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Abstract. In this paper we study the behavior of the function w of Anderson-Thakur evaluated at the
elements of the algebraic closure Fglg of the finite field with g elements F,. Indeed, this function, introduced
in 2], has quite a remarkable relation to explicit class field theory for the field K = Fq(0). We will see
that these values, together with the values at Fglg of its divided derivatives, generate over Fglg the maximal
abelian extension of K which is tamely ramified at infinity. We will also see that w is, in a way that we will
explain in detail, an universal Gauss-Thakur sum. We will then use these results to show the existence of
functional relations for a class of L-series introduced by the second author in [26]. Our results will be finally
applied to obtain a new class of congruences for Bernoulli-Carlitz fractions, and an analytic conjecture is
stated, implying an interesting behavior of such fractions modulo prime ideals of A = F,[0].
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1 Introduction, results

The present paper is divided in two parts (Section [2] for the first part and Sections [ and [ for the
second), both motivated by the interesting behavior that the function w of Anderson and Thakur
exhibits at the roots of unit, and the consequence that this behavior has on analytic properties of
certain L-series introduced in [26].

We will first be concerned with the values of the function w at the roots of unit and we will
prove, among several results, Theorem [Il which provides, we hope, an alternative approach to
explicit class field theory. We will also prove, in Theorem [3] that w is, in a certain sense that will
be made more precise later, an universal Gauss-Thakur sum.

Theorem Bl will be used in in the second part, where we will consider a class of L-series that
was recently introduced by the second author in [26] and we will study their behavior at the roots
of unit. We will prove, in Theorem M| functional identities in the same vein as in loc. cit., but in
a much more general multivariable setting. Among others, some applications to Bernoulli-Carlitz
numbers are given, in Theorem

Here is, more specifically, the content of the present paper. Our purpose in Section 2 the first
part of this paper, is to focus on explicit class field theory for the field K. The classical Kronecker-
Weber theorem states that the maximal abelian extension Q2P of the field of rational numbers Q
in the field of complex numbers C is generated by the values of the exponential function

The prominency of an analytic function in an algebraic problem is the essence of Kronecker’s
Jugendtraum (it later became the twelfth Hilbert’s problem) and was confirmed in other situations
by other authors, namely by Hayes in 1974, which in [19] analytically expressed a minimal set of
generators of the maximal abelian extension of the field K = F,(f) tamely ramified at infinity
by using the torsion values of Carlitz’s exponential function, and further constructed the maximal
abelian extension of K again relating it to the torsion of Carlitz’s module.



We denote by v, the #~!-adic valuation normalized, in all the following, by setting vo. () = —1.
Let K, be the completion of K for v.,, and let us consider the completion C, of an algebraic
closure of K, for the unique extension of this valuation, in which we embed an algebraic closure
of K. Carlitz’s exponential function is the surjective, F4-linear, rigid analytic entire function

exp: Copo — C
defined by

exp(z) = ) ——

where

do=1, dp=(0" —0)0" —07)--- (07" —6"), n>0.

The kernel of this function, surjective, turns out to be generated by a period 7, unique up to
multiplication by an element of F*, that can be computed by using the following product expansion

o0

Fi=0(-0)7T [ -0")" € (—0) 7T Ku, (1)

i=1

once a (¢ — 1)-th root of —@ is chosen. According to Hayes [19], the maximal abelian extension
E*> of K tamely ramified at oo in Co ) is the smallest subfield of C,, containing the algebraic
closure Fglg of Fq in C and the values

exp(mp), pé€ K.

Anderson-Thakur function. This function, introduced in [2, Proof of Lemma 2.5.4 p. 177], is defined

by the infinite product
-1
1 t
0=t (1- ) 2

i>0

with the same choice of the (¢ — 1)-th root as in (), converges for ¢t € Co, such that |¢| <1 (where
|| is an absolute value associated to vs) and can be extended to a non-zero rigid analytic function
over

Coo \ {071k > 0}

with simple poles at qu, k > 0. In [30], many analogies with Euler’s gamma function are tracked.
For instance, variants of the translation formula, Gauss multiplication formulas and reflection for-
mulas for the gamma function hold for w. We are going to study a further property of w.

For ¢ € F2'8, the product w(¢) in (@) converges to an algebraic element of Cy (E) More
generally, consider the Cy.-linear divided derivatives

Dy : Coo[[t]] = Co[[t]], n >0

IThat is, the maximal abelian extension of K contained in the perfection of the subfield of Newton-Puiseux series
Un21FgE((07/™)).

2In fact, it can be proved that if ¢ is algebraic not of the form 99" with k € Z, then w(t) is well defined, and
furthermore algebraic over K if and only if ¢t € ]leg.



defined by setting

Do = (7)o
n

Then, for all n > 0, the formal series D,,w converges for all ¢ € Co, such that |¢t| < 1. For ¢ € Fglg,
the series (D,w)(¢) converges in fact to an element of K (these properties will be apparent in
the paper). The first result of this paper is the following.

Theorem 1 The field E*° is generated over Fglg by the values (Dpw)(C) for all ¢ € Fglg andn > 0.
Thanks to the result of Hayes in [I9], we immediately deduce the following Corollary.

Corollary 2 The higher derivatives of the function w evaluated at the elements of Fglg generate
over Fgl«q the mazximal extension of K which is abelian and tamely ramified at the infinity place.

In the proof of Theorem [I, new functions generalizing the function w are introduced. These
are the functions wg; of Subsection They generalize the function w = wy o in the sense of
Proposition and should be considered of same relevance as w itself, being associated to the
kernel of ¢4 (the image of a monic polynomial a € A by Carlitz’s module) in the same way as w is
associated to the kernel of ¢y. These features will be discussed in detail in Subsection

The second result of Section [ closely related to Theorem [I draws a portrait of Anderson-
Thakur’s function itself, as an universal Gauss-Thakur sum. This analogue of Gauss sums, in
K®_ was introduced by Thakur in [35]. Thakur established several analogues of classical results
about Gauss sums such as Stickelberger factorization theorem and Gross-Koblitz formulas and
other analogues of classical results (see for example [35] [36, B7]). We refer to Subsection Z2T1] for
the background on Gauss-Thakur sums. We are going to describe a direct connection between
Gauss-Thakur sums and the function w.

Let p be an irreducible monic polynomial of A of degree d, let A, be the Galois group of the
p-cyclotomic function field extension K ()\,) of K, where )\, is a non zero p-torsion element of K.
Gauss-Thakur sums can be associated to the elements of the dual character group ﬁp via the Artin
symbol (see [16, Sections 7.5.5 and 9.8]). If y is in ﬁp, we denote by g(x) the associated Gauss-
Thakur sum. In particular, we have the element 1, € ﬁp obtained by reduction of the Teichmuiller
character [16, Definition 8.11.2], uniquely determined by a choice of a root ¢ of p, and the Gauss-

Thakur sums g(ﬁgj) associated to its ¢7-th powers, with j = 0,...,d — 1, which can be considered
as the building blocks of the Gauss-Thakur sums g(x) for general x € ﬁp.

Theorem 3 Let p be a prime element of A of degree d and { a root of p as above. We have:

9@ =p' ()T w(c?), j=0,....d—1.

In this theorem, p’ denotes the derivative of p with respect to 6. We anticipate that Theorem [3]
will play an important role in the proof of the next Theorem dl Also, The Theorems [I] and Bl are
closely related. We will see, by Corollary 29] that the field generated over Fglg(G) by the various
Gauss-Thakur sums g(¥,), is also equal to the field generated over Fglg by the elements A € K
which are a-torsion for a € A squarefree. But the proof of Theorem [l that we furnish, founded on
an analytic formula (Proposition 20)), also tells us that the last field is generated, over Fglg, by the
elements w((), ¢ € F2'8 (see Proposition 23).



In Section Bl we keep studying the values of w at the elements of Fglg , but we change our point
of view by focusing now on certain L-series introduced in [26]. Let ¢ be a variable in C, and let us
consider the ring homomorphism

Xt A — Fylt]

defined by formal replacement of 6 by ¢. In other words, x; may be viewed as the unique ring
homomorphism from A to the ring of rigid analytic functions Co, — Co such that x:(8) = t. More
generally, we shall consider s independent variables and consider the ring homomorphisms

Xt; A= Fylte, ... ts], i=1,...,s

)

defined respectively by x:, (¢) = ¢;. To simplify our notations, we will write x¢(a) for the evaluation
at t = £ of the polynomial function x;(a) at a given element £ € C,. Let a be a positive integer

and let f31,...3s be non-negative integers. The following formal series was introduced in [26]:
LOGH - xema) =Y > xu(@” - xi(@Pa™ € Kuollt, -, 1)) 3)
d>0 acA+(d)

Here and in all the following, A*(d) denotes the set of monic polynomials of A of degree d. Tt is
easy to see that this series is well defined. As claimed in [26] Remark 7], this series converges for
all (t1,...,ts) € C5, to a rigid analytic entire function of s variables ¢y,...,ts; see Proposition 32

For the next result, we need further notation. For k a non-negative integer, we consider the
g-ary expansion k = ko + k1q+ - - - + ksq®, where ko, k1, ..., ks are integers in the set {0,...,q—1}.
We then denote by £,(k) the integer ko + k1 + - - - + ks. The residue of w(t) at t = 0 is —7:

7= = lim(t — O)w(t).

In [26, Theorem 1], it is proved that

L )= ———.
Taking into account the functional equation

w(t)? = (7 — 0)w(t?)
apparent in (2)), this implies that, for m > 0 integer,

1

Vgma(t) =79 L(xt,q™) = R T

This result provides an awaited connection between the function w of Anderson and Thakur and
the “even” values of the Goss zeta function (or Carlitz zeta values)

_ BC,#

Cn) = iy

n>0, n=0 (modg-—1)

where BC,, and II(n) denote respectively the n-th Bernoulli-Carlitz fraction and Carlitz’s factorial
of n, see Goss’ book [I6, Section 9.1]. Indeed, evaluating at t = 0, we get

L(xe,q™) =¢(¢™ = 1), m=>1.



