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Existence of global weak solution for compressible fluid
models with a capillary tensor for discontinuous interfaces

Boris Haspot *

Abstract

This work is devoted to proving the global existence of weak solution for a general
isothermal model of capillary fluids derived in his modern form by C. Rohde in [21],
which can be used as a phase transition model. First, inspired by the result by P.-L.
Lions in [19] on the Navier-Stokes compressible system we show the global stability of
weak solutions for our system with isentropic pressure and next with general pressure.
Finally, we consider perturbations of a stable equilibrium.

1 Introduction

1.1 Presentation of the model

The correct mathematical description of liquid-vapor phase interfaces and their dynam-
ical behavior in compressible fluid flow has a long history. We are concerned with com-
pressible fluids endowed with internal capillarity. One of the first model which takes into
consideration the variation of density on the interface between two phases, originates from
the XIXth century work by Van der Waals and Korteweg [17]. It was actually derived in
his modern form in the 1980s using the second gradient theory, see for instance [16, 22].
Korteweg suggests a modification of the Navier-Stokes system to account additionally for
phase transition phenomena in introducing a term of capillarity. He assumed that the
thickness of the interfaces was not null as in the sharp interface approach. This is called
the diffuse interface approach. Korteweg-type models are based on an extended version
of nonequilibrium thermodynamics, which assumes that the energy of the fluid not only
depends on standard variables but on the gradient of the density. In terms of the free en-
ergy, this principle takes the form of a generalized Gibbs relation, see [22]. In the present
paper, we follow a new approach introduced by Coquel et al in [5]. They remark that the
local diffuse interface approach requires more regular solutions than in the original sharp
interface approach. Indeed the interfaces are assumed of nonzero thickness, so that the
density varies continuously across the interface, whereas in the sharp interface models,
the density may have jumps. Coquel et al present an alternative model with a capillarity
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term which does not involve spatial derivatives of the density. The model reads:

Op + div(pu) =0
(NSK) O(pu) + div(pu ® u) — pAu — (A + p)Vdive + V(P(p)) = kpVD]p]

(pt=0, w=0) = (po, uo)

where p > 0 denotes the density of the fluid and u € RY, the velocity. We assume that
the viscosity coefficients p and A satisfy u > 0 and A + 2p > 0 and that the capillarity
coefficient k is nonnegative. Finally, P stands for the pressure function. We supplement
the system with the following conditions at infinity:

u(t,z) = 0, plt,a) — p as o] — +os, (L1)

where p is a given nonnegative real number.

As System (NSK) is relevant for the study of phase transitions, we expect the pressure
to be of Van der Waals type, namely

P :(0,b) — (0,400)
_ RT*P_apz
b—p

P(p)

where a, b, R, T, are positive constants, R being the specific gas constant. However, we
shall first concentrate on isentropic pressure laws: P(p) = ap” for some a > 0 and v > 1
and on the case of vanishing density at infinity, namely p = 0.

In the last section, more general situations will be considered: general monotone pressure
laws and Van der Waals type pressure laws and also nonzero conditions at infinity for the
density. The term xkpV D[p] accounts for the capillarity effects close to phase transitions.
The classical Korteweg’s capillarity term is D[p] = Ap (see [17]). Based on Korteweg’s
original ideas Coquel et al in [5] and Rohde in [21] choose a nonlocal capillarity term
D which penalizes rapid variations in the density field close from the interfaces. They
introduce the following capillarity term: D[p] = ¢ * p — p where ¢ is chosen so that:

¢ € LRV N CLRY) nwhLRY), $(z)dr =1, ¢ even, and ¢ > 0.
RN

This choice of capillarity term allows to get solution with jumps, i.e with sharp interfaces.

1.2 Energy spaces

Before tackling the global stability theory for the system (NSK), let us derive formally
the uniform bounds available on (p,u). Let II (free energy) be defined by:

I(s) = s</0 Pz(j)dz>7 (1.2)

so that P(s) = sII (s) — II(s), IT () > 0 and if we renormalize the mass equation:

O IL(p) + div(ull(p)) + P(p)div(u) =0 in D'((0,T) x RN).



Notice that II is convex whenever P is nondecreasing. Multiplying the equation of mo-
mentum conservation by u and integrating by parts over RY, we obtain the following
energy estimate:

[ GolP +100) + Eysalp( 0D @)datt) + [ [ (uD() : D)

(1.3)
+ (X + p)|divu)?)dz < /RN (’”52' + (po) + Egiobai[po)) da,

where we have:

Egiobal (., O))(z) = ox o(z —y)(p(y,t) — p(=,1))dy.

The only non-standard term is the energy term FEgopq which comes from the product of
u with the capillarity term kpV (¢ * p — p). Indeed we have:

[ ultadolt,a) - V(65 ot N(a) = plt)da
= [ divtu(t.o)p(t.2)(6 % (0, ](w) — pit )i
=i [ Lot )6 % plt, D)) — plt, )i,
— 5 | Baalolt. )@

To derive the last equality we use the relation:
e =5 [ [ 8= 0)eltn) — t.) ot )y
dt global _Y JmN P\, 875'0 yy)ay
0
5 [ o= ett.) = plt.) g olt,x)dude
2 JrN JrN ot
0
—x [ [, #e = 0)o(t.) - plt,2)) 5 plt.p)dud
RN JRN t
0
== [ (65 plt.)](2) = plt,2)) g plt, )
RN
where we just use integration by parts. In the sequel we will note:
1
E(p, pu)(t) = /R pluP(t2) + Tp)(t2) + gl ) ¢ 2)dz,— (14)

We are interested to use the above inequality energy to determine the functional space
we must work with. So if we expand Egopa[p(.,t)](x) we get:

Eglobal [p(ta )](JJ) = (p2 + ¢ * P2 - 2p ((b * :0))

>~

Because by the mass equation we obtain that p is bounded in L>(0,T; L'(RY)) if we
suppose that pg € L' and we have supposed that ¢ € L>(R"), we obtain that p (¢ * p)



is bounded in L>®(0,T; L' (RY)). So we get that p? + ¢ * p> € L>(0,T; L*(RY)) and as
¢ >0 and p > 0 we get a control of p in L>(0,T; L?(R")) (a property which turns out
to be important to taking advantage of the theory of renormalized solutions, indeed p in
L>°(0,T; L*(RY)) implies that p € L2 (RT x RY) so that one may use the theorem of Di
Perna-Lions on renormalized solutions, see [18]). In view of (1.3), we can specify initial

conditions on p/—g = po and puj—g = Mo where we assume that:
e p0>0 acin RY, pgc L'RY)NL(RY) with s = max(2,7),
e mp=0 aeon py=0, (1.5)
) .
Imol® (defined to be 0 on pg = 0) is in L'(RY).
Po

We deduce the following a priori bounds which give us the energy space in which we will
work:

e pc L>(0,T; L*(RN) N Ls(RN)),
o plul* € L>(0,T; L' (RY)),
e Vu e L2((0,T) x RNV,
We will use this uniform bound in our result of compactness. Let us emphasize at this

point that the above a priori bounds do not provide any control on Vp in contrast with
the case of D[p] = Ap studied in [6].

1.3 Notion of weak solutions

We now explain what we mean by renormalized weak solutions, weak solutions, and
bounded energy weak solution of problem (NSK). Multiplying mass equation by b (p),
we obtained the so-called renormalized equation (see [18]):

0

S2b(p) + div (b(p)u) + (9¥ () — b(p))dive = 0. (L6)

with:
be CO[0,400)) NCL(0, +00)), [b ()] <ct™, te(0,1], o<1 (1.7)

with growth conditions at infinity:

b ()] < ct™, t>1, where ¢>0, -1 <\ < % -1 (1.8)

Definition 1.1 A couple (p,u) is called a renormalized weak solution of problem (NSK)
whenever:

e the equation (1.6) holds in D' (Rt x RN) for any function b verifying (1.7) and
(1.8).
Definition 1.2 Let the couple (po,uo) satisfy
e po € LY(RYN), (po) € L*(RY), Egoparlpo) € L*(RY), po > 0 a.e in RY.



e poug € (L'(RY)N and polug|*1py>0 € L' (RY)
e poug = 0 whenever z € {py = 0},

where the quantity 11 is defined in (1.2). We have the following definitions:
1. A couple (p,u) is called a weak solution of problem (NSK) on R if:

(a) pc L"(L"(RY)) for s <r < 400,

(b) P(p) € L2(L'Y(RN)), p>0 a.e in R x RY,

(c) Vu € 2(L2RY)), pluf? € L=(L'(RY)).

