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with or without signals

Vianney Perchet *and M. Quincampoix'

January 16, 2013

Abstract

We unify standard frameworks for approachability both in full or partial monitor-
ing by defining a new abstract game, called the purely informative game, where the
outcome at each stage is the maximal information players can obtain, represented
as some probability measure. Objectives of players can be rewritten as the conver-
gence (to some given set) of sequences of averages of these probability measures.
We obtain new results extending the approachability theory developed by Blackwell
moreover this new abstract framework enables us to characterize approachable sets
with, as usual, a remarkably simple and clear reformulation for convex sets.

Translated into the original games, those results become the first necessary and
sufficient condition under which an arbitrary set is approachable and they cover and
extend previous known results for convex sets. We also investigate a specific class
of games where, thanks to some unusual definition of averages and convexity, we
again obtain a complete characterization of approachable sets along with rates of
convergence.

Introduction Repeated games can be studied by considering sequences of payoffs
and constructing, stage by stage, strategies with the requirement that the outcome at
the next stage will have good properties given the past ones. Perhaps, the most revealing
examples of this claim are Shapley’s [18] operator that describes the value of stochastic
zero-sum games, the exponential weight algorithm for predictions with expert advices (see
e.g. Cesa-Bianchi and Lugosi [10], Chapter 6) or Blackwell’s [6] approachability theory.

We recall that in a two-person repeated game with vector payoffs in some euclidian
space R¥, a player can approach a given set E C RF, if he can insure that, after some stage
and with a great probability, the average payoff will always remain close to £. When
both players observe their opponent’s moves (or at least the payoffs), Blackwell [6] proved
that if F satisfies some geometrical condition — F is then called a B-set —, then Player 1
can approach it. He also deduced that either Player 1 can approach a convex set or
Player 2 can exclude it, i.e. he can approach the complement of one of its neighborhood.
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In the partial monitoring case, when players do not observe their opponent’s moves
but receive random signals (their laws may depend on the actions played), working on
the space of unknown payoffs might not be sufficient — except for specific cases, such as
the minimization of external regret as did Lugosi, Mannor and Stoltz [16].

Attempts were made to circumvent this issue, notably by Aumann and Maschler [4]
and Kohlberg [14] in the framework of repeated games with incomplete information.
Lehrer and Solan [15] also considered strategies that are defined, not as a function of
the unknown past payoffs, but as a function of the past signals, and they proved the
existence of strategies that satisfy an extension of the consistency property. Perchet [17]
also used this approach to provide a complete characterization of approachable convex
sets; it extends Blackwell’s one in the full monitoring case.

Games with partial monitoring

Formally, we consider a two player repeated game I' with partial monitoring where, at
stage n € IN, Player 1 chooses an action i, in a finite set I and, simultaneously, Player 2
chooses j, € .J. This generates a vector payoff p, = p(in, jn) € R where p is a mapping
from I x J to R¥, extended to A(I) x A(J) by p(x,y) = Ey,[p(i, §)] == > i riyip(is j),
where A(I) and A(J) stand for the sets of probability measures over I and J.

The important difference with usual repeated games with full monitoring is that, at
stage n, Player 1 does not observe Player 2’s action j,, nor his payoff p,,, but he receives a
random signal s, € S (where S is the finite set of signals) whose law is $(in, jn) € A(S).
The mapping s : I x.J — A(S), known from both players, is also extended to A(I)x A(J)
by s(z,y) = E; 4[s(4,75)] € A(S). On the other hand, Player 2 observes iy, j, and s,,.

In this framework, a strategy o of Player 1 is a mapping from the set of past finite
observations H' := J,cn(I x S)" into A(I); similarly, a strategy 7 of Player 2 is a
mapping from H? := J,, o (I X S x J)™ into A(J). As usual, a couple of strategies (o, 7)
generates a probability, also denoted by P, on H*® := (I x S x J)> endowed with the
cylinder topology.

We introduce the so-called mazximal informative mapping s from A(J) to A(S)! by
s(y) = (s(i,y));e;. Its range S C A(S)! is a polytope (i.e. the convex hull of a finite
number of points) and any of its element is called a flag. Whatever being his move,
Player 1 cannot distinguish between two actions yg,y1 € A(J) that generate the same
flag u € S, i.e. such that s(yg) = s(y1) = p, thus s(y) — although not observed — is
the maximal information available to Player 1, given y € A(J). Note that with full
monitoring, a flag is simply the law of the action of Player 2.

Approachability

Given a closed set £ C R¥ and 6 > 0, we denote by d(z, F) = infecp ||z—e|| (with ||-|| the
Euclidian norm) the distance to E, by E% = {w € RF; d(w, E) < 6} the é-neighborhood
of E and finally by IIg(z) = {e € E; d(z, E) = ||z — e]|} the set of closest points to z in
E (called projections of z). Given any sequence {a,, },,cy and n > 1, @, = % Yo 1
is its average up to the n-th term.



Blackwell [6] defined approachability as follows. A closed set E C RF is approachable
by Player 1 if for every € > 0, there exist a strategy o of Player 1 and N € IN, such that
for every strategy 7 of Player 2:

sup Eyr [d(7, E)] < e.
n>N

In a dual way, a set E is excludable by Player 2, if there exists § > 0 such that the
complement of E° is approachable by Player 2.

In words, Player 1 can approach a set £ C RF if he has a strategy such that the
average payoff converges' to E, uniformly with respect to the strategies of Player 2.

In the case of a convex set C, Blackwell [6] and Perchet [17] (see also Kohlberg
[14] for a specific case) provided a complete characterization with, respectively, full and
partial monitoring. Those results can be summarized thanks to the following notation
(that will furthermore ease statements of generalized results). Let X and X denote some
informative actions spaces and P be a multivalued application from X x X to R¥. In
our case, X = A(J) and X = S and P(z,§) = {p(z,y); y € s71(§)} for every z € X
and ¢ € X; with full monitoring, X reduces to A(J) and P(z,y) = {p(z,y)}.