More generally, it is proved in [26, Theorem 2] that, if « =1 (mod ¢ — 1) and « > 1, then
Ao =T *L(xt, 0)w(t)

is a rational function in Fg(6,t). In [26], it is suggested that this result could be a source of
information in the study of the arithmetic properties of the Bernoulli-Carlitz fractions. However,
the methods of loc. cit. (based on deformations of vectorial modular forms and Galois descent) are
only partially explicit.

More recently, Perkins [31] investigated the properties of certain special polynomials associated
to variants of the functions L(x/,a) with o < 0 which turn out to be polynomial. He notably
studied the growth of their degrees. Moreover, by using Wagner’s interpolation theory for the map
Xt, Perkins [32] generalized some unpublished formulas of the second author and obtained explicit
formulas for the series

L(th"'xtsaa)a Oé>0, OSSSQ; Q=S (mOdq_l)

We quote here a particular case of Perkins’ formulas for the functions L(x, «) with a« =1 (mod g—
1)

j—1

"
Lixt,0) = Y d; (E =)t = 0%) - (t =07 )cla = ) Llxt ), (4)
j=0
where p is the biggest integer such that ¢* < a. It seems difficult to overcome the threshold s < ¢
giving at once expressions for L(xy, - - - Xt., ) with the effectiveness of Perkins’ results.
In the next Theorem, we extend the previous results beyond the mentioned threshold, providing

at once new quantitative information.

Theorem 4 Let o, s be positive integers, such that a« = s (mod g—1). Let § be the smallest positive
integer such that, simultaneously, ¢ —a >0 and s + Kq(q‘s — a) > 2. The formal series:

s 0—1

o t;
Vis(tiy oo ts) =T L(xt, -+ Xeyr ) (t1) -+ -w(ts)l_[l HO (1 - 97) € Ko[ltr, .- ts]]  (5)
i=1j=
is in fact a symmetric polynomial of K[ty,...,ts] of total degree §(c, s) such that
5 _
Sas) < s <M> .
q—

This statement holds if @« = ¢™ and s > 2 (so that § = m) assuming that empty products are equal
to one by convention. In this case, since s = @ (mod ¢ — 1), we have s+ £,(¢° —a) =0 (mod ¢—1)
so that in fact, s > max{2,q — 1}. The reader may have noticed that the choice & = ¢™ and s =1
is not allowed in Theorem[d However, as mentioned above, the computation of Vym 1 is completely
settled in [26]. This discrimination of the case « = ¢™,s = 1 should not be surprising neither;
similarly, the Goss zeta function associated to A has value 1 at zero, but vanishes at all negative
integers divisible by ¢ — 1.

In Section M we will be more specifically concerned with Bernoulli-Carlitz numbers. A careful
investigation of the polynomials V; s and an application of the digit principle to the function w will
allow us to show that, for s > 2 congruent to one modulo g — 1,

B, =(s)"'Vi4(0,...,0)



is a polynomial of F, [0] (Proposition [24) (). We shall then show the next Theorem, which highlights
the interest of these polynomials in 6.

Theorem 5 Let s > 2, s =1 (mod g — 1). Let us consider the expansion s = Y .._, s;q" of s in
base q. Let d be an integer such that ¢ > s and let p be a prime of degree d. Then:

(~1)*BCyu T %
B, = Hq(qd—s)o 4zl (mod p).

In this result, I; denotes the polynomial (—1)¢ H?:l (87" —6); we observe that the latter polynomial
is invertible modulo p just as II(¢? — s). The non-vanishing of B, for fixed s signifies the existence
of an explicit constant ¢ > 0, depending on s and ¢, such that for all d > ¢,

BCyi_y #0 (mod p), for all p such that degp = d. (6)

However, the non-vanishing of B, is also equivalent to the fact that the function

S

L(th T Xtss 1) H(tl - 9)717

i=1

entire of s variables as we will see, is a unit when identified to an element of Coo[[t; —6,...,ts—0]];
we presently do not know how to prove this property for all s. Therefore, the property (@) is linked
with the following conjecture of nature analogue of classical results on the simplicity of the zeroes
of Goss zeta functions and L-series, which should be, we believe, true.

Conjecture 6 Let s > 2 be congruent to one modulo ¢ — 1. Then, locally at t1 = --- =1ts =0, the
divisor of the zeroes of the function L(xt, -+ Xxt.,1) 8 equal to the set of zeroes of the polynomial

Hi(ti - 9)-

Numerical computations on Bernoulli-Carlitz fractions made by Taelman provide some evidence to
support this hypothesis. The Conjecture follows from Perkins results [32] in the case s < ¢ and
a = s. The conjecture is also verified if £,(s) = ¢ and o = 1, thanks to Corollary [0l

2 Algebraic values of the function of Anderson and Thakur

In this Section, we are going to pursue our investigation on the values of w at the roots of unit
and we will prove Theorems [ and Before going on, we collect an amount of known facts and
necessary notations and definitions used all along this paper, for convenience of the reader.

2.1 Preliminaries
Carlitz’s module ¢ is the unique F;-algebra homomorphism
(b A= Enqu_lin,(Ga)

determined by
¢o =0+,

3Note that By is not well defined



with 7 the map such that 7(c) = ¢? for all ¢ € Co. We also recall that the F,-algebra
End]qulin.(Ga ((Coo))

can be identified with the skew polynomial ring Cs[7] whose elements are finite sums Y, ¢;7°
with the ¢;’s in C4, submitted to the usual product rule. We shall write ¢, for the evaluation of

¢ at a € A.
For a € A\ {0}, we set
T
g = €xXp (—) .
a
Ao ={¢p(Xa);b € A}

of ¢, in Cy, an A-module isomorphic to A/aA.

In all the following, a monic irreducible element in A will be called a prime. Let p be a prime
polynomial of A = Fy[f] of degree d. We denote by K, = K(A,) = K()\,) the p-th cyclotomic
function field extension of K in C,. We refer the reader to [33, Chapter 12] for the basic properties
of cyclotomic function fields. We recall here that the integral closure Ok, of A in K, equals the
ring A[Ay].

The extension K, /K is cyclic of degree ¢* — 1, ramified in p and 1. It is in fact totally ramified
in p and the decomposition group at 6! is isomorphic to the inertia group, therefore isomorphic
to . We denote by A, the Galois group Gal(K (A,)/K). There is an unique isomorphism (Artin
symbol, [16, Proposition 7.5.4])

This is a generator of the kernel

o:(A/pA)" — A,
such that
0a(Ap) = Pa(Ap)-
Let ¢1,...,Ca be the roots of the polynomial p in Fja. We denote by I, the field
}Fq(Cla B acd)'

Once a choice of a root ¢ € {¢1,...,Cq} is made, the Teichmiiller character (see [16, Section 8.11])
wp induces an unique group homomorphism

p : Ay = Ty,
determined in the following way: if § = 0, € A, for some a € A, then

Uy (0) = a(¢) = x¢(a).

We will refer to this homomorphism as to the Techmiiller character allowing an abuse of language
(indeed, it is customary, in particular, that Teichmiiller characters take values in Witt rings).

2.1.1 Gauss-Thakur sums

For any finite abelian group G, we shall write G for the group Hom(G, (F2!18)*). In particular,
Yy € Ap. For the background on Gauss-Thakur sums we refer to [16], Section 9.8]. In our approach,

however, we find it natural to associate Gauss-Thakur sums to elements of ﬁp (compare with loc.
cit. Definition 9.8.1).



Definition 7 With p, d, ¥, as above, the basic Gauss-Thakur sum g(ﬁgj) associated to this data
is the element of K" defined by:

Z V(0 q 6(Ap) € Fp[Ap].
SEA,

The same sum is denoted by g; in [16, [35]. The basic Gauss-Thakur sums are be used to define
general Gauss-Thakur sums associated to arbitrary elements of ﬁp. The group ﬁp being isomorphic
to A, it is cyclic; it is in fact generated by ¥,. Let x be an element of ﬁp. There exists an unique
integer i with 0 < i < ¢¢, such that y = 19i Let us expand 7 in base ¢, that is, let us write

i =0 +i1q+- +ia-1g"! with i; € {0,...,d = 1}. Then, x = [[{=5 (9} )".

Definition 8 The general Gauss-Thakur sum g(x) associated to x € ﬁp as above, is defined by:
d—1 ‘
=[] owi)"
j=0

More generally, let us now consider a non-constant monic polynomial a € A. We denote by ﬁa
the dual character group Hom(A,, (F2'8)X). If x is in Aq, we set: Fq(x) = Fq(x(0);6 € Aq) C Fale,
We also write ~

F, = Fq(X; X € Aa)

and we recall that Gal(K,(Fy)/K (Fq)) ~ A,. We observe that A, is isomorphic to A4 if and only
if a is squarefree. If a = py - - - p,, with py,...,p, distinct primes, then

n
=114
=1

Let us then assume that a is non-constant and squarefree. We want to extend the definition of
the Gauss-Thakur sums to characters in A,. For x € Ay, x # Xo, there exist r distinct primes
p1,---, P, and characters x1,..., X, with x; € A, for all j, with

X=X1""Xr-

Definition 9 The Gauss-Thakur sum associated to x is the product:

g(x) =9(x1) - 9(xr)-

The polynomial f, = py ---p, is called the conductor of x; it is a divisor of a. The degree of f, will
be denoted by d,. If a itself is a prime p of degree d, then F, =p and d,, =d.

The following result collects the basic properties of the sums g() that we need in the sequel,
and can be easily deduced from Thakur’s results in [35, Theorems I and II].

Proposition 10 Let a € A be monic, squarefree of degree d. The following properties hold.



