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This file goes through the steps of Theorem 2 in the manuscript “Small Non-Negative Stencils for
Anisotropic Diffusion”.
It includes the final step of the proof, not presented in the manuscipt, which requires to solve a
21x21 linear system.
ngs:= ProvePositivity["n"]
Proving the 3d non-negative matrix decomposition in case n
u2 uv uw

The matrix is | uv v2 vw
uw vw w2

—vw? + V2 W2 UWVW-UVW2 -Uuwv2 +uvvw

The comatrix is UW VW - Uv w2 -uw? +u2w2 uvuw-u2vw
—UWV2 + UV VW UV Uw - U2 vw -uv? +u2 v2
1 0 0
We assumed, up to a linear change of variables, that u=| 0|, v=|1|, w=| 0
0 0 1
100 1
The six first elements of the stencil are |0 1 0 -1
001 0 -11
The basis of the space of 3x3 symmetric matrices is
1 00 0 0O 0 0O 1 -10 1 0 -1 00
coo0oo0|,|01O0(|,/00O0{,|-1 1 0], 0 0 0 |, ]|O 1 }
0 0O 0 0O 0 0 1 0 0 O -1 0 1 0 1

The vector a (coefficients of the comatrix in the basis) is, in

m[{l, 1] +m[1l, 2] +m[3, 1]
m[l, 2] +m[2, 2] -m[2, 3]
-m[2, 3] +m[3, 1] +m[3, 3]

-m[1l, 2]

-m[3, 1]

m[2, 3]

terms of the coefficients of the comatrix

The vector a is, in terms of the coefficients of the matrix

2

—UW V2 + UV VW + UW VW — VW° — UV W2 + V2 w2

2

—UuvV uw — UW‘ + U2 VW + UW VW + U2 W2 - uv w2

2 _uvuw+ U2 v2 - uw v2 + U2 VW + UV VW

-uv
-uw Vw + uv w2
uw v2 - uv vw

uv uw - u2 vw

The seventh and last element of the stencil is

1 1 -1 -1
-1 |, which defines the matrix | -1 1 1
-1 -1 1 1
-1
-1
.. c . . . -1
The vector (3 (coefficients of the last matrix in the basis) is 1
1
1

The following linear forms (in the variables
uv,uw,vw,u2,v2,w2) take non-negative values by construction:
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-uv - vw
uv - uw
uw
u2 - 2 uv
v2 +2vVw
2vVw + w2

The following 21 quadratic forms (in the variables uv,uw,vw,u2,v2,w2)
are obtained as products of the above non-negative linear forms:

uv? + 2 uv vw + vw?
-uv? + UV Uw - uv vw + Uw vw
uv? - 2 uv uw + uw?
—uv uw - uw vw
uv uw - uw?
uw?
—u2uv+2uv?-u2vw+ 2 uv vw
u2uv - 2 uv? - u2 uw + 2 UV uw
u2 uw - 2 uv uw
u2? - 4 u2 uv + 4 uv?

—uv V2 -2 uvvw - v2 VW - 2 vw?
uvv2 -uwv2 + 2 uv vw - 2 uw vw
uw v2 + 2 uw vw
u2v2-2uvv2+2u2vw-4uvvw
v2?% + 4 v2 vw + 4 vw?

—2uvvw- 2 vw? - uv w2 - vw w2
2UuV VW - 2 UW VW + UV W2 — uw w2
2 uw vw + uw w2
2u2vw -4 uvvw + u2 w2 - 2 uv w2
2v2vw+ 4 vw? + V2 W2 + 2 vw w2

4 vw? + 4 vww2 + w2?

Our objective is to prove that the following 12 quadratic
forms (in the variables uv,uw,vw,u2,v2,w2) take non-negative values:

-uw Vw + uv w2
—UW V2 + UV vw - vw? + v2 w2
—uv uw - uw? + u2 vw + u2 w2
—uv? -uvuw + U2 v2 - uw v2 + U2 VW + UV VW - UW VW + UV W2

uw v2 - uv vw

2

uw vw - VW° - UV w2 + v2 w2

2 L UW V2 + U2 VW - UV VW + UW VW + U2 W2 - Uv w2

2

-uv uw - uw
-uvs -uvuw + u2 v2 + u2 vw
uv uw - u2 vw
UV UW - UW V2 — U2 VW + UV VW + UW VW - VW? — UV w2 + V2 w2

