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Abstract

In this paper, we study the linear Schrodinger equation over the d-dimensional
torus, with small values of the perturbing potential. We consider numerical
approximations of the associated solutions obtained by a symplectic splitting
method (to discretize the time variable) in combination with the Fast Fourier
Transform algorithm (to discretize the space variable). In this fully discrete
setting, we prove that the regularity of the initial datum is preserved over long
times, i.e. times that are exponentially long with the time discretization parame-
ter. We here refer to Gevrey regularity, and our estimates turn out to be uniform
in the space discretization parameter. This paper extends [6], where a similar
result has been obtained in the semi-discrete situation, i.e. when the mere time
variable is discretized and space is kept a continuous variable.



1 Introduction
Consider the Schrodinger equation with potential

{ iowu(t,r) = —Au(t,z)+ AV (z)u(t,z) (t,z) € R x T¢
u(0,2) = wuo(x) reT?

where ug is a given initial data, V' (z) is a real valued potential, A is a real coupling
constant that measures the strength of the potential, and T? stands for the d-
dimensional torus. As is well known, the exact value u(t, z) at time ¢ is given by
the propagator

u(t,x) _ e—it[—A-i-/\V(x)] U()<1‘)

It is a common idea in numerical analysis to approximate the true value of u
at time t using a splitting formula, and to write

u(t,z) ~ (e_’%[_A] e_i%)‘v(w))nuo(:):),

for some large discretization parameter n. Here a Lie-Trotter splitting method
has been used. Such an approximation is-called ”semi-discretization” in time, in
that space here has not been discretized.

In order to perform the numerical analysis of the above method, one needs at
once to analyze the elementary propagator e~in[=Al e_i%)‘v(x), in particular in
terms of propagation of ug’s initial regularity. This is the purpose of the present
paper.

For moderate values of time ¢, a natural framework turns out to be given by
the scale of Sobolev spaces, see [2, 11]. It turns out that the splitting operator
e~in[FAl =i AV(@) qoes preserve Sobolev regularity for finite values of time ¢, yet
the estimates typically blow-up as t goes to infinity (keeping ¢/n small), like !
or so. In other words, the whole analysis breaks down for large values of time in
this framework.

For large values of time, the question of propagating the regularity of ug still
is relevant, since it entails, amongst others, the conservation of energy and re-
lated invariants by the chosen numerical scheme, an important property that the
original Schrodinger equation does possess. In that direction, it has been proved
in [6] (see also [7] and [5]) that the building block el =iV (@) preserves
regularity of ug, provided A is small enough, and V is smooth. We definitely
refer here to Gevrey regularity. The need for such a smoothness, as well as for
the smallness of A\, comes from two facts: firstly, we definitely wish to propa-
gate regularity over long times ¢; secondly, and in order to achieve this goal, a
normal form technique is applied to obtain the desired result, a method which
typically requires analyticity or Gevrey regularity, and which basically uses per-
turbation expansions in A hence is only valid for small values of this parameter.
Note also that such a result strongly uses the symplectic feature of the chosen
splitting method, as is natural in view of the symplectic structure of the original



Schrodinger equation (see [9] for general results about the conservation of invari-
ants by symplectic schemes, when applied to Hamiltonian Odinary Differential
Equations). This aspect somehow justifies the tools that we are here refering to.

The aim of this paper is to extend the above result of [6] (see also [7] and [5])
in the fully discretized case, i.e. when space is sampled as well. In practice the
building block e~in[=Al usually is computed using the Fast Fourier Transform
algorithm, while e~ mAV@) ig o pointwise multiplication operator. We obtain
estimates on the regularity of the numerical solution that do not depend on the
size of the space discretization. The typical regularity of the potential function
and of the unknown wave function is again of Gevrey type. To be slightly more
precise, the results of this paper extend those presented in [6] in two ways: firstly,
[6] only considers analytical solutions; secondly, no space discretization is made
in [6] where only time discretizations are studied.

The paper is organized as follows: In Section 2, we deal with some aspects of
spatial discretization of Gevrey functions. In Section 3, we prove a normal form
theorem for the numerical propagator of the symplectic splitting method in the
asymptotics of small potentials (Theorem 3.13). This is the core of our analysis.
Next, in Section 4, we draw various consequences of our normal form theorem:
in particular, we prove that the numerical solution obtained with a fully discrete,
symplectic, splitting method preserves Gevrey regularity over exponentially long
times (Theorem 4.10). Eventually, Section 5 is a collection of technical lemmas
needed in the course of the analysis.

2 Discretisation

This section is devoted to some aspects of the discretization of Gevrey functions
on a d-dimensional torus. Namely, given a smooth periodic function V(x) over
the torus [—m; 7]%, having Gevrey regularity, and given a regular sampling (),
with mesh size 1/M where M is some (large) discretization parameter, we relate
here the Gevrey smoothness of V' with the properties of the discrete sampling
(V(xk)), and to that of the discrete Fourier transform (Vk>k (see below for the

precise definitions).

In the sequel, we first set up some notation that we use throughout the paper,
then state and prove some approximations results, the main of whom is Lemma
2.4.

2.1 Notation

Let d € N* denote the dimension. Assume M € N is given. We set

By :={keZ | Vie{o,....d}, —-M <k; <M},



For any index k € Bjs, we also set

_ 21
C2M +1

Tg ke [-m; 7)<

1
T, = ——J0,27|% C [—m; 7@
k xk+2M+1[7 ﬂ-] C[ ﬂ-vﬂ']

For any function v € L'(T%), we define the Fourier transform

X 1 —
Vk € 74, U = 2n)d /Jl‘d u(x)e~*2dg,
where kx stands for the scalar product of the two vectors, without further spec-
ification. For any z = (z1,..., z4) € C%, we denote
2= VIalP+-+lza? and  |zfe = max{|al,..., |2}

Throughout the paper, bold letters denote linear operators on CEM+D? 61 vectors
of CCM+1)? whose norms (to be defined later) are to be estimated by bounds
that do not depend on M. When typing bold letters, we use upper case letters
for linear operators and lower case letters for vectors.

Finally, for all M € N, we denote by W = [Wy |1 0)eB,,xB,, the linear
operator, or matrix, associated with the discrete Fourier transform, through the
coefficients

1 ik
Wk,g = W@ v x‘g, whenever k,g S BM
The operator W naturally is unitary,
(W)W =Td (a1 1a- (2.1)

2.2 Approximation results

Assume V is a complex function on T¢. Denoting

0 if k#¢
Vk,l € By, Vie= )
Veg) iftk=14¢

the operator V collects the sampled values of V' at the discretization points x,
and V somehow provides an approximation of the original V' to within O(1/M),
provided V has W% smoothness, say.