Both conditions of Blackwell [6] and Perchet [17] reduce to the following succinct
one:

A convex set C' is approachable by Player 1 if and only if V¢ € X, 3z € X, P(x,§) C C.

1)
Actually, and as we shall see later, this result holds when X and X are any convex
compact sets of some Euclidian spaces and P : X x X = R is a L-Lipschitzian convex
hull. The latter condition means that for every z € X, P(z,-) is convex and that there
exists a family {p, : X x X = R¥; k € K} of L-Lipschitzian functions such that, for
every (z,§) € X x X, P(z,§) = co {px(z,€); x € K}, where co(-) stands for the convex
hull.

Purely informative game

The introduction of two arbitrary compact sets X and X, endowed with the weak-x
topology, and a multivalued mapping P motivate the following definition of the abstract
purely informative game [. At stage n € IN, Player 1 chooses x, € A(X), the set of
probability measures over X and, simultaneously, Player 2 chooses &, € A(X). Those
choices generate the outcome (the term payoff will only be used in T'):

071 - H(ergn) = Xn ® gn S A(X X X)a

where ® stands for the product distribution. A strategy o of Player 1 is now a mapping
from (J,cn (A(X) x A(X))"™ to A(X) and similarly, a strategy 7 of Player 2 is defined
as a mapping from J, o (A(X) x A(X))" to A(X). With these notations, a pair of

strategies (o, 7) induces a unique sequence (Xn,&,,),cn in (A(X) x NGRS

!The almost sure convergence can also be required, but to the cost of cumbersome notations.



Let 6,, be the average up to stage n of the measures 6, which is defined as follows:
for every Borel subset F' C X x X, 0,(F) := 13" _ 6,,(F). Then a closed set E C

T n

A(X x X) is approachable by Player 1 if for every & > 0 there exist a strategy o of
Player 1 and N € IN such that for every strategy 7 of Player 2:

Vn > N, W, <§n, E) = inf Wa(0,,0) < ¢,
el

where Ws is the (quadratic) Wasserstein distance — defined later in a section devoted to
preliminaries —. For the definition of approachability, any distance metrizing the weak-x
convergence of measures could be suitable but for the characterization of approachability
- as we will demonstrate throughout the paper - the quadratic Wasserstein distance is
very convenient.

Organization and main results

The purely informative game I unifies the framework of both games with or without
signals; we prove indeed in the first section (see Proposition 1) that a set is approachable
in a game I' if and only if its image set is also approachable in I. And we exhibit in
the second section, see Proposition 2, a necessary and sufficient condition under which
the latter holds. So this gives immediately the same result for (non necessarily convex)
approachable sets with partial monitoring, for the first time in the literature.

We investigate the case of approachable convex sets, which usually benefits from a
quite simple characterization (condition (1)). We show in Section 3 that this is covered
by our first main result, Theorem 3 — that is actually more general.

In the last section, we are interested in specific games (that we called convex) and
thanks to a totally different notion of approachability (along with some unusual definition
of convexity) we obtain, not only another characterization of approachable sets, but also
rates of converges. Those main results are stated in Theorem 4 and Theorem 5.

1 Some preliminaries on Wasserstein Distance and on Nor-
mals

Here we define in a precise and concise way the distance Wy we have already used in
the introduction. We also introduce some material that will be used in the sequel. The
reader can refer for this part to the books [21, 11]. Moreover the projection onto a
nonconvex set in R¥ is in general multi valued and a proper notion of normal should
be used (cf for instance [2]). So we need to adapt this definition to the set of measures
(following ideas of [9]).

For every p and v in A2 (RN ) — the set of measures with a finite moment of order
2 in some euclidian space RY —, the (squared) Wasserstein distance between p and v is
defined by:

W3(p,v):= inf I[]= sup J(¢,¥)= inf E[[|U—-V|?], where (2)
~eIl(pu,v) (p,0)ES Ur~op; Vv



— U ~ p means that the law of the random variable U is p;

— II(u, v) is the set of probability measures v € A (IRN x RN ) with first marginal p
and second marginal v and

I = / Iz — ylPdy(e,y);
RN xRN

— = is the set of functions (¢,v) € L}L(IRN, R) x LL(RY,R) such that ¢(z) +(y) <
I — yIP, 4 ® v-as and

H6.) = [ odns [ v

Furthermore, if the supports of © and v are included in a compact set, then we
can assume that Z is reduced to the set of functions (¢, ¢*) such that, for some
arbitrarily fixed zy € K,

¢"(x) = inf Jlz —yl* = ¢(y), ¢=(4")" and ¢(xo) = 0.

Since every function in = is 2|| K ||-lipschitzian (where || K || is the diameter of K),
Arzela-Ascoli’s theorem implies that (2, ||||o) is relatively compact.

Actually, the infimum and supremum in (2) are achieved; we denote by ®(u,v) the
subset of = that maximizes J(¢, ¢*) and its elements are called Kantorovitch potentials
from p to v. Any probability measure v € A (IR2N ) that achieves the minimum is an
optimal plan from p to v.

More details on the definition of Wy, based on Kantorovitch duality, can be found
for example in Dudley [11], chapter 11.8 or Villani [21], chapter 2.