(d) Mass equation holds in D' (Rt x RV).

(e) Momentum equation holds in D' (RT x RNV,

(f) limy_o+ [gn p(t)p = [gn pop, Y € DRY),

(9) limy;_o+ f]RN pu(t) - ¢ = fRN pouo - ¢, V¢ € D(RV)N.

2. A couple (p,u) is called a bounded energy weak solution of problem (NSK) if in
addition to (1d), (1e), (1f), (1g) we have:

o The quantity & is finite and inequality (1.3) with € defined by (1.4) and with
&o in place of E(p(0), pu(0)) holds a.e in R.

1.4 Mathematical results

We wish to prove global stability results for (NSK) with D[p] = ¢ * p — p in functional
spaces very close to energy spaces. In the non capillary case and P(p) = ap”, P-L. Lions
in [19] proved the global existence of weak solutions (p,u) to (NSK) with x = 0 (that is
for the compressible isotherm system of Navier-Stokes ) for v > % fN>4,~v> % if
N = 2,3 and initial data (pg, mp) such that:

2

mg
oo 3 0 e DY),
Po

where we agree that mg = 0 on {# € RY/ pg(x) = 0}. More precisely, he obtains
the existence of global weak solutions (p,u) to (NSK) with x = 0 such that for all
t € (0,+00):

e pe L®(0,T; LY(RY)) and p € C([0,T], LP(RN)) if 1 <p < v,
e pc Li(0,T) x RY) forq:fy—l—i—%’ > 7.
e plu|?> € L>=(0,T; L*(RY)) and Du € L?((0,T) x RY).

Notice that the main difficulty for proving Lions’ theorem consists in exhibiting strong
compactness properties of the density p in Lfoc(]RJr x RN ) spaces required to pass to the
limit in the pressure term P(p) = ap?. Let us mention that Feireisl in [9] generalized the
result to any v > % in establishing that we can obtain renormalized solution without

imposing that p € L? (RT x RY) (a property that was needed in Lions’ approach in

loc



dimension N = 2,3 giving the further condition v — 1 + 2% > 2), for this he introduces
the concept of oscillation defect measure evaluating the loss of compactness. We refer to
the book of Novotny and Straskraba for more details (see [20]).

Let us mention here that the existence of strong solution with D[p] = Ap is known
since the work by Hattori an Li in [13], [14] in the whole space RY. In [6], Danchin
and Desjardins study the well-posedness of the problem for the isothermal case with
constant coefficients in critical Besov spaces. We recall too the results by Rohde in [21]
who obtains the existence and uniqueness in finite time for two-dimensional initial data
in H4(R?) x H*(R?) (less regular data in any dimension N > 2 have been considered
recently in [10]).

In the present paper, we aim at showing the global stability of weak solutions in the
energy spaces for the system (NSK). This work is composed of four parts, the first one
concerns estimates on the density. We aim at getting more integrability on the density in
order to pass to the weak limit in the term of pressure and of capillarity. The second part
is the passage to the weak limit in the non-linear terms of the density and the velocity
according to Lions’ methods. The idea is to use renormalized solution to test the weak
limit on convex test functions. For the time being, we focus on the case of pressure laws
of type P(p) = ap”. We get the following theorem where (p,, un)nen is a sequence of
regular bounded energy weak solutions of (NSK) and, in addition, the sequence p, is
bounded in L™((0,T) x RY)) N L((0,T) x RY) for some r > max(y, 2).

Theorem 1.1 Let N =2,3. Lety> N/2 if N >4 and v > 1 else.
Let the couple (pg,uy) satisfy:

e 0 is uniformly bounded in L*(RN) N L (RN) with s = max(v,2) and pif > 0 a.e in
RY,

o p0|ul|? is uniformly bounded in L*(R™),

e pyul =0 whenever x € {py = 0}.

In addition we suppose that ,02 converges in L'(RYN) to po. Then, up to a subsequence,
(pn,un) converges strongly to a weak solution (p,u) of the system (NSK) satisfying the
initial condition (po,ug) as in (1.5). Moreover we have the following convergence:

e pn —n p in C(0,T], LP(RN))NL"((0,T) x RY) forall 1 <p < s, 1 <r <q, with
g=s+ —1if N=3.

e pn —n pin C([0,T], LP(RH)NL"((0,T) x K) forall1 <p<s,1<r<gq, with K
an arbitrary compact in R? if N = 2.

In addition we have:

o putty, — pu in LP(0,T; L"(RN)) for all 1 < p < 400 and 1 <7 < s%’

o pn(wi)n(uj)n — pnujuy in LP(0,T; LY(RY)) for all 1 < p < 400, 1 < i,j < N if
N =3.

o pn(ui)n(uj)n — pnuju; in LP(0,T; LY () for all 1 < p < 400, 1 <i,j < N with
Q an arbitrary bounded open set in R? if N = 2.



Remark 1 For the cases N > 4, we refer for more details to [12].

Our paper unfolds as follows. In the next part, we prove Theorem 1.1. In the third part
we focus on more general pressure laws (including Van der Waal’s pressure laws). In the
last part of the paper, we consider initial data close to a positive constant p.

2 Existence of weak solution for a isentropic pressure law

2.1 A priori estimates on the density

In this part we are interested by getting a gain of integrability on the density and we
consider the case where P(p) = ap”. This will enable us to pass to the weak limit in the
pressure and the Korteweg terms. It is expressed by the following theorem:

Theorem 2.2 Let N = 2,3 and v > 1.Let (p,u) be a reqular bounded energy weak solu-
tion of the system (NSK) with p >0 and p € L°(L' N L**¢) where we define ¢ below.

2
/ (P + p2+5)d:vdt <M forany 0 <e< —vy—1.
(0.T) xRN N

with M depending only on the initial conditions and on the time T.

Proof:

We will begin with the case where N = 3 and we treat after the specific case N = 2.

Case N = 3:

Applying the operator (—A)~!div to the momentum equation yields

0

= &(—A)fldiv(pu) + (—A)*l(?gj (puiu;)+(2p + N)divu

— k(=A)"div(pV (¢ % p — p)),

ap’ (2.9)

so that multiplying by p° with 0 < & < min(#, 27 — 1), we get

K -1 7- £ —
ap e+ 507 = =kt (=A) T div(p(V * p)) + o7 (=A) 5 (pusuy)
9
ot

(2.10)

(7 (=) div(pu) — [orp™)(~A) div{pu) + (s + C)diver

+ ap

where we note & = A + u. We now rewrite the previous equality as follows:

ap™te + S p*E = =t (D) div(p(Ve x ) + o7 (—A) 0 (plus) (uy))
0

+ 5 (0 (= 8)Hdiv(pw)) + divlup® (=) div(pu)] + (u+ Qdiva (21D

—(p)*u - V(=A)" div(pu) + (1 — e)(divu)p®(—A) " tdiv(pu) .



