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INVARIANT HILBERT SCHEMES AND DESINGULARIZATIONS
OF QUOTIENTS BY CLASSICAL GROUPS

RONAN TERPEREAU

ABSTRACT. Let W be a finite-dimensional representation of a reductive alge-
braic group G. The invariant Hilbert scheme H is a moduli space that classifies
the G-stable closed subschemes Z of W such that the affine algebra k[Z] is
the direct sum of simple G-modules with prescribed multiplicities. In this ar-
ticle, we consider the case where G is a classical group acting on a classical
representation W and k[Z] is isomorphic to the regular representation of G
as a G-module. We obtain families of examples where H is a smooth variety,
and thus for which the Hilbert-Chow morphism v : H — W//G is a canonical
desingularization of the categorical quotient.

INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The main motivation for this article comes from a classical construction of canon-
ical desingularizations of quotient varieties. Let k be an algebraically closed field of
characteristic zero, G a reductive algebraic group over k, and W a finite-dimensional
linear representation of G. We denote

v: W—-W/G

the quotient morphism, where W//G := Spec(k[W]¥) is the categorical quotient.
In general, v is not flat and the variety W//G is singular. A universal ”flattening”
of v is given by the invariant Hilbert scheme constructed by Alexeev and Brion
([AB, Br]). We recall briefly the definition (see Section 1 for details). Let Irr(G) be
the set of isomorphism classes of irreducible representations of GG, and h a function
from Irr(G) to N. Such a function h is called a Hilbert function. The invariant
Hilbert scheme Hilb§ (W) parametrizes the G-stable closed subschemes Z of W
such that
Kzl @ MmO
Melrr(G)

as G-modules. If h = hyy is the Hilbert function of the general fibers of v, then we
denote

H = Hilby, (W)
to simplify the notation. Let X C H x W, equipped with the first projection

m: X — H, be the universal family over H. The morphism 7 is flat by definition
and there is a commutative diagram

X—— s H
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where p is the second projection and -y is the Hilbert-Chow morphism that sends a
closed subscheme Z C W to the point Z//G C W//G. The Hilbert-Chow morphism
is projective and induces an isomorphism over the largest open subset (W//G). C
W//G over which v is flat. In particular, v is flat if and only if H = W//G. The
main component of H is the subvariety defined by

o = T
Then the restriction _
v HE s WG

is a projective birational morphism.

Question. In which cases is the Hilbert-Chow morphism, possibly restricted to the
main component, a desingularization of W//G?

When G is a finite group, Ito and Nakamura defined the G-Hilbert scheme G-
Hilb(W) as the closure of the set of the free G-orbits in the fixed point subscheme
of the punctual Hilbert scheme of |G| points in W (see [IN1, IN2]). In particular, if
G acts freely on W, then the G-Hilbert scheme G-Hilb(W) coincides with the main
component H™*", The case where G is a finite subgroup of SL,, acting on the
defining representation k™ has been extensively studied; let us recall some relevant
results:

e If dim(W) = 2, then H is always a smooth variety. In particular, if W = k?
and if G C SL(W), then Ito and Nakamura showed that 7 is the minimal
desingularization of the quotient surface W/G (see [loc. cit.]).

o If dim(W) =3 and G C SL(W), Bridgeland, King and Reid showed, using
homological methods, that once again H is a smooth variety and that ~ is
a crepant desingularization of W/G (see [BKR]).

e If dim(W) =4 and G C SL(W), then H can be singular. For instance, if
G C SLs is the binary tetrahedral group and if W is the direct sum of two
copies of the defining representation, then Lehn and Sorger showed that H
has two irreducible components but that ™" is smooth (see [LS]).

However, when G is infinite, this question is open and completely unexplored. In
this article, we study the case where G is a classical group and W is a classical
representation of G. We then show that the invariant Hilbert scheme # is still a
desingularization of W//G in ”small” cases (but not in general). In addition, unlike
the case where G is finite, it may happen that W//G is smooth but v is not flat;
then ~ is not an isomorphism.
Let V, V/, V1 and V5 be vector spaces of dimension n, n’, n; and ng respectively.
We consider the following cases:
(1) G = SL(V) acting naturally on W := Hom(V’, V) = V&' the direct sum
of n’ copies of the defining representation;
(2) G = O(V) acting naturally on W := Hom(V', V) = V&',
(3) G = Sp(V), with n even, acting naturally on W := Hom(V', V) = Vo'
(4) G = GL(V) acting naturally on W := Hom(V;, V) @ Hom(V, V) = V&1 g
V*®n2  the direct sum of n; copies of the defining representation and no
copies of its dual.

In these four cases, the description of the quotient morphism v is well-known

and follows from the First Fundamental Theorem for the classical groups ([Pr,
§9.1.4,§11.1.2,§11.2.1]):
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e Case 1. v is the natural map
Hom(V',V) — Hom(A"(V'),A™(V)) = A™(V"™),
w — A" (w)
where A™(V'*) denotes the n-th exterior power of V'*. We distinguish
between three different cases:
-if n' < n, then W//G = {0} and v is trivial;
-if n/ = n, then W//G = A»(V"*) 2 A} and v(w) = det(w);
-if n’ > n, then W//G = C(Gr(n,V'*)) is the affine cone over the
Grassmannian Gr(n, V') of the n-dimensional subspaces of V'* viewed as
a subvariety of P(A"V’*) via the Pliicker embedding.
One may check that W//G = A*(V"*) if and only if n =1 orn >n’ — 1.
We will see in Section 2 that v is flat if and only if n =1 or n’ < n.
e Case 2. v is the composite map
Hom(V',V) — Hom(S?*(V'),S%(V)) — S*(V'),
w o e 8> (w) — a(52(w))
where S%(V'*) denotes the symmetric square of V'*, and ¢ is the morphism
induced by the linear projection from S2(V') onto the line generated by a
non-degenerate quadratic form. It follows that
W//G = S* (V™)== {Q € S*(V"™) | 1k(Q) <n}
is a symmetric determinantal variety. One may check (see [Tel, Corollaire
3.1.7]) that v is flat if and only if n > 2n’ — 1.
e Case 3. v is the composite map
Hom(V',V) — Hom(A%2(V'),A%2(V)) — A2V,
w — A2 (w) = qe(A?(w))
where ¢z is the morphism induced by the linear projection from A?(V') onto
the line generated by a non-degenerate skew-symmetric bilinear form. It
follows that
W//G =N (V™)== {Q e A*>(V™) | tk(Q) <n}

is a skew-symmetric determinantal variety. One may check (see [Tel, Corol-
laire 3.3.8]) that v is flat if and only if n > 2n’ — 2.
e Case 4. v is the natural map
Hom(V1,V) x Hom(V,V2) — Hom(V1, V),
(ul, UQ) — U2 O UL
and thus
W//G = Hom(Vy, V2)=" := {f € Hom(Vi, V) | 1k(f) < n}
is a determinantal variety. We will see in Section 3 that v is flat if and only
ifn>n;+ny—1.
The main result of this article is the following

Theorem. In the following cases, the invariant Hilbert scheme H is a smooth
variety and the Hilbert-Chow morphism is the succession of blows-up described as
follows:
e Case 1. Let Cy be the blow-up of the affine cone C(Gr(n,V'*)) at 0.
Ifn' >n > 1, then H is isomorphic to Cy.
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o Case 2. Let ) be the blow-up of the symmetric determinantal variety
S2(V'*)=m at 0.
— Ifn'>n=1o0rn =n=2, then H is isomorphic to Y§.
— Ifn' > n =2, then H is isomorphic to the blow-up of Y§ along the
strict transform of S?(V'*)<1.
o Case 3. Let J§ be the blow-up of the skew-symmetric determinantal variety
AZ(V™)=" at 0.
— Ifn’ =n =4, then H is isomorphic to V.
— Ifn' > n =4, then H is isomorphic to the blow-up of V§ along the
strict transform of A2(V'*)<2.
e Case 4. Let Yy be the blow-up of the determinantal variety Hom(V7, Vg)fn
at 0.
— Ifmax(ni,na) >n =1 orn; =ng =n =2, then H is isomorphic to
No-
— If min(ny,ng) > n =2 and max(ny,ng) > 2, then H is isomorphic to
the blow-up of Yo along the strict transform of Hom(Vy, Vo)<1t.

When W//G is singular and Gorenstein, we will see that the desingularization
~ is never crepant. Also, we conjecture that in Cases 1-4, the invariant Hilbert
scheme H is smooth if and only if v is flat or we are in one of the cases of the above
theorem. In this direction, we will show in another article (also partially extracted
from [Tel]) that A is singular in Cases 2 and 4 for n = 3, and also in the case where
G = SO(V) acts naturally on W = Hom(V’, V) with n’ =n = 3.

A key ingredient in the proof of the main Theorem is a group action on H
with finitely many orbits. Indeed, for any reductive algebraic group G, any finite
dimensional G-module W, and any algebraic subgroup

G c Aut® (W),

it is known that G’ acts on W//G and H, and that the quotient morphism and the
Hilbert-Chow morphism are G’-equivariant. To describe the flat locus of v, it is
almost enough to know the dimension of the fiber of v over one point of each orbit.
In the same way, determining the tangent space of H at a point of each closed orbit
is enough to show that H is smooth, thanks to a semicontinuity argument.

Another important ingredient of this article, which was already used by Becker
in [Be, §4.1], is the

Key-Proposition. Let G, W and G’ be as above. For any M € Irr(G), there
exists a finite-dimensional G'-submodule Fyy € Hom® (M, k[W]) that generates
Hom® (M, k[W]) as a k[W]S, G -module, and there exists a G'-equivariant mor-
phism

51\/[ :H— Gr(hw(M),FIt[)

Thanks to the Key-Proposition, we obtain the following result which shows that
it suffices to describe H in ”small” cases to understand all cases:

Reduction Principle. Let G and W be as in Cases 1-4. We suppose that n' >
n resp. ni,na > n, and we fit E € Gr(n,V'*) resp. (E1,E2) € Gr(n, V) x
Gr(n, V). In Cases 1-3, we denote W' := Hom(V'/E+,V) resp. in Case 4, we
denote W' := Hom (Vi /E{, V) x Hom(V, Ey), where E+ resp. Eji-, denotes the
orthogonal subspace to E in V' resp. to Ey in Vi.