The discrete Fourier transform of the sampled values V is provided by the
coeflicients

* 1 —i(k—1l)x
(WVW )kl = m Z V(ﬁﬂp)e (k=) P, whenever k,g S BM
PEBM
Note that for all j € {1,...,d}, ‘azj (e’i(k’e)xV(x))‘ < (1+[k—) |Vl .. This

fact ensures that the coefficients of WV W™* approximate the Fourier transform
V' to within O(1/M), in the following sense:
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Lemma 2.1 For all V. € WY, we have

VM € N,Vk € By (VH— (WVW*) ‘< M(I—Hk—l\). (2.2)
’ ’ kel =  2M +1
Obviously, the convergence rate 1/M in the above Lemma is optimal, even for
very smooth V’s. However, the linear growth with |k — | of the above error term
is to be improved as the smoothness of V' becomes higher. This is the question
we now investigate, in the case when V has Gevrey smoothness.
Our main result in this direction is Lemma 2.4 below.

Definition 2.2 A complex function V. € LY(T?) is said to be (py,a)-Gevrey
for some py > 0 and o > 1 if there exists § > 0 such that for all k € Z¢,
V| < Mye—(pv+o)lkl/e

Definition 2.3 For all (py, o)-Gevrey function on T?, we define the correspond-
ing norm by setting

Vv = sup |V, eVl
IVl = S50 5

Lemma 2.4 Assume V is a (py,«)-Gevrey function. Then, there exists a pos-

(1)

itwe constant My,” depending on 'V and d such that

1
27TM( )e_pvlk_éll/a
e 2M+ 1 ’

VM e N,Y(k,0) € Bu, ‘Vk ¢ — (WVW*)

Proof. For k,0 € By, we write

TP

Hence, using the additivity of the integral in the definition of Vk,g, we get

—i k—0)x —i(k—f)x
(gﬂdZ/ (k=Ozp _ 7 (z)e ))dx.

pEBM

(WVW™) bt Vi =

Set for all z € T?, ‘
folar) =V (z)e -0

and note that
Vi) = (VV (@) = i(k = OV (2)e 07 = g _y() 70707,
up to defining the auxiliary function
gr—e(z) == VV(x) —i(k — )V (z).
Since

1
fap) — F(a) = (2, — ) /0 Y faltzy + (1 — t)z)dt,



we recover,

(WVW?), , — Vg = (2m)0 > /T (zp — a:)( /0 ‘v Fealta, + (1 — t):c)dt)da:

pEBM

1
=—(2m)™ > / / wgp—o(xp + (1 — t)u) F=0 @F=u) qzqy,
To JO

pEBM

Now, it turns out that the discrete Fourier inversion formula provides, for any
z € R?, the identity

Z gk_g(l‘p + Z) €i(kie) (prrZ) = (2M + 1)d(§k_g)k_g.
pEBM

Therefore we recover

(WVW*), , = Viep = —(2m)4(2M + 1)d(gH)H/ udu,
: T

which implies, using that the measure of Ty is (%)d,

A 277\/&
‘(WVW*)W ~ Ve S o

To conclude the proof, note that, since V is (py, a)-Gevrey, we have for some
M,5>0andall j € {1,...,d},

| (Gr—e)—e-

IN

2k — £]|Vi—|
Mk — e (pvro)le—et/e

—py|k—p|H
< C(;Me pvl | ,

| (Gr—e)r—e|

IN

|1/a

with Cs = sup,ezq Ip|e=0lP [ |

As an immediate consequence of the above Lemma, we deduce that the op-
erator WVW™ is (py, a)-Gevrey for all M, with a norm independant of M, in
the following sense:

Definition 2.5 Set M € N, p > 0, a > 1. For all operator A = (AM)

CCMAD* e define the (p, a)-Gevrey norm by setting

kteBy €

v
Al = sup [Agder".
kLeBy

Corollary 2.6 Assume V is a (py,«a)-Gevrey function. Then, there exists a
positive constant M‘(/2) such that

VMEN,  [WVWH| < M.

Proof. Use the regularity of V' provided by Definition 2.2 and the result of
Lemma 2.4 to conclude by the triangle inequality. [ |



Lemma 2.7 Assume A and B are (sequences of ) operators such that there exist
A, B > 0 such that

VM e N HAHpa <A and IIB] B,

p+o,a =
for some p,0 > 0 and o« > 1. Then there exists a constant C > 1 depending only

on o and 6 such that

VMEN, ||AB||  <CAB.

Remark 2.8 Lemma 2.7 provides sufficient conditions on (sequences of) oper-
ators A and B to control the norm of the product AB independently of M.

Note that our proof establishes the above constant C' does not depend on M A,
B, nor on A and B. It may be chosen as

C= Y e

pEeEZY

Proof. Since a > 1, we have for all z,y € R,

a 1/«
=y < (] +Jy))Y
< oMoyt

Hence, for all M € N and all k, ¢ € By,

‘ABM‘eplk—ﬁ\l/“ < AB Z e PUR=p[M/ @ +p—t]t/—[k—]!/y  —o]p—]t/
PEBM
< AB Y et
pEZI

The conclusion follows. [ ]

Corollary 2.9 Assume V is a (py,«a)-Gevrey function. Then, there exists a
positive constant M‘(/?’) such that

(3)\n
VM € N,Vn € N*, H(WVW*)”Hp%a < (MV ) . (2.3)
Remark 2.10 Note that, thanks to the unitarity of W, we have (WVW*)" =
WVPW*,
Proof. Use the Definition 2.2 and adapt Corollary 2.6 to get a constant My > 0
such that for some § > 0, for all M € N,

IWVW?| < Mp.

pv+é,a —
The previous corollary yields for all n € N and all M € N*,
WV W < oMP\wvrwr|
PV, PV,

and the result follows by induction. |



3 A normal form theorem

This section is devoted to the statement and proof of a normal form theorem for
the fully discrete symplectic splitting propagator that we discussed informally in
the introduction. This technical statement lies at the core of our analysis. Our
main Theorem in this section is Theorem 3.13. Note that the techniques and the
method of proof that we use here is directly inspired from [6] (see also [7] and

[5])-

In the remainder part of the present article, we make the

Hypothesis 3.1 V is a complex (py,a)-Gevrey function for some py > 0 and
a>1.

This section is organized as follows: we first set up some notation, including
the definition of the numerical propagator that we consider. We then seek a
normal form for the propagator, using power series expansions in the parameter
M. Expanding the natural identity that lies at the core of our normal form
approach, it turns out, as usual, that we need to iteratively solve a homological
equation (Equation (3.5)). This is done using a non-resonance assumption on
the time step, namely Hypothesis 3.2. With the help of this assumption, we then
prove estimates for the coefficients of the power series involved in the normal
form theorem (Proposition 3.9 and Lemma 3.10). Eventually, summing up the
various estimates in the appropriate way, we state and prove the normal form
theorem (Theorem 3.13).

