper. Then the functor

R, : D, (FYX Pgx FX) = D(Ty—Mod®)

takes values in Dg ¢, (Fy F%E Fy).
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Proof. Statement (1) follows from its non-equivariant analogue (see [MR2, Lemma 3.1.2]) and the com-
mutativity of diagram (2.6). The proof of (2) is similar, using again [MR2, Lemma 3.1.2] and the
commutativity of the diagram in Proposition 2.8. 0

Similarly, 7 induces a morphism of dg-schemes
7 (B O xy (B — FiOpe Fy-
hence, if 7 has finite Tor-dimension, a functor
. R R
Lw ZDE:xGm(EL Ng- F5) — D%xGm((le)J_ Nmxy= (F55)h),
and, if 7 is proper, a functor
~ R R
R : D, (FX) Ay (F)Y) = D, (F A F).
Proposition 3.7. (1) If w is proper, there exists a natural isomorphism of functors
kG o R, & Rit,oktg :Daye. (FX Npx F5Y) = Daye, (Fi (pe F5H)oP.
(2) If X and Y are smooth varieties, then there exists a natural isomorphism of functors

Li* ok = kXqoLi* :Déye. (Filip F) = Dayg, (FF) Omxy- (F55)L)P.

Proof. (1) In [MR2, Proposition 3.4.2] we have proved a similar isomorphism in the non-equivariant
setting. As in the proof of Corollary 2.4, the equivariant case follows, using Lemma 2.5. (Here we also
use the compatibility of the functors kg, R#., R, and nﬁ o With their non-equivariant analogues, see
Proposition 2.8 and Theorem 3.1.)

(2) The proof is similar. O

4. LINEAR KoszuL DUALITY AND CONVOLUTION

From now on we will specialize to a particular geometric situation suitable to convolution algebras (and
use slightly different notation). We fix a smooth and proper complex algebraic variety X, endowed with
an action of a reductive algebraic group G. Note that condition (2.1) is satisfied on any such variety by
[CG, Proposition 5.1.26].

4.1. First description of convolution. Let V' be a finite dimensional G-module, and F C E :=V x X
a G-equivariant subbundle of the trivial vector bundle with fiber V' over X. We denote by F the sheaf
of sections of F. Let AV C V x V be the diagonal. We will apply the constructions of §3.1 to the
G-equivariant vector bundle E x E over X x X (for the diagonal G-action) and the G-stable subbundles
AV x X x X and F' x F. Note that the derived intersection

(AV x X x X)Pgxp (F x F)
is quasi-isomorphic to the derived fiber product F QV F in the sense of [BR, §3.7].

We want to define a convolution product on the category D¢, ((AV x X x X) Apxe (F x F)). More
concretely, by definition (see §3.1) we have
(4.1) S (AV X X x X) Apyp (F x F)) = DE(So,,  (FYBFY)@c (\V)-Mod®)

where on the right hand side V* is identified with the orthogonal of AV in V x V., i.e. with the anti-
diagonal copy of V* in V* x V*, and the differential is induced by the morphism V* ®@c Ox2 — FY B FY
induced by the morphism F x F — E x E — ((V x V)/AV) x X2.
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For (i,7) = (1,2), (2,3) or (1,3) we have the projection p; ; : X®> — X? on the i-th and j-th factors.
There are associated morphisms of dg-schemes

Pra: (AV x X)) Apxpxx (F X F x X) = (AV x X?) Agyp (F x F),

D2.3, P13, and functors L(p1.2)*, L(p23)*, R(p1.3)« (see §3.4; in this setting £ x E' x X is considered as a
vector bundle over X?3). For i = 1,2,3 we also denote by p; : X3 — X the projection on the i-th factor.

Next we consider a bifunctor
(42) C(So (P o(FYBFY)) ®@c (A\V)-Mod?) x C(So, (p35(F” BF)) @c (/\ V)—Mod®)

— C(So.s (i 5(FY BFY)) @c (/\ V)—Mod).
Here, in the first category the dg-algebra is the image under pj , of the dg-algebra appearing in (4.1), so
that So _, (p} o(FYBFY))@c (A V*) is the structure sheaf of (AV x X?) Apxexx (Fx FxX). Similarly,

the second category corresponds to the dg-scheme (AV x X3) AxxExE (X x F x F), and the third one

to the dg-scheme (AV x X3) AExxxE (F x X x F). The bifunctor (4.2) takes the dg-modules M; and
My to the dg-module M1 ®s,, _ (ps7v) M2, where the action of So ., (p 4(FY B FY)) is the natural
X )

one (i.e. we forget the action of the middle copy of S, (FV)). To define the action of A V*, we remark
that M1 ®s,, | (p37v) M2 has a natural action of the dg-algebra (A V*) ®@c (/A V*), which restricts to an
b'e 2

action of A V* via the algebra morphism A V* — (A V*) ®c (A V*) which sends an element x € V* to
r®1+1®x.

The bifunctor (4.2) has a derived bifunctor (which can be computed by means of K-flat resolutions, see
Lemma 2.7), which induces a bifunctor denoted (— B o —-):
D (So s (p1 o(F BFY)) @c (/\ V*)—Mod®) x D¥(So_, (p3 5(F¥ BFY)) ®c (/\ V*)~Mod®)
— DE(So, (0 5(FYBFY)) @c (\V*)—Mod).

(This follows from the fact that the composition F xy F xy F — E x ExX E — E x X x E is proper,
using arguments similar to those in the proof of [MR2, Lemma 2.3.1]; see also Lemma 3.3).

Finally, we obtain a convolution product

(=% =) Deye (AV x X x X) Apxp (F x F)) x Daye, ((AV x X x X)Apxp (F x F))
= Diye, (AV x X x X)Apxp (F x F))
defined by the formula
Mix My = R(p13)« (L(P13)* Ms & ps L(paz)*M;).

This convolution is associative in the natural sense. (We leave this verification to the reader; it will not
be used in the paper.)

