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Abstract: In this work, we focus on the mathematical analysis of the model of chemostat with
enzymatic degradation of a substrate (organic matter) that can partly be under a solid form
Simeonov and Stoyanov (2003). The study of this 3-step model is derived from a smaller order
sub-model since some variables can be decoupled from the others. We study the existence and
the stability of equilibrium points of the sub-model considering both Monod or Haldane growth
rates and distinct dilution rates. In the classical chemostat model with monotonic kinetics,
it is well known that only one equilibrium point attracts all solutions and that bistability
never occurs Smith and Waltman (1995). In the present study, although (i) only monotonic
growth rates are considered and (ii) the concentrations of input substrate concentration is less
than the break-even concentration, it is shown that the considered sub-model may exhibit
bistability. Hence, the importance of hydrolysis in the appearance of positive equilibrium points
and the bistability is pointed out. If a non monotonic growth rate is considered, depending on
the input substrate concentration, it is shown that at most four positive equilibrium points
exist. Furthermore, for any positive initial condition, the solution converges towards one of the
positive equilibrium points for which the washout is unstable. Finally, we study the case where
the growth rate is density-dependent, such as the Contois kinetics, which may be of interest
if we consider that we work in a non homogeneous environment Lobry and Harmand (2006).
Depending on the input substrate concentration, we show that the system can exhibit either a
bistability or the global stability of the positive equilibrium point or of the washout.

Keywords: Enzymatic degradation, chemostat, models, growth rate, equilibrium, bistability.

1. INTRODUCTION

Anaerobic digestion is a biological process in which organic
matter is transformed into methane and carbon dioxide
(biogas) by microorganisms in the absence of oxygen. The
search for models simple enough to be used for control
design is of prior importance today to optimize fermen-
tation processes and solve important problems such as
the development of renewable energy from waste. Within
the studies of microbiology, biochemistry and technology,
the anaerobic digestion is generally considered as a three
step process: hydrolysis and liquefaction of the large, in-
soluble organic molecules by extracellular enzymes, acid
production by an acidogenic microbial consortium and
a methane production stage realized by a methanogenic

ecosystem. Several mathematical models describing these
phenomena have been proposed in the literature. How-
ever, they are usually too complex to be used for control
synthesis Simeonov and Stoyanov (2003); B. Benyahia
and Harmand (2010a,b); Bastin and Dochain (1991). The
chemical reactions of anaerobic digestion which converts
the substrate into biomass is :

To=poXo
Xo —— koS1

k1S: X1+ kS + CO,
k3So Xo+COy+ CHy
where r; = p; X;,71 = 0---2, denotes the reaction rate,

respectively, g is the specific growth rate of X; on Xy
and p; is the specific growth rate of X; on S; for i = 1, 2.

ri=p1X1
_

ro=p2 X2
—_ =
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ki, i =0...3, denote the pseudo-stochiometric coefficients
associated to the chemical reactions,

Motor
St1in, S2in, Xoin Biogas
COs, CHy
| I
O
o o

U 51,5
Q2
51,82, Xo, X1, X2

Q1 —Q2
Fig. 1. Chemostat.

We consider a continuous culture, i.e the input flow rate
Q1 is equal to the output flow rate. For low concentrations
of substrate, the biomass residence time is greater than
the substrate one, then the output flow rate of biomass
and substrate in the form macromolecules is Q1 — Q2. The
three step model Simeonov and Stoyanov (2003) is :

Xo = DXoin — aDXo — po(X0) X1,

S1 = D(Siin — 51) + kopo(Xo) X1 — k1 (S1) X1,
X, = (ul(Sl) - aD)Xl, (1)
Sy = D(S2in — S2) + kop1(S1) X1 — kzpz(S2) Xo,
X, = (lLLQ(SQ) — ozD)Xg,
where
D = % and @ =abD.