3.1 Notation
For M € N, we denote by A the collection of coefficients defined by
0 if k#£/¢
Vk,l € By, Ang:
—|k]? ifk=¢

Note that A is a spectral approximation of the Laplacian operator on the d-
dimensional torus T¢.
For A € R and h > 0, we denote

L(A) — eihAwe—ih)\VW* — eihAe—ih)\WVW*. (31>

We consider the operator L(\) as the numerical approximation of the exact
propagator associated with the linear Schrodinger equation

wwu(t,r) = —Au(t,x x)u(t,x , X d
{ Opu(t, ) Au(t, ) + AV (z)u(t, x) (t,z) ERx T 32

u(0,2) = wuo(x) r € Td

where ug is a given complex function on T?. As explained in the introduction,
operator L(\) is obtained by using a Lie-Trotter splitting method (to discretize

8



the time variable), in combination with the Fast Fourier Transform algorithm
(to discretize space). In other words, the operator L(\) coincides, in practice,
with

L(\) ~ ¢"A FFT e~V (@) FET L,

In these variables, the time step h obviously plays the role of the ¢/n in the
introduction.

3.2 Seeking a normal form for L

Recall that our goal is to prove that operator L(\) propagates Gevrey regularity
over long times. As in [6] (see also [7] and [5]), our strategy is to deduce prop-
agation of smoothness from a (stronger) normal form result. In that respect,
we readily seek formal operator series expansions Q = Q(A) = >, A" Q, and
3 =3\ =), \"%,, which are Ly-unitary, and such that

QIL(NQN" = =(N). (3.3)

In other words, we wish to conjugate L(A) with a unitary matrix 3(\), which
hopefully has a "simple form”. Note that the particular value A = 0 readily
provides

Qoe™2Qj = X,

which somehow leads to the natural (yet arbitrary) choice

Qo = Id(2M+1)d, 20 = eihA.

In other words, Q(A) will be constructed as a A-perturbation of the identity,
while 3(\) appears as a A\-perturbation of the free propagator ethA

Now, as in [6], to compute the higher order terms Q,,, 3,,, whenever n > 1, we
use the following trick: since unitarity involves a nonlinear condition (a matrix U
is unitary whenever the quadratic condition U U* = Id is met), instead of seeking
Q(A) and X(A), we rather argue on the logarithm of these matrices. The latter
indeed should be hermitian matrices, which involves a simpler, linear condition
(H* = H). Technically speaking, we shall actually argue on the logarithmic
derivatives of these matrices with respect to A. For this reason, we now introduce

S(A) and X(\) defined by
S(A) =iQ"(A) hQ(N),
X(A) =i X% (N) (N,

and look for the value of S(\) and X(A) rather than that of Q()) and X (\).
Naturally, the value of Q(A) and X(\) is easily reconstructed from S(A) and X(\)
using the differential equalities i 9\Q(A) = Q(N\) S(A) and i 9,2 (\) = X(A) X (N),
together with the initial values Q(0) = Idyp711)e, 3(0) = ethA,

Differentiating relation (3.3) with respect to A, using the relations

S(A) =i Q" (N) QN = —i (AAQ(N)" Q(N),

9



(since S(A) is hermitian) and similarly for X()) to remove all terms 9)Q(A) and
Or\3(\), next using again the relation X(A) = Q(A\)L(A)Q*()), and lastly using
the unitarity of Q(XA), L(XA) to factorize and eventually eliminate these terms
whenever possible, establishes that X(\) and S(\) should satisfy

S(A) —L*(A)S(\)L(\) = AW VW* — Q*(\) X(\) Q(\). (3.4)

Here it is intended that S(A) = Y A"S,, and X(\) = ), A"X,, are sums of
hermitian operators. We now solve equation (3.4) in the unknowns S(\), X(\)
using a perturbation procedure, recalling that Q()) is related to S(A) through

iQ(\) = Q) S(N).
Expanding relation (3.4) in powers of A and equating like powers provides the
necessary relation
A (FIRWVWH)T
7!

=hWVW*1L,o— >  QX,Q,
p+q+r=n

. o
S Y (i(hWVW*)

' e*ihA Sqe
p:

which also reads

S, — e MAS, A L X, = hWVW*1,,_,

VP , A —ih V)"
+ > w VY e —inag ginayy (CAV) g Q,XqQr )
p! q 7! P
{p+g+r=n|q#n}
(3.5)

This is the homological equation that we now aim at solving. In principle, equa-
tion 3.5 should enable us to compute S, 11, Xpt1, Que1 from Sy, X,,, Qp, by
iteratively inverting the operator S — S — e "A8e#A  For that reason, and
due to possible resonances in this operators (particular values of h that make the
kernel of S +— S — e~ ASeA degenerate), it is readily clear that the homologi-
cal equation can have no solution or infinitely many solutions, depending on the
value of h.

3.3 Solving the homological equation (3.5)

In order to be able to solve equation (3.5), and more importantly to derive
estimates for its solutions, we use the following

Hypothesis 3.2 There exists v > 0 and v > 1 such that
1— eihk
h

> 1
L

VkeZ, k#£0, ‘

10



Hypothesis 3.2 obviously is a non-resonance condition on A > 0. As it be-
comes clear later, it will be used to ensure, amongst others, that the kernel of the
mapping S — S — e "ASeA 5 indeed "non-degenerate”, and that its inverse
is "reasonably bounded”.

It is worth noticing that Hypothesis 3.2 is generically satisfied, see [9]. Hence
Hypothesis 3.2 is essentially harmless.

Definition 3.3 For K > 0, we define
Ig ={(k,0) € By x By | (Jk| <K or [f| < K)}.
For h > 0 satisfying (3.6), we define the Ik -solution of the equation
S — A8 A L X = G, (3.7)

where G is a given hermitian operator on (C(QMH)d, as the couple (S, X) of hermi-
tian operators on (C(2M+1)d, defined by their coefficients Sy ¢ and Xy, ¢ (k, ¢ € Br)
through

S 0 if |kl = €| or (k,0) ¢ Ix
kt = . _
(1 — e—zh(|k\2—|£|2)) 1Gk74 otherwise

and
—Gpye if [k[ =] or (k,0) & I
Xie =

0 otherwise

Remark 3.4 The above definition is motivated by the following observation.
The mapping S — S — e MASehA coincides, in coordinates, with the diago-
nal operator Si, — (1 — e—ih<|’f\2—|€|g)sk,g. Hence inverting the above operator
requires to deal with the possibly singular factors (1 — e‘ih(‘k‘2_|£|2))_1. When-
ever |k|?> = |¢|?, the denominator vanishes and the choice Xgy = —Ggy is
actually necessary in this case. On the other hand, when |k|*> # |{|?, the fac-
tor (1 — e*ih(‘k‘Q*mQ))*1 is well-defined (since h is non-resonant). However,
the non-resonance condition only ensures that (1 — 6‘ih(|k|2_‘€|2))_1 has size
%(’) ([I1k]* - |€\2]V) = %(9 (Ik —2"|k+£]"), an estimate which degenerates into
VK

O (|k — £]") whenever (k,?) € Ik, a diverging estimate as K grows. This

explains the role of our truncation parameter K, which cuts off large frequencies,
and our definition of X eventually gathers all contributions that are related with
possible divergences of the factors (1 — e_lh(‘k‘Q_w'Q))_l.