1. If x = xo is the trivial character, then g(x) = 1.

2. For all § € Aq, we have 6(g(x)) = x(8)g(x)-

3. If X # Xo, then g(x)g(x ") = (1),

By the normal basis theorem, K, is a free K[A,]-module of rank one. Gauss-Thakur’s sums allow
to determine explicitly generators of this module:

Lemma 11 Let us write na =3 x. 9(x) € Ka. Then :
Ko = K[Aq]na,
and
A = A[Aq]1a,

where Aq is the integral closure of A in K.
Moreover, let x be in Ay. Then, the following identity holds:

Kq(Fa)g(x) = {z € Kq(Fq) such that for all § € Aq,0(z) = x(0)z}. (7)

Proof. Let us expand a in product py - - - p,, of distinet primes p;. To show that A, = A[A4]ng (this
yields the identity K, = K[Aq]na) one sees that

Ag Apl XA -®a Aan

because the discriminants of the extensions Ay, /A are pairwise relatively prime and the fields K,
are pairwise linearly disjoint (see [10]). One then uses [, Théoréme 2.5] to conclude with the second
identity. R

We now prove the identity (7). We recall that if we set, for x € Ay,

= 3 2 X € R (0[A
sen,

(well defined because p, the rational prime dividing ¢, does not divide |A4]|), then the following
identities hold:

o e ey =y ypey (Where dy 4 denotes Kronecker symbol),
e for all 6 € Aq, de, = x(0)ey,
° ZXEEE‘ =1.

This yields eynq = g(x). Now, by Kq(Fq) = Kq(Fa)na, we get ey Kq(Fq) = Kq(Fq)g(x). The
second part of the Lemma then follows by observing that if M is an Fq[A4]-module, then

exM = {m € M such that for all § € Ay, dm = x(d)m}.

10



2.1.2 The function of Anderson and Thakur

For the basic properties of this function, introduced in [2], we also suggest to read [30, Section

3.1]. We recall from [26] Corollaries 5, 10] that ¢t € C \ {qu ;k > 0} and w(t) are simultaneously
algebraic if and only if t = ( € Fglg . Moreover, we have the following Lemma.

Lemma 12 For ¢ € Fya \ Fpa-1, w(C) belongs to the set
F;dpcjv

where p¢ is a distinguished root of the polynomial

1

XU (= 67) - (¢ - 0) € A[X]. (®)
Moreover, regardless to the choice of (,

1
Voo (W(()) = i1

Proof. This is a simple consequence of [26], Corollary 5]. 0

The function of Anderson and Thakur can also be defined, alternatively, by the series expansion:
t) := Agit1tt = _— —0 1/(‘171)Koo t 9
o) i=3 Mot =3 gy € () ) )

converging for [t| < q.
The Tate algebra T, is the Co-algebra whose elements are the series Y. ¢it* € Coo[[t]] con-
verging in the bordered unit disk -

D(0,1) = {t € Cos, |t| < 1}.

Here, | - | denotes an absolute value associated to the valuation vs. In all the following, for clarity,
we normalize it by setting |0] = ¢.

We recall from [26], Section 4] that the Tate algebra T; is endowed with the norm || - || defined
as follows: if f = > .t € Ty with ¢; € Co (i > 0), then || f|| = sup;>q |c;|. Endowed with
this norm, T; becomes a C,,-Banach algebra. For r > 0 a real number, we denote by D, the
F,[t]-submodule of T; whose elements are the series f such that ||f|| < r. The operator 7 extends
in an unique way to a Fy[t]-automorphism of T; so we have at once all the F[t]-endomorphisms
ba — xt(@).

The evaluation operator (@)

¢ — Z;— € K[[7]

i>0

4In all the following, we denote by K[t][r] and K[[7]] respectively the skew polynomial rings in powers of T with
coefficients in K[t] and the skew entire series rings in powers of 7 with coefficients in K, endowed with the product
rule induced by the identity 7¢ = tr.

11



associated to Carlitz’s exponential function introduced in |26, Section 4] also is F,[t]-endomorphism
of T;. The above formula (@) can be rewritten in a compact form as

- (-155).

We mention that in [30], following a suggestion of D. Goss, we discussed an analogy between the
above formula and the definition of the gamma function as a Mellin transform of the function e™=.

From (@), one deduces easily that w belongs to T, (see Subsection [Z2] below). It is also easy to
show that w is a generator of the free Fy[t]-module of rank one, kernel of the operator

$o = xi(0) =7+ 06—t € K[t][r],

so that
Tw(t) = (t — 0)w(t)

(see [25, Proposition 3.3.6]). This implies that w is a generator of the intersection of the kernels in
T, of the various operators

¢ll - Xt(a)u

with a monic as above (see [20, Lemma 29]). We are going to to provide, in Proposition [I6 a
complete description of the kernels of these operators.

2.2 The functions w, ;
The following Lemma holds.

Lemma 13 The kernel of the evaluation operator E. is the submodule TA[t] of Ty. Its restriction
to Dz is an isometry.

Proof. The kernel clearly contains 7A[t]. Let m be an element of ker(E). Then, m = Y, ¢;t’
with ¢; € Co and exp(c;) = 0, so that ¢; € TA for all i. But then, -

kerE, C 7A[[t] NT, = 7A[t].

That this endomorphism is an isometry on Dz was implicitly observed in [26]. This relies on the
fact that exp induces an isometry on the disk {z € Cw;|z| < |7|} and the simple verification is left
to the reader. n

In order to define the functions wg ; we will compute, following [26, Section 4], the image of E,
at various rational functions of Ty, and for this, we will need the next Lemma.
Lemma 14 Let a be a non-constant monic polynomial of A. Then, 1/(a — x:(a)) € T.
Proof. Tt suffices to show that the roots £ € C of the polynomial a — x:(a) € A[t] are all such that
|¢] > 1. But this is obvious, since we have |x¢(a)| > 1 if and only if |{] > 1. O

We now fix a monic polynomial a of degree d > 0. Lemma [I4] implies that, for j =0,...,d — 1,

the series gi
I
V=E, [ ——
ool =5 (i)
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are well defined elements of T;. When the reference to the polynomial a is clear, we will write w;
instead of wq ;. In particular, wp o = w. By Lemma[I3] we have

0T
a— x¢(a)

To study the elements w; as rigid analytic functions, it may be convenient to observe that the
function x;(a) (with a as above) induces a rigid analytic endomorphism of the bordered unit disk
D(0,1) = {t € C;|t| < 1}. Hence, right composition in series of powers of a new variable = by
setting = x¢(a) induces a map T, — T;.

Assuming that 7 is linearly extended to T, by the rule 7(z) = z, let us now consider the series

. . B s B T
wi(z) = wy ;(z) = E. <a—:v) = goexp <a"+1

Again, wy ,(z) =
the disk D(0,1).

lloos | = ‘ = 707" | = |ggs (Na) = g7 T4 j=0,...,d—1. (10)

)anTz, j=0,...,d—1
w(z). Furthermore, we notice that, for all j = 0,...,d — 1, w} has no zeroes on
Then,

wilt) =wl o), F=0,...,d~1, (11)

and we see that these functions have no zeroes in the disk D(0, 1).

2.2.1 Kernel of the operators ¢, — x:(a)
We begin with a Lemma.

Lemma 15 If uo, ..., ua—1 € Fy(t) are rational functions such that
d—1
D ujw; =g €Ty, (12)
=0

then o, . .., pa—1 € Fylt].

Proof. Let L; be the fraction field of T;, endowed with the natural extension of the norm || - ||. If p is
an element of F,(¢)*, then [|u|| = 1. We have that ||| = maxj—o,.. a—1[|w;| = [|wa—1]] = |¢ei (Aa)]
by (IQ). We divide both sides of ([I2)) by ¢ga-1(\q) and we apply 7F:

The limit for k& — oo exists; on the left-hand side we find p1q—1 (remember that for all j, w; has no
zeroes on the disk D(0, 1)) while the limit of the right-hand side is the limit

lim 7% [ —%

k—o00 ¢9d—1 ()\a)
which is a well defined polynomial of F,[t] (compare with [25, Lemma 2.2.7]). This implies that
ta—1 € Fy[t]. In particular, we have that

d—2
Zujwj e Ty,
Jj=0

13



and we can apply again the same method to prove that pg_o € Fy[t]. It is clear now that the proof
can be completed by induction, this is left to the reader. N

We shall now prove the next Proposition.

Proposition 16 The kernel in Ty of the operator ¢q — x¢(a) is the free Fy[t]-module of rank d
generated by the series wa, ..., Wa,d—1-

Proof. We will write w; at the place of wq ; for simplicity. Let us consider the column matrix

wWo
w1

Qq(t) = : S Matdxl('ﬂ‘t).

Wd—1

Let us write:
a:a0+a19+--~+ad,19d_1 +9d €A+, ag,...,04—1 GFq.

By the identity

07 (a — xe(a) + xe(a) —ag — ar6 — ..._adilodfl)%
E, | — = E,
@l (@
= (Xt(a) _ao)wo —aiwl — - — Ad—1Wd—1,
We obtain

¢09u = Ma(t)Qaa

where
0 1 0 0 0 0 0
0 0 1 0 0 0 0
M, (t) = : : : : + : : : € GL4(F,[t]),
0 0 0 1 0 0O --- 0
—ap —a; —az -+ —0a4-—1 Xt(a) 0O --- 0

compare with [I6, Section 5.3]. Moreover, M,(t) commutes with 7, therefore, the matrix a(Mg(t))
represents the scalar multiplication by x:(a) and

¢aQu = Xt(a)Qa-

This already shows that wo,...,ws—1 belong to the kernel of ¢4 — x¢(a).
We now show that these functions are linearly independent over Fy[t]. Let us assume by con-

tradiction that there exist elements po, ..., ta—1 € Fy[t], not all zero, such that
d—1
> pi(twi(t) = 0. (13)
i=0



We may even assume, without loss of generality, that there exists a root ¢ of a, and an index
i €{0,...,d— 1}, such that u;(¢) # 0. By (I3), we see that

~ d—1
exp (m Zui(t)m) =0

=0
and, by Lemma [I3] there exists an element b € A[t] such that

d—1

S w9 = b(t)(a - xa(a))-

=0

Evaluating at t = ¢ now yields:
d—1
> Q8" =b(¢)a.
i=0

The above hypothesis on the u;’s implies that b(¢) # 0. However, the degrees in 6 of the left- and
right-hand sides disagree, in contradiction with our assumption, so that wy,...,wq—1 are linearly
independent over Fy[t].