Next we integrate (2.11) in time on [0,7] and in space. We get:

Y+e E 2+¢ _ Q e/ 1.
/(O,T)XRN(ap Taf o di /(O,T)XRN<8t[p( A)~ div(pu)l+
(1 + O)(diva)” + (1 = &) (diva) " (=)~ div(pu) + p° R R, (pusu,) (212)

By )]+ vl () div(pu)] g () v (05 ) e

where R; is the classical Riesz transform. Now we want to control the term fOT fR N (pVJrE +

Bp?*e)dadt. As p is positive, it will enable us to control ||pHLz;a and Hp||L§;s. This may

be achieved by bounding each term on the right side of (2.12).
We start by treating the term f(o T) xRN %[ps(—A)_ldiv(pu)]. So we need to control

pf(=A)~tdiv(pu) in L>®(0,T; L*(RY)) and p§(—A)~tdiv(poug) because:

8 £ — . N e -~ .
/(O,T)xRN a[ﬂ (—A) " Ldiv(pu)](t, z)dt dx /RN [0 (—A) " div(pw)] (¢, 2)de

_/ [p5(—A) " div(pouo)](z)dz.
RN

We recall that p, p?, p7 and p|u|?> are bounded in L*°(L!) while Du is bounded in
2N
L?((0,T) x RN) and u is bounded in L?(0,T; L¥-2(R™)) by Sobolev embedding. In
2
particular by Holder inequalities we get that pu is bounded in L>°(0, T, (L#1 OL%)(RN ))-

Thus we get by using Holder inequalities and Sobolev embedding: p°(—A)~!div(pu) €
L>(0,T, L' N L®) with:

1 ¢ . ,y+13 1
- - B I
a s+mm( 27’4) N

The fact that p°(—A)~!div(pu) € L*°(0,T, L") is obtained by interpolation because
p € L¥(L') and in using less integrability in Sobolev embedding. Next we have the same
type of estimates for HpS(—A)*ldiv(pouo)HL1(RN).

Finally (2.12) is rewritten on the following form in using Green formula:

T T
/ / (P + gp2+5)d:cdt <C(1+ / / [|divulp® (1 + |(—A) " div(pu)|]
o JrN o Jr¥

+ p°|RiR; (puiuj) — uiRiR;j(puy)| + kp°|(—A) " div(pV (¢ * p))]dt dx).

Now we will treat each term of the right hand side. We treat all the terms with the same
type of estimates than P.-L. Lions in [19] , excepted the capillarity term.
We start with the term |divu|p®|(—A)~tdiv(pu)|. If v < 6 then we may write

divu| € L2(L?), p° e L®(L?), pue L*0,T,L"(RN))

with 1 = 2+ 222 and by Sobolev embedding |(—A)~div(pu)| € LQ(LS/) with Si, =11
(this is possible only if r < N). We are in a critical case for the Sobolev embedding (
i.e r > N) only when v > 6. So by Holder inequalities we get |divu|p®|(—A) " div(pu)| €



LY(L®Y) with: %:sl,+§+2 1— 2 41 <1 as we have s > £
Moreover by interpolation |divu|p®|(—A)~ 1dlv(pu)\ belongs to L'(0,T; L' (RY)). Let us
now treat the case N = 3 and v > 6 where we choose case € = %'y — 1. We have:

lldivulp®|(—=A) " div(pu)|[| 1 < 1Dullzzz2) ol aselloull 2040 ECEER

~v+3 2(2y—3
13 3 5y 5v—3
< Cliplzaseliovl spzo | sgnce < C”pHLWSHIOUHLQ(L ol 12,
5y 2(2v—3)
5v—3
< Cliolzselloul” > o floull ™ Loy
L2(L7 6) Loo(LYFT)
S CHP”L%@
y 1 - _ 1 5 _ 6(v+e) _ o10y—
since we have 5 + ﬁ + 72(77_55) =1, 5+ = 7+E + 6(%;) 3 =1, and 53 - = 313://+3 < 3.

We now want to treat the term: p°|(—A)~ 1d1v(pV(¢ *k p))], so we have: pV(¢ * p) =
p(Vé* p) € L=°(L N L2) by Hélder inequalities and the fact that we have p € L>°(L')

and V¢ € L.

After we get that p°(—A)~1div(pV(¢*p)) € L°(L™) with: % =42 L =21 <1,

We conclude that p®(—A)~1div(pV (¢ * p)) is L°(L') by using interpolation when N =

2, 3. Indeed we have pV(gZ) * p) € L°°(L') and in choosing € = %5 — 1 we have: 1 — % +

£25s—1>1when s > 5(1+ ). This is the case when N = 2, 3

We have after the term (div(u))p®. We recall that p° is in L‘X’(L% NL:). If e > 3 (ie
s> %N), the bound is obvious because %—l—a? > 1 and %4—% < 1, we can then conclude by
interpolation. On the other hand, this rather simple term presents a technical difficulty
when e < 1 since we do not know in that case if divup® € L'(RY x (0,7)). One way
to get round the difficulty is to multiply (2.9) by p°1 {p>1}- Then we obtain an estimate
on p*t¥1,5q) in LY((0,T) x RY) as p°ly,>qy|dive| < pldivu| € LY((0,T) x RY) (where
e < 3) and we can conclude since 0 < p*te 1,1y < pon (0,T) x RN and p € L®(LY).
We end with the following term p®(R; R;j(p uiuj) —u;R;Rj(puj)). In the same way than in
the previous inequalities we have p° R; Rj(pu;u;) is bounded in L'(0,T; L*(RY)). Indeed
we have by Holder inequalities and the fact that R; is continuous from LP in LP with
1 <p<+oo: 7+2NN +£=1-2% 41 <1 (because s > %) And we conclude by
interpolation. We treat the term p°u; R; Rj(pu;) similarly.

We have to treat now the case N = 2 where we have to modify the estimates when we
are in critical cases for Sobolev embedding.

Case N = 2:

In the case N = 2 most of the proof given above stay exact except for the slightly more

delicate terms p°divu|(—A)~1div(pu)| and p*(R;R;(pusu;) — wiRiR;(puj)).

We start with the term |p®divu(—A)~tdiv(pu)|. In our previous estimate it was possible

to use Sobolev embedding on the term (—A)~!div(pu)| only if » > N (see above the

notation), so in the case where N = 2 we are in a critical case for the Sobolev embedding

when v > 2.

This may be overcome by using that, by virtue of Sobolev embedding, we have:
ldivulp®|(=A) " div(pw)l[[ 11 < CllpITare (e lloul 20+e)

20y +e)(LW)



Indeed by Hélder inequality, we have:

1 € y+e+1 1 1 2e+1 1 € 1
~+ + —s=c+t——<1=5+ + )<1
2 y+e 20v+e) 2 2 242 2 y+e 2v+e

thus:
1+ € n 1 <1
2 y+e 20q9+4e) —

Moreover we have as pu = /p,/pu, hence:

o <
ol 25580, S OMP e

and thus: )
. 13- e+5
[ divalp®|(—=A) " div(pu)||| p1(p1y < Cllol g2 (gaeey-

Next we are interested by the term p®(R;R;j(puiu;) — u;RiR;(pu;)). We use the fact
that u is bounded in L?(0,7; H') and thus in L?(0,T; BMO). Then by the Coifman-
Rochberg-Weiss commutator theorem in [3], we have for almost all ¢ € [0, T7:

[RiRj(puiuj) — uiRiRj(puj)|| 262e) 2040 < Cllullzzsamoyllpull 2yte) -
LyFe+T (L+e+T) L2(v+e) (L yFe+1)

So we have: )
et+s3
0" (RiRj(puiu;) — wiRiRi(p ) < Clipll 2o oy

In view of the previous inequalities we get finally:

+ lte
HPHZ’YiE L“/+€) (1 + HPHZ’Y‘FE L'y+s))
and the L77(L7*¥) bound on p is proven since 3 +¢& < v +¢. 0

2.2 Compactness results in the case of isentropic pressure

So by following the theorem 2.2, we assume that v > 1 such that if (p,u) is a regular
approximate solution (it means built by a mollifying processus) then p € LI((0,T) x RY)
with ¢ = v+ 1 — <. We can observe that in this case ¢ > s = max(~,2). We will see
that it will be very useful in the sequel to justify the passage to the weak limit in some
terms to get a gain of integrability on the density. Indeed the key point to proving the
existence of weak solutions is the passage to the limit in the term of pressure and in the
term of capillarity pV (¢ * p — p).

First, we assume that a sequence (pn, un)nen of approximate weak solutions has been
constructed by a mollifying process, which have suitable regularity to justify the formal
estimates like the energy estimate (1.3) and the theorem 2.2. (pp, u,)nen has the initial
data of the theorem 1.1 with uniform bounds.

In addition:

e p, is bounded uniformly in L°°(0,T; L' N L*(R™Y)) N C ([0, T]; LP(RN)) for 1 < p <
max(2,7),
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e p, >0 a.e. and p, is bounded uniformly in L9(0, T, RY) for some ¢ > s,
e Vu, is bounded in L2(0,T; L(R")), pn|un|? is bounded in L>(0,T; L*(RY)),
o uy, is bounded in L2(0,T; L¥2 (RN)) for N = 3.