All these considerations justify the following

Definition 3.5 A linear operator X on ceM+1?

satisfying
Wik O) € By, (Ko £ 0= (K = |0] or (k.0) ¢ Ii))
1s said to be K-almost-X-shaped, or simply almost-X-shaped.

11



Remark 3.6 Note that the name comes from the usual matriz notation when

d=1.
We have the following estimates for the solutions of Equation (3.5):

Proposition 3.7 For all p >0, 6 € (0,p), « > 1, K > 1, and all operator G,
the I-solution (X, S) of Equation (3.7) satisfies

2va ) 2va 92V KV

< <
X, <Gl and 8], < (550) NG,

Remark 3.8 Needless to say, the estimates of Proposition 3.7 will be used re-
peatedly in the sequel, to solve equation (3.5) and to sum up the associated series
expansion Yy, A"S,, and Y N"X,.

Proof. The fact that ||X||pa < \|G||pa is obvious from the definition of
I -solutions. ’ ’
Now, to estimate S, the difficulty is to replace k € Z in Hypothesis (3.6) by
|k|? — |¢|? whenever (k,f) € Ix. To do so, we write for (k,/) € I
k2 = 162|° = [k — €] |k + €] < |k — €] (Jk — £] + 2K)
(since (k,?) € Ik)
= k=l +2K|k -0 < |k —€]* + 2K |k — (|2
(here we used the fact that |k — ¢| is either = 0, or it is > 1)
< 4K |k —1)?.
Therefore, for (k,¢) € Ix, with |k| # ||, we derive using Hypothesis 3.2 the
estimate
}Su‘e(ﬂ—(;)\k—f\l/“ < Ja- e—ih(l\k|2—lf\2\))—1‘ |G olp=8) k—L]}/ =

G
< ” ’LL/%OZ “k:|2 . |€|2’Ve—p\k—f\l/ae(p—z?)\k—f\l/o‘
7
2V v
< NGl T e,
P, ’yh
The fact that
Vo > 0 x21/€—(5:1:1/0‘ < (@>2yae—2ua
- ) —_ 6
implies the result. n

3.4 Estimates for the coefficients
3.4.1 Estimates for S and X

Proposition 3.9 There exist constants Coy > 1 and Ky > 1 depending only
onV, M‘(/B), pv, o, v, v and d such that for all K > Ky and all h € (0,1)

12



satisfying (3.6), we have the following estimates for the iterative I -solutions of
the homological equation (3.5):
for all J > 1 and all M € N, we have

1S +1Ql (Cokt17"2)” and (3.8)

<
pv /3, pv /3, —

IXall, 5 < h(CoKMIH2)T, (3.9)

where pu1 = 2v and po = 3ad + 3 + dva.

Proof. Let J > 1 be a fixed integer. We set
__pr
(2J+1)
Besides, for j € {0,...,J + 1}, we also define
pj=pv —jo=(2J+1—j)d
In the sequel, for all operator A and for j € {0,...,J + 1}, we set
1Al = Al ,

Note that if 0 < j < k < J + 1, then |A[ < |[A]| . Moreover, [A] =

HAH and A (J+1) HAHpVJ/(zJH),a 2 ”AHpv/i’na'

Let us now come to estimating S;, X, Q,; provided by the homological equa-
tion and relation i0,\Q(A) = Q(A\)S(X), whenever j > 0. The proof is in two
steps.

First step.
For j = 0, using Corollary 2.6, Proposition 3.7, and the fact that Qy =
Id(2pr41)a, readily provides

(3) <21/Oz ) wa Q2 KV
\%4

3) _
HSOH(l) < M 5 ~h ) ||X0||(0) < hMV and HQOH(D) -

For later values of j, using once again the relation i9)Q(\) = Q(X)S(A), and
expanding in powers of A provides the following identity

i(J+1)Qj+1 = ZQkSJ k-

It implies, together with Lemma 2.7, that

J J
G+ Qg < D 1R85y < C D2 1Qul 1854l

Note that the constant C depends on « and §, and hence on J. We may actually
take (see Lemma 2.7).

C = Z e~ olpIe

pEZ
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By Corollary 5.3, whose proof is postponed as well, it turns out there exists a
constant Cq, g 5, > 0 such that
C C

a,d,py _ @ ,d,pv (2J + 1)ad+1 (310)

ad+1 ad+1
0 Jo%

This piece of information will be used later in this proof.

c

IN

On the other hand, denote for j € N*,

Gl — Z W (ZhV) We —zhAS ”LhAW ( Zh",) W*,
. T
{p+q+r=jlq#i} P

and GJZ = - Z QX Qr,

{p+q+r=jla#£i}

the two members on the right hand side of equation (3.5). We have, as in [6] the
estimates

(3)\p+r
1 IS (hMy")P
||GJH(]) <C 17! ||S€I||(q+1) (3'11)
totatr=ileti) T
pPTqTr=73197%)

and

1G21, < Y 1Qlly, Xl I, (312)

{p+q+r=jla#j}

for the same constant C as above.

) 2ya2211K1/
Besides, using Proposition 3.7 and setting k = ( ga) W we know that
v
180100y = % (1G], + 163, ) (3.13)
and X5], < Gl + G (3.14)

Therefore, setting
Sp = hM‘(/g)Fd, Xp = hM\(/S) and qo =1,
and for all j € N*,

~ |4
s; = kC? Z <( = )‘ Sq —|—qpqrxq) ;

{p+q+r=jla#i}
~ -1
C]
Q4 = *.Z%Sj—k—h
J =0

~ hMV pt+r
X = c? Z <(p|r),5q + qurXq) )
{p+atr=jla#i} o

we recover the following estimates, valid for all j € {0,...,J},

1S5l 4y <50 Qs 5 < a5 and Xl ;) <.
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Second step.
There remains to estimate the terms s;, q; and x;, an independent task. To do
so, we introduce as usual the associated power series expansions

s(t) = Y _s;t/, (3.15)
Jj=0

alt) = > qt, (3.16)
Jj=0

and x(t) = ijtj. (3.17)
Jj=0

The above relations between the s;’s, q;’s and x;’s transform into the following
identities between s(t), q(¢) and x(t), namely

(1- RC2 (Mt D)st) —s0 = wC3(b)(a()?* - 1),
q(t) = Cs(t)a(t),

x(t) = K71s(t).
As a consequence, q satisfies the following ordinary differential equation
Cq(t
q' () s0Cq(t) and q(0) = 1. (3.18)

1 - C2 k(MM — 1) + (q(1)? — 1))

At this level of the analysis, we now invoke the independent and technical
Lemma 5.1, whose proof is postponed to the last section. It provides that 0 <
s(t) < 5T\/g mhM‘(,s) whenever 0 <t < 1/16hM‘(/3)/<63 , which, using the standard
Cauchy estimates for analytic functions, provides the following upper bound,
valid for all J € N*,

Now, taking into account the definition of k, together with estimate (3.10) on C ,
yields

16J53J(I€hM‘(/3))J+1.