D denotes the dilution rate of the chemostat and a €
[0,1] represents the fraction of the biomass leaving the
reactor. V' denotes the volume of the bioreactor, X(t) the
concentration of the substrate in the form macromolecules
at time t, with Xp;, the concentration of the input
nutriment. S;(t) denote the concentration of the substrates
in the effluent, j = 1,2, at time ¢; with Sj;, the input
substrate concentrations j. X;(t) denote the concentration
of the ith population of microorganisms, i = 1,2, at time
t.

According to the principle of conservation of matter within
the reaction scheme we have

t2 t2
/ ,uo(Xo)Xl‘/dT 2/ kouo(Xo)X1VdT i.e 12 k()7

ty t1
which means that, the quantity of X degraded is greater
than or equal to the quantity of S; produced. Similarly,
we have

ki>1+ky and k3 >1

which means that, the quantity of S; degraded is greater
than or equal to the quantity of X7 and So produced. The
quantity of Sp degraded is greater than or equal to the
quantity of Xy produced.

In the following, we focus on the study of the sub-model
given by the first three equations of system (1), the last two
equations being decoupled since the first three equations
are independent of variables X5 and Ss. Thus, we study
the existence and stability of equilibrium points of the
following sub-model :

Xo = D(Xoin — aXo) — po(Xo) X1,
S1 = D(S1in — S1) + kopo(Xo) X1 — k1p (S1) X1, (2)
X1 = |:,U,1(Sl) - CYD:|X1.

First, we establish the following result :
Proposition 1.1.

(1) For any non-negative initial condition, the solutions of
system (2) stay positive at any time and are bounded
when ¢t — +o0.

(2) The set

Q= {(X0751,X1) S Ri’r 27 = koXo+ 51+ k1 Xy
< max (Z(0), 2)}

T aD

is positively invariant and attractor of all solutions of
(2), Wlth Szn = D(kOXOin —|— Slin)-

2. STUDY OF THE SUB-MODEL

The washout equilibrium FEy; = (%,Slm,O), always
exists. To look for positive equilibria, we consider the

function
D(Xoin — aXo)

g(XO) - ,uo(Xo)

We assume that

HO: The function pg(-) is increasing, po(0) = 0 and

14 (Xo) < 0 for all X, € |0, % [
Lemma 2.1. Under assumption HO, the function &(-) van-
ishes on %, is decreasing and convex.

In the case where the function p(-) is linear or of Monod
type, the assumption HO is satisfied.

2.1 Study of the sub-model with monotonic growth rate
pa(-)

In this section, we study the existence of equilibrium points
of system (2) under the following assumption

H1: 11(0) =0 and g (S1) > 0 for all S; > 0.

H2: The equation p1(S1) = aD has a finite solution
A=y (aD).

Let A the line of equation :
1
Xl = (5(X0) = 7]{1& |:(S11n —_ )\1) + kO(XOin — OzXO)j|.

Lemma 2.2. The equation &'(Xy) =
solution X € |0, 222 [ if and only if

XOin kO
!

> ——.
‘ < @ > ky
Moreover,

+ ( Xoin ko
5 ( « - ]fl

If ¢ (%) > —Z—iﬁ the intersection of the line A with the

curve of the function £, has at most two points. Let us
denote by Ef = (X§,M,X7) and Ef* = (X§*, A\, X7%)
(see Fig. 2). By Lemma 2.2, there exists a unique solution
Xo € ]0, Xoin [ of equation ¢'(Xy) = —Z—Cl’. Thus, there is a

[e3

_ ko ;
T has a unique

X in
<~ kO/JO (2) > kiaD.




Author-produced version

limit value X for which the curve ¢ is tangent to the
line A and who satisfied

Min _ v
X5 =

with By = (Xo, A1, X1) an equlhbrlum of (2) (see case 4 of
the Fig. 3). At this limite value X", we associate S{1in
which satisfied

, 1 ;
X{V[m _ 5(0) _ K [(S{\%” — )\1) + k‘oXUin] .