Brenier’s [8] theorem states that if y <g A (i.e., the probability measure p is ab-
solutely continuous with respect to the Lebesgue measure A and has a strictly positive
density), then there exist a unique optimal plan v and a unique convex Kantorovitch
potential from p to v. They satisfy:

dy(x,y) = dp(x)0(z—ve(z)) or equivalently v = (Id x(Id =V¢)) 4y,

where for any ¢ : RV — RY, Borel measurable with at most a linear growth, ¥y €
A (RN ) is the push-forward of u by 1 — also called the image probability measure of
by . It is defined by

Yiu(A) = p (1/)_1(14)) VA c RN, Borel measurable

or equivalently by: for every Borel measurable bounded maps f : RY — R:

/ FA(hp) = / F () du(z).
RN RN

A classical approximation result (see e.g. Dudley [11])) is that for any convex compact
K c RY with non-empty interior and any ¢ > 0, there exists A.(K) a compact subset
of Ag(K) = {u € A(K), u <o A} such that, for every u € A(K), Wi(u, Ac(K)) < e.
So Brenier’s theorem actually implies that

® is singlevalued and uniformly continuous on A.(K) x K.



Some geometrical properties of W,

Blackwell’s approachability results rely deeply on the geometry of Euclidian spaces. One
of our goals is to underline and establish required results for the measure space equipped
with Way. For instance, in Euclidian (and also Hilbert) spaces the projection onto a closed
convex set could be characterized equivalently by the minimization of the distance to the
set or by a characterization of the projection by the well-known condition with scalar
products. The Lemma 6 could be viewed as a way of writing this "condition with scalar
products" in the space of measures. Also Blackwell’s conditions requires suitable notions
of projections and normals we will introduce now.

In the space A(K) equipped with Wy we define the corresponding definitions of
proximal normals (see Bony [7]) to nonempty closed sets A C A(K) at some pu € A.
As usual, we say that p is a projection (with respect to the Wasserstein distan(;z) of a
measure p € A(K) if Wy(p, A) := infge g Wo(p,0) = Wa(p, p).

Actually, proximal normals can be defined in two different ways, depending on which
equivalent definition of W5 is used.

— Proximal potential normal: a continuous function ¢ : K — R is a proximal poten-
tial normal to A at p if ¢ is a Kantorovitch potential from p to some p € A(K)
where p is a projection of u on A.

NCH (H) = {(;5 : K — R; ¢ proximal potential normals to A at H} .

— Proximal gradient normal (adapted from [1]): a map p € Li(IRN ,RN) is a proximal
gradient normal to A at p if p € P7(u, p) for some p ¢ A that projects on p and
some optimal plan v € II(x, 1), where, for every pu,v € A(RN) and v € TI(u, v),

P, p) = {p eL; (RY,RY); v e CLB7/]RN (), p(x))dpu(z) =/

R2N

(), > — y>d7(x7y)}

with Cz,B the sets of Borel measurable map ¢ : RV — RY with at most a linear
growth. Riesz representation theorem ensures the non-emptiness of P7(yu, 1) (see

[9])-

NC% (H) = {p € LE(RN, RY); p proximal gradient normals to A at H} .

Observe that Brenier’s Theorem also implies that both definitions of proximal nor-
mals are, in some sense, quite close. Indeed, if A is a compact subset of A(K) and p € A
and 1 <o A then B

¢ € NCY (1) = V¢ € NCY ().

2 Equivalences between approachability in both games

Recall that we represent a game I' by two compact convex action spaces X and X
and a L-Lipschitzian convex hull P. We define the set of outcomes compatible with



0 € A(X x X) by:
p0)= [ Pgaoc
XxX

where the integral is in Aumann [3]’s sense: it is the set of all integrals of measurable
selection of P. For every subset E C A(X x X), the set of compatible outcomes p(E) C
R* is defined by:

p(E) = {p(e); 0 e E} C RE.

Reciprocally, for every E C RF, the set of compatible measures p~}(E) C A(X x &) is
defined by:
p(E) = {0 € AX x X); p(0) C E}.

The mapping s does not appear in the description of T but only in the definition of p
that links I" and I': given a set £ C R* in T, we introduced the image set E = p_ -1(B) c
A(X x X) in I. And it is quite intuitive that E is approachable if and only E is (see
Proposition 1 below, whose proof — mainly technical — is delayed to the Appendix in
order to keep some fluency).

Proposition 1

i) Aset E C RF is approachable in T if and only if p~(E) C A (X x X) is approach-
able in T';

i) If a set E C A (X x X) is approachable in T then the set p(E) C RF is approachable
n I

iit) For every convex set C' C Rk~, pH(C) C A(X x X) is a (possibly empty) convex
set and for every convex set C C A (X x X), p(C) is a convex set.

Notice that point i7) cannot be an equivalence. Consider the case p = 0 and E =
{x0 ® yo} for some x¢ and yo. Then p(E) = {0} is approachable but E is not, since
Player 2 just has to play y1 # yo at each stage. This is a consequence of the usual

inclusions p (p~'(E)) C E and p~* (p(ﬁ)) > E.

3 Approachability of B-sets

Blackwell [6] noticed that a closed set E that fulfills the following geometrical condition
— F is then call a B-set — is approachable by Player 1 with full monitoring. Formally, a
closed subset E of RF is a B-set, if

Vz e R, 3p e TIg(z), 3z € A, (p(z,y) —p,z —p) <0, Vye A(J).

An equivalent formulation using NCg(q), the set of proximal normals to E at ¢, appeared
in [2]. Indeed E is a B-set if and only if

Vp € E,V¥q € NCg(p), 3z € A(D), Yy € A(J), {p(x,y) —p,q) <0.



Blackwell [6] and Spinat [20] proved that E is approachable in T'/ if and only if it contains
a B-set.

Our definition of proximal potential normals gives to Wy a structure close to a
Hilbert. This allows to extend Blackwell’s definition of a B-set as follows.

Definition 1 4 set E C A(X x X) is a B-set if for every 0 not in E there exist
0 €Tlz(0), ¢ € ®(0,0) and x (= x(0)) € A(X) such that :

/ pd@—x®&) <0, VEeAX).
XxX
Or stated in terms of proximal potential normals:

¥ e E,v9 e NCh(0), 3x € AXY), ¥E€ AW), [ od@-xwg<0.
XxX

The concept of B-sets is indeed the natural extension of B-sets because of the fol-
lowing proposition.