Passing to the weak limit in the previous bound in extracting subsequence if necessary,
one can assume that:

e p, — p weakly in L*((0,T) x RY),
e u, — u weakly in L?(0,T, H'(RV)),
e p) — p7 weakly in L"((0,T) x RN) for r = I>1,

e p2 — p? weakly in L™ ((0,T) x RN) for r; = i>1.
Notation 1 We will always write in the sequel B(p) to mean the weak limit of the
sequence B(pyp) bounded in appropriate space that we will precise.

We recall that the main difficulty will be to pass to the limit in the pressure term and
the capillary term. The idea of the proof will be to test the convergence of the sequence
(Pn)nen on convex functions B in order to use their properties of lower semi-continuity
with respect to the weak topology in L'(RY). In this goal we will use the theory of
renormalized solutions introduced by Di Perna and Lions in [7]. So we will obtain strong
convergence of p, in appropriate spaces.

2.3 Outline of the proof

We here give a sketchy proof of the theorem 1.1. First, we can rewrite mass conservation
of the regular solution (py,, Uy )nen on the form:

2 (B(pn)) + div(unB(pn)) = (B(pn) — puB (o) divi,

Supposing that B(p,) is bounded in appropriate space we can pass to the weak limit
where we have in the energy space p, — p and u,, — u, so we get:

%(W) +div(uB(p)) = b(p)dive  with b(p) = B(p) — pB (). (2.13)

Arguing like P-L. Lions in [19] p 13 we will get:
0 :
2P + div(pu) = 0. (2.14)

After we will just have to verify the passage to the limit for the product pu. Next we
will use the theorem on the renormalized solutions of Di Perna-Lions in [18] on (2.14) in
recalling that p € L>(L?). So we get:

d

S (B(p) + div(uB(p)) = b(p)div(u). (2.15)

11



Next we subtract (2.13) to (2.15), so we obtain:

2 (B(p) = B(p)) + div(u(B(p) — B(p))) = b(p)divu — b(p)divu. (2.16)
Consequently, in order to estimate the difference B(p)— B(p) which tests the convergence
of pp, we need to estimate the difference b(p)div(u) — b(p)div(u). We choose then B a
concave function and we have:

B(p) — B(p) < 0.

The goal will be now to prove the reverse inequality in order to justify that B(p,) tends
to B(p) a.e.

So now we aim at estimating the difference b(p)divu — b(p)divu. This may be achieved
by introducing the effective viscous pressure P.ry = P — (2p + A)divu after D. Hoff in
[15], which satisfies some important properties of weak convergence.

In fact owing to the capillarity term we adapt Hoff’s concept to our equation in setting:

K )
P.s=P+ §p2 — (2p + N)divu.
Proof of theorem 1.1

We begin with the case N > 3, and next we will complete the proof by the case N = 2 in
specifying the changes to bring. Before getting into the heart of the proof, we first recall
that we obtain easily the convergence in distribution sense of p,uy, to pu and pp(un)i(un);
to pujuj. We refer to the classical result by Lions (see [19]) or the book of Novotny and
Straskraba [20].

Case N =3

As explained in section 2.3 our goal is to compare B(p) and B(p) for certain concave
functions B . From the mass equation we have obtained:

9 (B(p) - B(p)) + div(u(B(p) — B(p))) = blp)div(u) — b(p)div(u). (2.17)

So before comparing B(p) and B(p), we have to investigate the expression b(p)div(u) —
b(p)div(u). By virtue of theorem 2.2 which gives a gain of integrability we can take the
function B(x) = z° , as we control for € small enough p*t¢. Our goal now is to exhibit
the effective pressure ]36 7> and to multiply it by p° to extract divub(p) . We will see in
the sequel how to compare it with b(p)div(u).

Control of the term divub(p)

Taking the div of the momentum equation satisfied by the regular solution yields:

9 v (prnn) + 3%y (putn]) — (v, + Alag) =rdiv(pa(V6* o)) — SAG)

12



with ¢ = A + 2u. Applying the operator (—A)~! to previous inequality, we obtain:
0
ot

K

(—=A) " Ldiv(ppun,) + (—A)*laizj(pnuflu%) + [¢divu, — ap) — 2p,21]
= ﬁ(—A)fldiv(pn(V(b * pn)) -
After we multiply (2.18) by p5, with e that we choose small enough in (0,1):

: K .
[Cdivun — ap}, = 5 pplph = 5p5(=2) " div(pa(V # pn))
B - (219)
= Pl (—A) 7 div(pnun) = pi(=A) 710 (pnuiyid ).

So if we rewrite (2.19), we have:

(2.18)

[Cdivu, —ap), — gpi]pi = kpp (=) div(pn (Vo * pn)) — p5(=A) 7107 (pou'nud,)
O ()" (-2 v (o)) + [ (o)) (-2 v (),
Next we have:
[Cdivuy, — ap), — gpi]pi = k5 (—A) T div(pn (Ve * pn)) — 5 (—A) 05 (pnufyud,)
()" () i) — vl ()" (~ ) div(rn)]
+ (pn) "t - V(=A) " div(pnun) + (1 — &)(divun) (pn)*(—A) " div(pnun),
(2.20)
or finally:
(Cdivun — ap) = Sp2l05 = i (—A) T div(pa(V  pu))
— 155 (-2 div ()] — v (pn)*(~2) i ()] (221)

() [V (=) div(paun) — (—A) 02 (puud)]
T (1= ) (divug) (o) (—A) " div(paun)

Now like in Lions [19] we want to pass to the limit in the distribution sense in (2.21) in
order to estimate divu(p)®.

Passing to the weak limit in (2.21)

We shall use the following lemma by P-L Lions in [19]:

Lemma 1 Let ) be an open set of RN . Let (gy, hy) converge weakly to (g, h) in LP*(0,T,
LP2(Q)) x L9 (0,T, L2 () where 1 < p1,p2,q1,q2 < +00 satisfy, p% + qil = p% + q% =1.
Assume in addition that:

% is bounded in L'(0, T, W~™Y(Q)) for some m >0 independent of n.
(2.22)
and that:
A" = B" (.- + E)lparo,r,La2()) — 0 as [§] — 0, uniformly in n. (2.23)

Then, g"h™ converges to gh (in the sense of distribution on Q x (0,T)).
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So we use the above lemma to pass to the weak limit in the following four non-linear
terms of (2.21):

T,% = unp%(_A)_ldiV(pnun)a Tr% = pi(—A)_ldiV(pnun),
T3 = i (—A) Miv(pn(V 5 p)), T = (divin) (o) (—A) v (pten)

So we choose the different g% and hf, as follows:

for T, G = un(pn)® g9' = up® hy, = (=A) " div(pauy)
for T2 gn=pf, 9 =0 hy = (=A) " div(pauy)
for T gi =, g =0 hy, = (=A) " div(pn(Vé * pn))
for T} g = (divun)(pn)® gt =divups At = (=A)" div(ppun).

To show that u,(pn)® converges in distribution sense to up® we apply lemma 1 with
hn = uy and g, = p5,. We now want to examine each term and apply the above lemma
to pass to the limit in the weak sense. We start with the first term 7!. We have that

pEu, € L°(LY) N L2(L") with % =< +iandi= =2 4 £ =1- 1 +¢ Inaddition
the hypothesis (2.22) is immediately verified (use the momentum equation).

We now want to verify the hypothesis (2.23), so we have h}l belongs to L> (W, O’Cq R¥))N
L2(VVZ£’Z (RY)) with & =1 + 5 and & (N 2) +1 =141 L. This result enables
us to verify the hypothe51s (2.23) by Sobolev embeddlng So we can choose (with the

notation of the above lemma) q; = 2 and ¢y € (1, Ajfv 7), p1 2,and po =1 — q% which
is possible by interpolation. Indeed we have: rl, + ; =1- W + 1% <1

We proceed in the same way for T2 and T/2. We can similarly examine T3, because
05, € LOO(L% NLz) and p,(Vé*p,) € L°(L'NL2), we can choose py = 1, we have then
(A) " divp, (Vo * pn) € L®(0,T; Wh2) so that we can choose g1 = 2, o € (1, 5 i ) We

can conclude by interpolation.
Finally we have to study the last non linear following term that we treat similarly as
P-L.Lions in [19]:

Ap = (pn)e[un-v(_A)ildiV(Pnun) —(-A)” 182 (Pn(uz)n(uj)n)]
We can express this term A,, as follows:
Ay = (pn)° [, Rij)(pnus, )-

where R;; = (—A)_lﬁfj with R; the classical Riesz transform. Next, we use a result by

Coifman, Lions, Meyer, Semmes on this type of commutator (see [4]) to take advantage

of the regularity of [uf, R;;](pnub,).