—uw? + uw vw + u2 w2 - uv w2

—uv? +u2v2 - uw v2 + uv vw

A basis of the vector space of quadratic forms (in the variables uv,uw,vw,u2,v2,w2):
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u2?
u2 v2

v2?
u2 w2
v2 w2

w22
u2 uv

uv v2

uv w2

uv?

u2 uw

uw v2

uw w2
uv uw

uw?

u2 vw

V2 vw

vw w2
uv vw

uw vw

~ocoooooooo Yooowq
oo 'ooooooo Tawooo
ZJ.OOOOZOOOA/,.ZOJ..OA/__

-1

-1

1
-2

-1
-2

0
0
0
0
0
0
-1
1
0
-4
0
0
0
0
0
0

00 O0O0TO0OTO O
00 O0O0OTO
00 O0O0OTO O
00 O0O0O0OTO O
00 O0O0O0OTO O
00 O0O0OTP O
00 O0O0OTO
00 O0O0O0OTO O
00 O0O0OTO
1 0000O00O
00 O0O0OTO O
00 O0O0O0OTO O
00 O0O0OTO
010000
001000
00 O0O0TO0OTO O

0
0
0
0
0

00 O0O0OTO O

00 O0O0OTO O

000100

00O0O0OT1FQ0

00 O0O0O0OT1

The matrix of the 21 first quadratic forms, known to take non-negative values

€TOZ uer 9T - T UOISISA ‘0989..00-TeyY

The matrix of the 12 quadratic forms of interest

1
0
0
1
0
-1
-1

00 0O0OOOO OO

000O0OT1TO0O0OO

0 -1 -1 1
-1

0
-1 0

000100O0O0TO0
01 00O0O0OT OO

00 0O0OOTOOO

-1 0

0 0 -1

0

0

0
-1

00 0O0OT1O0O0OO

0 -1-11 00 -1

1

0

000100O0O0TO0
01 000O0O0OTO0OO O

00 0O0OOOOO

0

0
-1
-1

0
1

-1 00
-1 0 0

0

1

000O0O1O0O0TO0

0

000100O0O0TO0
01 00O0O0OTO0OO O

0

0

-1 0 -1

0

Dimensions of the first matrix are {21, 21}
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In[86]:=

Determinant of the first matrix is 1

The 12 quadratic forms of interest can be expressed

as linear sums of the 21 first, with the following coefficients

02235300O0O0O0O0OO0O0OO0O0O0ODI1IT1IO0O00
35232000002 2100222H010
022230111000O0O0O0O0Z221°00
03 2220111002110H011000
0113 43000O0O0O0O01O0O0O0O0O0OO0O00O0
341310000022 200211010
0112220111000100011100
02121011100 221H0WO0W0O0OV0TQO0O0
02225311100U0UO0O0O0O0O0O0O0O0O0
35222011102 2100211010
0221302222000O0O0O0O011100
0321202220021100H0WO0©0®0°0

All these coefficients are non-negative. They take the values {0, 1, 2, 3, 4, 5}

ProvePositivity["p"]
Proving the 3d non-negative matrix decomposition in case p

u2 uv uw
The matrix is | uv v2 vw
uw vw w2

—vw? +V2W2 UWVW- UVW2 -Uuw V2 +Uvvw
The comatrix is UW VW - uvw2 -uw?+u2w2 Uuvuw-u2vw
—UWV2 + UV VW UV Uw - U2 VWw -uv? + u2 v2

We assumed, up to a linear change of variables, that u=

o O

0 1
0 -1
1

o - O

1
The six first elements of the stencil are | 0
0

The basis of the space of 3x3 symmetric matrices is
1 00 00O 00O 1 -1 0 1 0 -1

0o -1 -1

v=

0
1|, w=

000,010,000,—110,000,01—1}

0 00 0 00O 0 01 0 0 O -1 0 1

The vector a (coefficients of the comatrix in the basis) is,

terms of the coefficients of the comatrix

The vector a is, in terms of the coefficients of the matrix

2 _uvw2 + v2 w2

—UW V2 + UV VW + UW VW — VW'
UV Uw - Uw? - U2 VW + UW VW + U2 W2 — UV w2
—uv? + uv uw + u2 v2 - Uuw v2 - U2 VW + Uv vw
-uw Vw + uv w2
uw v2 - uv vw

