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Abstract

We consider small solutions of a vibrating system with smooth non-
linearities for which we provide an approximate solution by using a double
scale analysis; a rigorous proof of convergence of a double scale expansion
is included; for the forced response, a stability result is needed in order
to prove convergence in a neighbourhood of a primary resonance. Key-
words: double scale analysis; periodic solutions; nonlinear vibrations,
resonance MSC: 34el3, 34c25, 74h10, 74h45

1 Introduction

In this work we look for an asymptotic expansion of small periodic solutions
of free vibrations of a discrete structure without damping and with local non
linearity; then the same system with light damping and a periodic forcing with
frequency close to a frequency of the free system is analyzed (primary reso-
nance). For a small solution, we recover a behavior with some similarity with
the linear case; in particular the amplitude of the forced response reaches a
local maximum at the frequency of the free response. On the other hand the
frequency of the free response is amplitude dependent and the superposition
principle does not apply. The work of Lyapunov [0L49] is often cited as a basis
for the existence of periodic solutions which tends towards linear normal modes
as amplitudes tend to zero; the proof of this paper uses the hypothesis of ana-
lycity of the non linearity involved in the differential system. In [Roull], we
addressed the case of a non linearity which is only lipschitzian and we prove
existence of periodic solutions with a constructive proof; in this case the result
of Lyapunov obviously may not be applied. Non-linearity of oscillations is a



classical theme in theoretical physics, for example at master level, see [LL58] in
Russian or its English or French translation in [LL60, LL66].

Asymptotic expansions have been used for a long time; such methods are
introduced in the famous memoir of Poincaré [Poi99]; a general book on asymp-
totic methods is [BM55] with french and English translations [BM62, BM61];
introductory material is in [Nay81], [Mil06]; a detailed account of the aver-
aging method with precise proofs of convergence may be found in [SV85]; an
analysis of several methods including multiple scale expansion may be found
in [Mur91]; the case of vibrations with unilateral springs have been presented
in [JR09, JR10, VLPO0S8|, [HR09a, HR09b, HFR09, Haz, Haz10]; in [JPS04] a
numerical approach for large solutions of piecewise linear systems is proposed.
The case of rigid contact which is also important from the point of view of the-
ory and applications has been addressed in several papers, for example [JLO1],
and a synthesis in [JBL13] . A review paper for so called “non linear normal
modes” may be found in [KPGV09]; it includes numerous papers published by
the mechanical community; several application fields have been addressed by
the mechanical community; for example in [Mik10] “nonlinear vibro-absorption
problem, the cylindrical shell nonlinear dynamics and the vehicle suspension
nonlinear dynamics are analyzed”.

In the mechanical engineering community the validity of the expansions is
assumed to hold; however, this is not straightforward as this kind of expansion
is not a standard series expansion and the expansion is usually not valid for
all time; for example, this point has been raised in [Rub78]. If the averaging
method was carefully analyzed as indicated above, it seems not to be the case
for the multiple scale method, the expansion of which is often compared to the
one obtained by the averaging method.

Here in a first stage we consider small solutions of a system with smooth
non-linearities for which we provide an approximate solution by using a double
scale analysis; a rigorous proof of convergence of the method of double scale is
included; for the forced response, a stability result is needed in order to prove
convergence. As an introduction, the next section addresses the one degree of
freedom case while the following one considers many degrees of freedom; for free
vibrations we find solutions close to a linear normal mode (so called non linear
normal modes) and for forced vibrations, we describe the response for forcing
frequency close to a free vibration frequency. Preliminary versions of these
results may be found in [BR09] and have been presented in conferences [Bral0,
Bra]; related results have been presented in [Gas]. Triple scale expansions is
to be submitted [BR13]. In a forthcoming paper, the non-smooth case will be
considered as well as a numerical algorithm based on the fixed point method
used in [Roull].



2  One degree of freedom, strong cubic non lin-
earity

In this section, we consider the case of a mass attached to a spring; in the case
of a stress-strain law of the form n = ku + mcu® + mu?, we find no shift of
frequency at first order, so here we concentrate on a stress-strain law with a
stronger cubic non linearity:

d
n = ku + mecu® + m—u?

€
where € is a small parameter which is also involved in the size of the solution as

in previous paragraph; the choice of this scaling provides frequencies which are
amplitude dependent.