2ua>2va 22”K”} J+1

s; < Cf (27 + 1)3(d+D) [( : .

I

where C] depends only on «, d, py and M‘(/?’ ), Hence,
sy < CQI(QJ + 1)3(O¢d+1) (2J + 1)2VO¢(J+1)KV(J+1)’
where C9 depends only on «,d, pv,M‘(/?’),V and ~. Since 2J + 1 < 3J, and

J 4+ 1< 2J we may write

sJ Cé]JB(ad—i-l)—i—Zua(J—i—l)KZVJ

VANVAN

J 13ad+3+4va)J 1 2vJ
03 J( o vo) K 7

where C'5 depends only on «, d, py, MX(/3 ), v and «. The result follows since for all
J € N*,

151, 5.0 < 1851l g1 < 57

pv /2,2
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The proof is now complete. [ |

3.4.2 Estimates on X and Q

Assume that M € N, K > 0 and N > 0 are given. Now that S,,, X,, and Q,
have been cleanly constructed and estimated for all values of n, we define the
following polynomials in A € R:

sy = > ams, and XNy = ) amX,,. (3.19)
0<n<N 0<n<N

On the other hand, associated with SIN()) and X[NI()), we reconstruct the two
operators QM (X\) and ZIVI()), defined as the solutions on R to the following
Cauchy problems

{ i, QM (\) = QNS (), . { i BNV (A) = SV)XIN(N),

QMN(0) = Tdans 14, sIV(0) = 4.
(3.20)
It is an easy exercise to check that QM (\) and TVI(\) are unitary. We intro-
duce, for A € R sufficiently small, the following power series expansions

“+o0o +00
QM) =>"QMam and =N =D sV

n=0 n=0
It is fairly clear, comparing the respective power series expansions of the involved
terms, that the following equalities hold between formal power series

Sy = s + 0N, XN = X(\) + 0N,
and, more importantly,
QNN = Q) + o).

In particular, we immediately deduce that SIN(X), XINI()), and QM (), solve
the equation (3.4) to within O(AN+1) in that the following relation holds true
(between formal power series, and actually between normally convergent series)

SN =LA sV L) =
hW VW* — (Q[N]()\)>* XM () QIVI(A) + OAN L, (3.21)

There now remains to come back to the variables QIV/(A) and ZIV()), and to
prove that QM MLA)QIMVI(A)* = INI(X) + OAN*1) as well. To do so, we
introduce the remainder term

RIV(3) = QM (LA)QM () - SN (). (3.22)

16



For later purposes, note that one can easily check we have the following expan-
sion, valid in some neighborhood of A =0, and for all M € N,

R[N]()\):Jf)\”[ 3 (Q[N iy (Z00) ;h) qu*(Q[Nl)) SN (3.23)

pt+q+r=n

an equality between converging series.
To prove that
RIM(\) = oM,

we proceed m the same way we deduced relation (3.4) from (3.3). Differentiating
relation RIV/(\) = QIN/(\)L ( )QIVI(AN)* — ZIVI(\) with respect to A, using the
relations SINI(\) = i (Q[N]) N QN = —i (GAQ[N]()\))* QINI(\) (since
SIM()\) is hermitian) and similarly for X[NI()) to remove all terms 9, Q! (\) and
O ZMV(N), next using again the relation BV(X) = QIV(NL()) (Q[N])* (\) —
RII()), and lastly using the unitarity of QV(\), L()\) to factorize and even-
tually eliminate these terms whenever possible, we may establish that X }()\),
SIN(X) and RIM()\) satisfy

AR = RMO)XNI() + QNI LY [ (L) SMNL() - SV
+(WVW) = (QM()) XM QM) (@)
Hence, using relation (3.21) provides
i RM(N) = RV )XV (A) + 0N,
which, using the initial value RIN(0) = 0, eventually produces
RIM(\) = oA+,
As a conclusion, relation (3.23) reduces to

io )\n[ Z (Q[N] mA( ) qu*(Q[N]>)721[iV].

n>N+1 ptq+r=n

(3.24)
We are now in position to complete the estimates on QIVI(\), ZIV()), and
RIN(N).

3.4.3 Estimates for XV and Q!

Lemma 3.10 There exists a constant C1 > Cy depending only on V, M‘(/S), oV,

a, v, v and d such that for all N > 1, alln € N*, all K > Ky, all h € (0,1)
satisfying (3.6) and all M € N,

1=

n

e S (RPN (3.25)

and QY]

where Cy, Ko, p1 and ug are given in Proposition 3.9.

ojia S (CLEMENT) (3.26)
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Proof. Since EéN} = " we have HE%N} Hp e = 1. Since EQN] = ng]Xo, we
\ad)

have by Corollary 2.6 and Lemma 2.7 that for all M € N, HE[lN} Hpv/4 s hM‘(/?’).
Assume now that (3.25) holds with some constant C; for all k € {1,...,n}. By
definition of 3V, Lemma 2.7, ensures that there exists a positive constant C'

depending on py and « such that

C min(n,N) ™)
|| ”+1||pv/4oc “n+1 kz_o ||271_k?”pv/4,oz HXkaV/S,a .

Using the induction hypothesis and the estimate (3.9), we get

min(n,N)
Z (CLEM N#2)Fp(Co KM kM2 )F.
k=0

(V] ¢

L

If we assume that C7 > Cy, we recover

C min(n,N) k uok
1 T2 \R 7
IS0, e S BCTESNEY ;) (%)
min(n,N
< h(clKaNﬁ
k=0

< h(C;KeNP)nH

provided C; > C and since K > 1. This shows (3.25).
The proof of (3.26) is similar using the estimate (3.8) instead of (3.9). |

The previous lemma yields the following proposition :

Proposition 3.11 Using the previous notation, for all K > Kqy, all N > 1, all
h € (0,1) satisfying (3.6), all A € R such that |A\| < (201 K**N#2)~! and all
M € N, we have

1Q™N) —Tdpapryayall,, fy, < 201E#N#2A (3.27)

and
I=M(\) - MY e S 2hCLEMINI2(A. (3.28)