SMm

In the generic case where 577}

following result :

> 0, we have shown the

Proposition 2.1.

o If \y < Sy;n, there exists a unique positive equilib-
rium B} = (Xg, A1, X7).

o If SMin < G, < A, there exist two positive
equilibria £ et E7*.

o If Siin = S{V[ mi there exists a unique positive equi-
librium E1 :‘(XQ, Al, Xl)

o If S1;p < S{W ™ there is no positive equilibrium.

X1. \CE X1, ‘Cg

Xoin

Fig. 2. Case 1: A\; < Si4, = 5.5, case 2: Si4, = 4.5 = Ay,
case 3: SMiI" < G, =2 <\

X1 X197
e Yl

»
X Min

Nef1 = (X0, A1, X1)

- E(] . E()
: Xo T : Xo
XOzn
a

Fig. 3. Case 4: Sy, = O 75 = SM’", case b: S1;p = 0.2 <
SMzn

X()m

In the following, we show the asymptotic behavior of
equilibrium points. We choose the red color for Locally
Asymptotically Stable (LAS) equilibrium, the green color
for saddle node equilibrium and blue color for unstable
equilibrium.

Proposition 2.2.

o FEy is LAS if and only if 11 (S1in) < aD.
o If EY exists, then it is LAS (stable node).
o If E* exists, then it is unstable (saddle point).

Proof. At washout E, = (Xu=
matrix of (2) is
—aD 0 —pro (Hin)
Jo=| 0 —D kopo(¥2&2) — k1p11 (Svin)
0 0 ,ul(Slm) —aD
The eigenvalues are —aD, —D and p;(S1in) — aD. Then,
the equilibrium Ej is LAS if and only if 119 (S14,) < aD.

, S1in,0), the Jacobian

At a positive equilibrium E} = (X, A1, X7), the Jacobian

matrix is
—-mi1 0 —m3
Ji=| mar —maa 0

0 mso 0
where
mir = aD + po(Xg) X7,  maz = po(Xg),
mar = kopo(Xg) X7,  mao2 = D+ kypi (M)XT,
9 = ko,uo(Xg) — klO(D, mso = ,LL&()\l)Xf,
with mq1, m13, ma1, Moo and mgy are positive. The char-
acteristic polynomial of .J; is given by
le ()\) = ao)\3 + al)\2 + as A\ + as
with
ap = —1, a1 =—(mi1 +ma2), az=—miimay+ Omsy,
az = —maz(maimiz — Omyy).
According to the Routh-Hurwitz criterion, E is LAS if
and only if
a; <0, i=0---3
aias — agaz > 0.
We have

az = [homo(X3) = k1D — Ky (X3) X1 |5 (A1) X

— [Py (X)Xt +aD (D + kit (M) X7 )]

Since
ko _ —kiaD — kypug(Xg) X7 + Koo (X))
X+
SR Faol(X)

then we deduce
az = [€/(X5) + 52 ko (X5)1s ) X7

_ [D%(Xg)Xf + aD(D + klu’l()\l)Xfﬂ
therefore, if £'(X() <
as = mggaD[k’oMO(Xo)

, then as < 0. Moreover
k1D — kg (X)) XT]

magaD |§/(X§) + £ [ kapio(X;)

is negative if and only if &'(X{)
araz — agas = €' (X5) + £ [k uo (X5 )b (X5 )k () X7

+ P

_1??' Finally

where

P = Dy + ((@D)*+aDub(X3) X1 ) kuph (M) X5 ~mazas
—Z—‘;. Since EY satisfies ¢'(X() <
satisfies &'(Xg*) > —%‘1’, then

is positive if £(Xg) <
—:—‘1’, then it is LAS and E;*
it is unstable.