Proposition 2 A set ECA (X x X) is approachable if and only if it contains a B-set.

Proof: We only prove here the sufficient part, i.e. a B-set is approachable by Player 1
(by adapting Blackwell [6]’s ideas to our framework). Again, we postpone the proof
of the necessary part (almost identical to the full monitoring case) to the Appendix to
prevent cumbersomeness.

Let £ > 0 be fixed. For every probability distribution § € A(X x X'), we denote by
0° € A.(X x X) any arbitrary approximation of § such that W2(0,6°) < e.

Consider the strategy o of Player 1 that plays, at stage n € N, x(f5_;) given by
the definition of a B-set, where 0 is the average of the n — 1 first (6,,)°. Then, if we

denote by 05_; the projection of 05 _; over E and let w, = W3 <9_,i, ENJQ

L ! 1 e
wn = W3 (05,B) < W3 (05,05 0) = W (250, 00+ )

—1_ 0
—swp [ sz [ o <” B+ —")
pe=J X xX XxX n n
—1_ 0
= / ¢n o5, 4 +/ dpd (n U1+ _n>
XXX XXX n n

-1 1
< n—wnfl + — (/ andgfl_l - / gb;dH}i)
n n XxX XxX

where ¢, is the optimal Kantorovitch potential from 6;,_; to "T_léfb_l + %. Let us denote
by ¢o the optimal Kantorovitch potential from 6;,_; to 65_; and by w®(-) the modulus
of continuity of ® restricted to the compact set E x A-(X x X).

The definition of W2 implies that

. on—1_ 0 1 - 41X x X |)?
W3 (0 o 2 ) < w0 < A

n

8



therefore [[o — dlloe < & (2 X /v/7) and

—1 1 2 211X x X
z%gﬁ—ﬂ%1+—</ ondti+ [ %M@+ﬂw(J—i—J)
n n\Jxxx XxX n Vn

Recall that 65 is such that that [y ¢odbn + [y, 4 #5d05 < Wi (0,,05,) < e, therefore

-1 1 2 21X x X
w, < z%4+—</ ondti 1~ | %MQ+_M<J—i—J>+S
n n\Jxxx XxX n vn n

Since E is a B-set and because of the choice of x,, € A(X), for every &, € A(X),
fXxX pod (Qifl —Xp & En) < 0, thus

n—1 2 €<2\|X><X||>+£

Wy < — W1+ —w
" n " n vn n

and this yields, by induction, that

w3 (6, F) < %HWQQ (7 B) + n%l S (zuxj; H> .

m=1

Since w®(2||X x X' ||/vk) converges to 0 when k goes to infinity, then w, is asymptot-
ically smaller than €. The fact that Ws (En,E> < Wsy <§Z,E> + ¢ implies that E is
approachable by Player 1. O

4 Characterization of convex approachable sets

There also exists in ' a complete characterization of approachable convex sets :

Theorem 3 A convex set C is approachable if and only if:
VE e AX), Ix e AX), O(x,8) =x®£eC.

Proof: Once again, we will follow the idea of Blackwell. Assume that there exists € such
that, for every x € A(X), 0(x,£) ¢ C. The application x — Wy <9(x,£), C~') is continu-

ous on the compact set A(X), therefore there exists § > 0 such that W23 <9(X, £), 6’) > 6.

Consider the strategy of Player 2 that consists of playing & at every stages, then
0, =X, RE, 0, = X, & = 0(X,,€) and W3 <§n,5’) > § > 0. Therefore C is not
approachable by Player 1.

Reciprocally, assume that for every & € A(X) there exists x € A(X) such that
0(x,&) € C. We claim that this implies that C' is a B-set.



Let 6 be a probability measure that does not belong to C and assume (for the
moment) that § <o A. Denote by § € C any of its projection then, by definition of the
projection and convexity of C:

Wa(0,0) < W3 (1— N0+ x®¢&,0) :sup/ dd (1 =N+ x®E) +/ $*do
PEE J X x X XxX

=5 do *dh — \ d(f —
bup/Xfoq5 _+/X><X¢ X><X¢ E-x®8)

IS

:/ ¢Adg+/ A0 [ odl@—xo¢€)
XxX XxX XxX

s/)M%dm/)mﬁd@—A/)Mmd@—x@s)

— W2(E,0) - )\/ (0 —x @ €)

XxX
where ¢ (resp. ¢) is the unique potential from (1—\)0-+Ax®E& (resp. ) to 6. Therefore,
for every A >0, A [,y ¢xd(0 —x ® €) < 0. Dividing by A > 0 yields:

/ o d(@ —x®&) <0, VA>0.
XxX

Since (1 — A)8 + Ax ® € converges to ¢, any accumulation point of (¢))x~o has to belong
(for every x and £) to ®(6,0) = {¢o}. Stated differently, given ¢g € ®(6,60), one has:

(B < )= 5 B 0

The function gg, is linear in both of its variable, so Sion’s Theorem implies that

CL880 < 900 6) = i 1 0

hence C is a B-set. B B
Assume now that 0 ¢ Ag(X x X) and let 0,, € A1 (X x X') be a sequence of measures

that converges to 6, (0,) e @ sequence of their projections, and ¢, € ®(0,,,0,). Up
to subsequences, we can assume that ¢, and ¢, converge respectively to 6 and ¢o.
Necessarily, 6 is a projection of § onto C' and ¢y belongs to ®(6,6). Therefore:

[ oi@-xeo=ln [ sa@-xe6 <0
XxX

n— o0 XxX

and C is a B-set. O

Let us go back and quickly show that the characterization (1) of approachable convex
sets with full monitoring is a consequence of Theorem 3:

10



Proof of characterization (1) By Proposition 1, a convex subset C' of RF is
approachable if and only if the convex set p~1(C) C A (X x X) is approachable in I.
Therefore, using Theorem 3, if and only if for every & € A(X), there exists x € A(X)
such that p(x ® §) C C. Let us denote by Ex € X and E¢ € X' the expectations of any
x € A(X) and £ € A(X). Then, in the case of games with partial monitoring, one has
that p(dg, ® d¢) C p(x ® d¢) and p(d; ® &) C p(dz @ OEe)-

Assume that C is approachable; since the condition holds in particular for £ = d¢,
there exists x such that p(x ® d¢) C C, therefore some x € X such that p(d, ® d¢) C C
(one just has to take z = Ex).