3.4.4 Estimate for the remainder term

Proposition 3.12 Using the notations of Proposition 3.9, there exists a con-
stant Co > 0 depending only on V, M‘</3), pv, a, v, v and d such that for
all h € (0,1) satisfying (3.6), all N > 1, all K > Ky, all A € R such that
Al < (2C1 KM N#2)~1 and all M € N, we have

IR )] < (Co A H N D), (3.29)

pV/57a -
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Proof. Consider identity (3.24). Due to estimate (2.3) of Corollary 2.9 and
estimates (3.25) and (3.26) of Lemma 3.10, and using Lemma 2.7, we observe
that there exists a positive constant C' depending only on py and « such that
for all h € (0,1) satisfying (3.6), all N > 1, all K > Kj, all A € R such that
IA| < (201 K#1N#2)~L and all M € N, we have
N
RO

< C Z |)\|n[ Z ((ClKulNuz)pZ(;M‘Z(C&KMNW)T)]

n>N+1 ptg+r=n

+h > (IAICLKMNE2)"
n>N+1

The result follows by standard calculus. See for example the proof of proposition
2.5.2 in [5]. |

3.5 The normal form theorem

We are now able to state and prove the main result of our analysis.

Theorem 3.13 Assume that V is a complex (py, a)-Gevrey fonction on T¢. For
all M e N, A € R and h > 0, consider the linear splitting operator

L()\) _ eihA We—z’hV W* = 6ihA 6—thVW*‘

Assume v > 0 and v > 1 are given.

Then, there exist positive constants Ao, ¢ and ¢ depending only on V., M(3),
pv, a, v, v and d such that for all timestep h € (0,1) satisfying (3.6) and all
M € N, there exist families of L?-unitary operators Q(\) and 3()\) analytic in

A for |\| < Ao such that for A € (0, ), the following equality holds
QUILQM) = B + R(V), (3.30)
where for all M € N, the remainder term R(X) satisfies, for X € (0, \o),

IR . < exp(—eA™), (3.31)

pv /5

Besides, the following estimates hold true

1QMN) ~Tdpanryall, gy < A2 and |20 — e < hAY2. (3.32)

pv /4

Proof. As usual, the proof merely consists in gathering all previous estimates
and choosing optimal values of the various truncation parameters.
Consider positive numbers o and oy such that

wog + (o + oy < 1/4. (3.33)
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Since a > 1, we have po > p1 and hence a possible choice for (og, o) is
1 1
B 8 max(pu1, o + 1) - 8(3ad + 4(1 + va))
These parameters being now fixed, we set for all A € (0,1),
1

— \OK _ —oN
K=\ and N = (201)1/#2/\ ; (3.34)

OK = ON

and we define
QM) =QM(), =) =M and RO) = RN,

By Proposition 3.10, C; only depends on V., M®), pi,. o, v, v and d. Hence, there
exists a positive constant A9 € (0,1) depending only on these parameters such
that for all A € (0, \g), we have K = A\~ > K and N = 1/(2C)"/#2 =7~ > 1.
For such a A\, we have

(2CIK#1N,U«2)*1 — \MOKTH20N >\

since p1og + peony < 1 with (3.33) and A € (0,1).
Therefore, Proposition 3.11 ensures that for all A € (0, \g) and all M € N,

Q) _IdeV/zLa < A\l (@ok+p2on) < A\L/2

and |
1Z=(A) — eZhA||pV/4oc < pAl- (oK tion) < pAL/2,
Moreover, Proposition 3.12 ensures that
IR, 5 S (0201_3('&24_1)/‘“2)\1_(3(350'K+3(M2+1)0N)N'
A\ Yo%

As the exponent of A in the right hand side of this inequality satisfies
1—Buiog +3(u2+ 1oy >1/4>0

by (3.33), after a possible decrease of Ay (depending only on V, M‘(/3 ), PV, Q, ,
v and d again'), we can assume that

= (07)\0) 020;3(#2+1)/#2)\1—(3#1UK+3(H2+1)UN < e L

Therefore, we get eventually that for all A € (0, \g) and all M € N,

—1 AN

IR, 50 S €N = eone

This concludes the proof with 0 = oy = 0. [ |

4 Consequences of the normal form theorem

This section is devoted to drawing various consequences of our normal form the-
orem. Our main result is Theorem 4.10 below. We prove here that the numerical

1'We recall that Cy only depends on V, M‘(,s), pv, «, v, v and d by Proposition 3.12
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solution of the linear Schrodinger equation (3.2) computed using the symplec-
tic splitting propagator (3.1) keeps Gevrey smoothness over exponentially long
times. This may be seen as the central result of the present paper.

4.1 Spatial discretization

This short paragraph is devoted to some preliminary results relating Gevrey reg-
ularity of functions with the smoothness of their spatial discretization obtained
via the Fast Fourier Transform algorithm.

As we did for V in Section 2.2, for all complex function u € L'(T%) and all
M € N, we consider the following vector u € C2M +1)¢ approximating the Fourier
coefficients of u:

1 —inT
Vn € BM, uy, = m Z 'U/(xp)e L (41)
pEBM

Definition 4.1 For all M € N, all p > 0 and oll « > 1, the complex vector
space CCM+D? s endowed with the norm defined for all u € CCM+D? py

1/
||u|]p7a = sup {|un\e”|”| | n e BM}.

Definition 4.2 For all p > 0 and all « > 1, the complex vector space of (p,a)-
Gevrey functions is endowed with the norm defined by

N 1/
Hu“p,a = sup {]un]e"'"' | n e Zd}.
We will use the following approximation result:

Lemma 4.3 Set p > 0 and o > 1. For all p € (0,p), there exists a positive
constant C' depending only on p, p, a and d such that for all complex fonction u
in the class of (p, a)-Gevrey functions, we have

VM eNVneBy, |ul,, <Clul,,-

Proof. Adapting the proof of Lemma 2.4 and replacing V by « in this proof,
which is allowed since the function u = V' is (py, @)-Gevrey provided p = py, we
get that for all M € N, all n € By,

(gn)n| < 2[n

< QHqu . ,n,e—(p—u)lnll/“e—uln

—pln|t/®

U,

< 2ljull,, Ine

|1/a |1/a

< Gl , e

with C1 = 2sup,ezq ]p\e*(p*“)”"l/a. Hence,
2m

— —pln|!/e
VM € N,Vn € By, lup, un‘SCI2M—|—1Hqu,ae plnlt/
This yields for all M € N and n € By,
1/a N 1/a 27
[ e < iy, et +CI2M+ 1Hqu,a'
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The result follows. ]

For later purposes, we now define two additional #>-norms on vectors u. In
what follows, the norm |lu|| may be seen as the total energy (or mass) of u, while
lux| is the energy of u carried by Fourier modes p such that [p| = |k[. In other
words, it is the energy carried by spatial frequencies of size |k|.