Theorem 2.3 The following map is continuous for any N > 2:
Wl,rl (RN)N x 72 (RN) N W17T3 (RN)N (2 24)

(a,b) — la;, RiR;]b; '
.11 41
with: o= = -+ .
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To pass to the weak limit in A,, we will use the previous lemma. We start with the case

with s > 3. This quantity belongs to the space L*(W'9) provided that Du, € L*(L?)

and pu’ € L?(L") where % = %—1—% = %—%—1—% in which case % = %—l—% = 1—%—1—% <1
After we can use the above lemma applied to h, = [R;j,ut](pnul,) and g, = p5. We

can show easily in using again lemma 1 that h, converges in distribution sense to
[Rij,uj](pnui). So we can take: ¢ = 1, py = 400 and ¢ € (q,%), py = 1— q%,
this one because we can use interpolation and we can localize as we want limit in distri-
bution sense.

In the case where s < 3, a simple interpolation argument can be used to accommodate
the general case. It suffices to fix L™ (R”Y) in the application (2.24) and use a result of

Riesz-Thorin. Finally passing to the limit in (2.19), we get:

(¢diva g7 — (ap %) — Zp77] = 27(= ) 'div(p(V  p))

- % 7 (—A) " Ldiv(pu)] — div[pFu(—A) " Ldiv(pu)] + pF[u. V(- A) Hdiv(pw)  (2:25)
— (=) 0y (puiuy)] + (1 — e)divupf (—A) " div(pu).

Inequality between the terms pf divu and divu p®

Now we are interested in estimating the term pfdivu in order to describe the quantity
pf divu — divu p¢ before considering the quantity p° divu — divu pf. We pass to the weak
limit directly in (2.18) and we get in using again lemma 1:

() i) + (~2) 7108 (puseg )+ [+ v — 7] =
(2.26)

— (=2) M div(p(Vé x p) + 567

Now we just multiply (2.26) with p® and we can see that each term has a distribution
sense. So we get ny proceeding in the same way as before:

(cdiva® — (ap?) 97) = 50%7) = 77 (=2) " div(p(V % p)
— 7 oo~ ) v ()] + 70V (—A) div(pu) — (~A) Oy puin)] (220

— div[pfu(—=A)"tdiv(pu)] + (1 — e)divu(p)® (—=A) " div(pu).

Subtracting (2.27) from (2.25), we get:

Cdivu(p)e —aprte — gpQ"‘E = (divu pf — ap? pf — g?ﬁ a.e .
Next we observe that by convexity:
(p7FE)7 = (77), (p779)7HE = (p7) ae.
So we get:

divu (p)e > divu p®. (2.28)
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Comparison between p and pc¢

£

As (pn,uy) is a smooth approximate solution, applying equality (2.15) to B(z) = =
yields:

0
i (Pn)” + div(un(pn)®) = (1 — e)divun(pn)”. (2.29)
Passing to the weak limit in (2.29), we get:
o— .., — _—
apf + div(u pf) = (1 — e)divup®. (2.30)
Combining with (2.28) we thus get:
0 s v
a(p)‘E +div(u(p)) > (1 — e)divu(p)®. (2.31)
Now we wish to conclude about the pointwise convergence of p, in proving that (E)% =p
and to finish we will use the following theorem (see [9] p 34) applied to B(z) = < which

is convex.

Theorem 2.4 Let (v,)nen be a sequence of functions bounded in L'(RYN) such that:
v, = v weakly in L'(RY).

Let ¢ : R — [—00,400) be a upper semi-continuous strictly concave function such that
o(vn) € LYRY) for any n, and:

©(vy) = p(v) weakly in L*(RY).

Then:

p(v) = o(v).

and if (v) = @(v) then:
vn(y) — v(y) a.e.

extracting a subsequence as the case may be.

Now we want to use a type of Di Perna-Lions theorem on inequality (2.31). Our goal is to
renormalize this inequality with the function B(z) = ¢ so that one can compare p and
_1

p?e. Although (2.31) doesn’t correspond exactly to the mass equation, we can use the

same technics to renormalize the solution provided that p € L°°(L?) which is the case. !
We recall Di Perna-Lions theorem on renormalized solution for the mass equation.

Theorem 2.5 Suppose that p € L>°(L?), 8 € C[0,00) N C*(0,00);R) and the function
b(z) = 2 (2) — B(2) is bounded on [0, 00) with moreover 3(0) = b(0) = 0.
We have then:

95(p)

L4 div(B(p)w) = (8(p) — o8 (p))divu

in distribution sense.

n our case it is very important that p € L°°(L?), indeed it avoids to have supplementary conditions
on the index «y like for the compressible Navier-Stokes system in [19].
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We now want to adapt this theorem for our equation (2.31) with §(z) = z< , 50 we may
regularize by wy (with we = O%Nw(a) where w € C°(RY), supp w € By and [wdz = 1)
and find for all 8 € C§°([0,4+00)):

gt(pa* wa) + div[u pf x wy] > (1 — e)divu pf * wq + Ro,

where we have:
Ry = diviu pf * wo]| — div(u pf) * we + (1 — &) [divu pf] * wq — (1 — €)divu pf * wq

We get:

B * wa)) + divu B *wa)] > (1 — &)dive 7 + wq 5 (7F * wa)

+ (divw) [B(pF * wa) — 7 % waf (F * wa)] + Ral (0F * wa)
= —e(divu)(p)*B (p°) + (dive) B(pF) + Raf3 (0F  wa) -
After we pass to the limit when o — 0 and we see that R, tends to 0 in using lemma
on regularization in [18] p 43. This looks like a rather harmless manipulation but it’s at
this point that we require to control p in L?(0,T; RN ). And in our case we don’t need to
impose 7y > % for N = 2,3. Hence:

5

9
ot

(B((p))) + div[u B((p)7)] = — e(divu)p=B (p7) + (divu) B(p).

We then choose = (\IJM)% where Wy = M¥(7), M > 1, ¥ € C5°([0,4+00)), ¥(z) ==
on [0, 1], supp¥ C [0, 2], and we obtain:
0

()

m =
m =

)+ divu U (oF) ?]
> (divu) W (7)€ 1) (p7)7F + (divu) @y (57)

. — 14 — 1 =
> divul s (%)= [War (7F) 7 — Wiy (727" L sy

where Cy = sup{|\11(x)|%71|\11($) — 2V (z)], = € [0,400)}. Now we claim that:

o |

((0)°) :

) + div(u (p)F)F) > 0. (2.32)

SIS

—

For proving that, we notice that by convexity (p)¢ < p, so we get :

. 1 .
ldivel M= 15y lly vy < Idivellz e@mllet |y lliz 2@y — 0 as M — +oo.

We have concluded by dominated convergence. At this stage we subtract the mass equa-
1

tion to (2.32) and we get in setting r = p — (p)<°:

;(r) + div(ur) <0. (2.33)
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We now want to integrate and to use the fact that » > 0 to get that r = 0 a.a. To
justify the integration we test our inequality against a cut-off function ¢ = () where
0 € C(RY), o =1 0n B(0,1), Suppy C B(0,2) and R > 1. We get:

9
/[omnw gil (b @)lerle) —ult, 2)r(t,x )RW(R)dt dz < 0. (2.34)

Next we notice that:

2N

<
|/[0T]><IR{N u(t, x)r(t, )RVsD(R)dtdl‘! el g 922 vy 1711 OTLT(RN))

X EHVSOHLOO(RN)'

It implies that:
/ u(t,x)r(t, )= V(p( )dtdz — 0 as R — +oo.
[0,T] xRN R "R
We have then:

0
/[OT]XRN ar(t x)pgr(z)dtde = /RN T(T,x)goR(T,x)dx—/ (0, 2)pr(0, z)dz.