To finish the proof of the Proposition, we still need to show that the kernel of the operator
¢a—x¢(a) is the free F [t]-module of rank d generated by the functions wy, . ..,wq—1. Now, ¢q—x¢(a)
operates on the fraction field L; of T; as well and its kernel is the F,(t)-vector space generated by
woy - -, wd—1. Let f € Ty be such that ¢q(f) — x:(a)f = 0. Then,

d—1
F="nw
=0

with po, ..., tta—1 € Fq(t). By Lemma I o, ..., ua—1 € Fylt]- O

Remark 17 In analogy with Holder’s Theorem for the gamma function, it is not difficult to show
that the functions
w,Diw,...,Dpw,...

are algebraically independent over C ().

Remark 18 Let n be a nonnegative integer. It is possible to show, with the same ideas as in the
proof of [30, Proposition 15], that the kernel of the operator

Ppnt1 — Xt(PnH),

of dimension nd where d is the degree of p, is spanned by the entries of the matrices

Qp,DlQp,.. -7DnQp'

2.3 Analytic identities

In this subsection we proceed to review the main properties of the Tate algebra and higher deriva-
tives we need and then, we describe two families of analytic identities that will be of crucial use in
the proof of Theorem [I]

15



2.3.1 Tate algebras and higher derivatives

Let t1,...,ts be independent variables. Extending the observations of the beginning of Section 2.2]
we consider now the Tate algebra in s variables Ty, . ;_, that is, the Coo-subalgebra of Coo[[t1, . - . , ts]]
whose elements f are formal series

f= Y faatieootr, fii €Cx (14)

.....

converging in the bordered unit polydisk D(0,1). The algebra Ty, ...+, is endowed with the norm
|| - || generalizing the norm used in Section and defined as follows. Let f € Ty, . 4, asin (I4).
Then,

Ifll=sup |fir,. il = max [fi, .l
1

Lyeois Lyeoils
We recall that with this norm, Ty, . ¢, is a Co-Banach algebra. Furthermore, in this setting, we
can extend 7 to a Fy[t1, ..., ts]-automorphism and we have the F[t1,. .., ts]-endomorphism E..

It is helpful to also notice that if fo, f1,..., fs are elements of Ty, ., with ||f;|| < 1 for i =
1,...,s, then the composition of functions fo(f1,..., fs) also defines an element of Ty, ¢ . Let
T3™ ;, be the sub-algebra of Ty, ... ;, of functions which are symmetric in the variables t1,...,tg4.
The automorphism 7 induces a Fy[t1, ..., tq]*™-automorphism of T;Y™ , , where we have denoted
by Fy[t1,. .., tq]™™ the subring of polynomials which are symmetric in #1,. .., 4.

We will need the following Lemma.

Lemma 19 Let p be a prime of A of degree d, let (1, ..., q be its roots in Fglg, let us consider an
element f € T;™ , . Then,

()G v5Ca) = f(Cry -5 Ca)?

Proof. Since the series of f can be expanded as a series in the elementary symmetric polynomials
an(ty, ... ta) = Y <Htl> n=1,....d
Ic{1,...,d} \iel

(the sum running over the subsets I of {1,...,d} of size n), we only need to verify the Lemma for
f=an, n=1,...,d. But in this case,

(Tan)(cla .- '7<d) = O‘n(cla i ;Cd) = o‘n(clv .- '7<d)qa

because (i, ..., (4 are conjugate. n

We will need to compute the higher derivatives of w and other allied functions. For the back-
ground on higher derivatives (also called hyperderivatives), we refer to the work of Jeong [21] noticing
that the specific tools we are interested in are also contained in Teichmiiller’s paper [34].

The Coo-linear higher derivative (D; ,)n>0 (also denoted by (Dy,)n>0 in this text) defined by

mmW{QWWmmm

induces Cy.-linear endomorphisms of T;. As an example of computation, we have

Din(@—t) =@t n>0. (15)
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This higher derivative can be defined over more general C.-algebras of rigid analytic functions
of the variable ¢ as well. It also satisfies the chain rule, see [21, Section 2.2] and [34] Equation (6)].
In other words, for all n > 1, there exist polynomials

Foi(X1,.. o, Xnp1-) € Fp[ Xy, .., Xp—], i=1,...,n

(where p is the prime dividing ¢) with the following property. For f, ¢ rigid analytic functions with
g defined over a non-empty open subset O C C,, and C-valued in such a way that f o g is a well
defined rigid analytic function O — C,

n

Din(fog) = ZFn,i(Dt,w, o s Diny1-i9)(Drif) o g. (16)
=1

Moreover, one easily sees that
Fn,n:X{L; Fn,lzXn; nZl

This property holds in particular in T; for f,g € T; and ||g|| < 1, when f o g € T;. Clearly, for all
n, D,, commutes with F.. We will often write D,, instead of D, ,, to simplify our notations.

More generally, for all i = 1,...,s, (D¢, n)n>0 is a higher derivative of T¢, . ., just as (D¢.n)n>0,
where .
Dyn =Y Din
i=1

which furthermore, induces a higher derivative on T3 , .

2.3.2 A first family of analytic identities

The next result we need is Proposition 20 below. For i =0,...,d — 1, we set:
G = Qg1 + @2l + -+ ag 1072 497

so that, in particular, a; = a1 +a20 + - + aq-109"2 + 0%, ag_o = ag_1 + 6, ag_1 = 1. We also
set a_j := a for completeness.

Proposition 20 (First family of analytic identities) The following identity holds in T;:

d—1

w(t) =Y xelaiwilt). (17)

i=0
Moreover, for all n > 1, there exists an element €, of the submodule of T;

d—

> F[tl(Diw;)

n
i=0 j=0

=

such that

17



Proof. In F,[t, 6], we have the elementary identity:
o — xi(a) _ S
— 4
S =Y e 19)
0
Multiplying both sides of it by 7 and dividing by a — x¢(a), we obtain the identity

=Tl

=0 ﬂ—Xt( )’

which holds in T; by Lemma [T4l The first part of the proposition follows after evaluation of both
sides by F.

Let us now consider again (I9) and apply D,, on both left- and right-hand sides. By (I3) and
the chain rule (Subsection [[6]), we verify by induction that

Dn( ! >_ @) = (20)

a—u@) @@

where =, is an element of the submodule of T;:
Xt(al)n Xt(al)n
Folt] —2ot 4 -+ Fy 1] 2ot
e @y M@
Therefore, by (9,
d—1
1 [ xe(aj)xe(a)”
—_—— = (2 A LA
CEDIES (e + Tom)

where T;, again are elements of the submodule (2I)). These identities hold in T, and since D,,
commutes with F,, we get, multiplying by 7 and applying FE.:

Xt J Xt E, (Cl — Xt(a))nJrl s

U
,_.

(Dre)(t) =

gl ZM

Xt(aj)Xt(a’)"(ani,j)(Xt(a)) + n

Q<.
!
= o

= Xt(0;)(Dnwa,j) () + Qi
0

<.
I

where ), ,, is an element of
Foltlwa,j + -+ - + Fo[t](Dn-1wa 5)-

18



2.3.3 A second family of analytic identities

Our second family of identities holds in T3 , . for d > 1. We begin with some elementary
remarks. Let us consider indeterminates X, Xl, oy Xg, Y7, ..., Y over a field L. Let us define the
polynomials:
d
P=P(X,Xy,...,Xq) = [[(X - Xa)
i=1
and
d—1
U=U(X,X1,....Xq,Y1,...,Yy DA (X, X, Y, Y X
1:0
with
azfj(Xlw"aXdaYVlu"'a Z Y;leg" i .7:177d
where the sum is over the j-tuples (i1, iz, . .. ,ij) of pairwise distinct integers 1 <iy,...,4; < d, so
that
d
o = > Yi[lx.
i=1 i#j
d
gy = ZYJ
j=1
For example, if d = 3, we have
af = X1XoVz+ X1X3Ys + XoX5Y7,
a; = X1Yo + X Y3+ XoY) + Xo¥3 + X3Y1 + X3Yo,
05; - }/1 + }/2 + }/37
and
U=a3X?—alX +af.
If o is a permutation of {1,...,d}, then
a;(Xa(l)v s 7Xo'(d)7 Yo’(l)a s aYo'(d)) = aj(le s 7Xd7 }/15 ) Yd)
for all j.
The following formula can be easily proved by induction on d > 1:
5 e -
~X-X; P
In particular, if a is a polynomial of L[X], we get
d
G(Xi) Ua
=— 22
> -2 )



with
Ud(X1,...,Xa) =U(Xy,..., Xg,a(X1),...,a(Xy)) € R™™,

where R is the ring L[ X7, ..., X ] and R®™ denotes the subring of symmetric polynomials.
Let us consider the higher derivation (0, )n>0 of the fraction field of R%™(X), where

d
811 = D&,n + DX,n = ZDXj7n + DX,n-

Jj=1

The next Lemma collects some simple remarks on how this higher derivation interacts with the
polynomials P, U,.

Lemma 21 The following identities hold:
1. 04Uy = Upy 4, for all n > 0.
2. Uy =Dx,P.
3. 0,P=0, foralln > 1.

U, Upx sa
4. On (—) = DX or alln > 0.

P P

Proof. The first identity is a simple consequence of the next elementary identity after multiplication
of both sides of (22) by P:

O | a(X) [T(X = X5) | = (Dxma)(X0) [[(X = X)).
J#i e

The second identity is obvious. All the remaining identities are direct consequences of the previous
and their verification is left to the reader. O

In the next proposition, we will choose L = F,; and apply the above arguments to the choices

X =60 X;,=t;,i=1,...,d. Therefore, from now on, we will use the polynomials
P = P(ovtlv"'vtd)G]Fq[tla"'vtd]sym[e]v
Ua = Ua(t?,tl,...,td,a(tl),...,a(td)) GFq[tl,...,td]Sym[e].