Then the invariant Hilbert scheme H is the total space of a homogeneous bundle
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over Gr(n,V"™) in Cases 1-8 resp. over Gr(n,V*) x Gr(n,Vz2) in Case 4, whose
fiber is isomorphic to H' := HﬂbGW, (Wh.

For instance, to treat the case of GLy acting on VO™ @ V*®"2 with ny, ny > 2,
we just have to consider V2@V *®2, The reduction principle is the most important
theoretical result of this article and will certainly be helpful to determine further
examples of invariant Hilbert schemes.

To show the main Theorem, we have to proceed case by case but we follow
a general method: First, we perform the reduction step. Then, we look for the
closed G’-orbits in H, where G’ is a reductive algebraic subgroup of AutG(W). In
Cases 1-4, such orbits are projective and thus contain fixed-points for the action
of a Borel subgroup B’ C G’. To determine these fixed-points, we significantly use
representation theory of B’ and G. In Cases 1-4, we show that A has only one
fixed-point that we denote [Zp]. We deduce from Lemma 1.6 that H is connected
and that [Zp] belongs to the main component H™#", We then determine the Zariski
tangent space T}z, " and we check that its dimension is the same as that of Hmain,
We thus get that H = H™a" is a smooth variety.

It is known that there exists a finite subset £ of Irr(G) such that the morphism

vx [[ 6m: H—W/)/G x ] Gr(hw (M), Fyy)
Me€& Me€&

is a closed embedding; this is a consequence of the construction of the invariant
Hilbert scheme as a closed subscheme of the multigraded Hilbert scheme of Haiman
and Sturmfels ([HS]). This suggests to choose an appropriate simple representation
M; € Irr(G) and to check whether v x &y, is a closed embedding of H. If this
holds, then we have to identify the image; otherwise, we choose another simple
representation My and we look if v X dps; X Spr, is a closed embedding. This
procedure must stop after a finite number of steps and we get an explicit closed
embedding of H as simple as possible.

In Section 1, we recall some basic results and we give a proof of the Key-
Proposition. Case 1 (the easiest one) is treated in Section 2. Case 4 (the most
difficult one) is treated for n = 2 in Section 3. The details for the other cases
(except Case 2 for n = 1 which is an easy exercise left to the reader!) can be found
in the thesis [Tel] from which this article is extracted.

To conclude, let us mention that we can also use invariant Hilbert schemes to
construct canonical desingularizations of some symplectic varieties. Let G C GL(V)
be as in Cases 2-4 and W = V&' @ V*®"' Then W is a symplectic representa-
tion of G and one can define a moment map p : W — g*, where g is the Lie
algebra of G. The symplectic reduction of W is defined as p=1(0)//G. In the ar-
ticle [Te2] (also extracted from [Tel]), we obtain families of examples for which
yr HmAN 5 =1(0)//G is a desingularization, sometimes symplectic, but where H
is reducible in general.

Acknowledgments: I am very thankful to Michel Brion for proposing this sub-
ject to me and for a lot of helpful discussions, I thank Hanspeter Kraft for ideas
and corrections concerning Section 3.3, and I thank Tanja Becker for very helpful
discussions during her stay in Grenoble in October 2010. I also thank the referees
for carefully reading this paper.
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1. GENERALITIES ON INVARIANT HILBERT SCHEMES

1.1. The survey [Br] gives a detailed introduction to the invariant Hilbert schemes.
In this section, we recall some definitions and useful properties of these schemes.
All the schemes we consider are supposed to be separated and of finite type over
k. Let G be a reductive algebraic group and N a rational G-module, we have the
decomposition

N @ Nup®M,
MEelrr(G)

where N,y := Hom® (M, N) is the space of G-equivariant morphisms from M to
N. The G-module N5 ® M is called the isotypic component of N associated to
M and dim(N(yy)) is the multiplicity of M in N. If, for any M € Irr(G), we have
dim(N(ar)) < 0o, then we define

h : Irr(G) — N

the Hilbert function of N.

Let S be a scheme, Z a G-scheme and 7 : Z — S an affine morphism, of finite
type and G-invariant. According to [Br, §2.3], the sheaf F := 7,0z admits the
following decomposition as a (sheaf of) Og, G-modules:

(1) F = @ .F(M)(X)M.
Melrr(G)

The action of G on F comes from the action of G on each M, and each F(y) :=
HomG(M , F) is a coherent F&-module. From now on, we suppose that the family
7 is multiplicity finite, that is to say, F is a coherent Og-module. If, in addition,
m is flat, then each Og-module F(;y) is locally free of finite rank, and this rank is
constant over each connected component of S. Let b : Irr(G) — N be a Hilbert
function and W a finite-dimensional G-module.

Definition 1.1. We define the Hilbert functor Hilb§ (W): Sch® — Sets by

ZC—> SxW Z is a G-stable closed subscheme;

S 7 is a flat morphism,;
ﬂ\\ | 1Oz 2 Byrern(e) FHOM;
S Far is locally free of rank h(M) over Og.

An element (7 : Z — S) € Hilb{ (W)(S) is called a flat family of G-stable
closed subschemes of W over S. By [Br, Theorem 2.11], the functor Hilb§ (W) is
represented by a quasi-projective scheme Hilbf (W): the invariant Hilbert scheme
associated to the G-module W and to the Hilbert function h. We recall that we
denote H := Hﬂbfw (W), where hy is the Hilbert function of the general fibers of
v: W — W//G. We denote X C W x H, equipped with the second projection
m: X — H, the universal family over H.
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Proposition 1.2. (cf. [Br, Proposition 3.15]) With the above notation, the dia-
gram

(2) xX—2 ow

H—=W//G

commutes, where m and q are the natural projections.
Moreover, the pull-back of v to the flat locus of v is an isomorphism.

We fix an algebraic subgroup G/ ¢ Aut®(W). Then we have:

Proposition 1.3. (cf. [Br, Proposition 3.10]) With the above notation, G' acts
on H and on X such that all the morphisms of Diagram (2) are G’-equivariant.

Remark 1.4. With the above notation, the morphism Oy — F = 7.0y is a
morphism of G’-modules, and the F(,;) that appear in the decomposition (1) are
Og, G'-modules.

We are now ready to show the Key-Proposition stated in the introduction:

Proof of the Key-Proposition. We use the notation of Diagram (2). The inclusion
t: X CW XwyaH is G' x G-equivariant and so ¢ induces a surjective mor-
phism of Oy, G’ x G-modules p2,Op/xy, , cw — F := mOx. But p2, Oy ) o =
On®pwy c kW], where we recall that k[W//G] = k[W]¢. We can then consider
the decomposition into Oy, G’ x G-modules
On@rwyakWl= @ On@wwyakW]n@M,
Melrr(GQ)

where the action of G" on Oy ®pw/gk[W] is induced by the action of G’ on W,
and G’ acts trivially on M. For each M € Irr(G), we deduce a surjective morphism
of Oy, G'-modules

(3) On®@xwya1kWlia = Fu-

It follows that the vector space k[W](M) generates Far) = HomG(M, F) as a
O3, G’-module. The vector space k[W] (ary is generally infinite-dimensional, but
kW] s a k[W]%-module of finite type, and thus there exists a finite-dimensional
G’-module Fy that generates k[W] ;) as a k[W]G—module:

(4) KW @Fy — kW] -
We deduce from (3) and (4) a surjective morphism of Oy, G'-modules
(5) On®@Fy — Fouy,

where we recall that F(y is a locally free Oy-module of rank hy (M). By [EH,
Exercise 6.18], such a morphism gives a morphism of schemes

Oy : H — Gr(dim(Fyy) — hw (M), Far),
and one may check that § is G’-equivariant. Finally, we identify
Gr(dim(Fu) — hw (M), Far) = Gr(hw (M), Fiy),
which completes the proof. ([
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Remark 1.5. The Key-Proposition holds more generally if we consider a Hilbert
function h such that h(Vp) = 1, where Vj denotes the trivial representation.

We now obtain a set-theoretic description of the morphism d,;. We recall that,
for any G-module M, we have the canonical isomorphisms

kW) ap = Hom®(M,k[W]) = (M*@k[W)S = Mor®(W,M").
(m = ¢(m) f) P f (W f(w) @)

Via these isomorphisms, the elements of the G'-module Fj; C k[W](yp) identify
with G’equivariant morphisms from W to M*. The map s is given by:

Op 2 H — Gr(dim(Far) — hw (M), Fur), [Z] — Ker(fz),

(6)

where

(7) fz + Fu : Fu,z
q 4z

is the surjective linear map obtained by passing to the fibers in (5).

1.2. We fix a Borel subgroup B’ C G’. We will obtain a series of elementary results
that will be useful in the next sections to show that # is a smooth variety in some
cases.

Lemma 1.6. We suppose that W//G has a unique closed G'-orbit and that this
orbit is a point x. Then, each G’'-stable closed subset of H contains at least one
fized-point for the action of the Borel subgroup B’. Moreover, if H has a unique
fixed-point, then H is connected.