-uv uw + u2 vw

The seventh and last element of the stencil is
1 1 -1 1
-1 |, which defines the matrix | -1 1 -1
1 1 -1 1

in

0
0
1
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The vector 3 (coefficients of the last matrix in the basis) is

The following linear forms (in the variables
uv,uw,vw,u2,v2,w2) take non-negative values by construction:

-uv + vw
uv - uw
uw
u2 - 2 uv
v2 -2vw
-2 VW + W2

The following 21 quadratic forms

(in the variables uv,uw,vw,u2,v2,w2)

are obtained as products of the above non-negative linear forms:

uv? - 2 uv vw + vw?
—uv? + UV Uw + UV VW — UW VW
uv? - 2 uv uw + uw?
- UV uw + Uw Vw
uv uw - uw?
uw?
—u2uv+ 2 uv? + u2 vw - 2 uv vw
u2 uv - 2 uv? - u2 uw + 2 UV uw
u2 uw - 2 uv uw
u2? - 4 u2 uv + 4 uv?
—uvv2 + 2 uv vw + v2 vw - 2 vw?
Uuvv2 -uwv2 - 2 UV VW + 2 UW VW
uw v2 - 2 uw vw
u2v2-2uvv2-2u2vw+ 4 uvvw
v22 - 4 v2 vw + 4 vw?

2 uv vw - 2 vw? - uv w2 + vw w2
-2 UVVW+ 2 UW VW + UV W2 — Uw w2
-2 Uw Vw + uw w2
-2u2vw+ 4 uvvw +u2 w2 - 2 uvw2

—2v2vw+ 4 vw? + v2 w2 - 2 vw w2

4 vw? - 4 vww2 + w22

Our objective is to prove that the following 12 quadratic
forms (in the variables uv,uw,vw,u2,v2,w2) take non-negative values:

2

—uw?

—UW V2 + UV VW + UW VW — VW’ — UV W2 + V2 W2
UV UW - UW? - UW V2 - U2 VW + UV VW + 2 UW VW - VW2 + U2 W2 - 2 UV w2 + V2 w2
—uv? +uvuw + U2 v2 - uw v2 - U2 VW + UV Vw
—uv? +2uvuw - uw? + U2 v2 - uw v2 - 2 U2 VW + UV VW + UW VW + U2 W2 — uv w2
-Uuw VW + uv w2
uv uw - uw? - u2 vw + u2 w2
uw vw - vw? - uv w2 + v2 w2
—uv? +uvuw + u2 v2 - u2 vw
uw V2 - UV VW - UW VW + uv w2
-uv uw + u2 vw
+Uw VW + u2 w2 - uv w2
—UuvV uw + UW V2 + U2 VW - UV VW

A basis of the vector space of quadratic forms (in the variables uv,uw,vw,u2,v2,w2):
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u2?
u2 v2

v2?
u2 w2
v2 w2

w22
u2 uv

uv v2

uv w2

uv?

u2 uw

uw v2

uw w2
uv uw

uw?

u2 vw

V2 vw

vw w2
uv vw

uw vw

-1

1
-2

-1
-2

0
0
0
0
0
0
-1
1
0
-4
0
0
0
0
0
0

00 O0O0TO0OTO O
00 O0O0OTO
00 O0O0OTO O
00 O0O0O0OTO O
00 O0O0O0OTO O
00 O0O0OTP O
00 O0O0OTO
00 O0O0O0OTO O
00 O0O0OTO
1 0000O00O
00 O0O0OTO O
00 O0O0O0OTO O
00 O0O0OTO
010000
001000
00 O0O0TO0OTO O