Proposition 22 (Second family of analytic identities) Let a be an element of A of degree d.

.....

éxtxa)w(ti) ~ B, (%g) ,

Moreover, for all n > 1, we have the identity in T;™ , :

d n
Z a(t;)(Dpw)(t;) = (-1)" T E, (%) + A, + T,

=1
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where A, is an element of

and 'y, is an element of
d n
>N F [t (Drw)(t:) N T,

Proof. The first identity follows by multiplying both sides of ([22]) by 7 (once performed the necessary
replacement of variables) and applying F..
For all n > 0, we have, by the chain rule,

U, Dy 1 P)"U,
DG,n (ﬁ) = (_1)”’% + 6717 (23)
with ©,, an element of the module
> Fyltr,. .. ta™™ 0] P, (24)
i=1
Applying Lemma 2Tl and (23)), we get:
Uq _ UDe,na Uq
Dﬁ,n (?) - P - De,n ?
na1 (Do P)"U,
= (_1) i pntl . + (I)nv
where ®,, is another element of the module defined in ([24)).
Applying Dy ,, on both sides of ([22)) we now get
1 (Dp,1 P)"Uq
o n+1 5
Za(ti)m =(-1) T pnil + @, + 2y, (25)

i=1

where ¥,, is an element of
d n
1 Sy1m
Z ZFq[ti]m NTE™ 4,

To conclude, we must apply the operator E. on both sides of (28] after having multiplied by 7.
On the left-hand side, we find

S alta) (D) (1),

1=1
»»»»» ta
ni1p [((PoaP)"Uq
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The second term, F.(®,,), yields an element A,, of

St ()

i=1

The third term, F.(%,,), gives an element I',, of

and the Proposition follows. 0

2.4 Proof of Theorem [

Let E*° be the maximal abelian extension of K tamely ramified at infinity which, by virtue of
Hayes result in [19], equals the field
F28(0, Aas a € A).

Furthermore, let L be the field
F3%(0, (Dnw)((); ¢ € Fy'®,n > 0),

where D,, denotes the n-th divided derivative with respect to the variable ¢ in T; (see Subsection[L]).
Theorem [ states that L> = E°°. The proof relies on two families of analytic identities allowing to
check the required double inclusion between these fields. Let n be an integer and consider the set
&, whose elements are the monic polynomials a of A such that for all p a prime dividing a, p?*!
does not divide a. Let us define the following subfields of K®!#:

E, = F¥(¢p(Aa);a €&y beE A)
Ly = FY5(w((),(P1w)(Q), .., (Daw)(();a(¢) = 0 for some a € Ept1).

We have BC By C---CE,C---,LgCLiC---CL,C---,and U2 E; = B>, U2 L; = L.
We will prove (see Corollary 27)) the identities E,, = L, by using induction on n > 0 a the next
Proposition indicates; Theorem [ follows by a limit process.

The next result constitutes the main step to prove Theorem [Tl

Proposition 23 Let p be a prime of degree d, let Fy, be the extension of Fy generated by the roots
of p. For all n > 0, we have the following identity of fields.

]FPKP"+1 = FP((Dkw)(C)vc € FPaO S k S n)

The proof of the above Proposition will proceed by induction on n > 0. Let us denote by Ly,

the field Fy ((Drw)(€),¢ € Fp,0 < k < n) and by Ey ,, the field FyKyni1. We have to show that

Ly, = Ep, for all n > 0. To ease the reading we will consider the case n = 0 separately, before

considering the general case, although this discrimination of the two cases is not strictly necessary.
To prove the case n = 0, we will use the following Lemma.
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Lemma 24 Let p be a prime of degree d, let (1,...,(q € Fy be its roots. Let us also consider a
polynomial a € A. Then,

u

> alw(é) = ap (p)-

j=1

Proof. Compare with [30, Proposition 29]. Applying the first part of Proposition 22 we observe
that, in the Tate algebra 'H‘tl 1> We have, setting X = 6, X; = t;, the identity

ia(fi)w(ti) ~ R (@") .

=1

with P = Hf 1(0 —t;). If we replace t; = ¢; (i = 1,...,d) conjugate elements of F 4, we have
P(9,(1,...,C0) =p, U, = p’a and the Lemma follows applymg Lemma [I9 because:

U,
E. | =2
e<P)t—

~
— e (Z2) = 6 )
1=Cs p

(remember that U, and P are polynomials which are symmetric in ¢y, ...,tq). O

Proof of Proposition [2Z3 in the case n = 0. We begin by applying the first part of Proposition 20
with a = p. In this case we get, for ¢ € F,, a root of p, w(() € Fy(wy (0),...,wy 4-1(0)) = Eyp o
(by (D), from which the inclusion of fields L, o C E, o follows. For the reverse inclusion we notice
that Ep o =Fp(Ap) = Fp(¢p (Ap)) because p and p’ are relatively prime. By Lemma 24] with a = 1,
we see that ¢y (\p) € Ly o. Therefore, Ly o = Ey . O

To prove the case n > 0 of the Proposition 23] we will use two Lemmas. The next Lemma is
about the evaluation of higher derivatives of the functions wq ; at roots of unit.

Lemma 25 Let p be a prime of degree d and ¢ a root of p. Letn > 1 and 0 <0 < d—1 be integers.
Then, there exists an element u, € Ey ,—1 such that

(Dawyp,5)(C) = (0(€))" Pos (Apn+1) + fn-

Proof. By () and the chain rule, (Dnwy,;)(C) is equal to (p'(¢))"(Da,nwy ;)(0) plus a linear
combination of values (Dy,wy ;)(0) with i =0,...,n — 1 and coefficients in Fy,. O

Lemma 26 Let p be a prime of degree d, let (i,...,(q € Fy be its roots, and let us consider an
integer n > 0. Furthermore, let us also consider a polynomial a € A. Then, there exist an element
vp € By and an element v, € Ly, such that

d
Za nw CJ) (ba n+1( pn+1)—|—l/n+’7n.

Proof. By the second part of Proposition 22l and Lemma [19 we have

d n
> a6 Pu)(6) = (1 e (BLZ) 4 G + Tl )
=1
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The Lemma follows by setting v, = A, (C1,...,¢4), belonging to Ey ,, and v, = 'y (G, ..., Ca),
belonging to Ly . Indeed, exp((p')"a/p™ ) = d(pryntigApn1. m

Proof of Proposition [23 in the case n > 0. We proceed by induction on n; the case n = 0 being
already proved, let us assume that n > 0 and that E,; = Ly ; for i = 0,...,n — 1. We first show
that Ly, ,, is contained in Ej, ,,. To do so, it suffices to show that (D,w)(¢) € E, , for all ¢ root of p.

By the second part of Proposition 20l with ¢ = (, we have

d—1

(Daw)(©) = D P () (Pnwp, ) () + 2(C),

J=0

where it is obvious that Q,(¢) € Ep ,—1. By Lemma 23] the sum over j equals

d—1
> 0 (OP'(Q)" s Aprs1) + fim,
7=0

with pty, € Fy n—1. This shows the inclusion Ly, C Ey .

Let us now show the opposite inclusion. Since p is prime, the class of (p’)"*! is a generator of the
A-module A/p™*!. Therefore, in view of Lemma[26, we will only need to show that @(pryn+1(Agn+1) €
Ly . But v, and v, are elements of Ly ,,_1 by hypothesis, so that Lemma implies that E, , C
Ly 5. The proof of Proposition 23]is complete. O

Corollary 27 We have, for alln >0, E, = L,.

Proof. On one side, E,, is the compositum of all the fields E, , with p varying in the set of primes
of A. On the other side, L,, is the compositum of all the fields Ly ,,, with p varying in the set of
primes of A. The result follows from Proposition 23] 0

Theorem [ follows at once by taking n — oo. n

Remark 28 Theorem [I] does not seem to be directly related to Anderson’s result in [5], where
he proves that the compositum of all the subfields of Q& that are at once quadratic over Q?P
and Galois over Q is generated by algebraic I'-monomials satisfying the Koblitz-Ogus condition.
However, an analogue of our result concerning the Akhiezer-Baker function I'(s — t) as in [30] and
its composition with ¢ =meromorphic integral-periodic functions should hold.

2.5 Proof of Theorem [3

By the second part of Proposition [I0] we have that for § € A, and x € ﬁp,



Let ¢ be the root of p such that J,(cg) = . We have, for j =0,...,d — 1:

g@F) = =3 9,077 8(N)
seA,
= - Z Op(0a) " 0a(Np)
a€(A/pA)>
= = D 9(0a) " da(Ap).
a€(A/pA)>

By 6] and Lemma 4] (¢, . .., (s again denote the zeros of p):

@) 908) = ow(a(f) |
= = > p(0ap) " dapr (M)

a€(A/pA)*
d
= — Z p(Tapr) -’ Za
a€(A/pA)> k=1
= w(C®) Y Bploa)” 7,
i=0 ac(A/pA)*

where the last identity follows from the fact that {¢1,...,¢la} ={¢,¢9,. .., (qdfl}. Now, the sum
> U0’
a€(A/pA)>
always vanishes except when i = j, case in which the sum equals —1. Therefore:
w(¢”) = w(@p(00)") = xc(0)7 9(9])
hence completing the proof of the Theorem. O

We shall also mention the following result.
Corollary 29 Let ¢ be the root of p such that 9,(cg) = (. The following identity holds:
FpKy = Fp(g(ﬁp))-

).

Proof. By Proposition 23] we have F, K, = Fy(w(¢)). Theorem B now implies that F,(w(())
Fy(9(9p))- O

3 Functional identities for [-series

In this section, we prove Theorem [l We will need a few preliminary results that we shall study in
this subsection. Let d, s be nonnegative integers. We begin with the study of the vanishing of the
sums
Sas=Sas(t, ... ts) = > xt,(a) - xe,(a) € Fyltr, ... L],
acAt(d)
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which are symmetric polynomials in t1,...,ts of total degree < ds, with the standard conventions
on empty products. We recall that, for n > 0,

>

a€l,

equals —1 if n =0 (mod ¢ — 1) and n > 1, and equals 0 otherwise. We owe the next Lemma to D.
Simon [9]. We give the proof here for the sake of completeness.