Proof. The Hilbert-Chow morphism - is projective and G’-equivariant, so the set-
theoretic fiber y~1(x) is a projective G’-variety. Let C be a closed subset of H,
then v(C) is a G’-stable closed subset of W//G. Hence = € v(C), that is, C' N
v~ 1(x) is non-empty. Therefore, the Borel fixed-point Theorem ([Bo, Theorem
10.4]) yields that C'N~y~1(x) contains at least one fixed-point for the action of B’.
As a consequence, each connected component of H contains at least one fixed-point,
hence the last assertion of the lemma. (|

Lemma 1.7. We suppose, as in Lemma 1.6, that W//G has a unique closed orbit
x for the action of G', and we denote HE the set of fized-points for the Borel
subgroup B’. Then we have the equivalence

V[Z] € HP', dim(TizH) = dim(H™"); and

H = H™¥0 s o smooth variety < { 1 is connected.

Proof. The direction = is easy. Let us prove the other implication. We denote
d := dim(H™*"). The set B := {[Z] € H(k) | dim(T{zH) > d} is a G'-stable
closed subset of H(k). If E is non-empty, then E contains one fixed-point of B’
by Lemma 1.6. Let [Zo] be this fixed-point, then we have dim(7}z,H) > d, which
contradicts our assumption. It follows that F is empty, and thus A is a smooth
variety. Since H is connected by assumption, H has to be irreducible, and thus
H = H™n, O

Let [Z] € H be a closed point, Iz the ideal of the closed subscheme Z C W, and
R := k[W]/Iz the algebra of global sections of the structure sheaf of Z.
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Proposition 1.8. (cf. [Br, Proposition 3.5]) With the above notation, there is a
canonical isomorphism

TizH = Hom§(I2/13, R),
where Homg stands for the space of R-linear, G-equivariant maps.

Next, let N1 be a G-submodule of k[IW] contained in Iz such that the natural
morphism of R,G-modules 6 : R® N; — IZ/I% is surjective; and let Ny be a
G-submodule of R ® Ny such that we have the exact sequence of R, G-modules

®) RoN, %5 RoN, 5 I/I3 —0,
fel - f

where we denote f the image of f € Iz in I /1.

Applying the left exact contravariant functor Hompg( ., R) to the exact sequence
(8) and taking the G-invariants, we get the exact sequence of finite-dimensional
vector spaces

(9) 0——= Hom$(Iz/I2, R) —= Hom$ (R®N1, R) —= Hom$(R ® Na, R)

|- |-

Hom% (N1, R) Hom% (N, R)

Therefore, we have TizH = Im(6*) = Ker(p*). Moreover, if the ideal Iy is
B’-stable, then we can choose Ni and Ny as B’ x G-modules such that all the
morphisms of the exact sequence (8) are morphisms of R, B’ x G-modules and all
the morphisms of the exact sequence (9) are morphisms of B’-modules.

Lemma 1.9. With the above notation, suppose that R = k|G] as G-modules. Then,
dim(Hom%(I£/1%, R)) = dim(Ny) — rk(p*). In particular, if § is an isomorphism,
then dim(Hom$ (I /1%, R)) = dim(N,).

Proof. We have

2. CASE OF SL,, ACTING ON (k™)®"

2.1. We denote G := SL(V), G’ :== GL(V’), and W := Hom(V’, V). Consider the
action of G’ x G on W given by:

Ywe W, Y(g',9) €G'xG, (¢,g9)w:=gowog ™!

We recall that W//G was described in the introduction. We also recall that
C(Gr(n,V"™)) denotes the affine cone over Gr(n,V’*), and that Cy denotes the
blow-up of C'(Gr(n, V'*)) at 0. The aim of this section is to show the main Theorem
in Case 1. Specifically, we will show:
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Theorem 2.1. Ifn =1 orn’ <n, then H = W//G and the Hilbert-Chow mor-
phism v is an isomorphism.

Ifn’ >n>1, then H = Cy and v is the blow-up of C(Gr(n,V'™)) at 0.

In all cases, H is a smooth variety and thus, when W//G is singular, v is a desin-
gularization.

The cases n = 1 or n’ < n are easy and are treated by Corollary 2.4. The case
n’ > n > 1 is handled by Proposition 2.10.

2.2. Generic fiber and flat locus of the quotient morphism. One can check
that the variety W//G is smooth except when 1 < n < n’ — 1 in which case
W//G has a unique singularity at 0. Moreover, W//G is always normal ([SB, §3.2,
Théoreme 2]) and Gorenstein ([SB, §4.4, Théoréme 4]) because G is semisimple.
When n’ > n, the variety W//G is the union of two G’-orbits: the origin and its
complement, denoted U.

Proposition 2.2. Let U be the open orbit defined above.
1) If n' > n, then the fiber of v over a point of U is isomorphic to G.
2) If n' >n>1, then U is the flat locus of v; otherwise, v is flat.

Proof. The first assertion is a well-known fact and is easily checked. Let us show
the second assertion. If n’ < n, then v is trivial, hence v is flat. If n’ = n, then
W//G = A} and v is the determinant, which is flat by [Ha, Exercise 10.9].

We now suppose that n’ > n. We know that v is flat over a non-empty open subset
of W//G (|Ei, Theorem 14.4]), hence v is flat over U by G’-homogeneity. Then, one
can check that dim(r~1(0)) = dim({w € W | rk(w) < n —1}) = (0’ +1)(n — 1).
By 1), the dimension of the fiber of v over a point of U is n? — 1. The fibers of a
flat morphism have all the same dimension; hence, if n > 1, U is the flat locus of v.
Otherwise, W//G is smooth and all the fibers of v have the same dimension, and
thus v is flat by [Ha, Exercise 10.9]. O

Corollary 2.3. If n’ > n, the Hilbert function hy of the general fibers of v is
given by:
VM € Irr(G), hw (M) = dim(M).
We deduce from Propositions 1.2 and 2.2:

Corollary 2.4. The Hilbert-Chow morphism is an isomorphism if and only if:

e ' < n, and then H is a reduced point; or
o n/ =n, then H = A} and det : W — Al is the universal family; or
en/ >n=1,then H= V"™ and Id: V'* = V'* is the universal family.

It remains to consider the case n’ > n > 1. To do this, we will use the reduction
principle for SL,, that will allow us to reduce to n’ = n.

2.3. Reduction principle for SL,. From now on, we suppose that n’ > n. We
are going to show in Case 1 the reduction principle stated in the introduction.
Specifically, we will prove:

Proposition 2.5. We suppose that n’ > n and let P be the parabolic subgroup

of G' = GL(V') that preserves a n-dimensional subspace of V'*. Then there is a
G’ -equivariant isomorphism

v o G'xPAL = A,

(¢, 2)P — g
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where we denote G'xVA} := (G' x A})/ = with (¢',x) = (¢'p*, det(p~)z).

In the next lemma, we use classical invariant theory to determine a finite-
dimensional G’-submodule of k[W]y+) := Hom®(V*,k[W]) that generates this
k[W]%-module in order to apply next the Key-Proposition to M = V*. The refer-
ence that we use for classical invariant theory is [Pr].

Lemma 2.6. With the above notation, the k[W|%-module k[W]y -+ is generated
by Hom® (V*, W*).

Proof. We want to show that the natural map

kW] @ Hom® (V*, W*) — k[W](y-)
of k[W]%, G’-modules is surjective. We identify k[WW] with S(W*), the symmetric
algebra of W. Then
kW] = (S(W*) @ V)@
=D (v e V)

p=>0

=Pl P GrvHe-esVIeV)©

p>0 \Pit+...4p,/=p

We fix (p1,...,pn) € N*'. Then

(Spl (V*) R ® SPn’ (V*) ® V)G ~ (k[V ®--- VP V*](m,,..,pnul))c
is the vector space of multihomogeneous invariants of multidegree (p1,...,pn/,1).
We apply the polarization operator P defined in [Pr, §3.2.1]:

P kVae - aVeViy p,10)°— &V & eV & V0’

So we have to study the space of multilinear invariants

K[V @ - @ VP @ V) = (VP @ - @ VP @ V).

For each 1 < ¢ < p, where p := p1+...+pn/, we denote ¢; the vector corresponding
to the i-th copy of V*, and v € V the vector corresponding to the unique copy
of V. According to the First Fundamental Theorem for SL, ([Pr, §11.1.2]), the
vector space (V*®P' @ ... @ V*®Pn' @ V)& is generated by (V*®P' @ ... @ V*®@Pn)C
and by the bilinear forms (¢;,v) — ¢;(v), for j = 1,...,p. Then, by [Pr, §3.2.2,
Theorem], the vector space

(S (V)@ @8 (V) eV)©
is generated by
{Rf, e g oV oV,
where we denote R the restitution operator defined in [Pr, §3.2.2]. For j =1,...,n/,

we now denote ¢; € V* the vector corresponding to the j-th copy of V*, andv € V'
as before. We have

RE1s s ) = > W1, dur) X 65(0),
j=1
Forall 1 < j < n/, we have U; € k[IW]% and ¢;(v) € (W* ® V)E = Hom® (V*, W*),
hence the result. (]
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By (6), the G'-module V' = Hom%(V*,W*) identifies with the linear maps
of MorG(W, V), that is, with HomG(VV, V). In fact, this identification is given
simply by sending a morphism to its transpose. Denoting p1, ..., p, the n’ linear
projections from W = V™* @ V to V, we will sometimes identify the G’-module
V! with (p1,...,pw) = HomG(W, V). With this notation, Lemma 2.6 admits the
following reformulation: any G-equivariant morphism from W to V* can be written
as a linear combination of the form Y, f;p;, for some f; € k[W]C.

By Corollary 2.3, we have hy (V*) = dim(V*) = n, and thus the Key-Proposition
applied for M = V* gives a G’-equivariant morphism H — Gr(n, V'*). The Grass-
mannian Gr(n, V'*) is a homogeneous space for the natural action of G’. Recalling
that n’ > n by assumption, we denote E := (p1,...,pn), which is a n-dimensional
subspace of V* and P C G’ the stabilizer of F, which is a parabolic subgroup.
Identifying Gr(n, V'*) 2 G’/ P, we obtain a G’-equivariant morphism

(10) p:H—G/P,
whence a G’-equivariant isomorphism
H=G xPF,

where F is the scheme-theoretic fiber of p over eP. Therefore, to show Proposition
2.5, we just have to show:

Lemma 2.7. With the above notation, there is a P-equivariant isomorphism
F = A,

where the action of P on A} is given by p.x := det(p~!)z.