There is a natural G x Gy,-equivariant “projection”
p:(AV x X x X)Apxp(Fx F) 5 Fx F
corresponding to the morphism of Ox2-dg-algebras
S0 (FYBFY) = So, (FYBFY)ec (\ V"),

and an associated direct image functor Rp.. The essential image of Rp, lies in the full subcategory

ngpCth(F x F) of D*Coh®(F x F) whose objects are the complexes whose support is contained in a
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subvariety Z C I’ x I such that both projections Z — F' are proper. This category ngpCth(F x F)
has a natural convolution product (see e.g. [R1, §1.2]), and the functor

Rp. : Dy, (AV x X x X) Apxp (F x F)) — Db, Coh®(F x F)
is compatible with the two convolution products.

4.2. Alternative description. Before studying the compatibility of convolution with linear Koszul
duality we give an alternative description of the convolution bifunctor, in terms of functors considered in
Section 3. Consider the morphism

)

) { X3 — x4
(@,y,2) = (2,9,9,2)
and the vector bundle E* over X*. In §3.4 we have defined a “base change” functor
Li* : D&y, (AV x AV x X*) (s FY)
= Diyg,, (AV X AV % X3 Ay mxxmxn (F X (F xx F) x F)).
Next, consider the inclusion of vector subbundles of E x (E xx E) x E (over X3)
Fx Fle x F < Fx(FxxF)xF,
where F4i2¢ ¢ F' x x F is the diagonal copy of F. In §3.3 we have defined a functor
Lf*: Déyg, (AV x AV x X3 Apy(mxxmyxi (F x (F xx F) x F))
= Diyg (AV X AV X X3) Ay (mxx myxm (F x F19 5 F)).
Consider then the morphisms of vector bundles over X3
P FEP2V3IXX? S EXXXE2V?x X3, ¢y E32V3xX? &5 Ex(ExxE)x E=2V*x X3,

induced by the linear maps

: Vi VP d , Vi V4
@b = @e TN P (@b = (abbo)
Using the constructions of §3.2 we have associated functors
R(®)). : D&y, (A3V x X3) Ags F3) = Deyg. (AV x X3) Apsxxp (F x X x F)),
L(®2)* : Deg,. (AV x AV % X%) gy (mxxmyxr (F x FI%8 5 F)) = D&oo (AW x X3) (s F?).
(Here A3V C V3 is the diagonal copy of V.) Finally, note that if M;, My are two objects of
D¢ e, ((AV x X?) r’%ExE (F x F)), then the external tensor product My X M, is naturally an ob-

ject of the category D, g ((AV x AV x X*) Apa F).

Lemma 4.1. For My, My in D¢, ¢ ((AVXXQ) r%ExE (FXF)), there exists a bifunctorial isomorphism
(4.3) Mix My = R(p13)x 0 R(®1)s 0 L(®2)* o Lf* o Li* (Mg X M;)

in Dy, (AV x X2) Apyp (F x F)).

Proof. What we have to construct is a natural isomorphism
(4.4) L(p12)* My @ps L(p23)* My =2 R(®1). 0 L(®3)* o Lf* o Li*(My R M,).

Note that the morphism of dg-schemes ®; is associated with the natural morphism of dg-algebras
S5 (PF3(FYBFY))@c(AV*) = So . (FYBFVEFY)@c(A V*)®c(A\ V*) on X3, By construction there
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exists a bifunctor (—® s —) taking values in C(So_, (FYBFYBFY)@c (AV*) @c (A V*)—I\/IodG) and
such that (—®ps —) = (®1)s 0 (—®ps—). As the functor (®y), is exact, passing to derived functors (and

restricting to the appropriate subcategories) we obtain an isomorphism (—QL@F;:.—) = R(®q1). 0 (—éFB—).
Let us also observe that, by standard properties of composition of left derived functors the composition

My, M3) — L(p/l\g)*./\/béFdL(p/Q\g)*Ml is the derived bifunctor of the corresponding composition
(M1, M2) = (p1,2)* M2® s (P2,3)* M1 of non-derived functors. The latter composition can also be
described as the composition of the bifunctor (Mj, Ms) — Mo K M; with the (non-derived) inverse
image under the morphism of dg-schemes

T (APV x X3 (gs F? = (AV x AV x X*) (s F*
whose underlying morphism of schemes is ¢ and whose underlying morphism of dg-algebras is the mor-
phism
(S B (S(FY) Gox S(F) BS(FY)) @c (AV) e (AV') =
(SFRSEFE)ESF)) e (A V) @c (AV)

induced by multiplication of the second and third copies of S(FV). By the same arguments as before,

passing to derived functors we obtain an isomorphism L(p/l,\g)*MgéFgL(p/g,\g)*Ml >~ LY*( My K My).
Summarizing, we have obtained a bifunctorial isomorphism

L(p12)* M2 @ps L(p33)" My = R(®1), 0 LT* (M2 B M;).
Comparing with (4.4), we see that it is sufficient to construct an isomorphism of functors
L(®2)* o Lf* o Li* = LY.
The latter isomorphism follows from the observation that T = io f o @3, and standard results on

composition of left derived functors (as e.g. in [BR, Corollary 3.3.8]). O

Remark 4.2. The morphism ®s : (A3V x X3) figs F3 = (AV X AV X X3) (g (x x myx 2 (F X FY98 x F)
is a quasi-isomorphism of dg-schemes; in fact the associated morphism of dg-algebras as in §3.3 is even
an isomorphism. In particular, L(®2)* is an equivalence of categories (see [MR1, Proposition 1.3.2]).

4.3. Compatibility with Koszul duality. Consider the situation of §§4.1-4.2. We denote by dx the
dimension of X, and by wx the canonical line bundle on X.

The orthogonal of F' x F in E x E is F x F+. On the other hand, the orthogonal of AV x X2 in E x E
is the anti-diagonal AV* x X2 C E* x E*. There is an automorphism of F x E sending AV* x X?
to AV* x X? and preserving F'+ x F*, namely multiplication by —1 on the second copy of V*. Hence
composing the linear Koszul duality equivalence of Theorem 3.1

K Do (AV X X x X)(pxp (F x F)) = Daye, (AV* x X x X) Agexpe (FX x F£))
associated with the dualizing complex wx X Ox[dx] with the equivalence
= Doye, (AVF X X X X) Apex (FX x FY)) S Do ((AVF x X % X) (gespe (FX x FLY))
provides an equivalence
R: D%, (AV x X x X) (pxp (F x F)) = Dgyg (AV* x X x X) Apexp- (FL x F1))P.
The domain and the codomain of & are both endowed with a convolution product *.