Reciprocally, if C' is not approachable; there exists &€ such that (in particular) for any
0z, p(€ ® 0,) ¢ C, therefore there exists some £ € X' such that p(d¢ ® 0,) ¢ C (one just
has to take & = IE¢).

We obtain the stated result as a consequence:

C' is approachable if and only if V& € X, Jx € X, p(6, ® 6¢) = P(x,§) C C

a

This also explains why there exist convex sets that are neither approachable, nor

excludable with partial monitoring (see Perchet [17]) which cannot occur with full mon-
itoring (see Blackwell [6]): it simply due to the fact that p~1(C) can be empty.

5 Convex games

We restrict ourselves in this section to the particular class of games called convex games
which have the following property: for every ¢ € A(X x X):

pla) = /X P §)da(a.€) © P (B o] B, [€).

For instance, this reduces in games with full monitoring to p(q) = p (I,[z], E4[¢]).

Example 1 The following game where the payoffs of Player 1 are given by the matrix
on the left and signals by the matrixz on the right, is convew.

L c R L C R
T | (0,-1) | (1,-2) | (2,-4) T|lal|lal|b
B | (1,0) | (2,-1) | (3,-3) Bla|al|b

In this game I = {T, B}, J = {L,C,R} and S = {a,b}. If Player 1 receives the signal
a, he does not know whether Player 2 used the action L or C.

We introduce the notions of displacement interpolation and convexity (see e.g. Vil-
lani [21] for more details) that will play the role of classic linear interpolation and con-
vexity.
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Given p, v € A%2(RY) and t € [0,1], a displacement interpolation between p and v
at time ¢ is defined by fi; = oy, where v € II(u,v) is an optimal plan and oy is the
mapping defined by oy(z,y) = (1 — )z +ty. A set C is displacement convex if for every
pveC, every t € [0,1] and every optimal plan v € II(u,v), oty € C.

Let T be a new game defined as follows. At stage n € IN, Player 1 (resp. Player 2)
chooses x,, € X (resp. y, € X) and the payoff is 0, = 0z, ® 0y, = 6(z,, 4,) € A(X X X).
We do not consider average payoffs in the usual sense (as in f) but we define a sequence
of recursive interpolation by:

(/9\”“ =0_1 #Ynt1, where 4,11 € H(@\n,ﬁnﬂ) is an optimal plan.
n+1

By induction, this implies that é\n = 0z, ®dy . Indeed, 51 = 0z, ® 0y, and by = 05, ® Jy,
therefore:

Y2 = (03, ® dy,) ® (65, ® 0y, ) and (/9\2 = U%ﬁ’m = 5% ®5%.

Definition 2 A closed set E C A(X x X) is displacement approachable by Player 1
if for every € > 0 there exist a strateqy o of Player 1 and N € IN such that for every
strategy T of Player 2:

Vn > N, W, (én,E> <e.

Consider any set E' C R? and assume that p~!(E) is displacement approachable
by Player 1. Since 0, = dz, ® d3 _, the convexity of the game implies that p(0,) C
p(é\n) and thus p~!(E) is also approachable in the sense of . The use of displacement
approachability provides however explicit and optimal bounds (see Theorem 4 below).
This is the reason we investigate this special case.

In this framework, we use proximal gradient normals to define a B-set:

Definition 3 A closed subset E C A (X xX)isa B-set if for every 0 not in E there
exist a projection § € Ig(p), P € NP%(Q) and x = x(0) € A(X) such that for every
y € X, there exists an optimal plan ~(x,y) € 11(0, 6, ® §y) and p(x,y) € P(y(x,y)) such
that:

@,p(:ﬂ, y)>L2(Q) <0.

This notion of B-set extends Blackwell’s one to I' because of the following Theorems 4
and 5.

Theorem 4 A set E is approachable in r if and only if it contains a B-set. Given a
B-set, the strateqy described by T,1q1 = x(é\n) ensures that Wa (é\n,E) < K/\/n, for
some K >0

~

Proof: Assume that Player 1 plays, at stage n, z, = x(6,-1) and denote by 6, =
0z, ® Oy, the outcome at stage n. For every n € IN, the displacement average outcome

Tn )

12



If we denote by 0, € E the projection of 9 on E then the optimal plan from 6,, to
0, is 0,, @ 0, So the proximal normal p,, € NP3(0,,) is defined by p,,(2) = z — (Tp, yn)
Slmﬂarly, 0,, @ (02,111,901 ) is an optimal plan from 6, to &g, ®y, ., thus if we define
Prnt1(z) = 2 — (Tpt1, Ynt1), the assumption that E is a B-set (along with the choice of
Zni1 = 2(6,)) ensures that (ﬁn,pn+1>9n <0.

As usual, we note that W2 (9n+1, ) < W§(§n+1,Q ) which satisfies:

1

W3 (0 0) = [ o= s i 90, = [ @ Ban) - 2] 40,)
(XxX)2 XxX

L.
(&
(&

(n + 1) /XXX (@n,Un) = 2 (Tng1, Yna1 — 2)) A, (2).