Lemma 30 (Simon’s Lemma) We have Sqs # 0 if and only if d(¢ —1) < s

Proof. Since

S
Sd,s: Z Z H(ao+a1ti+"'+ad*1t?71+t§1)’

ap€Ry aqg—1€F,i=1
the coefficient ¢, ..., of t1* ---t% with v; <ds (i =1,...,s) is given by the sum:
Z Z Ay, - o,

ap€ly aq—1€F,

if we set ag = 1. The last sum can be rewritten as:

Coprovg = Z ab® | - Z a“d H (27)

ap€lFy aq—1€F,

where p; is the cardinality of the set of the indices j such that v; = 4, from which one notices that

(notice also that s — . i; is the cardinality of the set of indices j such that v; = d). For any choice
of po, ..., ta—1 such that >~ pu; <s, there exists (v1,...,v,) such that ([27) holds.

If s <d(q—1), for all (vy1,...,vs) as above, there exists ¢ such that, in 27), u; < ¢ — 1 so that
Sa,s = 0. On the other hand, if s > d(q — 1), it is certainly possible to find (v1,...,vs) such that,
in @1), po = -+ = pa—1 = ¢ — 1 so that the sum does not vanish in this case. n

As an immediate corollary of Lemma [30] we see that the series

FS F tl,..., sts—z Z Xt1 s()

d>0 d>0acAt(d

defines a symmetric polynomial of F[t1,...,ts] of total degree at most
we provide a sufficient condition for the vanishing of the polynomial F.

qS_Ql. In the next Lemma,

Lemma 31 Ifs > 1, then, Fs =0 if and only if s =0 (mod g — 1).
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Proof. Let us assume first that s =0 (mod ¢ — 1). The hypothesis on s implies that

Y xn(@)xi(a) = —Sas

a€A,degy(a)=d

We denote by A(< d) the set of polynomials of A of degree < d and we write

Goo= Y xul@)--xu(a).

acA(<d)
We then have:
G_s_ s=—F;.
q—17
Let us choose now distinct primes p1,...,ps of respective degrees di,...,ds > s/(¢—1) and f =
p1---ps. Foralli=1,...,s, we choose a root (; € Fglg of p;. Let us then consider the Dirichlet

character of the first kind x = x¢, - - - x¢,. We have:

Fs(Cl;---;Cs) = —G_-= S(Cla"'5<5)

q—17

= - Y «xl

a€A(<s/(q—1))

= - > x(a)

a€A(<di+-+d,)

- > X

ac(A/fA)*

= O7

by [33, Proposition 15.3]. Since the set of s-tuples (¢1,...,(s) € (Fglg)s with (1,...,(s as above is
Zariski-dense in A®*(Cy,), this implies the vanishing of Fs. On the other hand, if s Z 0 (mod ¢ —1),
then Fy(0,...,0) = ((—s) the s-th Goss’ zeta value which is non zero, see [15].

O

3.1 Analyticity

The functions L(x¢, - - - xt., @) are in fact rigid analytic entire functions of s variables. This property,
mentioned in [26], can be deduced from the more general Proposition that we give here for
convenience of the reader.

Let a be a monic polynomial of A. we set:

a _ _
<a> = m (S 1+9 1]Fq[9 1].

Let y € Z,, where p is the prime dividing ¢. Since (a) is a l-unit of K, we can consider its
exponentiation by y:

@' =3 ()@ - 1y e R [,
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Here, the binomial (g) is defined, for j a positive integer, by extending Lucas formula. Writing
the p-adic expansion Y, yip* of y (v; € {0,...,p — 1}) and the p-adic expansion ., _, jip’ of j
(j: € {0,...,p — 1), we are explicitly setting:

LAY . Yi
() -11()
We also recall, from [16, Chapter 8], the topological group Se, = CX x Z,,. For (x,y) € So and
d, s non-negative integers, we define the sum

Sd,s(«I,y) :deS(xvy)(tla"'atS) :xid Z th(a)"'th(a)<a>y exidKOO[tla"'atS]v
a€A+(d)

which is, for all x,y, a symmetric polynomial of total degree < ds.

Let us further define, more generally, for variables ¢1,...,ts € Co and (z,y) € S, the series:
L(xt, - - Xt.; T, y) = Z Sas(x,y)(t1,. .., ts).
d>0

For fixed choices of (z,y) € Sw, it is easy to show that

L(Xh o 'th;xuy) S (Coo[[th '7ts]]7

and with a little additional work, one also verifies that this series defines an element of T,
course, if (z,y) = (0%, —a) with a > 0 integer, we find

... Of

.....

L(Xty - Xt 0% —a) = Lty -+ - Xt., @)
The next Proposition holds and improves results of Goss; see [I8, Theorems 1, 2]).

Proposition 32 The series L(x,- .-, Xt.;T,y) converges for all (t1,...,ts) and for oll (z,y) €
Seo, to a continuous-analytic function on C5 X S in the sense of Goss.

The proof of this result is a simple consequence of the Lemma below. The norm || - || used in
the Lemma is that of Ty, . ...

Lemma 33 Let (x,y) be in Seo and let us consider an integer d > (s —1)/(q¢ — 1), with s > 0.
Then:

—d gt

[Sa,s(z, y)ll < [z["%¢ :

Proof. Let us write the p-adic expansion y = > ., ¢,p", with ¢, € {0,---,p — 1} for all n.
Collecting blocks of e consecutive terms (where ¢ = p¢), this yields a “g-adic” expansion, from

which we can extract partial sums:

en—1

n
yn = > ep® =) uig' € Lo,
k=0 i=0

where
e(i+1)—1

u; = Z cip = €{0,...,q—1}.
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In particular, for n > 0, we observe that ¢,(y,) < (n + 1)(¢ — 1). Since

1

Sa,s(Tyn) = Y Z Xt (@) - - - x¢, (a)a¥"
a€A+(d)
1 n n
= ——Sar(t1,. o ts, 0,060,070 07 07
xd@dyn —_——— ——— —_———

up times uy times U, times

with r = s+ £4(yn), if d(g —1) > s+ £4(yn), we have by Simon’s Lemma B0t
Sa,s(z,yn) = 0.

This condition is ensured if d(¢ — 1) > s+ (n+ 1)(¢ — 1).
Now, we claim that

_ _n+1
I1Sa,5(2,y) = Sas(x, yn)ll < 2| ™%~ 7.

Indeed,

Saale) = Saalean) = 3 v @X (1) - () @ -y

wEAT(d) iz \ J

and (¥) = (Y*) for j =0,...,¢"" —1 by Lucas’ formula and the definition of the binomial, so that
j j

g ((?) - (yjn)> (@) — 1] < 7"

The Lemma follows by choosing n = |d — 1 —

] O

s—1
qg—1

In particular, we have the following Corollary to Proposition B2l which generalizes [18, Theorem
1], the deduction of which, easy, is left to the reader.

Corollary 34 For any choice of an integer o > 0 and non-negative integers My, ..., Mg, the
function

LOG™ X a) = D xe(@™ o, (a)Mae
d>0 ac A+ (d)

defines a rigid analytic entire function C — Cx.

3.2 Computation of polynomials with coefficients in K

Lemma 35 For all d > 0, we have:

Sq(—a) = Z a”“#0.

a€A+(d)
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Proof. This follows from [16] proof of Lemma 8.24.13]. O

We introduce, for d, s, @ nonnegative integers, the sum:

Sus(—a) = Y xu(s)xu(a)a™™ € K[t,... L,
a€A+(d)

representing a symmetric polynomial of KJti,...,ts] of exact total degree ds by Lemma We
have, with the notations of Section BT}

S’d7s(—a) = S,Ls(@a, —a).
From the above results, we deduce the following Proposition.

Proposition 36 Let [ > 0 be an integer such that ¢ —a >0 and 2 < ly(¢' — a) +s < d(qg —1).
Then:

Sas(—a) =0 (mod H(tj - 9ql)).
j=1

Furthermore, assume that s = « (mod ¢ — 1). With | as above, let k be an integer such that
k(g —1) > £,(¢" — @) + 5. Then:

k s
Z Sas(—a) =0 (mod H(tj - 9ql)).
d=0 j=1

Proof. Let us write m = £,(¢' — a). We have s — 1 +m < d(q — 1) so that, by Simon’s Lemma
BO Sis—1+m = 0. Now, let us write the g-ary expansion ¢! — a = ng + n1q + -+ + n,q" with
n; € {0,...,q— 1} and let us observe that, since ¢ — a >0,

1 L
Sas(=0)(tr, o sts1,07) = D xu(a)xe.(a)at
a€At(d)
= Y xu(@ - xe 1 (@xs(@)xes (@)™ - Xgar ()"
acA+(d)
= Sperim(ty, oite1,0,...,0,09 .00 .. 07 .. 07)
N—— N——— N———
no times n1 times n, times
= 0.

Therefore t, — 09" divides Sa,s(—a). The first part of the Proposition follows from the fact that this
polynomial is symmetric. For the second part, we notice by the first part, that the condition on k
is sufficient for the sum Sg s(—a)(t1,...,ts) to be congruent modulo (ts — G‘IZ) foralld > k+1. On
the other hand, by Lemma [B1] and the above computation, we have

S Sus(=a)(tr, ..t 07) = Fy(tr,... tso1,0,...,07) = 0.
d>0

But then, thanks to the condition on &,

k
Y Sus(—a) ==Y Sus(—a) =0 (mod (t; —6))
d=0

d>k
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and the Proposition follows again because the sum we are inspecting is a symmetric polynomial.[]

We further have the result below.