The main result of this section is the following proposition, whose proof is based on the results of §§3.2—3.4.
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Proposition 4.3. The equivalence R is compatible with convolution, i.e. for any objects My, Mao of
Dé e, ((AV x X x X) F%ExE (F x F)) there exists a bifunctorial isomorphism

R(M1 * Mz) = ﬁ(./\/ll) * R(Mz)
in D, (AV* x X x X) Apexp- (FL x F)).
Proof. To compute the left hand side we use isomorphism (4.3). First, as in §4.1 we consider the projection
p13: X3 — X2 In §3.4 we have defined functors

 Bpia, i Deg, ((AV X X*) Apxxxp (Fx X x ) = D, (AV x XZ)@ExE (F xf)), |
Rpis, : Dove, (AVF x X)) Npexxxps (Fx X x F)) = Do (AV*x X?)Npeyp- (F- x F1)).

We denote by
k13 Do (AV X X?) Apexxp (FX XX F)) = D&og (AV % X2) Apexxxm (FXx X x FH))P

the linear Koszul duality equivalence of Theorem 3.1 associated with the dualizing complex (p; 3)'(wx X

Oxldx]) 2 wx Rwx K Ox[2dx]. By Proposition 3.7 we have an isomorphism of functors
(4.5) ko Rp13, = Rpi3,oKiga.

Next consider, as in §4.2, the inclusion i : X3 < X*. In addition to the functor Li*, consider
Li* : D&y, (AV* x AVF x X Aoy (FH)Y)
— D, (AVF x AV* x X3) Ay (pex oy (FX x (FX xx FY) x F1)).
We denote by
K Do (AV x AV x XN At FY) 5 Deoe (AVF x AV x XY (geys (FH)1)F

the linear Koszul duality equivalence associated with the dualizing complex wx K Ox Rwyx K Ox[2dx]
on X*, and by

K3 : Dy, (AV x AV x X%) gy (mxxmyxp (F % (F xx F) x F))
S Do, (AVF X AV* X X2) Ape (e xx myxi (FE x (FX xx F) x F1))

the linear Koszul duality equivalence associated with the dualizing complex wx Rwyx K Ox[2dx] on X3.
By Proposition 3.7 we have an isomorphism of functors

(4.6) Li*oky = kgoLi*,

As in §4.2 again, consider now the inclusion F' x Fd88 x [ <3 F x (F xx F) x F, and the induced
morphisms of dg-schemes

Fi(AV X AV x X%) Ay (mxxmyxp (F x FI28 5 F) —
(AV x AV x X*) gy (mxxmyxz (F X (F xx F) x F),
9 (AV* X AV* x X*) Age (e xxmoywe (FX x (FY xx FYYx FL) —
(AV* x AV* X X3) g s (e x By xciz- (FL x (FI28)L 5 L),
In addition to the functor L f*, consider the functor
Rg. : D, (AV* X AV* % X3) Age s (e xx o) x i (FF x (FX xx FLY) x FLY)
= Doye, (AVF X AV % X2) Ages (e wy oy we (FH x (FA8)L 5 L)
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defined as in §3.3. We denote by

Kt Doy, (AV X AV x X%) Apy(mx xmyx i (F x FI28 x F))

2 D (AVF X AV X X2) Ao (e xx oy (F1 x (FI8)L 5 pLy)P

the linear Koszul duality equivalence associated with the dualizing complex wx Rwyx X Ox[2dx]. Then
by Proposition 3.5 we have an isomorphism of functors

(4.7) ks o Lf* = Rg, oK.

Finally, we denote by
Ky D (A% x X3) Ags F?) 2 Dgyg ((APV)E x X3) A geys (F1)?)F

the linear Koszul duality equivalence associated with the dualizing complex wx Kwx KOx[2dx]. Consider

the morphisms of vector bundles ¢1, ¢ defined in §4.2. By Proposition 3.4, the dual morphisms 11 := t¢;
and 1, := %@y induce functors

L(U1)* : Doy, ((APV)E x X3) Ageys (FL)?) = D (AVF x X3) Agesx e (FH x X x F1LY)
and

R(W2). : Do, (AVF X AV % X2) A (o ey wime (FL x (FA8) L 5 L)

= Doy, ((APV)E x X3) (geys (F1)?),
and we have isomorphisms of functors
(4.8) k130 R(®1). = L(Uy)" okl and ko L(P2)" =2 R(Vs), oK.
Combining isomorphisms (4.3), (4.5), (4.6), (4.7) and (4.8) we obtain, for M; and My in Dg, g ((AV x
X?2) %ExE (F x F)), bifunctorial isomorphisms
KMy x Ms) =2 ko R(p13)x 0 R(®1)s 0 L(®)* o Lf* o Li* (Mg K M;)

R(p13)« 0 L(¥1)* 0 R(Vy), 0 Ry, 0 Li* 0 ky(My B My).

1%

It is clear by definition that r4(MaRM;) = k(M3)Rk(M1) in DG, o ((AV*xAV*x X*) rPﬁ(E*)z; (FH)*).
Hence, using again isomorphism (4.3) (but on the dual side) and taking the equivalences = into account,
to finish the proof we only have to construct an isomorphism of functors

(4.9) L(¥,)" o R(¥2), 0 Rg. = R(®}). o L(¥4)" o L(f)"

where the functors are associated with the morphisms of dg-schemes defined as follows. (The functors
are well defined thanks to the results of §§3.2-3.4.) The morphism

F oAV X AV % X3) A (e sy o) xe (FL x (FH)adiag 5 pl
= (AV* X AV* X X*) Ao s (e wx moywize (F2 x (FH xx FY) x F4)
is induced by the inclusion of vector subbundles
Ftox (FHyadiee o pt oy b < (FF xx FH) x F*

where (F1)2d188 ¢ B* x y E* is the antidiagonal copy of F*. Next, the morphism

O (AP x X3) (s (FL)? = (AVF X AV % X3) Ao (e wx ey wize (FL x (FH)ada8 5 ol
is induced by the linear map ¢ : (V*)3 — (V*)* sending (a, b, c) to (a, —b,b, —c). Finally, the morphism

O (AP X X2 Oy (FL)? = (AVF X X2) Apesxxm (FL x X x FL)
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is induced by the linear map ¢} : (V*)3 — (V*)? sending (a, b, c) to (a, —c).
To prove isomorphism (4.9) we introduce three more morphisms of dg-schemes. First, the morphism
b ((APV)E x X3) (e (FL x X x FL) = (APV)E x X3) (Y geys (F1)?

is induced by the inclusion of vector subbundles F+ x X x F+ — (F1)3. (Here X is identified with the
zero-section of E*.) Next, the morphism

O AV x X3) Ogesxxm (FEx X x FL) = (A%V)E x X3) A geys (F- x X x F1)
is induced by the morphism of vector bundles ;. Finally, the morphism
0 : (AV* X AV* X X2) N ge s (v w20y x e (FEx (FH)24988 5 Ly 5 (APV)L x X3) (geys (FL x X x F1)
is induced by the morphism of vector bundles ).