Definition 4.4 For all M € N, k = (k1,...,kg) € Z% and u € CEMT? | e

define
ufjg = > 2,

pEZ? s.t. [pl=|k

lul = [ > |,
PEBM

Lemma 4.5 For all p > 0 and all o« > 1, there exists a positive constant C), o
depending only on p and o such that for all M € N, for all linear operator R on
CCM+D? 4nd all vector u € C(2M+1)d, we have

and

Vk € By, |[(Ru)g| < [Rufyy < [[Ruf| < CpullR] ) al -

4.2 Conservation of the regularity over long times
4.2.1 The time iteration

For a complex function ug € L'(T%) and for all M € N, we consider the following
method, defined for the timestep A > 0 for all A € R by

Vn €N, u”" = L(\)"uy,

where ug is the discretization of order M of ug defined by Formula (4.1).

For all fixed M € N, we prove conservation of the Gevrey regularity of the so-
obtained numerical solution over exponentially long times. Our approach relies
on the normal form Theorem we proved above, and the regularity is actually
measured by exploiting a change of variables based on the matrix Q(A). Note
that high modes (see Lemma 4.7) and low modes (see Lemma 4.6) in the new
variables are treated differently.

Let us come to quantitative statements. For |A| < Ao, we use the change of
variables (3.30) by setting for all M € N,
Vn € N, vt =Q(N)u".

To distinguish high modes from low modes, we set for all M € N, K > 0 and
ue C(2M+1)d’

0 if |k| < K
(7K (0)), = { (4.2)

u; otherwise.

Hence, for all K > 0, 7 is a linear projection operator on c@M+1)?,

22



4.2.2 Conservation for low modes

We have the following conservation result for the low modes in the new variables:
Lemma 4.6 There exists a positive constant Ciyy depending only on V, M(3),
pv, , 7, v and d such that for all A € (0, \), all M € N, all h € (0,1) satisfying
(3.6), and all n < e /2, we have

VkeZ st [kl <A77, |V — Vo] < Clowe™ 2 ugl . (4.3)

Proof. The unitarity of L(\) and Q(\) ensures that
vneN, | =]v"[.

Since 3()) is unitary and almost-X-shaped, we have for all £ € Z? such that
k| <K =X\"°,

0" = [BA)u" |- (4.4)
Hence,
1S A T R [ Y OS]
< ‘u”“—E()\)u”’lk'
< [R(Mu"|
< Cppa RO, o
< Cpyisae @ ol

where we have used Lemma 4.5, Theorem 3.13 and Relation (4.4).
The result follows. u

4.2.3 Conservation for high modes

The same kind of ideas yields conservation of smoothness for the high modes in
the new variables:

Lemma 4.7 There exists a positive constant Ch;qgn, depending only on V, M‘(/?’),
pv, «, v, v and d such that for all A € (0, \), all M € N, all h € (0,1) satisfying
(3.6), and all n < e 7/2, we have

llms-ov™ || = [lma- VOl | < Chigne™ "/|ug]| - (4.5)

Proof. For all A € (0, ), we set K = A77 > 0. Since X(\) is unitary and
almost-X-shaped, we have

Vae COMIL g (u)]| = [lme (B - (4.6)
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Hence,

Hrxc (v = llmxe I < [lee Y = e (S |
< re (v =SV
< e RV
< Cppsal RO, 5 V7]
< va/5,a6_0/\70‘|v0” )
where we used Lemma 4.5, Theorem 3.13 and Relation (4.4).
The result follows. u

4.2.4 Back to the original variables

We now gather the information obtained on low and high modes, to produce our
final result, namely Theorem 4.10 below.

To do so, we need some technical tools. Firstly, for all A € (0, A¢) and all
k € Z% such that |k| < A~7, we shall make repeated use of the following inequality

™| = [y | < ™y = v g |+ 1 g = V2 |+ V00 = 0] (4.7)
Secondly, we shall also use the two following lemmas:

Lemma 4.8 For all p,d >0 and o > 1, there exists a positive constant C' such
that for all M € N, for all linear operator A on (C(QMH)d, for allu € (C(QMH)d,
we have

|Aul, < ClAl . Il .

Proof. For all k € By,

‘(Au)k‘e+p|k|1/o‘ < HA” Hu” Z 675|k*£|1/0‘ e*ﬂ'k*al/aG*P|€|1/a€+l)|k|1/a
P P

LeByy <1

—5le|t/«
< (e Al,,

LeZ4

Lemma 4.9 For all p,d > 0 and o > 1, there exists a positive constant C' such
that ; )
VM € N,Yu € CeM+)* sup [ulj e’ < COlul
k

EBym p+67a
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Proof. For all such M and u, we have for all k € By,

D DI 0
peBus st [pl=|k|
< elHYe Z |y |?
pEBys s.t. |p|<|k|
< e—2§|k|1/°‘ Z |uk|262(p+6)|k|1/“

PEBs s.t. ‘p|oo§|k:|

—20[k|1/ lu||”
< Pk + 1)l

This concludes the proof with C' = sup,~ efaxl/a(Q:U + 1)d/2. n

We are now able to prove the

Theorem 4.10 There exists a positive constant pg depending only on 'V, M‘(/?),
pv, a, v, v, d and Ao such that for all p € (0, pv/5), and all u € (0, po), there
exists a positive constant C' such that for all X € (0, o), all h € (0,1) satisfying
(3.6), all n < e /2, we have

1/
VM €N, sup ’|u”||k| - |u0|‘k“e“|k| :
keBys s.t. k<A~

<ONPlugf . (48)

Proof. By Lemma 4.6, we have for all A € (0, \g), all h € (0, 1) satisfying (3.6),
all k € By such that |k] < A7, all n < e °/2 and all u > 0,

1/ g
|1v™ g = V0| € R < Clou exp (1 — ¢/2)A 7)) uo| -

To take into account the two other terms in the right hand side of Relation (4.7),
we note that

0™y = V7| < o =
< ‘(Id — Q*(A))v"‘lkl.
We derive that this quantity is bounded by

A

‘(Id — Q*()\))m\fgv”hk' + ‘(Id - Q*(\))(Id — 7T>\—0)Vn||k|. (4.9)
Lemma 4.7 ensures that
[7a-ov"|| < T2 QA)°|| + Chigne™ 7 [uol| - (4.10)

Lemma 4.8 and Theorem 3.13 ensure that HQ()\)uoHpa <C(1+ A(l)/g)HUOHpaa
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where C only depends on p, § and «. Hence,

Imy-e QA|* = S [@u)f?

keBy s.t. |k|>A—7

2 _ 1/
< e’ > e
|k|>A—°c
02 —2p]k[2°
<l > e 2M=
keZd s.t. |kloo>A"7/d
2 _ a
< leeallr, Y @pt e
peEN s.t. p>A—7/d
2 02 2(p = 0) 1/a—1_2(5—p)pi/e
< el Y St

pEN s.t. p>A—7/d

< claul?, [, 2= ten ey,

1237 @
< O NP ]}, 20T

provided Ag”/* > 92 11 and with C > 0 such that

20p— 6 )
Vo > A7/, 2z +1)7 < 2200 =0) 1/a-1 2601/ 7
(6%

depending only on a, p, §, d and .