0
0
0
0
0

00 O0O0OTO O

00 O0O0OTO O

000100

-2

-2

00O0O0OT1FQ0

00 O0O0O0OT1

The matrix of the 21 first quadratic forms, known to take non-negative values

€TOZ uer 9T - T UOISISA ‘0989..00-TeyY

The matrix of the 12 quadratic forms of interest

-1
-2

00 0O0OT1O0TO0OO

1
1
1

-1 0 0
-1 00
-2 0 0

-1

1
1
2

00011000
01 000O0TO0TO O
01010000

00 0O0OOTOOO

0
0

-1 0 -1
-1 0 -1

0
-1

-1

1

0
-1

-1 -1 00 O

1

0001O0O0O0O

000O0O1O0O0TO0

0
-1

0
-1

-1 .0 0

0
1

0
-1

0100O0O0O0CO

00 0O0OOOOO

-1

00

0 00O0OOOODO

0

0 00100O0O0OTO0

00 0O0OOOO OO

0 0 -1

1

0

Dimensions of the first matrix are {21, 21}
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Determinant of the first matrix is -1

The 12 quadratic forms of interest can be expressed
as linear sums of the 21 first, with the following coefficients

IS
o
o
o
o
o

N P NDNMNDNDMNDEDNDNREDNPR-
O O O O O O o o oo

O 0O 0O OO0 WO O OO WWw
NN R NS NMNDWWO W,
H NN FHRFRRNDNDNDNDNDN
WWNNMNNUOUNRNREWO
WU WWwWwwouwouwuuw
= N R OFOKONR R
H NP OKFHOKONHKRKRO
H NP OKFHOHKONHRR
OO0 00 o000 oo oo
OO O OO NOOOONN
O OO0 ONNOONNNN
H OO R NNOOHIRHR R B
OO0 OOk OO0 O0OKRRKER OO
OO0 00 o000 oo oo
OO O OO NOOOONN
O OFH OKRN-RRONLHR
OFR O OKRN-RREONHR
O OO0 OO OKrR ORFRORK O
OO 0O OO HOOOCOHR K

[y
N
o

All these coefficients are non-negative. They take the values {0, 1, 2, 3, 4, 5}

ne3-= ConstructAlphaBeta[case_] := Block[{
M= {{u2, uv, uw}, {uv, v2, vw}, {uw, vw, w2}},

coM,

u, v, w,

VFirst, VLast,

Vec3toVec6 = {#1"2, #2"2, #372, H1 » H#2, H#2 » 143, #3 » #1} &,
Sym3toVec6 =

{#[[1, 1]], ®[[2, 2]], &[[3, 3]1], »[([1, 2]], ®#[[2, 311, #[[3, 1]]} &,
syms, alpha, beta
Y
Print["The matrix is ", M // MatrixForm];
coM = Det [M] * Inverse[M];
Print["The comatrix is ", coM // MatrixForm];
{u, v, w} = IdentityMatrix[3];
VFirst =
If[case=="n", {u, v, w,u-v,u-w,v+w}, {u,v,w,u-v,u-w, v-w}]l;
Print["We assumed, up to a linear change of variables, that u=",
u // MatrixForm, ", v=", v // MatrixForm, ", w=", w // MatrixForm];
Print["The six first elements of the stencil are ",
Transpose [VFirst] // MatrixForm];
Print["The basis of the space of 3x3 symmetric matrices is ",
(Transpose[{#}].{#} // MatrixForm) & /@ VFirst];

syms = Transpose [Vec3toVec6 @@@ VFirst];
alpha = Inverse[syms] .Sym3toVecé6 [Table[m[i, j], {i, 1, 3}, {j, 1, 3}1];
Print[
"The vector a (coefficients of the comatrix in the basis) is, in terms
of the coefficients of the comatrix ", alpha // MatrixForm];

alpha = Inverse[syms] .Sym3toVec6 [coM] ;

Print["The vector a is, in terms of the coefficients of the matrix ",
alpha // MatrixForm];

VLast = If[case=="n", u-v-w, u-v+wl;

Print["The seventh and last element of the stencil is ",
VLast // MatrixForm, ", which defines the matrix ",
Transpose[{VLast}].{VLast} // MatrixForm ];

beta = Inverse[syms] .Vec3toVec6 @@ VLast;

Print["The vector 3 (coefficients of the last matrix in the basis) is",
beta // MatrixForm];
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1

Return[{alpha, beta}];

14

ProvePositivity[case_] := Block][{

(*Monomials of the first and second degreex)

Linear = {u2, v2, w2, uv, uw, vw},

Quadratic,

(*Linear quantities that are known to be non-negativesx)
NonNegativeLinear,

(*Quadratic quantities that are known to be non-negativex)
NonNegativeQuadratic,

(¥Objectivex)