Consider the following diagram:

I o R Waog R
(AV x AV XXS)OE*X(E*X)(E*)XE* (FJ‘X(FJ‘ XXFJ‘)XFJ‘)%((ASV)J‘XXS)H(E*)j (}‘—'J‘)3

/| I

BV X BV* % X3) Ay (e y ey (B x (FLysding x ply —C o (A3V)L x X3) B g s (FL x X x FL)

@ _
@ (ABV* x X3) ) eys (F1)3 ! (AV* x X3) Fge xxxp (FL x X x FL).

Both squares in this diagram are cartesian in the (derived) sense of [BR, §3.7], and we have ¥; = h o ).
We deduce isomorphisms of functors

L(U1)* o R(Vy), 0 Rg, = L o Lh* o R(Uy0g), = LO* o RO, o L(f')* = R(®)). o L(®))* o L(f)*.

Here the first isomorphism follows from standard properties of (left and right) derived functors of com-
positions, and the second and third isomorphisms follow from an equivariant version of [BR, Proposition
3.7.1] (which can be deduced from the non-equivariant version by the techniques of Section 2). This
finishes the proof of (4.9), and so the proof of the proposition. O

Remark 4.4. (1) As in Remark 4.2, ®}, and Q are quasi-isomorphisms of dg-schemes, and are in fact
induced by isomorphisms of dg-algebras. Hence the second isomorphism in the last equation
of the proof can be checked in an elementary way, without referring to [BR]. Writing all the
morphisms explicitly in terms of dg-algebras, one can also check the second isomorphism in this
equation elementarily: it is just a statement about K-flat extensions and restrictions of scalars.

(2) Assume that the line bundle wy has a G-equivariant square root, i.e. there exists a G-equivariant

line bundle w;(/Q on X such that (w}(/2)®2 > wx. Then one can define a modified equivalence &

using the dualizing complex w}l/ ’K w}l/ 2[d x|, without affecting Proposition 4.3 (nor Proposi-
tion 4.5 below). This provides a more symmetric definition of K in this case.

4.4. Image of the unit. As in §4.3 we consider the equivalence &. Let us denote by ¢q : E?> — X2 the
projection. Consider the structure sheaf of the diagonal copy of F' in E?, denoted Oar. Then ¢,OaF is
an object of the category

Dy, ((AV x X x X) Npxp (F x F)),

where the structure of Sp_, (FY B FY) @c (A V*)-dg-module is given by the composition of Sp_, (F" B
FYRc (AV*) = ¢.Opx, r (projection to the 0-cohomology) and ¢.Opx ., r — ¢.Oar (restriction). For
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simplicity, in the rest of this subsection we write Oar for ¢.Oap. Similarly we have an object Oppr in
Dée,, (AV* % X x X)Apexp- (F+ x F1L)).

The idea of the proof of the following proposition is, using isomorphisms of functors proved in Proposi-
tions 3.5 and 3.7, to reduce the claim to an explicit and easy computation.

Proposition 4.5. We have R(Oar) = Oppe.

Proof. Consider the morphism 6 : X < X x X (inclusion of the diagonal). We denote by

~

ks Do (AV X X) Apxym (F xx F)) 5 Doy (AV* X X) Npes g (FF xx FH))P
the linear Koszul duality equivalence associated with the dualizing complex §'(wx X Ox[dx]) = Ox on
X. By Proposition 3.7, there is an isomorphism of functors
(4.10) ko Rb, = Ré, o ks,
where the functors RS* and RS* are defined as in §3.4.
Consider the object Sp, (FV) of the category

Cxin (AV X X) (px g (F xx F)) = DE(Sym(V* @c Ox — F' @ F')—Mod®),
where the dg-module structure corresponds to the diagonal inclusion & < F @ F. Then by definition
Oar = Ro.(Sox (FY)). Hence, using isomorphism (4.10), we obtain
(4.11) R(Oar) = Zok(Oar) = Eo Rb. o0 ks(Soy(FY)),
where = is defined as in §4.1.
Now consider the diagonal embedding F'41#8 < F' x x F as in §4.3. This inclusion makes F42& a subbundle

of F xx E. Taking the derived intersection with AV x X inside F¥ x x E, we are in the setting of §3.3.
We consider the morphisms of dg-schemes

F(AV x X)Opx e FU98 = (AV x X)Opx g (F xx F),

g: (AV* X X)Apexyme (FY xx FY) = (AV* % X) (gex g (FH8)L

and the diagram:

D¢ g, (AV x X) (pxyp Fl28) — 0~ Dg ., (AV* x X) s x - (FAi28)L)op

lR(i)* lL(g)*

D¢y, (AV x X) AExxE (F xx F)) —2= Dg ., (AV* x X) (g x5 B* (F+ xx FL))ep

where kp is the linear Koszul duality equivalence associated with the dualizing complex Ox on X. The
structure (dg-)sheaf of (AV x X) r’%EXXE Fdiag is (AV*) ®c Soy (FY), with trivial differential (because
Fdiag ¢ AV x X). In particular, Sp, (F) is also an object of the top left category in the diagram,
which we denote by Op. Then, by definition, R(f).O is the object So, (F") appearing in (4.11). By

Proposition 3.5, there is an isomorphism of functors
(4.12) ks o R(f)« = L(g)" o kF.
In particular we have xs(So, (FY)) = L(g)* o kp(OF).