2 dg,, ()

n
n+1

) 1@ T) ~ 21 48, (2

1
( myn) + (xn-l-hyn-i-l) —Zz
n+1

) (st yss) — 2|12 6, (2)
XxX

Therefore,

3 (Be0.) = (5) 92 (30.) + () 93 0
2
n

2
_ n 2 (A = K
0" 5 . < w2 (6,.E .
* (n+1)2<p”’p “>9n—<n+1> 2( )+<n+1>

We conclude by induction over n € IN.

We sketch the proof of the necessary part. Conclusions of Lemma 8 (delayed to
Appendix) hold in [ and the proof of the first two points are identical. Hence it remains
to prove the third point, L.e. that a set which is not a B-set has a secondary point (see
Definition 4 also in Appendix). Let @ be not in E 6 one of its projection on E and
D€ NC%(Q) the associated proximal normals such that:

Vo€ X3y € X (pplallo = [ ()2 = (@u)dd >0,

Sion’s theorem implies the existence of 6 > 0 and y € X such that for every z € X,
(p,p(x,y))g > 6. If we denote by 0y = (Id, o) #6,, ® 0,41 then using the same argument
as in the proof of Lemma 6, we show that

— — K\ — 2)\6 — A
Wa(8,03) < Wa(8,0) + —— 20 < Wy(G,0) — —o—,
for A small enough. Hence, 0 is a secondary point. a

The following Theorem is the characterization of displacement convex approachable
sets.
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Theorem 5 A displacement convex set C is approachable by Player 1 in r if and only

if
Vye X, dz e X, 0(z,y) =0, ®6, € C.

The proof is based on the following lemma that extends to Wasserstein space the usual
characterization of the projection on a convex set in an Euclidian space .

Lemma 6 Let X be a compact subset of RV and A be a displacement convex subset of
A(X). Fiz 0 € A. Then for all p € NC%(p) and all 0, € A we have

Ve P@.0). [ ((0).p(w)ddla) = 5o <0 3

Proof: Let us consider 0,0y € A and p € NP%(0). We denote by 6§ ¢ A the measure
outside A and v € II(d, #) the optimal plan given by the definition of proximal gradient
normals. Define v/ = Ty where T : (z,y) — (y,z) so that 4/ is obviously an optimal
plan from 6 to 6.

Let 7 € TI(6,0y) be an optimal plan from € to 6y and for any A € [0,1] we define
0y := o iy and 4\ = (Id, 0))4y which belongs respectively to the displacement convex
set A and to I1(0, 6,).

By the disintegration of measure theorem for any y € R there exists a probability
measure ), on RY such that J\ = [pn (6 ® Yr,)0(dy) which means that for any
continuous bounded function u(y, z) : R*Y — R

Ly utremaas = [ ] a2, )] sy
R2N ]RN RN
We define 7 € I1(4, 0,) by:
VoeCh [ o= [ o 2in(dan (de,dy)
]R2N ]RBN
Since 6y € A and 7 € I1(0, 6, ), we obtain:
WH0.0) < W06 < [ o~ 2P0
R2N
= [ o= 2Py (d2) (o, dy)
IRSN
= [l =l 2 @rdy) +2 [ (o= gy = 2y (d2) (o dy
R3N R3N

T / ly — 212y (d2)y (e, dy) = a4+ b+ ¢
RSN

where a, b and ¢ denote respectively the three integral terms in the above equality. It
remains to estimate the three terms a, b and c.

o= [ lo =yl (e dy) = W3(0.0)
R2N
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s=2 [ (omu [ -2 Vi)
R2N RN
= 2/ <y - x,/ (x — z)%\7$(dz)> v(dz,dy)  (by definition de +")
R2N RN

_ /}R ) <]3(x), /R (x — zmm(dz)> 8(dz)  (from the definition of p)
(

=-2 /IR P(x),z — z) Ya(dz,dz) (by the desintegration formula)
=-2 /RQN @(z),z —[(1 = Nz + \z]) y(dz, dz) (by definition of 7y)
= —2A (p(x),x — 2) y(dz,dz) = —2X (p(z), p(x)) 0(dz).

R2N R2N

And this holds for any p € P(6,6).

The disintegration of measure formula together with the definition of 7 yield
2 .~ 2 .~
e= [ o= 10= Ny 2 Ptz =2 [ o= 2[d(. 2
R2N R2N

hence ¢ = \2W2 (0, 0o).

Summarizing our estimates, we have obtained
W36,9) <W36.0) ~A | 2 <P(e).p(x) > O(de) + MW3(E, bo).
Thus for any A € (0,1),
0 < AZIV(8, 01) — 2\ /RZN < Bla), p(z) > 0(da).
Dividing firstly by A > 0 and letting secondly A tend to 0T, this gives the wished

conclusion. O

Proof of Theorem 5. Let 6 be any measure not in E and denote by 6 € 7 (0) any
of its projection and p € N Pz(0), associated to some 7 € II(¢, /), any proximal normal.
For every € X and y € X’ the only optimal plan from 6 to 6, ® 6, is ¥ = 0 ® (05 ® 6y).

The function h : X x X defined by

M) = [ <plwu o> diey
(XxX)
is affine in both of its variable since:

) = [l dso = [ pludg o)) == - (@),
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where zZ = /XXX(]_Q(U),u>dQ(u) and z = /Xxxﬁ(u)dﬁ(u).

Since for every y € X, there exists € X such that §, ®6, € C, Proposition 6 implies
that for every y € X there exists x € X such that h(z,y) < 0. X and X are compact
sets, therefore Sion’s theorem implies that there exists z € X such that h(z,y) for every
y € X. Hence C is a B-set and is approachable by Player 1.

Reciprocally, assume that there exists y € & such that 6, ® ¢, ¢ C for every z € X.