RN

In order to conclude, it suffices to verify that r(0,-) = 0. Indeed we will obtain that:

lim r(T,x)er(T, z)dx — r(T,z)de <0 and r >0.
R—+o0 JpN RN

then r = 0.

We know that p,, is uniformly bounded in L>(L'NL*(RY)), then pz, is relatively compact
in C([0,T]; LP —w) with 1 < p < s (where L —w denote the space LP endowed with weak
topology). As moreover (pj), converges to pg, we deduce that 7(0) = 0 a.a. Now asr =0
we conclude by using the theorem 2.4 that p,, converges a.a to p and that p, converges
to p in LP(]0,T] x Bg) for all p € [1,q) and in LP*(0,T, LP*(Bg)) for all p; € [1,400),
p2 € [1,s) and for all R € (0, +00).

Conclusion

We wish now conclude and get the convergence of our theorem in the total space. We
aim at proving here the convergence of p, in C([0,T], LP(RY)) N e (RN x (0,T)) for
all 1 < p < s,1 < ¢ < q. We have just to show the convergence of pn to p in
C([0,T], LY(RY)). To this end, we introduce d,, = /p, which clearly converges to \/p in
L?P1(0,T, L?P2(BR)) N L?’(Bg x (0,T)) to d = /p for all R € (0,400). We next remark
that p € C([0,T], L*(RY)) and thus d € C([0, 7], L?(RY). Indeed, using once more the
regularization lemma in [18] we obtain the existence of a bounded p, € C([0,T], L*(RY))
smooth in z for all ¢ satisfying:

0
%jhdlv(upa) =71 in LY(0,T) xRY) as a — 04,
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with ro = div(upa) — div(pu) * ws (where w is defined as in the previous part).
po — pin LYRY x (0,7)), pa/i=0 — p/i=o0 in L*(RY) as a — 0. From these facts, it
is straightforward to deduce that:

0 .
¢ Pe = Pul + div(ulpa = pyl) = [ra — 1y

T
sup/ |pa — ppldz = / / 7o — rp|da.
0,7] JRN o JrY

Since p € C([0,T], LP(Br) — w) (for all R € (0,+00), 1 < p < s), we may then deduce
that p, converges to p in C([0,T], L' (R™)). Next, we observe that we can justify as we
did above that d,, and d satisfy:

ad,

. 1. .
rra + div(und,) = §dndlv(un)7

and thus:

od . L.
5 + div(ud) = §d div(u).

Therefore once more, d,, converges to d in C([0,T], L>(RY) — w). Thus in order to
conclude, we just have to show that whenever ¢,, € [0,T], t, — ¢, then dy(t,) — d(t) in
L?(RM) or equivalently that:

/RN dn(tn)?dz = /RN p(tn)dz —p, . d()2dz = /RN o(t)dz.

This is the case since we deduce from the mass equation, integrating this equation over
RY and justifying the integration exactly like previously that:

/ pn(tn)dx :/ (po)ndx —, podx :/ p(t)dx.
n n Rn n
We then conclude by uniform continuity that ||p,(tn) — pn(t)||z1 tends to 0.

Case N =2

First of all, the main difficulty is the fact that we no longer have global LP bounds on
uy,. That’s why most of the proof is in fact local and we know that u, is bounded in
L?(0,T; LP(BR)) for all p € [1,+00), R € (0,+00). As we need to localize the argument,
we get the following limit:

. 1 . B /
(Cdivu, — ap,) — 5;)%),0% —, (Cdivu — ap? — 5,02) o in D (RN x [0,T]).
Let ¢ € CP(RN), 0 < ¢ < 1, suppp C K for an arbitrary compact set K € RY. We
apply the operator (A)~!div to the momentum equation that we have localized and we
pass directly to the weak limit:

D (— Ay divigppu) + Rislppuiu) + Cdivug — apiy]
ot o B (2.35)
= w(~)div(pp(VE p) — o)) + (-A) 'R
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with:

R = 0;00;(pujuj) + (9ijp) puju; — (Apdivu — (Ve - Vdivu + pAu - Vi

+ ApapT +aVy - Vp7 + gA@ﬁ + gV<p - Vp2.
Now we multiply (2.35) with p® and we verify that each term has a sense. So we get in
proceeding in the same way as before, we can verify that (p,)°(—A)~!R, converges in

distribution sense to pf(—A)~!'R for small enough . We get as in the previous case for
N > 3:

- K . T —
o[¢ divu(p)® — aprte — 5,0“ ] = @[¢(divu)p p° — app? p* — 5@#@ a.e .

We then deduce the following inequalities as in the previous proof:

%(F)é +div(u(?)%) >0 in D((0,T) x RY).

We see that the only point left to check is the justification of the integration over R?
of terms like div(ﬁiu) or div(pu) and more precisely that the integral vanishes. This
is in fact straightforward provided we use the bounds on p € L®(LY(RY)) and plu|? €
L®(LY(RY)) and so pu € L=®(L'(RY)). Then, letting p € C(R?),0< ¢ <1, =1on
B(0,1) and ¢ = 0 on “B(0,2). We set ¢r(-) = ¢(5) for R > 1, we have similarly as in
the previous case:

T
1
\/0 dt /R2 ru - Vop(z)dr| < HV‘PHLOO(RQ)E”puHLl(O,T)xR?) —0 as R— +oo.

1
€

We can then conclude as in the previous proof in using the fact that that 0 < pf
O

< p.

Proof of the convergence assertion on p,u,

We now want to show the convergence of p,u, to have informations on strong convergence
of u, modulo the vacuum. We recall in this part some classical inequalities to get the
convergence of ppuy,, for more details see Lions in [19]. We use once more a mollifier
ko = O%Nk( 2) where k € C§°(RY) and we let go = g * kq for an arbitrary function g. We
first observe that we have for all % <p<s:

|((pnun)a - Pnun) (z)] = ‘ /Rd [pn(t, y) — Pn(t>$)]un(t>y)ka(x —y)dy
+ pn(ty 1') ((un)oc - un) (t7 (IZ)‘
We have in using Hélder inequalities with the measure ko (z — y)dy:

1 p—1

‘((pnun)a - Pnun) (x)‘ < [/]Rd ‘pn(tay) - pn(tvx)‘pka(x - y)dy] P (’u”’p%)aT

+ pul(Un)a — un|(t, ).
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Hence for allt > 0

1
/ (pntn)r — potin) (@)l < [ / da / 1Pu(t) — pult, 2)Pha(z — y)dy]?
Rd Rd Rd
_r_ p=1
<l 7)1+ Dol um)ec— ] s,

< [ sup ||pn(- +2) — PnHLP] HunH p=l +llponlle | (un)a — wnl| p-1.
|z|<a L »

Next if we choose p > N+2, so that p%l < % then ||(tn)a — un HLQ(OTL%) converges
to 0 as « goes to 04 uniformly in n. In addition, the convergence on p,, assure that
SUP|z|<q [P (- + 2) — pullLr converge to 0 as a goes to 04 uniformly in n. Therefore in
conclusion, (pptn)a — prtn converge to 0 in L2(0,T; L') as « goes to 04 uniformly in n.
Next (ppun)e is smooth in z, uniformly in n and in ¢t € [0,7]. Therefore, remarking
that %(pnun)a is bounded in a L?(0,T; H™) for any m > 0, we deduce that (p,uy)a
converge to (pu)s as n goes to +oo in L((0,T) x RY) for each a. Then using the bound
on ppy, in LOO(LSZ)TSl), we deduce that p,u, converges to pu in L'((0,7) x RY) and we
can conclude by interpolation. The last convergence result is a consequence of the strong
convergence of p, and p,u,. O

3 The case of a general pressure law

In the sequel we focus on the cases N = 2,3. We now want to extend our previous result
to more general and physical pressure laws. In particular we are now interested by two
cases, the first one concerns monotonous pressure law (close in a certain sense that we
will precise to p? pressure) , the second one is the case of a slightly modified Van der
Waals pressure. The technics of proof will be very similar to the previous proof, only
technical points change.