The object kr(OF) is the (A F) ®c S(V)-dg-module Ox ®c S(V'), and the morphism g is associated with
the morphism of dg-algebras

(A\F) @cS(V) = (\(F & F) @cs(V)
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on X induced by the diagonal embedding F — F @& F, which makes the right hand dg-algebra K-flat
over the left hand dg-algebra. (Here V is identified with the quotient (V & V))/AV via the morphism
(a,b) = a —b.) It follows that L(g)*(Ox ®c S(V)) is isomorphic to the (non-derived) tensor product

(AF & F)@cS(V)) @presyv) (Ox @cS(V)) = \(F & F/F)@cS(V).

One can easily check that the right-hand side is simply the Koszul complex associated with the inclusion
F — V ® Ox, and hence that it is quasi-isomorphic to

SOX ((V X Ox)/]:) = Sox ((IL)V)
Using isomorphisms (4.11) and (4.12), we deduce the isomorphism of the proposition. O

From Proposition 4.5 one deduces the following result.

Corollary 4.6. Let L be a G-equivariant line bundle on X. Then Oar ®oy L is naturally an object of
Dngm((AV x X x X) FBWExE (F x F)) We have R(Oar @0y L) =2 Opapt @0y LY.

5. LINEAR K0OSZUL DUALITY AND IWAHORI-MATSUMOTO INVOLUTION

5.1. Contractibility. Let X be a complex algebraic variety endowed with an action of an algebraic
group G, and let A be a G x Gy-equivariant sheaf of quasi-coherent dg-algebras on X, bounded and
concentrated in non-positive degrees (for the cohomological grading). Assume that H°(A) is locally
finitely generated as an Ox-algebra, and that H®(A) is locally finitely generated as an H°(A)-module.
Consider the triangulated category ng(A—l\/IodG), and let K¢*Cm(A) be its Grothendieck group. Let
also K&*Cm(7{9(A)) be the Grothendieck group of the abelian category of G x G,-equivariant quasi-
coherent, locally finitely generated H°(A)-modules.

Lemma 5.1. The natural morphism
{ KGXG’"(A) N KGXGm(HO(A))
(M = Yiez(=1)" - [HH(M))]

is an isomorphism of abelian groups.

Proof. Every object of ng(AfModG) is isomorphic to an object which is a bounded A-dg-module for
the cohomological grading. (This follows from the fact that A is bounded and concentrated in non-
positive degrees, using truncation functors, as defined e.g. in [MR1, §2.1].) So let M be an object of
D(A—-Mod) such that M7 = 0 for j ¢ [a,b] for some integers a < b. Let n = b — a. Consider the
following filtration of M as an A-dg-module:

{0}=M_1CMyCMyC---C M, =M,
where for j € [0,n] we put

i atji—1 .
M= (0= M=o ML Ker(d®H) 0 -,

Then, in KE*Gm(A) we have

n

(M) =D M /Mja] =D (-1)F - [HI(M)],

7=0 €L

where H(M) is considered as an A-dg-module concentrated in degree 0. It follows that the natural
morphism K&*Cm(HO(A)) — KE&*Cm(A), which sends an H°(A)-module to itself, viewed as an A-dg-
module concentrated in degree 0, is an inverse to the morphism of the lemma. O
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5.2. Reminder on affine Hecke algebras. Now we assume that G is a connected, simply-connected,
complex semi-simple algebraic group. Let 7' C B C G be a torus and a Borel subgroup of G. Let also
t C b C g be their Lie algebras. Let U be the unipotent radical of B, and let n be its Lie algebra. Let
B := G/B be the flag variety of G. Consider the Springer variety N and the Grothendieck resolution g
defined as follows:

N:={(X,gB) € g" xB| X|,6 =0}, §:={(X,gB)eg"xB|X =0}

(The variety N is naturally isomorphic to the cotangent bundle of B.) The varieties N and g are
subbundles of the trivial vector bundle g* x B over B. In particular, there are natural maps ' — g* and
g — g*. Let us consider the varieties

Z:Z/\N/xg*/\?, Z:=gXg g
There is a natural action of G x Gy, on g* x B, where (g,t) acts via:
(9:t)- (X,hB) = (t*(g- X), ghB).

The subbundles A and g are G x Gp,-stable. For any variety X — B over B and for x € X, we denote
by Ox(z) the pullback to X of the line bundle on B associated with . We use a similar notation for
varieties over B x B (and pairs of weights).

Let R be the root system of G, RT the positive roots (chosen as the weights of g/b), S C R the associated
set of simple roots, X the weights of R (which naturally identify with the group of characters of T'). Let
also W be the Weyl group of R (or of (G, T)). For a € S we denote by s, € W the corresponding simple
reflection. For o, 8 € S, we let ny g be the order of s,ss in W. Then the (extended) affine Hecke algebra
Hag associated with these data is the Z[v, v~1]-algebra generated by elements {T,, a € S}U{0,, v € X},
with defining relations
(i) ToaTp---=TpTa- - (nap elements on each side)
(i) 6 =1
(ili) 6,0y = Oy4y
) Toby =0,T, if so(x) =2
) O =Tub0,_oTo ifsq(z)=2z—«
) (Ta+v N (To—v)=0

for a, f € S and z,y € X (see e.g. [CG, L4]).

(iv
(v

(vi

We will be interested in the Twahori-Matsumoto involution IM of H,g. This is the involution of Z[v, v=1]-
algebra of H.g defined on the generators by

{IM(TQ) = -1

o )

IM(6,) = 6_,.
For a € S we also consider t, := v - T,. Then we have IM(t,) = —q(t,) !, with ¢ = v?.

Let « € S. Let P, D B be the minimal standard parabolic subgroup associated with «, let p, be
its Lie algebra, and let P, := G/P, be the associated partial flag variety. We define the following
G X Gy -subvariety of Z:

Y, = {(X,ng,ng) S g* X (B Xp, B) | X\Q‘Pa = 0}

We also let
Ea = {(X7 gPa) €g" x Py | X\Q‘PZ = O}a

where p? is the nilpotent radical of p,. There is a natural morphism g — ga.
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By a result of Kazhdan—Lusztig ([KL]; see also [CG, L4]) there is a natural isomorphism of Z[v,v~=1]-
algebras

(5.1) Hag — KGO (2),
where the equivariant K-theory K&*®m(Z) is endowed with the convolution product associated with the
embedding Z C N x A. Tsomorphism (5.1) can be defined by
Ta = 7’071[03/& (7/)7/)70[)] 7’071[A*Oﬁ/]
0y — [ALO ()]
for « € S and x € X. Here, A : N < Z is the diagonal embedding, and for F in Coh®>*Cm (Z) we denote

by [F] its class in K-theory. The action of v is induced by the functor (1) : Coh®*®=(Z) — Coh®*Cm(Z)
of tensoring with the one-dimensional tautological Gy-module.