Since X is compact, there exists 7 > 0 such that inf,cx Wo <5m ®5y,6) > n. The

strategy of Player 2 that consists of playing at each stage J, ensures that 0, = 0z, ® Oy
is always at, at least, § > 0 from C. Therefore it is not approachable by Player 1. a

Concluding remarks

Recall that action spaces in T (resp. I') are A(X) and A(X) (resp. X and X). Assume
now that in I' players are restricted to X and X; then a B-set should satisfy:

V0 € E,Y$ € NCL(F), Iz € X, Vy € X, pd(@—0,28,)<0
E XxX
The proof of the sufficient part of Theorem 2 does not change when we add this assump-
tion, thus a B-set is still approachable. However, both the proof of the necessary part of
Theorem 2 and the proof of Theorem 3 are no longer valid (due to the lack of linearity).

Similarly, assume that in T' players can choose action in A(X) and A(X) and, at
stage n € IN, the outcome is 0, = x, ® §,,. Strictly speaking, given such outcomes that
might not be absolutely continuous with respect to A, the sequence of interpolation 6,
may not be unique. However, we can assume that the game begins at stage 2 and that
01 = A/A(X x X); then, see e.g. Villani [21], Proposition 5.9, B < A and is unique.
By induction, the sequence of 6,, is unique. Once again, using the same proof, we can
show that a B-set is displacement approachable, but we cannot extends the necessary
part nor the characterization of displacement approachable convex sets.

A Proof of Proposition 1

Let us first state and prove the following (implicitly stated) lemma:

Lemma 7 If the two functions p and s are linear both in x € A(I) and p € S, then
the multivalued mapping (x,p) — Pz, p) = {p(z,y); y € s (n)} is a L-Lipschitzian

convex hull.

Proof: Since the graph of s™! is a polytope of R®! x R”, there exists a finite family of (so
called) extreme points functions {y.(:); k € K} from S into A(J) that are all piecewise
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linear and continuous (thus Lipschitzian) such that s™!(u) = co{ye(u); x € K}, for
every p € S. Since p(z,-) is linear on A(J):

Plau) = {ple) v €5 ()} = o) v € o o) € K} = co { ool n < K

Therefore P is indeed a L-Lipschitzian convex hull. O

We now turn to the actual proof of Proposition 1:

Proof of Proposition 1 B

The third point is obvious, so we only need to prove that if F C A (X x &) is
approachable in I then p(E ) C Rk is approachable in T' (see part 1) and that if £ C R*
is approachable in T' then p~!(E) C A (X x X) is also approachable (see part 2). The
remaining easily follows from the fact that p(p~!(E)) C E.

part 1: The proof consists in two steps. First, we link the Wasserstein distance
between two probability measures 6,0 € A(X x X) and the distance between the two
sets p(f) C R¥ and p(8) € R*. We will prove this step with the use of the 1-Wasserstein
distance defined below. In the second step, we transform a strategy in T into a strategy
in I'P.

Step 1: The 1-Wasserstein distance between p and v in A(X) is defined by:

Wi(0,0) = inf /Hm yl|dy(z,y) =  sup /(ﬁd@—dQ: inf E[|U-V]],
~ell(8,0) ¢€eLipy (X,R) J X

~ ~
) v

where Lip; (X, R) is the set of 1-Lipschitzian functions from X to R. Jensen’s inequality
and the probabilistic interpretation imply that Wi(8,0) < W5(0,6).

Let P is a L-Lipschitzian convex hull, then since P(z, &) = co {pR(CE, &)k € /C} where
every py is L-Lipschitzian, for every 6 € A(X x &), by convexity of the integral (see e.g.
Klein and Thompson [13], Theorem 18.1.19):

/ P(z,£)df = / co {pu(r,€); k€ K}d = co {/ pe(r,6)d0; K € IC} )
XxX XxX XxX

The mapping p, is L-Lipschitzian, so d <fXXXp,@(x €)do, p(0 )) < VkLe and since the
set p(6) is convex, d (p(0), p(0)) < VkLe. Therefore,

Wy <§,E> <e = sup d(zp(E)) < VkLe.
zep(0)

Step 2: This step transforms a strategy in I into a strategy in I' and is quite standard
in games with partial monitoring (see e.g. Lugosi, Mannor and Stoltz [16]); its proof,
which relies deeply Hoeffding-Azuma’s [12, 5| inequality, is therefore only sketched.

Let o be a strategy of Player 1 that approaches (up to € > 0) a set ECA (X x X).
This strategy cannot be directly played in I' in order to approach p(E) for two reasons:
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1) in I', Player 1 chooses an action i € I and not some x € A(A(I));

2) at stage n in I', the flag p,, = s(in, jn) is not observed, but only a signal s,, whose
law is $(ip, Jn)-

The usual trick is to divide IN into blocks of length NV € IN — where N is big enough.
The n-th block in I will correspond to the n-th stage in I and o is defined inductively.
Assume that o dictates to play x,, € A(X) at the n-th stage of I. InT and independently
at every stage t of the n-th block, with probability 7 the action é; is chosen uniformly
over I, and with probability 1 — n accordingly to Ey, € X.

The stages where i; was chosen uniformly allow to build an unbiased estimator that
will be arbitrarily close (if N is big enough) to 7,,, the average flag during the n-th block.
Since the choice of actions are independent, it is easy to show that the average payoff on
the n-th block is arbitrarily close to the n-neighborhood of P(Ex,,f,) = p(Ex,, 0z, )
So it is enough to act as if Player 2’s action in I was oz,

In order to obtain the almost surely convergence, we can use a classical doubling trick
argument (see e.g. Sorin [19]), which consists in a concatenation of these strategies with
increasing N and decreasing 7.