Proposition 37 Let s,a > 1, s =« (mod g — 1). Let § be the smallest positive integer such that
¢® > a and s+ 0,(¢° — «) > 2. Then, the function of Theorem []

s 6—1
~_ t;
Vot = Ly xesadattn) -l T (1 55 )
i=15=0
is in fact a symmetric polynomial of Koolt1,- - ,ts]. Moreover, its total degree §(«, s) is not bigger

than s (M) — s
q—1 )

Proof. Let & be the smallest positive integer such that ¢ —a > 0 and s + £,(¢° — a) > 2. We fix
an integer k such that

k(g—1)>s+ €¢1(q5 —a). (28)
We also set:
5 _
N(k) =6+ — W

Obviously, N (k) > 6. Let I be an integer such that
§ <I< N(k).

We claim that we also have
k(g—1)>s+4,(¢" — ).

Indeed, let us write the g-ary expansion o« = ag + @1q + -+ - + g™ with ay,, # 0. Then, § = m if
a=q¢" and s > 2 and § = m + 1 otherwise. If [ is now an integer [ > J, we have

d—a = ¢—¢+¢ —a
1-6—1

= q‘s(q—l)<z q1>+q5—a,
=0

where the sum over i is zero if [ = §, and
lo(qd' =) = (= 1)(I = 6) + £4(¢° — @)

because there is no carry over in the above sum. Now, the claim follows from (28]).
By Proposition [36] we have, with k as above, that the following expression

s N(k) t. —1 k
Weewi= (TLTT (1- 5) > Sl
=0

i=1 j=5
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is in fact a symmetric polynomial in Klt1,...,ts]. By Lemma Bil Sys(—«) € Klt1,...,ts] is
a symmetric polynomial of total degree ds; indeed, the coefficient of ¢¢---t¢ is exactly Sy(—a).
Hence, the total degree of ZZ:O Sa,s(—a) is exactly ks. The total degree of the product

(1)
Y
i=1 j=6
is equal to s(1 4+ N (k) — J) so that, by the definition of N (k):
deg(Wg s.0) = sk—s—sN(k)+sd

= sk—sk—s5—|—55—s—|—s(

_ (i oy,

q—1

s—|—€q(q5—a)
q—1

independent on k. We now let k tend to infinity. The Proposition follows directly from the definition
@) of w as an infinite product, the fact that, in (), 70~1/(a=1) e K_ . and the definition of

L(Xt, -+ Xt.r @) 0

3.3 An intermediate result on special values of Goss L-functions

Let x be a Dirichlet character of the first kind, that is a character
X (Afad) — (FgE),

where a is a non-constant squarefree monic element of A which we identify, by abuse of notation,
to a character of A, still denoted by x, of conductor f = f,, and degree d = degy f.
Let s(x) be the type of x, that is, the unique integer s(x) € {0,---, ¢ — 2} such that:

X(Q) =¢* ™ forall ¢ € ).

We now consider the generalized a-th Bernoulli number B, ,—1 € Fq(x)(0) associated to x~*, [8,
Section 2], and the special value of Goss’ abelian L-function [16, Section 8]:

L(a,x) = Z x(a)a™, «a>1.

a€At
The following result is inspired by the proof of [8, Proposition 8.2]:

Proposition 38 Let o > 1, a = s(x) (mod ¢ — 1). Then:

HOXs) (- yyeleact vy 000).

prae fafl

The proposition is known to be true for the trivial character (see [16, Section 9.2]); in this case, we

notice that: BC
B 4 =_—2 a>1

! Ma)’ >1, a=0 (modgqg-1),
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where we recall that BC,, is the a-th Bernoulli-Carlitz number and II(«) is the Carlitz factorial of
a (see [16] Definition 9.2.1]). We now assume that x # xo. Since:

exp(z) = z H (1—%),

acA\{0}

We have:

1 1
exp(z) Z z—Ta

acA

Let b € A be relatively prime with § and let o, € Gal(Kj/K) be the element such that o;(\;) =

®p(As). We have:
1 B ot 1 .
exp(z) —op(Ay) 2. et 2 G+ap=t )"

n>0 a€cA

Therefore, we obtain:

Z x(b) _ fn+1 X(a) e

exp(z) — op(A}) antl antl

be(A/fA)* n>0 acA\{0}

If n+1# s(x) (mod g — 1), we get:

x(a) _
an+1 - O’
acA\{0}
and if n+ 1= s(x) (mod ¢ — 1), we have:
x(a) _
s —L(n+1,x).
acA\{0}
Thus: _
x(b) FP LG x) i
Z exp(z) — O-b()\f) Z T ( )

be(A/FA)* i>1,i=s(x) (mod (¢—1))

But note that by the second part of Lemma [T}

Y X R0

et P() — )

Since by Proposition [10]
g009(x ) = (=1,

where d = degy fy, we get the result by comparison of the coefficients of the series expansion of
both sides of ([29). O
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Remark 39 In the above proof of Proposition B8 if we set = 1 we have, by comparison of the
constant terms in the series expansions in powers of z in ([29)):

T YL(1,x) = — be(%ﬁi)x af((i)f) € g(x HF,(x)(0).

Assuming that f is not a prime, by [33, Proposition 12.6], A is a unit in the integral closure A; of
A in K. Therefore,

5 20 R,

o
be(A/FA)X
and we deduce that
7' L(1, x)g(x) € Fa(x)[0].

This remark will be crucial in the proof of Corollary &Il

3.4 Proof of Theorem [4

The next Lemma provides a rationality criterion for a polynomial a priori with coefficients in K,
again based on evaluation at roots of unit.

Lemma 40 Let F(t1,...,ts) € Koolt1,...,ts] such that for all ¢1,...,(s € Fglg, pairwise not con-
Jugate over g,

F(Cla"'vcs)GK(Clv'-'aCS)'
Then F(tl,...,ts)GK[tl,...,ts].

Proof. We begin by pointing out that if elements a1, ..., as € Ko are K ®p, Fglg—linearly dependent,
then they also are K-linearly dependent. The proof proceeds by induction on s > 1. For s = 1,
this is obvious. Now, let

S A =0 (30)
=1

be a non-trivial relation of linear dependence with the \; € K @ F2'6\ {0}. We may assume that
As = 1 and that there exists ¢ € {1,...,s — 1} such that \; ¢ K. Then, there exists

o € Gal(K. ® F2'8 /K ) = Gal(K ® F2%/K) = Gal(F' /F,)

such that o();) # A;. Applying o on both left- and right-hand sides of [B0) and subtracting, yields
a non-trivial relation involving at most s — 1 elements of K, on which we can apply the induction
hypothesis.
We can now complete the proof of the Lemma. Let F be a polynomial in Kl[t1,...,ts] not
in K[tq,...,ts]. It is easy to show that there exist a1, ..., a, € K, linearly independent over K,
such that
F:a1P1+"'+aum,

where Py, ..., P, are non-zero polynomials of K[t,...,ts]. Let us suppose by contradiction that
there exists F' € Koo[t1,...,ts] \ K[t1,...,ts] satisfying the hypotheses of the Lemma. Since the
set of s-tuples ((1,...,(s) as in the statement of the Lemma is Zariski-dense in A°(Cs), there
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exist a choice of such roots of unit (1,...,¢; and 7 € {1,...,m} such that P;(¢1,...,{mn) # 0. This
means that aq,...,a,, are K ® Fglg—linearly dependent, thus K-linearly dependent by the previous
observations; a contradiction. 0

Proof of Theorem[j] In view of Lemma [0, we want to show that the polynomial

s 0—1
. t;
Vs = 7 0L (e, Xy @)(tr) -+ 0(ts) HH(l—W) € Koty 1]

i=1j=0
of Proposition 7] takes values in K((y,---,(s) for all (1,---,(s € Fglg pairwise non conjugate over
F,. Let (C1,...,(s) be one of such s-tuples of roots of unit and, for ¢ = 1,...,s, let p; € A be the
minimal polynomial of (;, so that p1,...,ps are pairwise relatively prime. We choose the characters

¥y, so that Uy, (c9) = ¢; for all i. We construct the Dirichlet character of the first kind x defined,
for a € A, by
x(a) = x¢ (@) - xc. ().

By Proposition B8] we have

Since
L(aaX) = L(XCl o 'XCsaa)a

we get:

Va,s(clv sy CS) = L(av X)W(Q) e 'W(CS)%ia
Lo, x)g9(x) w(G1) - -~ w(Gs)

T 9(x)

By
= (D)™ xa () - xe. (05)
X

€ K(<17"'7CS)7

where in the next to last step, we have used Theorem Bl The proof of Theorem Hl now follows from
Lemma |
4 Congruences for Bernoulli-Carlitz numbers

In this Section, we shall prove Theorem [l This is possible because in Theorem [ more can be said
when « = 1. In this case, one sees that the integer § of Theorem [l is equal to zero and s > ¢, so
that, with the notations of that result,

Vi =7 "L(xt, - xt., Dw(t1) -+ w(ts).

In the next Subsection we will show that this is a polynomial of Afty,...,ts].
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4.1 Functional identities with o =1

We begin with the following Corollary of Theorem dl The main result of this subsection is Propo-
sition (441

Corollary 41 Let s > 2 be such that s = 1 (mod g — 1). Then the symmetric polynomial V1 s €
Klt1,...,ts| of Theorem[] is in fact a polynomial of Fy[T|[t1,...,ts] of total degree < s*/(qg—1)—s
in the variables tq,...,ts.