Consider the embedding of smooth varieties i : N x § < § x §. Associated with this morphism, there is
a morphism of “restriction with supports” in K-theory

K KGXG“‘(Z) — KGXG‘“(Z)

(see [CG, p. 246]). As above for K&*Cm(Z), convolution endows K“*Cm(Z) with the structure of a
Z[v,v~']-algebra. (Here we use the embedding Z C g x g to define the product.) The following result is
well known. As we could not find a reference, we include a proof.

Lemma 5.2. The morphism 1 is an isomorphism of Z[v,v™]-algebras.

Proof. Let us denote by j : N x N — N x gand k : N < g the embeddings. Let also I'y be the graph
of k. Then 7 is the composition of the morphism in K-theory induced by the functor

Lj* : D' Coh$*®m (g x §) — DPCoh$*Cm (N x §)
and by the inverse of the isomorphism induced by

ix : D*CohG*Cm (N x ) = DPCoh$*Cm (N x ).

By [R1, Lemma 1.2.3], 4, is the product on the left (for convolution) by the kernel Or, € D?Coh®*®m (N x
g). By similar arguments, Lj* is the product on the right by the kernel Or,. It follows from these
observations that 7 is a morphism of Z[v, v~!]-algebras.

Then we observe that Z and Z have compatible cellular fibrations (in the sense of [CG, §5.5]), defined
using the partition of B x B into G-orbits. The stratas in Z are the transverse intersections of those
of Z with N xg C g xg. It follows, using the arguments of [CG, §6.2], that 7 is an isomorphism of
Z[v,v~1]-modules, completing the proof. O

It follows in particular from this lemma that there is also an isomorphism
(5.2) Hag — KTOm(2),
which satisfies

T, +— _U_l[OEXgaE] + ’U[A*OE]

0, [ALOf()]

(see e.g. [BR, R1] for details). This is not exactly the isomorphism we are going to use. Instead, observe
that the tensor product with the line bundle Og,5(—p, p) induces an algebra automorphism of K&*¢m (2).
Hence there exists an isomorphism

(5.3) Hag —> KGOm(2),
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which satisfies
Ta = _U_l[OEXEQE(_pap)] +U[A*OE]
0, +— [ALOf(2)]

We will rather use the latter isomorphism.

Finally, we define N := #(R*) = dim(B).

5.3. Geometric realization of the Iwahori—-Matsumoto involution. From now on we consider a
very special case of linear Koszul duality, namely the situation of Section 4 with X = B, V' = g* and
F =N. We have F = T5 , where T is the tangent sheaf on B. We identify V* = g with g* using the
Killing form. Then F identifies with g. We obtain an equivalence

c * P N7 A7 ~ c * R ~ 1\ ©
R: DGXGm((Ag x B x B) N(g* xB)2 (N X N)) — DGXGm((Ag X B x B) M(g* xB)2 (g X g)) P
Here the actions of Gy, on g* are not the same on the two sides: they are “inverse”, i.e. each one is

the composition of the other one with ¢ — t—1. We denote by R the composition of & with the auto-

equivalence of D¢, ¢ ((Ag* x B x B) r%(g*xg)Q (g x g)) which inverts the Gm-action. (In the realization
as Gy-equivariant dg-modules on B x B, this amounts to inverting the internal grading.)

By Lemma 5.1 (together with the fact that the direct image morphism K&*¢m(Z) — K&XGm (/\7 X g* j\~/)
is an isomorphism), the Grothendieck group of the category D¢, ¢, ((Ag* x B x B) r]%(g* X B)? (/\7 X /\7)) is
naturally isomorphic to K&*®m (Z), which itself identifies with the affine Hecke algebra Hag (see (5.1)).
Similarly, the Grothendieck group of the category Dg ¢, ((Ag* x B x B) r%(g* «B)2 (@ % ﬁ)) is isomorphic
to K&*Cm (Z): hence it is also isomorphic to Hag (using isomorphism (5.3)). One can easily check that
the convolution product on derived categories of dg-sheaves defined in Section 4 induces the convolution
product in K-theory considered in §5.2, so that these isomorphisms are algebra isomorphisms. Let us
consider the automorphism [R1y] : Hag — Hag induced by Kim.

Remark 5.3. (1) A simple dimension counting as in the proof of Proposition 5.6 below shows that
the derived intersection (Ag* x B x B) ﬁ(g* «B)2 (@ x @) is quasi-isomorphic, as a dg-scheme, to Z.
Hence we do not really need Lemma 5.1 to identify the Grothendieck group of Dg, s ((Ag* X

B x B) %(g*xg)z (g x g)) with K&*Cm(Z). In fact, it follows from [MR1, Proposition 1.3.2] that
there exists a natural equivalence of triangulated categories

D, (Ag* x B x B) (g xm)2 (§ X §)) = D’Coh®*Cm(2).

The similar statement for N does not hold, however.

(2) We have wp = Op(—2p); in particular, this sheaf has a G-equivariant square root. Using Re-
mark 4.4, we could have used a more symmetric equivalence & instead of 8. Theorem 5.4 below
remains true if we replace & by & and isomorphism (5.3) by isomorphism (5.2).

In the presentation of H.g using the generators t, and 6,, the scalars appearing in the relations are
polynomials in ¢ = v2. Hence we can define the involution ¢ of Hag (as an algebra) that fixes the t,’s
and 6,’s, and sends v to —v. Note that we have t o IM =1IM o ¢.

The main result of this section is the following.