Proof. By definition of F, for any scheme S, we have

Z is a G-stable closed subscheme;

Z—=SxW . .
7 is a flat morphism;
Mor(S, F) = - lpl 1.0z = B premme FMOM;
N Fur is aloc. free Og-module of rank hy (M);
o Vs € S(k), p(Z,) = E.
But
p(Zs)=E & Pntijz, = =DPwz, =0
& Z, CHom(V'/EL V) = W'
Hence
Z—— Sx W' | Z is a G-stable closed subscheme;
m is a flat morphism;
Mor(S, F) = ;
or( ) 7 lpl 1.0z = @Memg Fu@M,
g Fur is aloc. free Og-module of rank hy (M).
= Hilb, (W')()

= Mor (S, Hilb§, (W),

where the last isomorphism comes from the definition of the invariant Hilbert
scheme in terms of a representable functor.
By Corollary 2.3, we have hy = hy-. It follows that

F = Hilby (W) = A}
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as P-schemes, where the last isomorphism follows from Corollary 2.4. (]

Remark 2.8. We have G’'-equivariant morphisms
x " H -G P,
where 7 : X — H is the universal family. Using the same arguments than those

used to show Proposition 2.5, one can show that there exists a G’-equivariant
isomorphism

(11) X = G'xPHom(V'/E*, V),

where the action of P on Hom(V'/E+, V) is the natural one. In other words, if we
denote T resp. V'’ and V, the tautological bundle resp. the trivial bundles with
respective fibers V' and V, over the Grassmannian Gr(n, V'), then X identifies
with the total space of the vector bundle Hom(V//T+. V) =T ® V.

2.4. The case 1 < n < n’. From now on, we suppose that 1 < n < n/. In
the preceding section, we showed that H is the total space of a homogeneous line
bundle over Gr(n,V’*). In this section, we will show that this line bundle is the
tautological one, and thus that the Hilbert-Chow morphism ~ is the blow-up of
W//G = C(Gr(n, V™)) at 0.

Lemma 2.9. Let p be the morphism defined by (10) and Cy the smooth variety
obtained by blowing-up the affine cone C(Gr(n,V'™*)) at 0. Then the morphism
v % p sends H into Cy.

Proof. By Propositions 1.2 and 2.2, the restriction of v to y~(U) is an isomor-
phism. We fix yo € U and we denote @ := Stabg (y0) and [Zp] the unique point
of H such that v([Zo]) = yo. As v is G'-equivariant, [Zy] has to be Q-stable. In
addition, p is also G-equivariant, hence p([Zp]) is a Q-stable line in W//G. But one
may check that the unique @Q-stable line of W//G is the one generated by yg, hence
v([Zo]) € p([Zo]). Tt follows that (v x p)([Zo]) € Co.

As Cj is a G'-stable closed subset of W//G x P(W//G), we have (v x p)([Z]) € C,
for each [Z] € y~1(U), and thus (v x p)~1(Cp) is a closed subset of H containing
v~ Y(U). Hence (v x p)~1(Co) = H as expected. O

We recall that we have the diagram

(12) Co ={(z,L) € C(Gr(n,V"™)) x Gr(n, V™) | x € L}

pll \

C(Gr(n, V™)) Gr(n, V")
where we denote p; and ps the natural projections.

Proposition 2.10. With the same notation as in Lemma 2.9, v x p: H — Cy is
an isomorphism.

Proof. We identify Gr(n, V'*) = G'/P as in Section 2.3. The projection ps : Co —
G’/ P of Diagram (12) provides a G’-homogeneous line bundle structure to Cy over
G'/P. Let D be the scheme-theoretic fiber of ps over eP, then D = A} and P acts
on Al by p.x = det(p~!)x. It follows that there is a G’-equivariant isomorphism

Co = G/ XPA}C.
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Therefore, we have the commutative diagram

YXp

H Co
G/ )P AL s Do - G'xPAL
G'/P

where 6 denotes the G’-equivariant morphism such that the square commutes. We
denote 6, : Aj — A} the P-equivariant morphism obtained from 6 by restriction
to the fiber over eP. It follows from Lemma 2.7 that the morphism 6. identifies
with the Hilbert-Chow morphism for n’ = n and thus, by Corollary 2.4, 6, is an
isomorphism. Hence 6 is an isomorphism as well as v x p. (]

Proposition 2.11. We suppose that W//G is singular, that is, 1 < n < n’ — 1.
Then, the desingularization v : H — W//G is not crepant.

Proof. We use the notation of Diagram (12) and we identify v : H — W//G with
the blow-up p; : Cy — W//G by Theorem 2.1. We denote ¢ : Gr(n,V'*) — Cj the
zero section. The exceptional divisor of pi, denoted D,,,, identifies with Gr(n, V')
via o. For every Cohen-Macaulay variety X, we denote wx its dualizing sheaf. By
the Adjunction Formula ([Ha, Proposition 8.20]):

WD, Ewe, ® O(Dpl) X ODpl'

By [Ha, Proposition 6.18], we have O(~D,,) = Ip, , where Ip, is the sheaf
ideal of Dp, in Cy. But D, is the image of the zero section in Cp, and thus
Ip,, D = Op,, (1). Tt follows that
r1
wp,, Ewe, ® Op, (—1).
If p; is crepant, then
wey = pi(wwya) = pi(Owya) = Ocy,

where the second isomorphism follows from the well-known fact that, for a Goren-
stein affine cone X, we have wx = Ox (see [Tel, §A.1.1] for a proof).
Hence wp, = Op, (—1). But D), = Gr(n, V"), and thus

WD, =~ WGr(n,V'*) =~ OGr(n,V’*)(_n/) >~ ODm (—nl),

As n’ > 1, we get a contradiction. It follows that p; cannot be crepant. (I

3. CASE OF GLy ACTING ON (k?)®™ @ (k%*)®n2

3.1. We denote G := GL(V), G’ := GL(V4) x GL(V32), and W := Hom(V1,V) &
Hom(V, V3). We consider the action of G’ x G on W given by:

v(u17u2) S Wﬂ V(gh,gz,g) € G/XG, (9159259)'(u17u2) = (goulogl_lagQOu?Ogil)-
We recall that W//G = Hom(Vy, V2)=", and that we denote
Mo = {(faL) € Hom(‘/la%)§2 X P(Hom(Vl,Vg)SQ) | f € L} = OP(Hom(Vl,VQ)SQ)(_l)
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the blow-up of Hom(Vl,Vg)§2 at 0, and )Y the blow-up of )y along the strict
transform of Hom(V, V5)S1. The aim of this section is to show the main Theorem
for Case 2. More precisely, we will show:

Theorem 3.1. If n =2 and ny + na < 3, then H = Hom(V4,Va) and the Hilbert-
Chow morphism v is an isomorphism.

Ifny =no =n =2, then H =Yy and 7 is the blow-up of Hom(V1, Va) at 0.

If min(nq,ng) > n =2 and max(ny, ne) > 2, then H = Yy and ~ is the composition
of blows-up that define ).

In all cases, H is a smooth variety and thus, when W//G is singular, v is a desin-
gularization.

Remark 3.2. The case min(ny,ng) = 1 and max(ni,n2) > 3 is quite different from
the other cases and thus is not treated by Theorem 3.1. In this case, we show in
[Tel, §2.1.2] that the main component H™" is always smooth, and that H = H™main
for n = 1. We do not know if H = H™#1 for an arbitrary n.

The cases n = 2 and nj + ne < 3 are easy and are treated by Corollary 3.12.
The case n1 = ny = n = 2 is handled by Proposition 3.30. Finally, we obtain the
last case from the previous one by using the reduction principle for GL,, as we did
for SL,, in Section 2.

In Sections 3.2 to 3.4, we do not make any assumption about the value of n.
Indeed, even if we are interested in the case n = 2, the results that we will show in
those sections are quite general and they do not admit any real simplification if we
suppose n = 2.

3.2. Generic fiber and flat locus of the quotient morphism. The most
important results of this section are Propositions 3.9 and 3.11 that describe the
fibers and the flat locus of the quotient morphism v.

This morphism is also studied in [Kr, §I1.4.1]. However, this reference does not
contain all the results that we will need subsequently and our formulations, notation
and methods are somewhat different.

If ny,ng > n, then W//G = Hom(Vy, V2)<" is of dimension nni + nngy — n?, and
by [We, §6.1], Hom(V3, V2)=" is normal, Cohen-Macaulay, and Hom(V7, Vo)<"~1 is
its singular locus. Moreover, by [Sv, Theorem 5.5.6], the variety W//G is Gorenstein
if and only if n; = ny. Otherwise, W//G = Hom(V;,V2) is an affine space. We
denote

N := min(ni,ng,n).
The action of G’ on W induces the following action on W//G:
Y(g1,92) € G', ¥f € Hom(V1,V2), (g1,92).f == g20 fogr .
The variety W//G decomposes into N + 1 orbits for this action:
Ui :={f € Hom(V3,V2) | tk(f) =i}
for i = 0,..., N; the closures of these orbits being nested in the following way
{0y=UycU,C---CcUy=W/G.
We note that Uy is the unique open orbit of W//G.

Definition 3.3. The null cone of v, denoted N (W,G), is the scheme-theoretic
fiber of v over 0.
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Some geometric properties of N (W, G) are obtained in [KS|. For instance,
N(W,G) is always reduced, but N (W, G) is irreducible if and only if n; + ny < n
([KS, Theorem 9.1]). We are going to determine the irreducible components of
N(W,G) and their dimensions. We fix m € {0,...,n} and we define the set

Im(u1) C Ker(usg);
X =« (u1,u2) € W | rk(u1) < min(ng, m);
dim(Ker(uz)) > max(n — na, m).