3.1 Monotonous pressure

In this section, we shall investigate an extension of the preceding results to the case of a
general monotonous pressure P, i.e P is assumed to be a C'!' non-decreasing function on
[0, 400) vanishing at 0.

We want here to mention in the general situation our new energy inequality, we recall
the inequality (1.3):

[ GolR +100) + Bysalp( 0D @)da(t) + [ [ (uD(w) : D)

2
. m
+ (A 4 ) |divu|?)dz < / (‘20’ + I(po) + Egiobatlpo])dzz.
RN p
where we define IT by: 3 2 (H(t) ) P(t) forall ¢ > 0. There are two cases worth considering'
first of all if P(t) is Such that

the other case, i.e limy_q Pgt) = ¢ > 0, we can choose II(p) = pfl p ds and II behaves
like plog p as p goes to 0.
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We now consider a sequence of solutions (py, uy,) and we make the same assumptions on
this sequence as in the previous section except that we need to modify the assumptions
on p,. We assume always that p,, is bounded in C([0,T], L}(RY)), P(p,) is bounded in
L>°(0,T, LY(RY)),

(pn)n>1 is bounded in L>(0, T, L?),
(05, P(pn))n>1 is bounded in L'(K x (0,T)),

for some € > 0, where K is an arbitrary compact set included in RY.

Theorem 3.6 Let the assumptions of theorem 1.1 be satisfied with in addition P a mono-
tone pressure. Then there exists a renormalized finite energy weak solution to problem
(NSK) in the sense of definitions 1.1 and 1.2. Moreover P(p,) converges to P(p) in
LY (K x (0,T)) for any compact set K.

Proof:

The proof of theorem 3.6 is based on the same compactness argument as in the the-
orem 1.1. In particular, there is essentially one observation which allows us to adapt
the proof of theorem 1.1. Namely we still obtain the following identity for the effective
viscous flux:

B(pn)(Cdivun, — P(pn) — g/}%) —n B(p)(¢divu — P(p) — gEQ),

with 3(p) = p° for € small enough. We have then:

- R — . R—5—
Cpedivu — P(p)pf — 5p79) = (divup® — P(p)p® — 5p?p%), (3.36)

Now we can recall a lemma coming from P.-L. Lions in [19]:

Lemma 2 Let p1, p2 € C([0,00)) be non-decreasing functions. We assume that pi(pn),
p2(pn) and p1(pn)p2(pn) are relatively weakly compact in L'(K x (0,T)) for any compact
set K C RN. Then, we have:

p1(p)p2(p) > p1(p) p2(p) a.e.

We get finally as in the proof of theorem 1.1 by using lemma 2: divu p® > divup®. All
remaining argumentation of the proof of theorem 1.1 can be performed to conclude. [

3.2 Pressure of Van der Waals type

In this section we are interested by pressure of Van der Waals type which consequently
are not necessarily non-decreasing. That’s why in the following proof we will proceed
slightly differently. So we consider the pressure law:

_ RT.p

2 —ap? for p<b—0 for some small 6 >0
—p

P(p)

and we extend the function P to be strictly increasing on p > b — 6. We have then:

22



1. P is bounded from below, that is:

/

P (p)>—p forall p>0.

2. P is a strictly increasing function for p large enough.

Under the above conditions, it is easy to see that the pressure can be written as: P(p) =
Pi(p) — Pa(p). with P; a non-decreasing function of p, and

Py € C?0,+00), P»>0, P, =0 for p>7.

Remark 2 The a priori energy estimate give us the bound of p in L>(L?). We have
thus:

THP”%OO(LQ(RN))
b2 ’
Hence the set where P is different from the Van der Waals law is of finite measure.

[{(t,2) € (0,T) x RY/|p(t,z)| > b}| <

Theorem 3.7 If in addition to the above assumptions, we assume that pO converges in
LYRN) to po then (p,u) is a weak solution of the system (NSK) satisfying the initial
condition and we have:

4
pn — p in C([0,T), LP(RM)YNL"((0,T) x RY) forall 1 <p <2, I<r<l+.

Proof:

Most of the proof of theorem 3.7 is similar as theorem 1.1. We will use a approximated
sequel T}, (introduced by Feireisl in [9]) of p by some concave bounded function.

Definition 3.3 We define the function T € C*®(R"Y) as follows:

And Ty, is the cut-off function:
z
Tiu(2) = KT(1)-
By following the proof of theorem 1.1, we get:

9
ot

(Lik(p) — Li(p)) + div((Tk(p) — Tk(p))u) + Ti(p)divu — T (p)divu
= (Ti(p) — Ti(p))divu in D'((0,7) x RV),
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where Li(p) = plog(p) for 0 < p < k, and 0 < Li(p) < plog(p) otherwise. So we get in
integrating in time on [t1, to]:

[ (@) - L) e~ [ (Bl — Lelo) 0
RN RN

to to
/ / Ti(p)divu — Ty (p)divu dxdt = / / — Ti(p))divu dzdt.

We can show that:

1Tk (p) — T ()|l L2 ((0,1) xBN) — k400 0

For proving the previous inequality, we see that |Tk(p) — Tk(p)|l 11 ((0,r)xrr)y — O for

k — +0o. We then conclude by interpolation with Tx(p) — Tk (p) € L4(0,T) x RY) with
q > 2. By Holder inequality we obtain that:

to
/ / Ti(p))divu dzdt — 0 for k — +oo.

We have then:

lim (Li(p) — Li(p)) (t2)da — / (Li(p) — Li(p)) (t1)da

k—+oo JrN RN
t (3.37)
=— lim / Ti.(p)divu — Ty (p)divu dzdt.
k‘*JrOO tl RN
We set:
Aftlon — o) = tim [ (Tlp) — Lalp) ()
—+00 JRN

to
Ak, p) = / / Ti(p)divu — Ty (p)divu dxdt.
t1 RN

We can show as in the previous proof of theorem 1.1 that:

t2
/ / T (p)divu — Ty (p)divu dadt
t1 K

= lim / P(pn) + pn)Tk(pn)—(P(p)+ﬁp2)T(p))df€dt

n—-+o0o 2

for any compact K C RY. Using the lemma 2 we deduce that:

=

im [ [ (Pilon) + Ep2)Tklpn) - (Pi(p) + o) Ti(p)dadt) < 0.

n—+oo [ JrN 2

Y

We have then:

At = 9t = dftlpn = () < i (im [ [ Pao) TG

k—+o0 \ n—+00
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As the sequence (py, )nen is bounded in L®(0, T, L2(RY)), and P; is a bounded function,
we have:

lim < lim /: /R ) Pg(pn)Tk(pm—Pz(p)Tk(p)dxdt)

k—+o0 \ n—+00

n—-+o0o

t2
= lim / Py(pn)pn — P2(p) pdzdt.
t1 RN

Since the function P, is twice continuously differentiable and compactly supported in
[0, +00), there exists A > 0 big enough such that both p — Aplogp — pPs(p) and
p — Aplog p+ pPs(p) are convex functions of p, indeed the second derivative are positive.
As a consequence of weak lower semi-continuity of convex functionals, we obtain:

to
lim / Py(pn)pn — Pa(p) pdx dt
t1 RN

n—-+00
to - t -
§A/ / (p 1ogP—plogp)da:dt—|-/ / (Py(p) — Py(p))p da dt.
t1 JRN t RN

Furthermore we have:

[ o)~ Faptsa < [ [ o) =B

to
<A / (p log p — p log p)dadt
t1 Jp<pr

to
< Apr / / (p log p — p log p)dzdt
t1 RN

The previous relation gives:
to
Atlon = p)(t2) < dftlpn — {6+ [ dftlon — 1),
t1

Applying Gronwall’s lemma we infer:

dftlon — pl(t2) < dftlon — pl(t) exp(w(ts — ).

We conclude that dft[p, — p|(t) = 0 Vt, because p! converges strongly in L' to po.