Theorem 5.4. The automorphism [Rim] of Hag is the composition of the Twahori-Matsumoto involution
IM and the involution ¢:

[ﬁIM] = [,OIM

as automorphisms of Hag.
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Remark 5.5. Bezrukavnikov has conjectured in [B, §11.4] a strengthening of Theorem 5.4. The main
result of [B] is the identification of two categorifications of affine Hecke algebras, by coherent sheaves on
the Steinberg variety and by perverse sheaves on the affine flag variety of the Langlands dual G of G. In
[BY], Bezrukavnikov and Yun categorify the Iwahori-Matsumoto involution by the affine version of the
Beilinson—-Ginzburg—Soergel Koszul duality in category O. The conjecture identifies the two categorifica-
tions of the involution, namely a version of our linear Koszul duality of coherent sheaves on the Steinberg
variety and the affine Koszul duality for category O.

To explain this conjecture more precisely we first replace the equivalence £ by its variant & as in Remark
5.3; we denote by K], the resulting equivalence. Using similar arguments as above one can construct a
linear Koszul duality equivalence £}, such that the following diagram commutes:

1"
ﬁIM

D%xGm((Ag X B x B) m(g xB)? (N X g)) D%xGm((Ag x B x B) m(g xB)2 (g X N))

(-)*T TC)*

R ~ ~ ‘Q{M c * R ~ ~\\ O
Dy ((Ag* x B x B)N(gexp)2 (N x N)) Dy ((Ag* x B x B)N(g=xp)2 (8 % 9)) P

Here the left vertical arrow is a direct image functor and the right vertical arrow is an inverse image
functor, both defined as in §3.3. The same constructions as in Section 4 can be used to endow the top left
(resp. right) category with a right action of the bottom left (resp. right) category; with these definitions
one has &) (F *G) = 81(F) * 81;(G). Both vertical arrows induce isomorphisms in K-theory. One can
deduce from Theorem 5.4 that the upper line in the diagram “categorifies” the composition ¢ o IM as an
automorphism of right modules Hag — (Hag)°™; here the superscript indicates a twist of the action.

Bezrukavnikov conjectures that, under a “mixed version” of equivalence (3) in [B], the equivalence £y,
corresponds to the composition of the Koszul duality constructed in [BY, §5.3] and Verdier duality.

Note that, using the same arguments as in Remark 5.3, one can check that the domain, resp. codomain,
of the equivalence R/}, is equivalent to D*Coh®*Cm (N x . §), resp. to D?Coh®*Cm (g x 4. N). Hence
this conjecture can be stated in terms not involving any derived intersection. However, this non-derived
formulation is not symmetric in two factors of fibered products so it does not provide a direct approach
to convolution.

We will prove Theorem 5.4 in §5.4. Before that, we need one more preliminary result.

Let a be a simple root. The coherent sheaf Oy, (p — o, —p) on Z has a natural structure of G x G-
equ1var1ant dg-module over S(TgHT5)®c (A g); hence it deﬁnes an object in the category DGxG ((Ag*x

B x B) (g% x B)2 (Nx/\f)) Similarly, O g is naturally an object of D, ¢ ((Ag*xBxB) ﬂ(g* «B)2 (g%
ﬁ)) The proof of the next proposition is very similar to that of Proposition 4.5.

Proposition 5.6. We have &(Oy, (p — o, —p)) = Ogx. 5(—p.p)[1].

Proof. First we observe that Oy, (p — a, —p) = Oy, (—p ,p —a) (see [R1, Lemma 1.5.1]). Hence to prove
the proposition it is sufficient to prove that £(Oy, ) = Oz 3(—2p,2p — a)[1].

o
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Consider the inclusion ¢ : X, := B xp, B — B x B. Applying the constructions of §3.4, we obtain the
diagram

D%XGm((Ag* X Xa) r]%(g”‘)zxXa (/\7 XP, /\7)) ’:a DéxGm ((Zg* X Xa) r]%(g”‘)zxXa (E Xp, 5))Op
lm* lm*
D, (Ag* % B2) (g iy (N x N)) = Dee,, (Bg* x B2 ((g-xpy2 (@ % 8)) "

Here k., is associated with the dualizing complex ¢! (wg X O5[N]) = Ox, (—2p,2p — a)[1]. By Proposi-
tion 3.7 there is an isomorphism of functors

ko Rly = Riyokq.
In particular we obtain an isomorphism
(5.4) R(Oy,) = EoRi,0ke(Oy,).

Here on the right hand side Oy, is considered as an object of D&, ((Ag* x X4) %(g*yxxa (N xp, /\7)),
with its natural structure of dg-module, and = is defined as in §4.1.

Now Y, is a (diagonal) subbundle of N X P, N. Taking the derived intersection with Ag* x X, we can
apply the results of §3.3. Denoting by

£ (A" % Xo) Brgerznx, Ya — (Ag" % Xa) gz, N xp, N),
g: (Zg* X Xa) %(g*)zxXQ (E X P, E) — (Zg* X Xa) %(g*)zxXQ YaL
the morphisms of dg-schemes induced by inclusions, we obtain a diagram

Ky

R —_ R [e)
DS i (Mg x Xo) Nigyzxx, Ya) Y Déin (Ag* x Xo) Ngryzxx, Yo )™

lRf* ng*
C * PAY A/ A/ Fa C AN PAY ~ ~\)\°P
DGXGm((Ag X Xa)ﬁ(g*)QxXa (N Xp, N)) DGXGm((Ag X Xa)ﬁ(g*)QxXa (g Xp, g))

where ky is again associated with the dualizing complex Ox, (—2p,2p — «)[1]. (Here, in the top right
corner, Y- is the orthogonal of Y, as a subbundle of (g*)? x X,.) Let ), denote the sheaf of sections
of Y,. The structure sheaf of (Ag* x X,) rRT(g*)sza Y, is (A 9) ®c Sox, (YY), with trivial differential
(because Yo, C Ag* x X,). In particular, So,_ (YY) is naturally an object of the top left category, and
Rf.(Sox, (Vy)) is the object Oy, considered above. By Proposition 3.5 we have an isomorphism of
functors

~

koo Rf. = Lg*oky.
In particular we obtain that ro(Oy,) = Lg* o ky (Sox, (Vy))-

Now the structure sheaf of (Ag* x X,,) r%(g*)z wx., Y is (A Ya)®cS(g), with trivial differential. And direct
computation shows that ky (So, (VY)) is isomorphic to the dg-module Ox, (—2p, 2p — ) ®c S(g)[1]. Let
F., be the sheaf of sections of A/ Xp, N (i.e. the restriction of 75 B T3 to X,). Then YV, C Fq, and
by the same arguments as at the end of the proof of Proposition 4.5, k,(Qy, ) can be described as the
tensor product of Ox,_ (—2p,2p — «)[1] with the dg-module

(5.5) Symo, (Fa/Ya = 8 &c Ox,,).