Part 2: Assume that E C R* is approachable in T' by Player 1. Consider the game
where Player 1 observes in addition u, = s(j,) and his payoff is I, [p(in, jn)] where z,
is the law of 4,,. This new game is easier for Player 1 because he has more information
and actions, hence he can still approach E C R*. Since P(z,-) is convex, allowing
Player 2 to play any action in A(X’) does not make the game harder for Player 1. Thus
we can assume that at stage n € IN, Player 1 observes §,, € A(X) = A(S), that he plays
deterministically x,, € A(X) = A(A(I)) and that his payoff belongs to p(x, ® £,,). We
call this new game by I'¢.

The fact that E is approachable in T'% implies that for every € there exists a strategy
0. in 'Y and N. € N such that for every n > N, and strategy 7 of Player 2:

d(anzlp(xmééém)’E) _ Sup{d(Z’E); L e Z?n:lp(xm®£m)} <o

n n

If we denote as before 6,, = x,, ® €,, € A(X x X) then equation (4) becomes:
Ve >0,3IN. e N, ¥n > N., 0, € p L (E*).
Let us define similarly p~'(E)% = {6? EA(X xX); Wy (6,E> < 5}. Since the se-

quence of compact sets p~! (E¢) converges (as € converges to zero) to p~!(E), for every
§ > 0, there exists £ such that for every 0 < e < g, p~ ! (E¥) C p~'(E)°. Therefore,
for every 0 > 0, there exists N € IN such that for every n > N and every strategy 7 of
Player 2, 6,, belongs to p~'(E)?. Thus p~!'(E) is approachable by Player 1. O

B Proof of the necessary part of Theorem 2

The necessary part of Theorem 2 is an immediate consequence of Lemma 8, greatly
inspired from Spinat [20]; it requires the following definition.
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Definition 4 A point 0 € A(X x X) is §-secondary forE if there exists a corresponding
couple: a point € € A(X) and a continuous function X\ : A(X) — (0,1] such that

mingea(x) Wa <)\( )0+ (1 — A\(x))x ®E, E) > §. A point 0 is secondary to E if there

exists 0 > 0 such that x is d-secondary to E.
We denote by PP(E ) C FE the subset of primary point to E (i.e. points ofE that are
not secondary).

Lemma 8 (Spinat [20])
i) Any approachable compact set contains a minimal approachable set;

i1) A minimal approachable set is a fived point of PP;
iii) A fized point of PP is a B-set.

Proof: i) Let B = {E C E‘ B is an approachable compact set} be a nonempty family

ordered by inclusion. Every fully ordered subset of B has a minorant B (the intersection
of every elements of the subset) that belongs to B since it is an approachable compact
subset of E. Thus Zorn’s lemma yields that B contains at least one minimal element.

i1) We claim that if E is approachable then so is PP(FE), hence a minimal approach-
able set is necessarily a fixed point of PP. Indeed, if 6 is d-secondary there exists an
open neighborhood V' of § such that every point of V' is J/2-secondary, because of the
continuity of W. Hence PP(E ) is a compact subset of E

Let 0y be a d-secondary point of an approachable set E/ and &, A the associated couple
given in Definition 4. Let ¢ < /4 and consider o a strategy of Player 1 that ensures that
0, is, after some stage N € IN, closer than ¢ to F. We will show that 6,, must be close
to 6y only a finite number of times; so Player 1 can approach E\{H} Indeed, assume
that there exists a stage m € IN such that Ws(0,,,00) < 6/4 and consider the strategy of
Player 2 that consists in playing repeatedly & from this stage on. It is clear that (if m is
big enough) after some stage 6 will be §/2-closed to A (X.m) 0o+ (1 — A (Rnm)) Xnm @ €
where X, ,,, is the average action played by Player 1 between stage m and m+n. Therefore

W, (En, E) > /2 > ¢ and since W5(0,,, ) can be bigger than §/4 only a finite number

of times, the strategy of Player 1 approaches E\{H} This is true for any secondary
point, so Player 1 can approach PP(E).

i4i) Assume that E is not a B-set: there exists 0 ¢ E such that for any projection
6 € IIz(6), any ¢ € ®(0,0) and any x € A(X), there exists £ € A(X) such that
fXxX pd(0—x®&) > 0. This last expression is linear both in x and &, so Von Neumann’s
minmax theorem imply that there exists £(= £(6, ¢)) and § such that [y, ¢d(f —x®
&) >0 >0, for every x € A(X).

We can assume that § € Ag(X x X). Otherwise, let (6, € A1 (X x X))nen be a

sequence of measures that converges to 0, (0,)nen a sequence of projection of 6,, onto
E and ¢f € ©(6,,0,,). Up to two extractions, we can assume that §,, converges to ¢, a
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projection of  and @i converges to ¢g € ®(0,0,). Therefore, for n big enough and for
every x € A(X),

0
0<52 [ 650, - xo & )
XxX
since the right member converges to [y, ¢od (6 — x ® &£(8y, ¢0)) > 0.

_ For every A € [0,1] and x € A(X), we denote by ¢, x the unique (we assumed that
0 <) Kantorovitch potential such that:

W3 (1-=XN0+ Ax®E,0) :/

XxX

=/ ¢>\,de+/ ¢§7Xd§—)\/ Drxd(d —x @ E).
XxX XxX XxX

Since (A, x) — ¢y x is continuous, ¢y x converges to ¢, for every x € A(X) which is
compact. Hence there exists A € (0, 1] such that:

Gaxd (1= N+ Ax @ €) + / 6% 00

XXX

'/ (oax — ¢0)d(@ —x @ E)‘ <6/4, VA< Vx e A(X).
XxX

_ 2 _ 2
Therefore, one has (W2 (9, (I-XM)0+x® E) ) < <W2(9,Q)) — Ag SO

2 )y =

which implies that Wy <(1 - A0+ IxRE, E) > and 6 is n-secondary to E.

_Consequently, a fixed point of PP, i.e. a set without any secondary point, is necessary
a B-set. O
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