We consider the diagram

Zm
N
Xm Gr(m,V)
where
Zm = {(u1,u2, L) € Hom(V1, V)xHom(V, V5)xGr(m, V) | Im(u1) C L C Ker(uz)}

and the p; are the natural projections. We fix Ly € Gr(m, V). The second pro-
jection equips Z,, with a structure of homogeneous vector bundle over Gr(m, V)
whose fiber over Lg is isomorphic to Fy, := Hom(Vi, Lg) x Hom(V/Lg, V). In
other words, we have Z,, = Hom(V1,T) x Hom(V /T, V3), where T is the tautolog-
ical bundle of Gr(m, V) and V, Vi, V5 are the trivial bundles with fibers V, V; and
V5 respectively. Hence Z,, is a smooth variety of dimension

dim(Z,,) = dim(Gr(m, V)) + dim(Hom(V4, Lo) x Hom(V/Lg, V2))
=m(n—m)+nim+ (n —m)na.

Proposition 3.4. With the above notation, each X,, is an irreducible closed subset
of W and the irreducible components of the null cone N(W,G) are

X, fori=max(0,n —ng),max(0,n —ng)+1,...,min(n,n1), ifn<ng + ne;
an Zf?’LZ?’Ll + no.

In addition, if m < ny or m >n — nq, the map p1: Zp — X 18 birational.

Proof. First, by definition, the X,, are closed subsets of W. The morphism p; is
surjective and Z,, is irreducible, hence X, is irreducible. Then
N(W,G) = {(u1,us) € Hom(V3, V) x Hom(V, V2) | Tm(uy) C Ker(us)} = | J Xi.
i=0

If n1 <n —ng, then

XoC--CXpys

Xp, = = Xpny;

Xn7n2 DEEEED) Xn;
and thus X = X,,,.
If ny > n — ng, then

{ XO c---C Xmax(O,n—ng);
Xmin(n,nl) 2D Xn;

and one easily checks that there is no other inclusion relation between the X,,. It
remains to show the last assertion of the proposition. We define

7z, = {(u1,u2, L) € Zp, | tk(u1) = min(m,ny) and dim(Ker(uz)) = max(m,n—ns)}
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and
X! = {(u1,u2) € Xo, | tk(uy) = min(m,n;) and dim(Ker(uz)) = max(m,n—nz)}.

It is clear that Z], resp. X/, is a dense open subset of Z,, resp. of X,,, and that
we have Z/, = p; *(X,). If m < ny or m > n —ny, then p; : 2! — X/ is an
isomorphism, and thus p; is birational. (]

Corollary 3.5. The dimension of the null cone N(W,G) is:

e nng if n < ng —ny;

e nny if n <niy —ng;

. in(n+2n1 + 2n9) + i(nl —n2)2 if [n1 —n2l <n<ni+n2 andn+ny —ng is
even;

° in(n—i—in +2n2)+%(n1 —n2)2— % if In1 —nal <n <mnip+mn2 andn+n; —ng
18 odd;

e nny + nng —ning if n > nq + no.

Proof. By Proposition 3.4, it is enough to compute the dimension of X,, for some
m. We denote P(m) := m(n —m) + nim + na(n — m) the dimension of Z,,. If
m < nj or m >n — ng, we have dim(X,,) = dim(Z,,) = P(m).

If n > ny + ng, then dim(NM(W, G)) = dim(X,,,) = nn; + nng — nins.

If n < ni 4+ ng, then

min(n,n1)
dim(NV (W, G)) = dim U X, | = max P(i)

. i=max(0,n—nz),...,min(n,n1)
i=max(0,n—n2)

and a simple study of the variations of the polynomial P gives the result. ([

Now we are going to study the geometry of the fibers of v over each orbit U;.
We recall that, by homogeneity, all the fibers over a given orbit are isomorphic.
Hence, we just have to describe the fiber of v over a point of each orbit. We
fix bases B, By and By of V, V4 and V5 respectively, and thus we can identify
W = Hom(V1,V) x Hom(V, V) = M,, 5, X My, and Hom(Vy, Vo) = My, 1y,
where M, , denotes the space of matrices of size p x g.

Let 0 <r < N, we denote

(13) Jp = [o

where I,. is the identity matrix of size r. The matrix J, identifies with an element
of the orbit U, via the isomorphism Hom(V7, Vo) = M, n,.
We fix r € {0,..., N}, and we denote

oo G s

and GG, C G the stabilizer of w;..

Ir Or,nl—r :|

na—r,Tr On2—T,n1 —-Tr

Lemma 3.6. With the above notation, the orbit G.aw, C W is closed in W, and is
the unique closed orbit contained in v='(J,).

Proof. We have v(w,) = J, and it can be checked that

I 0 o .
GT - { |:0 M:| ) M € GL’H,—’I‘} - GL’IL—’N
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this is a reductive subgroup of G. By [SB, §1.6.2.5, Theorem 10], we have the
equivalence
G.w, is closed in W < Cg(G,).w, is closed in W.

Then C¢(G,) = { [1\04 )\IO } , MeGL,, \e Gm}, where G,,, denotes the mul-

tiplicative group. Hence

oo —{([§ Y[ ) o)

is a closed subset of W, and thus G.w, is a closed orbit in v~1(.J,.). By [SB, §IL.3.1,
Théoreéme 1], the fiber v~1(J,.) contains a unique closed orbit, hence the result. [

Definition 3.7. Let x € W such that the orbit G.x is closed in W and let G, C G
be the stabilizer of x. By [SB, §6.2.1], the Gy-module T,;(G.z) admits a G,-stable
complement M, in W, which is called the slice representation of G, at x.

Lemma 3.8. Letr € {0,...,N}, G, C G the stabilizer of w, defined by (14), and
My, the slice representation of G, at w,. There is an isomorphism of G,-modules
M, = Eom—r g prone—r gq Voear(nl-i-ng—r)

r r r )
where E, resp. EY, is the defining representation resp. the dual representation, of

G, and Vy is the trivial representation of G,

Proof. By definition of M, , we have M,,. = W/T,, (G.w,) as Gy-modules. As
VE. @ VO@T as G-modules, we deduce that

W E@nl P E*@ng @ %®T(n1+n2).
Then T, (G.w,) = g/g,, where g resp. g,, denotes the Lie algebra of G resp. of
G,.. We have
82 (G @ VP & (V2 @ B,) & (B 0 V) @ (B; © B,) and g, =~ B} © B,.
Hence )

Tw, (Gw,) 2 EX" @ EX9" @ V&P,

and thus
er o~ Esanlfr o E:Eanfr @ %®T(n1+n2_T)

as G,-modules. O

We denote vy : M, — M, //G, the quotient morphism, and
N(Ny,,G,) == vy (var(0))
the null cone of vy;. The group G, acts naturally on G by right multiplication, as
well as on N (M., ,G,) by definition of vp;. We can thus consider the quotient
Fy, =G x% N(M,,,G,),
which is naturally equipped with a G-scheme structure by [Ja, §1.5.14].

Next, we denote (W// Q) ) ¢ W//G the subset of closed G-orbits of W such that
G, is conjugate to the stabilizer of a point of those orbits. In particular, Lemma

3.6 implies that G.w, € (W//G) %), We denote W) := v=1(W//G) ) c W.
Then, by [SB, §6.2.3, Theorem 8|, the sets (W//G)(GT) and W(E") are smooth
subvarieties of W//G and W respectively. Hence there is a morphism

V= vwen WG (W//G)(GT)
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and, by [SB, §6.2.3, Theorem 8], v/ is a fibration whose fiber is isomorphic to F,,, .
Hence

v ) =V TN () 2 GX N (M., , G,).
Let F1, F5 and F3 be vector spaces of dimension ny —r, ng —r and r(ny +ng —r)

respectively on which G, acts trivially. By Lemma 3.8, there is an isomorphism of
G-modules

M, =2 Hom(Fy, E,) x Hom(E,, Fy) x F3.
The quotient morphism v, is given by:

12788 Hom(Fl,Er) X HOIII(ET,FQ) X F3 — Hom(Fl,Fg) X Fg.
(ul,uy, ) = (upouy,x)

Hence N (M., ,G,) == vyt (var(0)) = v34(0) = v}, 7' (0) with

(15) Vi, Hom(Fy, E,) x Hom(E,, F») — Hom(F}, F).
(ur,up) = upou

The next proposition sums up our study of the fiber of v over J, for r =0,..., N.

Proposition 3.9. Let r € {0,...,N}, G, C G be the stabilizer of w, defined by
(14), and vy, the quotient morphism defined by (15). There is a G-equivariant
isomorphism

v (1) 2 Gx Do 0),

where J. € U, was defined by (13). In particular, if we denote H := Gy the
stabilizer of Jn, we have

G if N =n;

G/H if N=mn1=n9 <n;
Gx"Hom(Ey,Fp) if N =n; < min(n, ng);
Gx"Hom(Fy,Ey) if N =ngy < min(n,ny);

V_I(JN) =

where En is the defining representation of H = GL,_n, F1 and F5 are vector
spaces of dimension ny — N and ny — N respectively, and H acts on Hom(Fy, En) X
Hom(Ey, F») by:

Vh € H, V(u},ub) € Hom(Fy, Ex) x Hom(Ey, Fy), h.(u},ub) := (hou),uyoh™").

Corollary 3.10. Letr € {0,..., N}, the dimension of the fiber of v over J,. (defined
by (13)) is:
e nno+nr—ngrifn—r<mng—nj;
e nni+nr—mrifn—r<ng—ns;
e Lin—r)(ni+n2)+i(r+ n)2+i(n1 —n9)? if [n1—ng| < n—r < ni+ng—2r
and n+ny —ng — 1 1S even;
e i(n—r)(n1 +ng)+ %(r—l—n)z—i— %(nl—ng)Q —Liflni—ngl <n-r<
ny+ng —2r and n+ny —no —r is odd;
e nny +nns —ning if n >ny +ng —r.