The simulations shown in Fig. 4 where obtained for the
following Monod functions

2.5X 25
X T ——— d S) =
m(Xo) = 75, d m) =153
and the following values of the parameters
Xoin=3, D=1, a=0.75 ky=1 and k =12

The value of the break-even concentration is Ay = 0.9. We
illustrate the case of bistability for Sy;, = 0.7 such as

X .
g’(ﬂ) 0412 > 0833 = — M0
« kl
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In this case, the equation &(Xy) = 0(Xo) admits two
solutions (see Fig. 4 on the left) and the system (2) has a
washout equilibrium

Ey =(4,0.5,0)
and two positive equilibria
E} =(1.201,0.9,1.887), E;* = (2.808,0.9,0.548).
The Fig. 4 in the middle shows the convergence to the
positive equilibrium Ej for the initial condition
Xo(0) =4.5, S1(0)=2 and X;(0)=0.368
and t)he washout for the initial condition (see Fig. 4 on the
right

Xo(0) = 4.5, S1(0)=2 and X;(0) = 0.367
X1
o o 4:‘ Xo
X1
Xo
S 2
Time Time

Fig. 4. Existence of two positive equilibria and bistability
for S1in < A1.

2.2 Study of the sub-model with mon-monotonic growth
rate iy (+)

In the following, we study the existence of equilibrium
points of system (2) under the following assumption

H3: The function 4 (+) is non monotonic and is such that
the equation p1(S1) = aD admits two solutions A; and
Ao with A1 < Aa.

Let A; the line of equation :
1 (Xo) o (51

The positive equilibrium E; = (X{;, \i, X7;) of system (2)
is a solution of the equation

Xlz - 5 (X01) g(XOz) i = 17 2.
When the intersection of the curve ¢ and the line
A, is formed by two points, let us denote them by
Ef = (Xg, A, Xi;) if €(Xg) < —72 and by Ef* =
(X35, M, X77F), otherwise (see Fig. 5 and Fig. 6). In the

case &' (@) > —%, there exists a unique solution
_ ko
o As the two

X € ]0 X"“” [ of the equation &'(Xy) =
lines A and Ay are parallel, then there exists for i = 1,2
a limit value XM for which the curve of ¢ is tangent to
the line A; and which satisfies

i)+ko(Xoim—aXo)|, i =1,2.

Min _
Xj =

with E; = (X07>\1,X1) an equilibrium of (2) for i = 1,2.
At this limit value X{", we associate S{7™" such that

Xll\/Im _ 5(0) [SJVIm

Ai + ko Xoin)-
In the generic case Where SMZ” > 0 for ¢ = 1,2, the cases
ﬁm < A1 and S% ™ > A1 have to be distinguished. When
" < A\, we have shown the following result :

Proposition 2.3.

e If Sy;, = Ao > Ay, there exist two positive equilibrium
Eri=1,2.

o If A\ < Siin < Mg, there exist three positive equilib-
rium £ and E3*.

o If SMin < S, < A, there exist four positive
equilibrium E; and E*.

o If S} = Sy;,, there exist three positive equilibrium
ET, E1 and Fs.

o If SMin < Gy, < SMin| there exist two positive
equilibrium EY and E}*.

o If SMin = G;,, there exists a unique positive equi-
librium Fj.

o If Sy, < SM™ there is no positive equilibrium.

In the case where S24 > )\, we can prove, similarly, that

if Syin = SMI™ we have one, two, three or four positive
equilibria, depending on the position of Sy;,.

Fig. 5. Case 1:a51m =8> X\ :_(177 case 2: \; = 4.5a <
Stin = 5.75 < Ag, case 3: S{\gm < Siin = 3.7 < A\

\ X1 X9
Ce " \Ce 1] |Ce

\\\ 5
et Xo
Xoin

B .
o EOXO

" Xoin
Fig. 6. Case 4: S1; = 3.125 = SM™ case 5: S} =
0.62 < Syip = 1.8 < SMin case 6: Sy, = 0.1 < SMm.