(Here, as usual the complex is concentrated in degrees —1 and 0, we identify g with the quotient (gbg)/Ag,
and the differential is the opposite of the natural map.) By the arguments of the proof of [MR1, Lemma
4.1.1], the latter dg-module is the direct image to X, of the dg-algebra of functions on the derived
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intersection (Ag* x Xa)ﬁyé (g xp, g). Now we observe that (Ag* x X,) N (g xp, g) is the image of
g X3, ¢ under the automorphism induced by multiplication by —1 on the second copy of g*, and

dim(Ag* x X,) + dim(g xp, §) — dim(Y;") = dim(g x5, §) (= dim(g)).

Using [Ma, (18.D) Theorem 43 and (16.B) Theorem 31], this implies that the dg-module (5.5) is concen-
trated in degree 0, and isomorphic to the sheaf of functions on (Ag* x X,) N (g xp, ). Using (5.4), this
implies the isomorphism of the proposition. O

5.4. Proof of Theorem 5.4. By construction we have £(M(m)) = &(M)[m]{—m), hence
Ria(M(m)) = Kna(M)[m](m).
In particular, for a € Hag and f(v) € Z[v,v™1] we have [fim](f(v) - a) = f(—v) - [fim](a).

By Proposition 4.3, the equivalence Ry is compatible with convolution, hence also the induced isomor-
phism [R1yv]. Also, by Proposition 4.5 it sends the unit to the unit. It follows that to prove Theorem 5.4
we only have to check that [Ry] and ¢ o IM coincide on the generators ¢, and 6,.

First, Corollary 4.6 implies that [Rim](f,) = 6_,. Similarly, Proposition 5.6 implies that we have
[fim]([Oy,, (p — a, =p)]) = —[O5x,_5(—p,p)]. Hence

[Bi](Ta) = —0 " Ogx, g(—pp) + 07" = To—v+07",

Hence [Rmv](ta) = —ta +v? — 1 = —q(t,) 1. This finishes the proof of the theorem.

REFERENCES

[AB] D. Arinkin, R. Bezrukavnikov, Perverse coherent sheaves, Mosc. Math. J. 10 (2010), 3—29.

[BC] D. Barbasch, D. Ciubotaru, Whittaker unitary dual of affine graded Hecke algebras of type E, Compos. Math. 145
(2009), no. 6, 1563-1616.

[BM] D. Barbasch, A. Moy, A unitarity criterion for p-adic groups, Inv. Math. 98 (1988), 19-37.

[B] R. Bezrukavnikov, On two geometric realizations of an affine Hecke algebra, preprint arXiv:1209.0403.

[BR] R. Bezrukavnikov, S. Riche, Affine braid group actions on Springer resolutions, Ann. Sci. Ecole Norm. Sup. 45
(2012), 535-599.

[BY] R. Bezrukavnikov, Z. Yun, On Koszul duality for Kac—-Moody groups, Represent. Theory 17 (2013), 1-98.

[CG] N. Chriss, V. Ginzburg, Representation theory and complex geometry, Birkhauser, 1997.

[EM] S. Evens, I. Mirkovi¢, Fourier transform and the Iwahori—-Matsumoto involution, Duke Math. J. 86 (1997), 435-464.

[Ha] R. Hartshorne, Residues and duality, Lecture Notes in Math. 20, Springer, 1966.

[KL] D. Kazhdan, G. Lusztig, Proof of the Deligne-Langlands conjecture for Hecke algebras, Invent. Math. 87, 153-215
(1987).

[L1]  G. Lusztig, Affine Hecke algebras and their graded version, J. Amer. Math. Soc. 2 (1989), 599-635.

[L2]  G. Lusztig, Cuspidal local systems and graded Hecke algebras. I. Inst. Hautes Etudes Sci. Publ. Math. 67 (1988),
145-202.

[L3]  G. Lusztig, Cuspidal local systems and graded Hecke algebras. II. CMS Conf. Proc., 16, Representations of groups
(Banff, AB, 1994), 217-275, Amer. Math. Soc., Providence, RI, 1995.

[L4]  G. Lusztig, Bases in equivariant K -theory I, Represent. Theory 2 (1998), 298-369.

[Ma] H. Matsumura, Commutative algebra, second edition, Benjamin, 1980.

[MR1] I. Mirkovié, S. Riche, Linear Koszul duality, Compos. Math. 146 (2010), 233-258.

[MR2] I. Mirkovié, S. Riche, Linear Koszul duality II — Coherent sheaves on perfect sheaves, preprint arXiv:1301.3924.

[MR3] I. Mirkovi¢, S. Riche, Linear Koszul duality and Fourier transform for convolution algebras, in preparation.

[R1] S. Riche, Geometric braid group action on derived categories of coherent sheaves, with a joint appendix with
R. Bezrukavnikov, Represent. Theory 12 (2008), 131-169.

[R2] S. Riche, Koszul duality and modular representations of semi-simple Lie algebras, Duke Math. J. 154 (2010), 31-134.

[Sp] N. Spaltenstein, Resolutions of unbounded complezes, Compos. Math. 65 (1988), 121-154.

[VV] M. Varagnolo, E. Vasserot, Double affine Hecke algebras and affine flag manifolds, I, in A. Schmidt (Ed.), Affine
flag manifolds and principal bundles, Birkh&user, 2010.



IWAHORI-MATSUMOTO INVOLUTION AND LINEAR KOSZUL DUALITY 29

UNIVERSITY OF MASSACHUSETTS, AMHERST, MA.
E-mail address: mirkovic@math.umass.edu
CLERMONT UNIVERSITE, UNIVERSITE BLAISE PASCAL, LABORATOIRE DE MATHEMATIQUES, BP 10448, F-63000 CLERMONT-

FERRAND.
CNRS, UMR 6620, LABORATOIRE DE MATHEMATIQUES, F-63177 AUBIERE.

E-mail address: simon.riche@math.univ-bpclermont.fr