Proof. By Proposition 3.9, we have
dim(v~1(J,)) = dim(Gx vy, "1 (0)) = 2nr — r? + dim(v}, ' (0)),

and Corollary 3.5 gives dim (v}, ' (0)) in terms of n, ny, ny and 7. O
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For each triple (n,nq,ns2), Corollary 3.10 allows one to compute the dimension
of the general fibers of v, and also to determine the flat locus of v. The proof of
the following proposition is analogous to Proposition 2.2.

Proposition 3.11. The dimension of the general fibers and the flat locus of v are
given by the following table:

configuration dim. of the general fibers flat locus
n > max(ni, nz) nny + nng — ning Un U UUnax(ni+ns—n—1,0)
n = max(ni, na) n? UnvUUn_1
min(ny,ng) < n < max(ni,ng) nni + nng — Nino Un
n < min(ny,nz) n2 Un

The following corollary is a consequence of Propositions 1.2 and 3.11.

Corollary 3.12. The morphism v is flat if and only if n > ni1+no—1, in which case
H = W//G = Hom(V1, Va) and the Hilbert-Chow morphism v is an isomorphism.

In the next proposition, we determine, for each M € Irr(G), the multiplicity of
the G-module M in k[v=1(Jy)].

Proposition 3.13. We denote H := Gy = GL,_n the stabilizer of wy defined by
(14), En resp. E%, the defining representation of H resp. the dual representation
of H, and Iy, Fy two vector spaces of dimension ny — N and no — N respectively on
which H acts trivially. The Hilbert function hyw of the general fibers of v is given by:
dim(M) if N=n;

dim (M) if N=mn; =ng <mn;
dim((M@k[Hom(Ex, F2))")  if N = ny < min(n, ny);
dim((M®k[Hom(Fy, EN))?)  if N = ny < min(n, ny).

VM € Irr(G), hw(M) =

Proof. We use the description of the fiber of v over Uy from Proposition 3.9.

e If N =n, then
b mMeoMm
Melrr(G)

as G x G-modules, and thus hy (M) = dim(M).
o If N =n; = ny <n, then

kv (Jn)] = K[G)

1%

kv (I 2 kG/H 2 EG = @ MT oM
Melrr(G)

as a left G-module, and thus hy (M) = dim(M*#) = dim(M*H) as H is reductive.
o If N =n; < min(ng,n), then

Kl ()] = RIGx THom(Ey, Bo)] = ) M* @ (Mak[Hom(Ex, F)))",
Melrr(G)

and thus Ay (M) = dim ((M@k:[Hom(EN, F2)])H).

The case N = ng < min(ny,n) is similar to the previous case. O
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3.3. Description of the coordinate ring of the null cone. The aim of this
section is to show Corollary 3.15 that gives a description of the coordinate ring
of the null cone as a G’ x G-module for n; = no = n. It will be enough for our
purpose to consider only this particular case because in Section 3.4 we will obtain
the reduction principle for GL,, that will allow to reduce the case ni,ns > n to
ny = ng = n. Our reference for the representation theory of classical groups is
[FH]. We fix once and for all a Borel subgroup B’ C G, a maximal torus 7" C B,
and we denote U’ the unipotent radical of B’. In the same way, and with obvious
notation, we fix subgroups 7', B and U of G.

We denote J the ideal of k[W] generated by the homogeneous G-invariants of
positive degree. The ideal J is G’ x G-stable by definition. We denote

(16) sl(V):={f € End(V) | tr(f) =0},
where tr(f) is the trace of the endomorphism f. We have V* @ V = End(V)
s[(V) @V and
(A7) kW], =(S* (V) ® $*(VF) @ (S*(V) @ S*(15)) @ (A*(V1) ® A*(V7))

® (A2 (V) @ A (V) e (M@ Vs @sl(V) @ (Vi ® Vs ® Vo)
as a G’ x G-module. Hence JNE[W], =V, @ V5" ® Vy = Hom(V2, V1) as a G’ x G-
module, and this module generates the ideal J. We recall that we fixed bases B,

Bi and By of V, Vi and V5 respectively. The following result is due to Kraft and
Schwarz ([KS, §9]):

Proposition 3.14. With the above notation, let x;, 1 < i < n, be the i-th principal
minor of Hom(V1,V) = My, and y;, 1 < j < n, the j-th "antiprincipal” minor
(that is, the minors starting from the lower right corner) of Hom(V,V2) =2 My, n.
Then the T' x T-algebra (k[W]/J)U,XU is generated by the x; and the y; and the
relations between these generators are generated by the monomials {z;y; | i+j > n}.
In other words, there is an exact sequence

0= J = k[e1, ... @y, yn] = R[]V 0,
where J' is the monomial ideal generated by {x;y; | i+ j > n}.

We denote A the weight lattice of G and Ay C A the subset of dominant weights.
If A € Ay, we denote S*(V) the irreducible G-module of highest weight \. For an

appropriate choice of a basis {e1,...,e,} of A, we have A =rie1 + ...+ 1€, € Ay
ifand only if ry > 1o > ... > 1. A =1161 4+ ...+ 116, € Ay, we define \* =
—Tp€] — Tp—1€2 — ... —r1€, € Ay, We then have SN (V) = SN(V*). Furthermore,

we say that A > 0 if r,, > 0. One can then write any A € Ay uniquely in the form
A=a+ 8% wherea, f € Ay and a, > 0.

Corollary 3.15. With the above notation, let A = a+ p* € Ay. Then the isotypic
component associated to the G-module SM(V') in k[W]/J is

SP(V1) @ S*(V5) @ SMV).
In addition, the representation SM(V') appears in k[W),/(J Nk[W],) if and only if
p =2 Iril.
Proof. By Proposition 3.14, there is an isomorphism of T’ x T-algebras
(kWD) 2 k2, @1, yal /T
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We denote k; := |r;|, and let 1 <t < n be the integer such that o = rie1+. ..+ 7€
One may check that the weight of the monomial

ki1 kiyo—kiy1 kitz—kego kn—kn_1 ki ki—1—kt ktfsztfl.“ylﬁ—kg
1

n
Lp—t Tp—t—1 n—t—2 RS Ye Y Ye—2

is (A, B,a*) and that A uniquely determines this monomial. It follows that the

isotypic component of the G-module S*(V) in k[W]/J is S# (V1) ®S5%(Vy) @ SMNV).

Hence, the representation S*(V') appears in k[W],/(J N k[W],) if and only if

P = (kn — knfl) + 2(]43”,1 — kn,Q) 4+ ...+ (n — t)kt+1 + (kl — kg) + 2([€2 — kg) + ...+ tkt
=ki+ko+...+k,.

O

Remark 3.16. By Corollary 3.15, if M is a polynomial representation, or the dual of
a polynomial representation, then the multiplicity of M in k[W]/J equals dim(M).

3.4. The reduction principle for GL,. From now on, we suppose that ni,ns >
n. We fix (E1, E2) € Gr(n, V") x Gr(n,V3), and let P be the stabilizer of (E1, E2)
for the natural action of G’ on Gr(n, V;*) x Gr(n,V2). We denote

W' :=Hom(Vy/Ei, V) x Hom(V, Ey)
and
H' = HilbY (W).
w

We will obtain in Lemma 3.19 that H’ identifies naturally with a P-stable closed
subscheme of H. Our aim is to show the reduction principle in Case 4 stated in the
introduction. More precisely, we will show:

Proposition 3.17. With the above notation, there is a G’ -equivariant isomorphism
¢ G'xPH = H.
(¢, [2DP — ¢.[Z]
First, we need the following lemma, whose proof is analogous to that of Lemma
2.6, in order to apply the Key-Proposition to M =V and M = V*.

Lemma 3.18. Let G = GL(V) and W = Hom(V1, V) x Hom(V, V»), with ny,ne >
n. Then the k[W]%-module kW], = Hom® (V, k[W]) resp. kW] = Hom® (V*, k[W)),
is generated by HomG(V, W*) resp. by HomG(V*, WH).

We have Hom®(V,W*) = V;* and Hom®(V*,W*) = V; as G'-modules. By
Proposition 3.13, we have hy (V) = hy (V*) = n. Therefore, the Key-Proposition
gives two G’-equivariant morphisms oy« : H — Gr(n, V;*) and dy : H — Gr(n, V2).
Identifying Gr(n, V;*) x Gr(n,V2) = G’/P and then taking the product of dy» and
dy gives a G'-equivariant morphism

p: H—G'/P,
whence a G'-equivariant isomorphism
H=G <P F,

where F' is the scheme-theoretic fiber of p over eP. The next lemma, whose proof
is analogous to Lemma 2.7, completes the proof of Proposition 3.17.
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Lemma 3.19. With the above notation, there is a P-equivariant isomorphism
F =,
where P acts on H' via its action on W',

Corollary 3.20. With the above notation, there is a commutative diagram
G/ P_
G'xPH — 2 'xPW /G

| I

M W//G

~

where ¢ is the isomorphism of Proposition 3.17, v : H' — W'//G is the Hilbert-
Chow morphism, G' x¥ ~' is the morphism induced by ', and 0 is the morphism
induced by the inclusion W' //G C W//G.

Proof. Tt follows from Proposition 3.17 that the diagram

|
W'/|G ——=W//G

is commutative, where the upper horizontal arrow is the closed embedding of
Lemma 3.19. Then the following diagram

G/XP%/%G/XPHLGI/P X H

GlXP'Y’l/ lG'XP,Y lldxw

G'xPW'[|G —= G'xP"W//G ——=G'/P x W//G
is also commutative, hence the result. (I

3.5. The case n; = ny = 2. The aim of this section is to determine H in Case 4
for n; = no = n = 2. Next, in Section 3.6, we will use the reduction principle for
GL,, to deduce the case where ni,n, > n = 2.