Xoin

We study now the local stability properties of the equilib-
ria. For Ey, Ef and E}*, we have the same results as in
Proposition 2.2. Moreover, we can prove :

Proposition 2.4.

o If E7 exists, then it is unstable.
o If E3* exists and D + kiuj(A2)X75 > 0, then it is

LAS.
Proof. The Jacobian of the system (2) at E} is
—mi1 0 —m3
Jo=| mar B 0
0 —Mma2 0

where

mir = aD + o (Xg) Xio,  miz = po(Xgs),
mar = kopg(X2) X1z, B = —(D +kipt(A2)X7s),
0 = kopo(X3) — k1D,  msy = —p)(A2) X7y,
with mq1,m13, m21 and mgs are positive. The characteris-
tic polynomial of Js is given by
P]2 ()\) = ao)\3 + al)\2 + as A\ + as
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with
ap = —1, a =pB—m,

asz = maa(mar1miz — fmaq).

az = my13 — Omasa,

We have

az = [€/(X5) + 2| ko (X (h2) X

— [Dub (X)Xt + aD(D + kapth o) X1 )|

If D+ kph(A2) X3y > 0 and &'(Xg,) >
It is easy to check that

—32, then az < 0.

k
az = —mszaaD [ﬁl(X(iE) + I?(l)i K1 p10(X2)

who is negative if and only &'(Xg,) > —Z—“l’. Thus, E3 is

unstable. One can readily check that

aras — agag = my1 3> — mi, B + maz(marms — 6)3)
and
0X13 = kopo(Xg2)X13 — kip1 (A2) X135 = —D(S1in — A2).
If E5* exists then Sii, < A2, thus 8 > 0. We conclude that
according to the Routh-Hurwitz criterion, if F5* exists and

D+ kpi(A2) X735 > 0,

then it is LAS.

3. STUDY OF CONTOIS MODEL

In this section we study the case where the growth rate
to(.) depends on Xy and also on X;. Models with such
growth rates may be of interest if we consider that we work
in a non homogeneous environment Lobry and Harmand
(2006). The Contois function is an exemple of these growth
rates. We consider the model

Xo = D(Xoin — aXo) — po(Xo, X1) X1,
S1 = D(S1in — S1) + kopo(Xo, X1) X1 —

' k1p1(S1)X143)
X1 = |:,U,1(Sl) - OéD]Xl.

Let us denote by
f(Xo, X1) = po(Xo, X1) X1 —

We assume that

H4: 10(0,X;) =0 and po(0,X7) > 0 for all Xy > 0 and
all Xl > 0.

D(XOzn — OLX()).

0 O
H5: a—;‘(‘;>o da—fﬁ<0forauxo>0andauxl/
H6: 11(0) =0, 14 (S1) > 0 for all S; > 0 and the equation
u1(S1) = aD has a unique solution Aj.
8f Opo
HT: X, X1) = X, X —X 0 f 11
X, ~—(Xo, X1) po(Xo, X1) + ax, L > or a

Xo >0and all X7 > 0.

H8: There exist a €]0, X2 [ such that
lim f(Xo,Xi) =0.

Xg—a
X1—+oo

We consider, now, the existence of positive equilibria. We
first prove :

Lemma 3.1. Assume that H4-H8 hold. The equation
f(Xo,X1) = 0 defines a decreasing function

F: }a, Xf;’"} — Ry
X — F(Xp) =X,
where 0 < a < X% and such that

X m
lim F(Xo) = +00, F( “hin ) =0 and F/(Xo) <0.

Xo—a

Then we state the following result :
Proposition 3.1.

e For Sy;, > )\1, if F”(Xo)
then there exists a unique positive equilibrium If
F"(Xo) , then there
exists at least one positive equihbrium. Generically
0§1e has an odd number of positive equilibria (see Fig.
7).

e For Sy;, < Aq, if F”(Xo) > 0 for all X € :|Cl, %},
then there exist at most two positive equilibria. If
F"(Xp) Xé’j"}, then the

system has generically no positive equilibria or an
even number of positive equilibria (see Fig. 8).

Y

X1

Fig. 7. Null-clines X; = F(Xo) and X; = 0(Xp) for
S1in > A1. On the left, F(-) concave. On the right,
F"(-) changes sign.

X148 X1
X1 = F(Xo)

Xo
a Xoin a
«@

Fig. 8. Null-clines X; = F(Xy) and X; = 0(Xp) for
S1in < A1. On the left, F(-) concave. On the right,
F"(-) changes sign.