Using (4.10), we derive that there exists puo € (0,p) and Cp,cop > 0 depending
only on V, py, @, 7, v and d such that for all n < e** 7/2 and all h € (0,1)
satisfying (3.6), we have for all M € N and all p € (0, uo)

Vk € By st [k <A, [lmyoov™|| eV < gpecoliommATe luoll -
By Lemma 4.5, we derive that
|(Id = Q* (W) my-o v e

1/

< Cl)\l/2Hu0Hpa (4.11)

Choose p € (0, po) and § > 0 such that p+ 26 < po. For all k € By such that
k| <A77 and alln > e~ /2 we have by Lemma 4.9, Lemma 4.8 and Theorem
3.13

[(1d = Q*(N)(1d = my—o v | eI

IN

Cll(Id = Q*(A)(Id — my—o)v"|
CAV2)(Id = my -0 )"

u+o,0

A

utda”
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Moreover, by Definition 4.1, Lemma 4.6 and Lemma 4.9, we get

1/
I|(Id — 75-0 )v"|| < sup v et Ok
PO T B st k<A 1
< sup ’v()“k‘e(u-&-é)\k\l/o‘ + Clow (;H—5 c/2)AT UHuOH
kEBar s.t. |k|<A—o
< Cllvoll + Cloue =2 |

pn+26,a

< CL+ Mol s -+ Crowe® 7227 |y |

426,
We deduce that, for some positive constant Cy, we have

|(1d = Q*(\)(Id = 7y V"] I < CoN2 | (4.12)

since 1+ 28 < pig < p. Using relation (4.9), we deduce that for all n < e} /2,
we have

Vk € By st k] <A77, Hu"\‘k‘ — \V"“k”e"‘k‘l/& < C/\1/2Hu0||p7a

We conclude the proof by using relation (4.7). ]

Remark 4.11 Using Lemma 4.3, one can change HuoHpa to HuoHpa without
modifying the statement of Theorem 4.10.

5 Technical Lemmas

This section is a mere collection of technical lemmas used in the course of the
proof of our normal form Theorem. We simply state and prove these lemmas,
without further comment.

Lemma 5.1 Using the notation of Proposition 3.9 and its proof, let us define

Ky = max (1, (p—v)mfyl/”) and r = 16hM‘(/3)/<553.
2av

For all K > Ky and h € (0,1) satisfying (3.6), the functions x, q and s defined
by (3.15), (3.16) and (3.17) are analytic in (—r,r), and satisfy for all t € (—r,r)
the estimates:

5V/5

0<st) < T/ihM‘(/g), 0,8 <q(t) < 5v5

and O<x()<—hM

| S

Proof. We consider the differential equation
{ q(t) = f(ta()

q(0) = 1
with

SOCY
1= C2 k(M — 1) + (V2 — 1))

ft,Y) =
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(recall that sp = M‘(/-?’)mh).

This equation has a unique analytical solution: there exists a number R > 0 such
that for ¢t € (—R, R), q(t) expands in power series of ¢. We can assume that R is
maximal in this sense.

Due to the singularity in the denominator of f(¢,Y’), define the two truncation
parameters

1 1 1\ 2
2h M) 4kC? 4C2

Whenever 0 < ¢t < T we have 52m(62hM\(/3)t -1) < i. Besides, whenever 1 <Y <
1+ D, we also have C?(Y? — 1) < 1. Therefore,

{ogth

1<Y<14D = 0< f(t,Y) <250C(D +1). (5.1)

This implies that q is an increasing function of ¢ as long as ¢t € (0,7) and
1 <q(t) < D+ 1. Note that, for t <0, we have 0 < q(¢) < 1. Note also, using
the bound In(1 4 z) > %x whenever 0 < x < 1, that we have

1

— > —. 5.2
4/102) N 16hM‘(/3)/<;C'2 (5:2)

1
2hM;
(Here we used the fact that the constraint K > K together with the chosen
value of Ky, and that of k, ensure the lower bound x > 1/4).
Let us now examine the domain of validity of the bound q(¢) < 1+ D. To begin
with, assume that for all ¢ € (0, R), 1 < q(t) < 1+ D. In that case we necessarily
have the relation 7' < R. Alternatively, assume that there exists 0 < t}, < R
such that q(t],) = 1+ D. In that case q(t) is an increasing function of time on
the interval [0,},], and for all 0 < ¢t < ¢}, we have 1 < q(t) < 14+ D. Assume
first that t7, < T. Under that circumstance, we have
th ~
q(tp) —a(0) =D < [ f(u,q(u))du < 25C(D + 1)tp,
0
where we have used the upper bound (5.1) on f. As a consequence, we recover,
still under the assumption ¢}, < 7', the information
1

D I+&2-1 1
D=5 0 - 132 3) &

2s0C(D + 1) (14+-—=5)2 2khM;’C

4C2
1
1+ —
( 402>
1

R>— (5.3)
16hM) kC3

*

N

>

)
2kh My, C

from which it follows
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In the opposite situation where ¢}, > T, we anyhow recover, using (5.2)
1 1

R>TZ 3) _~ Z (3) ~=’
16h M kC?  16hM;y kC3

where we have used that one may assume C > 1 without loss of generality. As a
consequence of all these computations, we are now in position to conclude that
in any circumstance we have

1
—_— =T
16hM P K C?
In particular, the function t — q(t) is increasing positive on [0, 7], and therefore,

sois t — q'(t) = f(t,q(t)). Going further, we deduce that for all t € (—r,r) we
have

1<q(t) < D+1 whenever 0<t<

shME (D + 1
(0 < TP
4 4

< 2chMPC(D + 1) < VErhMP C,
since D +1< @ It follows that

0 ~

q(-=r)=1- / q'(s)ds >1— r\/gnhM‘(/g)C >0.8.
-r

This proves the estimates on q(t). The estimates for x(¢) and s(t) are then

obtained straightforwardly. ]

Lemma 5.2 There erists a positive constant C' depending only on o > 1 and
d € N* such that

Vo >0, Z eiﬂp‘l/a = 5a§+1
peZN\{0}

Proof. Note that for all N > 0,
_ 1/ _ 1/a _
Z o—0lpl < Z ((5‘p|1/a)Ne dlpl )(5‘])’1/&) N

pezi\{0} pezi\{0} —NNen

N\N o
— > @lpMN.
peZN\{0}
Then, choose N = ad + 1. [ |

IN

Corollary 5.3 There exists a positive constant C' depending only on o > 1,
d € N* and py such that

_ 1/ C
Vo € (0 pv), Z e < gad+1
pEZA
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