Fized-points of H for the action of B'. First, we want to show that H is a smooth
variety. We recall that we fixed a Borel subgroup B’ € G'. By Lemma 1.7, it is
enough to show that the fixed-points of H for the action of B’ are contained in the
main component H™#": and then to check that the dimension of the tangent space
to H in each of those fixed-points equals the dimension of ™", Hence, we have
to determine the fixed-points of B’ in H.

We denote D the unique B’-stable line of V4 ® V5, and I the ideal of k[WW]
generated by (Vi @ V5" @ Vo) @ (D @ sl(V')) C k[W],. The ideal I is homogeneous,
B’ x G-stable and contains the ideal J generated by the homogeneous G-invariants
of positive degree in k[W].

Theorem 3.21. The ideal I defined above is the unique fized-point of H for the
action of the Borel subgroup B’'.
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Proof. Let [Z] be a closed point of H, and Iz C k[W] the ideal of the G-stable
closed subscheme Z C W. The point [Z] is fixed for the action of B’ if and only if
Iz is B’-stable. In particular, Iz is stable by the group of invertible scalar matrices,
and thus Iz has to be homogeneous. Hence, the fixed-points of H for the action of
B’ correspond exactly to the homogeneous ideals Iz of k[W] such that:

i) I is B’ x G-stable; and

it) k[W]/1z = @ ety M dim(M) a5 a G-module.
As the algebra k[W] is graded and as the ideal I is homogeneous, the algebra
k[W]/Iz is also graded:

KW/ 1z = @ kW], /(12 N k[W],).

p=0

We can thus study Iz degree by degree. It is clear that k[W], NIz = {0} and
that k[W], NIz # k[W]i. Let us now study the component of degree 2 using
the decomposition (17). To get the decomposition given by ii), we must have
EW],N1Iz 2 sl(V)@ V% Indeed, the G-module k[W]/Iz already contains a copy
of the trivial representation given by the constants, hence k[W]/Iz cannot contain
any other copy. Then, k[W], contains four copies of s[(V') which is a 3-dimensional
G-module, hence k[W], N I; contains at least one copy of s((V). As k[W]y NIy is
B'-stable, k[W]a N Iz contains D @ sI(V') because D is the unique B’-stable line of
Vi ® V', It follows that I contains (Vi ® V5 ® V) @ (D @ sl(V)), and therefore
Iz O I. The next lemma implies that this inclusion is in fact an equality, which
completes the proof of Theorem 3.21.

Lemma 3.22. The Hilbert function of the ideal I defined aboved is hyw , the Hilbert
function of the general fibers of v: W — W//G.

Proof of the lemma: We recall that, for each M € Irr(G), we have hy (M) =
dim(M), and thus we have to show that

k[W]/I o~ @ M@ dim (M)
Melrr(G)

as a G-module. There is an inclusion of ideals J C I, whence the exact sequence
of B’ x G-modules

0—=1/J—kW]|/J— k[W]/I— 0,

hence

/7

as B’ x G-modules. Corollary 3.15 provides the decomposition of k[W]/J into
irreducible G’ x G-modules. If M is a polynomial G-module or its dual, then the
multiplicity of M in k[W]/J is dim(M). Otherwise, M = SFe1=Fze2(V) for a
unique couple ki, ks > 0 and the multiplicity of Sk1€1=k2€2(V) in k[W]/J equals
dim(S*2 (V1) @ Sk (Vi) = (k1 + 1) (kg + 1).

Recalling that we identify W = Hom(V3, V) x Hom(V, V) with Mg x My 2, we

write
_ Tr11 Ti12 ’ Y22 Y12 cw,
T21 T22 Y21 Y
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and we identify k[W] with the algebra k[x;j, vij, 1 <1,j < 2]. By Proposition 3.14,
we have

(k[W]/J)U = k11, T12, T11T22 — T21%12, Y11, Y12, Y11Y22 — Y21y12]/ K,
where

K = (z11(y11922 — y21912), T12(y11Y22 — Y21912), Y11 (T11722 — T21712),

Y12(T11722 — T21712), (T11722 — T21712) (Y11Y22 — Y21¥12))-
The ideal (I/J)Y of (k[W]/J)Y is generated by x11y1,. Hence
/7= @ (D.(s* ()@ sM (V) @ shake ()
k1,k2>0

as a B’ x G-module. It follows that

EW/T=Vo @ [V @ V], @ k[V* @ V3],

® Sk1517k252 (V)

ko k1 *

o @ mrein o e

k1,k2>0 ’ 1 2
as a B’ x G-module, where k[Vi* ® V], resp. k[V*® V3], , denotes the maximal
homogeneous ideal of k[V;* ® V] resp. of k[V* ® V4].
We notice that the multiplicities of the polynomial representations in k[W]/I, and
those of their duals, are the same as in k[W]/J. However, the multiplicity of
Skier=kae2 (V) in K[W]/I is

di ( Sk2 (Vi) @ Sk (V5)
P\ DS @ SH1(V))

) = (k1+1)(ka+1) =k ko = dim(SFrr~F2e2 (V).
0

Remark 3.23. We have Stabg/(I) = B’, hence the unique closed orbit of H is
isomorphic to G'/B’ = P! x P

The next corollary is a direct consequence of Lemma 1.6 and Theorem 3.21.
Corollary 3.24. The scheme H is connected.

Tangent space to H at [Zo]. Let [Zy] be the unique fixed point of H for the action
of B’. We will show:

Proposition 3.25. The dimension of the Zariski tangent space to H at the unique
fized-point [Zo] for the action of the Borel subgroup B’ is dim(Tjz,H) = 4.

We identify k[W] with the algebra k[z;j,y:, 1 < 4,5 < 2] as in the proof of
Lemma 3.22 and we fix explicit bases for some B’ x G-modules appearing in k[W]a:

f1 7= y22711 + Y12721
f2 1= y20T12 + Y12722
f3 = y21711 + Y11721
fa = y21712 + Y11722
hi = z11y11
ha == x11y21
hz == x219y11
hy == x21y21

is a basis of V1 ® V5 ® Vp;

isabasisof DRV*V 2D (sl(V)® V).
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The ideal I defined at the beginning of Section 3.5 is the ideal of the closed
subscheme Zy; C W, and we denote R := k[W]/I the algebra of global sections of
the structure sheaf of Zy. We consider

N1 = <f15f2af3af4ahlah25h3ah4> - k[W]a
which is a B’ x G-submodule that generates the ideal I. One can check that the
generators of I satisfy the following relations:

r o= —fl ®y21 + h2 ®y22 + h4 ®y12;
ro 1= —fg X x11 +h1 ® x91 +h2 X X115
r3 = f4 @ T11 — h1 @ Toa — ho @ Z12.

By Lemma 1.6, the variety H™#" contains at least one fixed-point for the action
of B', and thus [Zo] € H™™. It follows that dim(Tjz,H) > dim(H™*") = 4. On
the other hand, by Lemma 1.9, we have dim(7jz, ) = 7 — rk(p*), where p* is the
morphism of Diagram (9). Hence, to show Proposition 3.25, it is enough to prove:

Lemma 3.26. With the above notation, we have rk(p*) > 3.
Proof. Fori=1,...,4, we define ¢; € Homg(R ® N1, R) by:
wi(hj@)l):o‘ forj=1,...,4;
vi(fj@l)=0] forj=1,... 4
where 5{ is the Kronecker symbol whose value is 1 if ¢ = j, and 0 otherwise. The
1; are linearly independent in Hom%(R@Nl,R), and we are going to show that

p*(¢1), p*(3) and p*(¢p4) are linearly independent in Im(p*), which will prove the
lemma. Let A1, A3, Ay € k such that

(18) Z i p* () = 0.
i=1,3,4

Evaluating (18) at r1 ® 1, we get
0= Zi:1,374)\i P el) = Z¢:1,3,4)\i vilr) = =My

Then, evaluating (18) at ro ® 1 and r3 ® 1, we get —Azx11 = Ay 211 = 0.
We deduce that (A1, A3, A4) = (0,0,0), hence the result. O

The next corollary follows from Lemma 1.7 and Proposition 3.25.
Corollary 3.27. H = H™?" 45 g smooth variety.

Construction of a G'-equivariant morphism 6 : H — P(Hom(V1,V2)). The next
lemma follows from classical invariant theory and can be shown in the same way
as Lemma 2.6.

Lemma 3.28. Let G = GL(V) and W = Hom(V4,V) x Hom(V, V3), with ny =
ny =n =2. Then the kW] -module kW] sivy) = HomC (s((V'), k[W]) is gener-
ated by Hom® (sl(V'), k[W1y), where the G-module s{(V') is defined by (16).
There is an isomorphism of G’-modules
Hom (s(V), k[W]2) =V, @ V5.

Therefore, the Key-Proposition gives a G’-equivariant morphism H — P(V; @ V5F).
But Vi @ Vi 2 det(V1) ® Vi* ® Vo @ det ™ (V3) as a G’-module, and thus

P(Vi ® V3) 2 P(det(Vi) ® Vi @ Vo @ det ™ (Va)) = P(Vy" @ V) = P(Hom(V1, V2))
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as G'-varieties. Hence, we get a G'-equivariant morphism
(19) §: H — P(Hom(Vy, V).

The morphism v x4 is an isomorphism between H and Y. We recall that we defined
Vo at the beginning of Section 3.1. The action of G’ on Hom(V;,V2) induces an
action of G’ on Hom(V;, V) x P(Hom(V7, V2)) that preserves ). Proceeding as for
Lemma 2.9, one may check that the morphism v x § sends H into V.

Lemma 3.29. Let ¢ be the G'-equivariant morphism defined by (19), and Yo be the
variety defined at the beginning of Section 3.1. Then, the morphism vx 4§ : H — Yo
is quasi-finite.