Example We consider the following function of Contois

moXo
Xo, X _
po(Xo, X1) = Xo + ag Xy
where mg > 0 and ag > 0. We have
8f mng
Xo, X >0
8X ( 0 1) (X0+aoX1)2

thus Assumption H7 is satisfied. Moreover,
lim  f(Xo,X1) =0

X1—+oc0
DXOin

o taD
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where 0 < a < 20 Therefore, there exists a €]0, —Xg[
such that Xlim J(Xo,X1) =0 ie, Xlim F(Xo) = +oo0.
0—a 0o—a
X1 —4oo

By the implicit function theorem, we have
moaoXlz + OLD(XO + a0X1)2

F'(Xy) = — 0
( 0) mng
and
9 2a0a0X1 [moXl + OzD(Xo + aoXl)
F'"(Xy) = > 0.
( 0) mng
“Xl = F(Xo) “Xl = F(Xo)
| I
2 A \“‘\‘
L
a ' Xf)m a ' ' X0m

Fig. 9. Cas 1: Slmf2>)\1715 Ca52 Slm—07<>\1,
cas 3: S1;, = 0.2.

The stability results we obtain in this case are given by :
Proposition 3.2.

e The washout equilibrium Ejy is LAS if and only if
M1 (Slm) < aD.

e If the positive equilibrium E7 exists, then it is LAS
(stable node).

e If the positive equilibrium F;*
unstable (saddle point).

exists, then it is

Proof. At washout Fy = (%,SUTNO), the Jacobian

matrix is
—aD 0 Ho (Xam 0)
Jo = 0 =D kopo (22=,0) — k111 (S1in)
0 0 u1(51m) aD

The eigenvalues are —aD, —D and p;(S1in) — aD. Then,
the equilibrium Ej is LAS if and only if 19 (S1:,) < aD.

At a positive equilibrium E} = (X, A1, X7), the Jacobian

matrix is
-mi1 0  —my3
Jl = mo1 —1Mog 0
0 mso 0
where
a,uo * * * aﬂo
mi = aD + 87X0X17 misz = NO(XOaXl) X, Xl’
0 * *
ma1 = ko5 Fo X1, maog =D+ kyph (M) XY,
0Xo
oo *
0= kOaX X1+I€0M0<XO,X1) kiaD, mgy = /Jll()\l)Xl,

with my1,mq13, ma1, Mmoo and mgo are positive. The char-
acteristic polynomial of J; is given by
Py (\) = aoX\® + a1 \® + as\ + a3
with
az = —myiimas + Omgs,

ap =—1, a1 = —(mi1 +maa),

az = —maz(ma1mig — Omyq).

One can easily check that

k] 2 o)X

o = [FO5)+ 32 b g

Ipo
_ <D8XO Xl + OzD’fTng)

Therefore, if F'(X§) < —%, then as < 0. One can also
check that
az = mggaD I:Fl XO :| 3X1
is negative if and only if F/(X}) < k—o So, Ei* is
unstable. Finally
kO 8f a/u'O *
aja — apaz = — |:F (XO) :| k‘ aX 8X0 /(Al)Xlz
+ P
where
_ 2 3#0
P = Dmu + (aD) + OéDaX kl,ul()\l) — Mo202
0

is positive if F'(X}) —k—l. Since Ef satisfy &'(X§) <
—z—‘l’, then according to the Routh-Hurwitz criterion, it is
LAS.

4. CONCLUSION

In this work, we have analyzed a model of the chemostat
with enzymatic degradation of a substrate that can partly
be under a solid form. The sub-model studied with mono-
tonic growth rates may exhibit a bi-stable behavior, while
it may only occur in the classical chemostat model when
the growth rate is non monotonic. We also studied the case
where the growth rate is density-dependent. Depending on
the input substrate concentration, it was shown that the
system can exhibit either a bistability or the global stabil-
ity of the positive equilibrium point or of the washout.
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