4 Weak solutions for data close to a stable equilibrium

We consider in this section one situation which is rather different from the three cases
considered in the preceding sections. This situation is relevant for practical applications
and realistic flow and they involve conditions at infinity different from those studied. We
wish to investigate the system (NSK) with hypothesis close from these of the theorem
for strong solutions. We want then to study the system with a density close from a stable
equilibrium in the goal to can choose initial data avoiding the vacuum. We look now for
a solution (p, u) defined on R x R of the system (NSK) (where P(p) = ap”) with p > 0
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on R x RV,
In addition we require (p,u) to satisfy the following limit conditions:

(p,u)(z,t) — (p,0) as |z| — +oo, forall t>0

where p > 0. Such an analysis requires the use of the Orlicz spaces and for the definition
and properties on the Orlicz space we refer to [19]. Our goal is now to get energy estimate.
We have to face a new difficulty. Indeed p, p|ul?, p7 need not belong to L'. We first
want to explain how it is possible to obtain natural a priori bounds which correspond to
energy-like identities. Next we write the following formal identities:

1 d _ _ . _
T P T e = p) +divlu = (07 = 2 )] = - V()
(4.38)
d |ul? ’
pdt‘u;—l—pu-V‘UQ—uAu-u—EVdivu-u—i—au'V,OWZKPUVW*P—P)-

We may then integrate in space the equality (4.38) and we get:

u 2 a _ o~y _
(/ pf‘ 2' +——(p"+ (v = 1)p" = 90" p) + Egiobalp — pldz) (t)
RN v—1
! 2 ) ‘u0|2 a -1
+ [ s [ olDul v 2edivaPae < [ "B G+ (- D8 =987 o)
0 RN RV 2 y—1

+ Eglobal [PO - ﬁ]dﬂ:

In the sequel we will note: j(p) = p? + (v —1)p” —vp" ! p. Now we can recall a theorem
(see [19]) on the Orlicz space concerning this quantity:

Theorem 4.8 j,(p) € LY(RY) if and only if p— p € LJ.

By following this theorem and our energy estimate we get that p—p € L>°(0,T; L3 (RY))
for all T € R. Moreover we have:

Egaalp(t,) = pl(z) = 5 (p = 02+ ¢ (0= p)* = 2(p = p) (&% (p — ).
Then in using the fact that p — p € L>(0,T; L3 (RY)) — L>®(L?(RY) + LY(RY)) and
interpolation on V¢, we get that p — p € L>(0,T; L?(R")). We may now turn to our
compactness result. First of all, we consider sequences of approximate smooth solutions
(pn,un) of the system corresponding to some initial conditions (pQ,u?). By using the
above energy inequalities, we assume that j(p), Egiobar[ph — p] and p|ul|? are bounded
in L°(LY(RY)) and that pQ — p converges weakly in L3 (RY) to some pg — p.
We now assume that:

3+ (9n)s Eqtobatlon — 5, palun]? are bounded in L*(0,T, L (RY)),
Moreover we have for all , T € (0, +o00) and for all compact sets K C RV:
pn—p € L®°(L*(RY) and p, is bounded in LI((0,T) x K), for some ¢ > s.

Du,, is bounded in L?(RM x (0,T)), uy, is bounded in L?(0,T, H'(Bg)) for all R,T €
(0, 4+00).

Extracting subsequences if necessary, we may assume that p,, u, converge weakly re-
spectively in L2((0,T) x Bg), L*(0,T; H*(Bg)) to p, u for all R,T € (0,+00). We also
extract subsequences for which pptn, prnun ® u, converge weakly as previously.
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Remark 3 We notice that the conditions at infinity are implicitly contained in the fact
that (pn — p)? and pplug|® € LY(RY).

Theorem 4.9 Lety > 1. We assume that p converges in L'(Bgr) (for all R € (0,+00))
to po. Then (pn,un)nen converges in distribution sense to (p,u) a solution of (NSK).
Moreover we have for all R,T € (0,400):

pn —n p in C([0,T],LP(Bg x (0,T7)) N L**(Br x (0,T)) forall 1 <p<s,1<s1<gq.
withq:s+%—1.

Proof:

As in the theorem 1.1, we want test the strong convergence of p, on concave function B.
Since the proof is purely local, we have again for small enough ¢ > 0 in D/( (0,00) x RN):

(pn)e((ﬂ + &)divuy, —a(pn)” — gpi) —n W((ﬂ +&)divu — ap” — g?)
so we obtain:

%(?) + div(up?) > (1 —e)(divu)p® in D/((O, o0) x RY). (4.39)

Next since (F)% € L*(Bg x (0,7)) for all R,T € (0,+00), as in the theorem 1.1 in using
a result of type Diperna-Lions on renormalized solutions, we get:

%(W%) + div(uW%) >0 in D ((0,00) x RY). (4.40)

- 1

while we have (p)e° < p a.e in RY x (0,400) and (p)a/gtzo = pj—o in RY. Now by

[

oM =

subtracting the second equality of (4.40) from the mass equation and setting f = p—p®=,
we have:

%(f) div(uf) <0, f >0 ae, fr_o=0 in RV, (4.41)

Next we want again to show from (4.41) that f = 0, in integrating (4.41) and in using
the fact that f < 0 to conclude that f = 0. The difference with the proof of theorem
1.1 is to justify the integration by parts as we work in different energy space. We need a
cut-off function. We introduce ¢ € C§°(RY), 0 < ¢ < 1, suppy C Bs, ¢ = 1 on B; and
we set pr = (%) for R > 1. Multiplying (4.41) by ¢gr(x), we obtain:

X

Z/RN for(z)dr = /RN %fU'VSO(R)- (4.42)

Next, if T > 0 is fixed, we see that supp Vo(5) C {R < |z| < 2R}, therefore, for R
large enough we have:

xT

d 1
G | pent@do = [ Lruve(h),

- (4.43)
<% | fullincianyde, fort € 0.7),
RN
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To conclude that f = 0, we only have to prove that:
1
/ f|u|1(R<|w‘<2R)dx — 0 as R — +o0. (4.44)
R RN -

We now use the fact that f € L>(0,T, L*(RY)) and flu|?> € L*(0,T, L*(RY) for all
T € (0,+00) to control (4.44). The second fact is obvious since 0 < p and plu|?> €
1

L>=(0,T; L*(RY)). In order to prove the first claim, we only have to show that (p)¢° —p €
L>(0,T, L*(RN)). We rewrite (pn)¢ — (p)° = (p + (pn — p))° — (p)¢ which is bounded in
L>=(0,T, L>(RN)). So we have /f € L=®(L*(RY)) and we get:

1 T C() 1

—= dt flull(r<jz|<2rydr < —meas(C(0, R,2R))4.

R 0 RN - R

We recall that:
meas(C(0, R, 2R)) ~r— 100 C(n)RY

Then we get:
d
dt/ for(®)dr —R—ioo 0
RN

and we conclude as in the proof of theorem 1.1. At this stage, it only remains to show
that, for instance, p, converges to p in C([0,T], L*(Bg)) for all R, T € (0,+00). In order
to do so, we just have to localize the corresponding argument in the proof of theorem
1.1. Therefore we choose for R,T € (0,+0o0) fixed, ¢ € C$°(RY) such that ¢ = 1 on Bg,
0 < ¢ on RY. Then, we observe that we have:

0 . 0 )
E(ﬂpn) + div(un(©°pn)) = pntin - V2, a(so%) + div(u(p®p)) = pu - V?
1

(/) + v (un(ppn) = 3 (@ivua) o/ + v/t Vi

£ (/D) + div(u(op)) = 3 (divu)ioy/5+ y/pu- Ve

From these equations, we deduce as in the proof of the previous theorem, that ¢?p €
C([0,+00), LYRY)), ¢/p € C([0,+00), L*(RY)) and that ¢,/p, converges weakly in
L*(RY), uniformly in ¢ € [0,7]. Therefore, in order to conclude, we just have to show
that we have:

/ @ pn(tn)da — / o’ p(t)dx
RN RN

whenever t,, € [0,T], t, — t, and this is straightforward since we have, in view of the
above equation:

tn
/ g02pn(tn)d:c:/ @2(p0)ndx+/ ds/ Pt - V2 da
RN RN 0 RN
T
—>n/ g02p0d$—|—/ ds/ pu-Vgp2dx:/ ep(t)dz.
RN 0 RN RN
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