Proof. As before, we denote [Zy] € H the unique fixed-point for the action of the
Borel subgroup B’. Let Yy := (7% 0)([Zo]), and let [Z] € H such that (yx§)([Z]) =
Yo. We have v([Z]) = 0, hence the ideal I; C k[W] of Z contains V] ® V5* @ Vp;
and we have §([Z]) = 6([Zo]), hence Iz contains D ® sl(V) C k[W]z2, where D is
the unique B’-stable line of V1 ® V;*. By Lemma 3.22, we have Z = Zj, and thus
(v x 8)7(Yp) is a finite set. Then, we consider

E := {[Z] € H such that the fiber over Y := (v x 0)([Z]) is of dimension > 1},

which is a G’-stable closed subset of H by [Ha, Exercise 11.3.22]. By Lemma 1.6, if
E is non-empty then E has to contain [Zp], but we just have seen that this is not
the case, hence the result. (I

Proposition 3.30. With the notation of Lemma 3.29, v x 6 : H — Yy is an
isomorphism.

Proof. The variety )y is smooth, hence normal, and v x § : H — ) is birational,
proper and quasi-finite by Lemma 3.29. Therefore, by Zariski’s Main Theorem,
~ X § is an isomorphism. O

3.6. The case ni,ne > 2. In this section, we suppose that ni,ne, > n = 2, and
thus W//G = Hom(V;,V2)S2. Our aim is to treat the last case of Theorem 3.1
using the reduction principle for G L.

First of all, we introduce some notation: For any L € P(Hom(Vi, V2)<?), we
denote Ker(L) := Ker(l), Im(L) := Im(l) and rk(L) := rk(l), where [ is any nonzero
element of L.

If k(L) = 2, we denote L A L := (I Al) € P(Hom(A%(Vy), A%(V2))<1).
Finally, we denote ¢1 : Gr(2,V;*) — P(A%(V}*)) and 2 : Gr(2,V2) — P(A%(V2))
the Pliicker embeddings of Gr(2, V}*) and Gr(2, V%) respectively.

Let us consider the variety

Z:={(f, L, Fy, Ey) € Hom(V;, V2)=2 x P(Hom(Vi, V5)=?) x Gr(2,V;*) x Gr(2, Va) |
fe L, Ef cKer(L) and Im(L) C Ey},

then there is a diagram

Z
Z/ \\
Vo Gr(2,V)") x Gr(2, V)

where ¢; and ¢o are the natural projections. We recall that the varieties )y and )4
were defined in Section 3.1.
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Lemma 3.31. With the previous notation, there is an isomorphism YV, = Z which
identifies the blow-up Y1 — Yo with ¢1 : Z = ).

Proof. We denote Fy the strict transform of Hom(V7, V2)<! via the blow-up Yy —
Hom(V3, V2)<2, and we consider

a: Yo— - =P(Hom(A*(V1),A%(12))=1)
the rational map defined over

U:={(f,L) € o k(L) =2} = No\Fo
by a(f,L) = LA L. Let T C Yo x P(Hom(A%(V1),A?(V3))<!) be the graph of a,
then
={(f,L,E) € U x P(Hom(A*(Vy), A*(V3))=

The closure of I inside Yy x P(Hom(A2(V;), A%2(V3))=1) is
Vie L, INl € F;

f: (faLaE) € yO XP(HOID(A2(‘/1),A2(‘/2))§1) Im(E) € LQ(GY(27‘/2)); s
Ker(E)* € 11(Gr(2, V})).

where Im(F) :=Im(g) and Ker(E) := Ker(g) for any non-zero element g € E.

Y|LAL=E)}.

Claim: The map I — Yy, (f, L, E) — (f, L) is the blow-up of Yy along Fo.

To prove the claim, we start by constructing a covering of )y by affine open
sets. Recalling that P(Hom(V;, V2)=2) C P(Hom(Vi, Va)) = P(Mo, p, ), we define
an affine open subset O;; C P(M,,, 0, ), for all 1 < i < ng and 1 < j < nq, by
fixing the (7, j)-coordinate equal to 1. Then, we denote

Yo! = {(f,1) € Hom(V3,V2)=? x (P(Hom(V1,V2)=*) N Oiy) | f € (D},
which is an affine open subset, maybe empty, of }y. The yé’j form a cover-
ing of )y. Let Z be the ideal sheaf of Fy in )y, then Ilyé,j is the ideal of
k[Yy?] generated by the minors of size 2 of the matrix [. The restriction of
a to yi’j is the rational map «;; : yé’j — — > P(Hom(A%(V1), A2(V2))<t)  de-
fined over U ; := {(f,1) € V7 | tk(l) = 2} by ay;(f,1) = (IAl). We denote
T,; € Vo’ x P(Hom(A?(V4), A2(V2))<1) the graph of a; ;, then by [EH, Proposi-
tion IV.22], the morphism I'; ; — V57, (f,1, E) — (f,1) is the blow-up of )}0 along

FoN yg;j . One can check that these blows—up glue together to obtain the morphism
T — Yo, (f,L,E)— (f,L) as expected.

It remains to show that T is isomorphic to Z. The Segre embedding gives an
isomorphism
P(Hom(A?(V1), A*(12))=1)
E

P(A%(V1)") x P(A%(V2)),
(Ker(E)*,Im(E))

I r

hence an isomorphism

Ly € Ll(Gr(2 Vl ) )

Ly € 15(Gr(2, ))

vielL, Ker(l AL C Ly;
Im(l AN l) C LQ.

T =< (f,L, L1, Ls) € Yo x P(AX(11)") x P(A%(V2))
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Let f € Hom(V;,V5)=2, then f A f € Hom(A2(V1), A%(Vo))St. If tk(f) < 1, then
fAf =0. Otherwise, Im(fAf) = Ly for some Ly € 15(Gr(2,V3)), and Ker(fAf)+ =
L, for some Ly € 11(Gr(2,V;*)). For i = 1,2, we denote E; the preimage of L; by
t;. We then have the equivalences
Im(f A f) =Ly < Im(f) = F2; and
Ker(f A f)* = L1 & Ker(f)* = E4.
It follows that [ = Z. O

We identify )y with Z by Lemma 3.31. The natural action of G’ on
Hom(V1, V)52 x P(Hom(V7, V5)=2) x Gr(2, V;*) x Gr(2, Va)

stabilizes V;. We fix (E1, E2) € Gr(2,V)*) x Gr(2, ‘/2) and we denote P C G’
the stabilizer of (E1, Es). Identifying Gr(2,V;*) x Gr(2,V2) = G'/P, and denoting
F’ the scheme-theoretic fiber of the natural projection )y — G’/P, there is a
G'-equivariant isomorphism
yl = G/XPF/.
One can check that
F'={(fL)e Hom(Vl/Efsz) x P(Hom(Vi/ET, Es)) | f € L}
is the blow-up of Hom(V} /E ) at 0. In other words, ) is the total space
of the G’-homogeneous bundle BlO(Hom(ﬁ/TlJ‘,Tg))7 where Ty resp. Ty, is the
tautological bundle of Gr(2,V}") resp. of Gr(2,V2), and Vi is the trivial bundle
with fiber V4 over Gr(2, V}*). By Propositions 2.5 and 3.30, there is a G’-equivariant
isomorphism
H =)

With the notation of Corollary 3.20, there is a commutative diagram

PH/
\ /

' P Blo(W' /) G)

'S PW! )G

1R

1R
P —
2
bS]
3
I,

1
where Blo(W’//G) denotes the blow-up of W’//G = Hom(V;/Ei, E2) at 0,
pria : G'xPBlL(W'//G) — G'xPW'//G,
(¢, f,.L)P = (9, NHP
and

prioc 1 - W//G.
(faL7E1;E2) = f

In particular, the Hilbert-Chow morphism + identifies with the composition of the
blows-up Y1 — Yo — W//G, which completes the proof of Theorem 3.1.
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Proposition 3.32. Let G = GL(V) and W = Hom(V1,V) x Hom(V, V), with
ny = ng > n = 2. Then, W//G = Hom(V4,V2)=? is singular and Gorenstein.
Moreover, the desingularization v : H — W//G is not crepant.

Proof. We saw in Section 3.2 that W//G = Hom(Vy, V2)=? is singular and Goren-
stein when nq1 = ny > n = 2. There are two well-known crepant desingularizations

I 2N

W//G Gr(n, V2)
where
= {(M,Ly) € W//G x Gr(n,V;") | L C Ker(M)};
={(M,Ls) € W//G x Gr(n,V2) | Im(M) C Ls};

and the p;; are the natural projections. The variety R; resp. Rj, is the total
space of the vector bundle Hom (V3 /Tit, Va) 2 T ® Vs over Gr(n, Vi) resp. of the
vector bundle Hom(Vi, T3) = Vi* ® T over Gr(n, V2), hence R; resp. Ry, is smooth
and p11 resp. po1, is a desingularization of W//G. Furthermore, the exceptional
locus X1 := py (Un_1) of p11 resp. Xo := poi (Un_1) of pai, is of codimension
ng—n—+1>2resp. n1 —n+ 1> 2, hence p1; and po; are crepant.

Let us now consider the fibered product R := Ry Xy g R2. One can check that
R is isomorphic to the total space of the vector bundle Hom(Vy /Ti-, To) 2 Ty x Tb
over Gr(n, V;*) X Gr(n, V2), hence R is a smooth variety. By Theorem 3.1, there is
a commutative diagram

H
\
R
2N
oy Ry ¢ Ry
P11 D21
W//G

where ¢ and ¢ are the natural projections, and ¢ is the blow-up of Hom(V; /T%,T1)
along the zero-section. But crepant desingularizations are minimal (see [Tel, Lemme
A.1.2] for a proof of this fact), and thus, as H is not isomorphic to Ry or Ra, the
desingularization v cannot be crepant. O
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