Proof. Tt follows from a simple modification of the proof of PropositionB8 Let p1,...,p, be distinct
primes in A, let us write a = p;---p,s and let us consider the Dirichlet character x associated to
Jp, -+ - VUp, that we also loosely identify with the corresponding element of A,. Since a is not a
prime power, Remark [39] implies that

71L(1,x)9(x) € Fo(x)[6]. (31)

Now, specializing at ¢; = (; the root of p; associated to the choice of characters 9y, foralli =1,...,s,
we obtain

‘/LS(Clv ceey CS) = ~71L(15 X)g(X) € Fq((h ceey CS)[QL
and the result follows from Lemma [0 the bound on the degree agreeing with that of Theorem Hl

4.1.1 Digit principle for the function w and the L-series
Let ¢ : Ty — Ty be the Coo-linear map defined by

® cht" :chtq", cp € Copo.

n>0 n>0

We also set, for N a non-negative integer with its expansion in base ¢, N = Ng+ N1g+---+ N,-q",
N; €{0,...,q—1}:

wy(X) = [T ¢ (w(x)™.
i=0
We then have the next Lemma.
Lemma 42 The following identity holds:

wn (9p(0)) = Ip(op) Y g(9).
Proof. This is a direct application of Theorem [3l Indeed,

d-1 d—1 _ .
wn (Fp(09)) = Hw(ﬁp(%qi))m = H ﬁp(Up’)qlNig(ﬁg )Ni-
i=0 i=0

O

Let X,Y be two indeterminates over K. We introduce a family of polynomials (G4)¢>0 in
F,[X,Y] as follows. We set Go(X,Y) =1 and

d—1
Ga(X,V) =[x -Y7), d>1.
=0
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This sequence is closely related to the sequence of polynomials Gy, (y) of [2| Section 3.6]: indeed,
the latter can be rewritten in terms of the former:

Galy) = Ga(T" ,y7), d>1,

in both notations of loc. cit. and ours (ﬁ) The polynomial G4 is monic of degree d in the
variable X, and (—1)?G is monic in the variable Y of degree (¢ — 1)/(q — 1). We now define, for
N = No+ N1q+ ---+ N,.q" a non-negative integer expanded in base ¢, the polynomial

T r i—1
Hy(t) = HGi(tql,e)Ni - H H(tqz . qu)Ni_
i=0 1=0j=0
We also define the quantities associated to N and g:
Hq (N) = Z Niiqiv
i=0
. N 4(N)
:uq (N) = — -2 )
q—1 q—1

G(N) = ) N
=0

Lemma 43 Let N be a non-negative integer. The following properties hold.
1. The polynomial Hy(t), as a polynomial of the indeterminate t, is monic of degree ji,(N).
2. As a polynomial of the indeterminate 6, Hy(t) has degree uj;(N) and the leading coefficient
is (=1)faM),
3. We have Hy(0) = II(N) and voo (Hn (0)) = pq(N), where v is the oco-adic valuation of C.
4. We also have, for all { € F29, voo (HNn(C)) = —pi(N).

q

Proof. Easy and left to the reader. 0

‘We observe that: 1
d

plu(t) = mw(t)q =wgan(t), d=0

5As an aside remark, we also notice that we recover in this way the coefficients of the formal series in K[[7]]
associated to Carlitz’s exponential and logarithm

¢ = Zd;lri, [= Zl;l'ri,

i>0 i>0

because d; = G; (qu,G) and l; = G;(0,69). Moreover, if p is a prime of A of degree d, we observe that

d d—1
p=J10-¢)=T]0O=0(0,,)) = Gal,9(c0)).
i=1 j=0
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so that, with N as above,

_ w(t)™ _w@®®
Il Ga(te, 0N Hy(t)

The following Proposition was inspired by a discussion with D. Goss.

WN(t)

Proposition 44 Let s > 2 be an integer. Let M, ..., My be positive integers such that My +-- -+
My =1 (mod g —1). Then:

W(t,....ts) =7 "L x Dwar, (b1) - - war, (ts) € Folf,t1, -+ 1]
For all i, the degree in t; of W satisfies

i My

deg, (W) < M; ( -1

1) — pg(M;)
Proof. We shall write .
H =[] Hu ().
i=1
We know from Lemma [43] that deg,, (H) = p1q(M;). Let us consider the function
V=70 Dt (f) et (),

so that by ([B2),
V=WH.

Corollary 1] implies that:
VeF,0,t1, - ,ts]

and we are done if we can prove that H divides V in F4[0,t1, ..., 1]

Let p1,...,ps be distinct primes of A such that |p;| — 1 > M;, and let (3,...,{s be respective
roots of these polynomials chosen in compatibility with the characters 9y,,...,9J, . Let us also
write

Xzﬁé‘/lfl ...19%5'
By Lemma [42]
war, (G1) -+ wir, (Go) = By, (o )M -0 ()M g (30)-
Therefore,
W(Ctyeoy Gs) =7 L, X)g(00) Dy (o)) M- - 0, (o) Mo
By @I), 7 *L(1,x)g(x) € Fq(x)[0], while [];_, 9, (ap;)Mi € Fy(x) so that
WG, 6) € Fg()[0] = Fq(Gr, -, G)I[B]-

Now, H is a polynomial in 6 with leading coefficient in F; (see Lemma [3). Dividing V by H
as polynomials in 6 we find
V=HQ+R,
where @, R are polynomials in Fy[6,ty,...,ts], and degyR < degyH = ), puz(M;) (the last in-
equality by Lemma[d3). But for (y,..., (s as above, we must have Q(6,¢1,...,¢s) = W((1, -+ ,¢s)
and

R(Clu"'ags) =0.
This implies R = 0 and thus W = Q € F,[0,11, ..., %] m
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4.1.2 The polynomials W
By Proposition @] the function

Ws(t> = ~71L(X§7 1)wN(t) =

is a polynomial of F,[t, 6]. Furthermore, we have:

Proposition 45 Assuming that s > 2 is an integer congruent to 1 modulo ¢—1 and is not a power
of q, the following properties hold.

1. The degree in t of Wy does not exceed s(s —1)/(q— 1) — s — piq(s),

2. the degree in 6 of W is equal to ({4(s) —q)/(¢g — 1).
By the remarks in the introduction, we know how to handle the case of s = ¢; we then have
o
6 —ta

Proof of Proposition [{3 The bound for the degree in t is a simple consequence of Proposition E4]
and Lemma (43l To show the property of the degree in 6, we first notice that, by Lemma [43] for all
¢ € Ful,

Wi (t) =

L,(s) —q
1)) = ~ 1220 (33)
qg—1
The computation of W,(¢) is even explicit if ( € F,. Indeed, with the appropriate choice of a
(g — 1)-th root of (¢ — 0), the fact that x¢ = x¢, Lemma [[2 and [26, Theorem 1],

(X , Dw(Q)?
WO = SR
_ <x<, 1w()?
TH(C)
Lot
*eq(s)
T(C—0)
q(S)
= (=0 TTO-O T (C—OTT(C—0) T
and
Ws(() = =(¢—0) (34)
Let us write: .
W (t) = Z aiti, a; € A.
i=0
By (34), we have
lq(s) aq
a0 = W, (0) = —(—6) " (35)
and for all ¢ € F2'& we have, by (B3],
[Ws(Q)] = lao-
This means that for i = 1,...,g, |a;| < |ag|, and the identity on the degree in 6 follows as well.
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Corollary 46 If {,(s) = q, then Wy = —1.
Proof. By B4), W, = ag = —1 in virtue of (35]). O
By Corollary El the function

Vis(ti, . oots) =7 "Lxe, - xe,)w(ty) - w(ts)

is, for s =1 (mod ¢ — 1) and s > 2, a polynomial of A[ty,...,ts]. Since

where o(1) represents a function locally analytic at t = 6, the function L(x¢, - - - X¢., 1) vanishes on
the divisor

where
D, = {(tl, Ce ,ti,l,ﬂ,tiﬂ, . ,ts) S (Coo}

In other words, in Coo[[t1 — 6, ..., ts — 0]], we have

L(xt, - Xe) = D Cipin(ti—0)1 o (b5 = 0), ciy, i, € Ca, (36)

i1yt 21

where on both sides, we have entire analytic functions (see Corollary B4]). This can also be seen,
alternatively, by considering the function Fs_; of Lemma [BI] which vanishes, and observing that

L(th : "thvl) ti=0 — stl(tla' N atiflvtl?‘rla' N ;ts)-

1 in the expansion (B6). We then have

.....

d d
017...)1 = (d_tl e d_tSL(th e th))

ty=--=t,=60
so that

/s
Vi s 0,...,0)= (-1 sgs—1 a_ = (=1 s~=s—1 F. o
1, ( ) ’ ) ( ) ™ dz>0 EAZJr(d) P ( ) ™ C1,...,1 (S q[ ]

(by Corollary B4} the series on the right-hand side is convergent). Now, by Proposition 4] TI(s)
divides the polynomial Vi 4(0,...,6) in A. We then set, as in the introduction:

~ Vi(0,...,0)

B. I1(s)
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4.2 Proof of Theorem

We begin the proof with a couple of simple remarks. Firstly, if B is a polynomial of A[t] and if p
is a prime of degree d > 0, then

"B=B (mod p).
The reason for this is that p divides the polynomial 97" — 9. In particular,
(~'B)(6) = B(#) (mod p). (37)
Secondly, recalling the C.-linear operator ¢ of subsection L.1.7] we have

To =T =p,
where p is the operator defined by p(z) = 29 for all z € Coo((t)). In particular, if s = >°_ siq" is
expanded in base ¢ and if d > r > i, from

waz _ TdiZTlgDZ _ Tdfzpl

we deduce
r

(rw) (1) = [J (4w (),

i=0

so that

(rw)(t) = [ [ Gamilt, 0)* 7 w(t)®. (38)

i=0
We can finish the proof of Theorem Bl By (37),

B, = (r9W,)(6).
We shall now compute (7¢W)(0). If d > r, we can write

d—i—1
Gd—i(t7 H)Siql = (t - H)Siql (t - 9q7)51q17

j=1
and

[1Ga-it.0)¢" = (¢ — 0)°F (1),
=0

where F'(t) is a polynomial such that

T

Fo) =19 .

=0

Since
(TIW)(8) = 7 L(x;, ¢ (t — 0)°w(t)* F(t)
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and lim;_,¢(t — O)w(t) = —7, we get

T

. d — (_1yse—d® d _ \=s siqf
fm W0 = (et [
BC d r k3
— —1)8 g=—s Siq. .
( ) H(qd _ 8) pal d—i—1
Our Theorem [{ follows at once. O
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