ConjecturedNonNegativeQuadratic,

alpha,

beta,

(*In matrix formx)
NonNegativeQuadraticMatrix,
ConjecturedNonNegativeQuadraticMatrix,
Solution

Yo

Print["Proving the 3d non-negative matrix decomposition in case ", case];

{alpha, beta} = ConstructAlphaBeta[case];
NonNegativeLinear = If[case = "n",
{-vw-uv, uv-uw, uw, u2-2uv, v2+2vw, w2 + 2 vw},

{vw-uv, uv-uw, uw, u2-2uv, v2-2vw, w2 -2vw}];

Print[
"The following linear forms (in the variables uv,uw,vw,u2,v2,w2) take
non-negative values by construction:"];
Print[ NonNegativeLinear // MatrixForm];

(*Non negative quadratic quantities that can be obtained
by multiplying two given non-negative linear quantitiesx)
NonNegativeQuadratic = Table|[
Expand [NonNegativeLinear[[i]] * NonNegativeLinear[[j]] ],
{i, 1, Length[NonNegativeLinear]}, {j, 1, i}];
NonNegativeQuadratic = Join @@ NonNegativeQuadratic;

Print[
"The following 21 quadratic forms (in the variables uv,uw,vw,u2,v2,w2)
are obtained as products of the above
non-negative linear forms:"];
Print [ NonNegativeQuadratic // MatrixForm];

(#All quadratic quantities that are conjectured to be non-negativesx)
ConjecturedNonNegativeQuadratic = {};

Do[
If[beta[[i]] == 1, AppendTo[ConjecturedNonNegativeQuadratic, alpha[[i]] ] ];
Do [
If[beta[[i]] *beta[[j]] = -1,

AppendTo[ConjecturedNonNegativeQuadratic, alpha[[i]] +alpha[[j]] ] 1];
r {3, 1, 1)1
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, {1, 1, Length[beta]}];

Print[
"Our objective is to prove that the following 12 quadratic forms (in the
variables uv,uw,vw,u2,v2,w2) take non-negative values:"];
Print [ConjecturedNonNegativeQuadratic // MatrixForm];

(#All the Quadratic monomialsx)
Quadratic = Table[Linear[[i]] Linear[[j]], {i, 1, Length[Linear]}, {j, 1, i}];
Quadratic = Join @@ Quadratic;
Print["A basis of the vector space of

quadratic forms (in the variables uv,uw,vw,u2,v2,w2):"];
Print[Quadratic // MatrixForm];

(*Now we want to express the ConjecturedNonNegativeQuadratic quantities,
as linear sums with non-negative coefficients of the

given NonNegativeQuadraticQuantities. For that purpose,
we write all these in matrix form.sx)

NonNegativeQuadraticMatrix = Table|[
Coefficient [NonNegativeQuadratic[[i]], Quadratic[[j]1]].,
{i, 1, Length[NonNegativeQuadratic]},
{j, 1, Length[Quadratic]}
1:

Print["The matrix of the 21 first
quadratic forms, known to take non-negative values:"];
Print [ NonNegativeQuadraticMatrix // MatrixForm];

ConjecturedNonNegativeQuadraticMatrix = Table][
Coefficient [ConjecturedNonNegativeQuadratic[[i]], Quadratic[[j]]1],
{i, 1, Length[ConjecturedNonNegativeQuadratic]},
{j, 1, Length[Quadratic]}
1;
Print["The matrix of the 12 quadratic forms of interest ",
ConjecturedNonNegativeQuadraticMatrix // MatrixForm];

(*The conjecture holds if it is possible to express
the lines of the second matrix, as linear sums with non-
negative coefficients of those of the first matrixs)
Print["Dimensions of the first matrix are ",
Dimensions [NonNegativeQuadraticMatrix]];
Print["Determinant of the first matrix is ",
Det [NonNegativeQuadraticMatrix]];
Solution = ConjecturedNonNegativeQuadraticMatrix.
Inverse [NonNegativeQuadraticMatrix];
Print["The 12 quadratic forms of interest can be expressed as linear
sums of the 21 first, with the following coefficients "];
Print [Solution // MatrixForm];
Print["All these coefficients are non-negative. They take the values ",
Union @@ Solution];

(*Conjecture holdsx)

1;