2.1  Free vibration, double scale expansion up to first or-
der

Using second Newton law, free vibrations of a mass attached to such a spring

are governed by:
d 3
i+ wu + eu® + 2 = 0. (1)
€

We look for a small solution with a double scale for time; we set

To = wt, T1 = Gt, (2)
so with Dou = g—;fo, Diu= %7 we obtain
d d?
d—? = wDou + eDyu, ﬁ;‘ = w?D2u + 2ewDoDyu + €2 D3u (3)

and we look for a small solution with initial data
u(0) = eag + o(e) and (0) = o(e); we use the ansatz

u = euy(To, ) + €r(Ty, Ti, €); (4)
so we have: J
di: = elwDouy + eDyuy] + €2 [wDor + €D17] (5)
and P2
Fg = EOJQDS’U,l + 62 [2OJDOD1U1 + WQDgT] + GS[D%Ul + DQT‘] (6)
with
1 (d*r 272 2
Dor = - el Dgr ) =2wDoD;r + eDir (7)
€



We plug expansions (4),(6) into (1); by identifying the powers of € in the ex-
pansion of equation (1), we obtain:

wz(Dgul +u;)=0 (8)
(D3r +7) =5  with

1 d
So = —— {c(eul +e2r)? + =(euy + €2r)®| — 2wDoDyuy — €R(uy,r¢)  (9)
€

2
where
R = D?uy + Dor; (10)
we can manipulate to obtain:
Sy = — [cu} + duj + 2wDoDyuy + eR(uy,r,¢€)] (11)
where
R(ui,r,€) = [R+ 2curr + 3duir + ep(ui, )] (12)

with a polynomial p(uy,r,€) = cr? + 3duyr? + edr3 .
We set 0(To,T1) = Tp + B(T1) noticing Dof = 1, D10 = D;j; we solve
equation (8) with:

uy = a(Ty) cos(6) (13)
and we obtain
2 d 3
Sy = C2a (14 cos(20)) — % (cos(36) + 3cos(h)) +

2w(Dyasin(0) + aD1 P cos(0)) — eR(uy,r,e); (14)
we gather terms at angular frequency 1:

3

Sy = —d%?) cos(0) + 2w [Dyasin(0) + aD; B cos(0)] + S5 — eR(uy,r,€)  (15)

where )
—ca 3

S8 = > (1+cos(29))—d%cos(39). (16)

By imposing

da®
Dia=0and 2waD.f= 37, so that

) da?
a=ap, (=BT with o= 387wT1’ (17)

we get that Sy = S’g — eR(uq, 7, €) no longer contains any term at frequency 1.



In order to show that r is bounded, after eliminating terms at angular fre-
quency 1, we go back to the t variable in the second equation (8).

P+ wir = % with (18)
Sy = Si(t,€) — eR(uy, 7, €) where (19)
S5t =~ [1-+ cos(2(wt + Be)))] — L2 cos(3(t + A(e) (20

- _;“2 (1 + cos(2(wt + Boet)) — dT“S (cos(3(wt + Boet))) (21)
with R(u,r,€) = R(u1,r, €) — Dar (22)

in which the remainder R is expressed with variable ¢.

Proposition 2.1. There exists v > 0 such that for all t <t. = 1, the solution
of (1), with u(0) = eag + o(e), w(0) = o(e), satisfies the following expansion

u(t) = eag cos(vet) + €*r(e,t)

where a2
a

e = 3e— 23

Ve =w+ 30 (23)

and 1 is uniformly bounded in C?(0,t.) .

Proof. Let us use lemma 5.1 with equation (18); set S = Sg; as we have enforced
(17), it is a periodic bounded function orthogonal to e**, it satisfies lemma
hypothesis; similarly set g = R;itisa polynomial in variable r with coefficients
which are bounded functions, so it is a lipschitzian function on bounded subsets
and satisfies lemma hypothesis. O

2.2 Forced vibration, double scale expansion of order 1
2.2.1 Derivation of the expansion

Here we consider a similar system with a sinusoidal forcing at a frequency close
to the free frequency (so called primary resonance); in the linear case, without
damping, it is well known that the solution is no longer bounded when the
forcing frequency goes to the free frequency. Here, we consider the mechanical
system of previous section but with periodic forcing and we include some light
damping term; the scaling of the forcing term is chosen so that the expansion
works properly; this is a known difficulty, for example see [Nay86].

d 3
i+ wut it e+ 2 = 2R cos(wet). (24)
€

We assume positive damping, A > 0 and excitation frequency @, is close to an
eigenfrequency of the linear system in the following way:

We = w + €0. (25)



We look for a small solution with a double scale expansion; to simplify the
computations, the fast scale T is chosen ¢ dependent and we set:

0 0
To=wt, Ty =¢€tand Dou= 8—;0, Diu = a—;l; (26)
S0
d d?
di: = wDou + eDyu and % = &?D3u + 2e0. Do Dyu + €2 Diu; (27)
equation (25) provides
02 = w? + 2ewo + €202, (28)
With (25), (26), (27), (28) and the ansatz
u = E’LLl(T‘(),Tl) +627"(T(),T1,6), (29)
we obtain:
du duy  ,dr dur = o, dr
priak el R +€e‘w 07“+e(dt wDor) (30)
d
€[@Douy + eDyuq] + €2wDor + 62(d—: —wDyr) = (31)
d
elwDouy + € Douy + eDyuq] + 2w Dor + 62(d—: — wDyr) (32)

where we remark that % — wDgr = ec Dgr + eDqr is of degree 1 in €. For the
second derivative, as for the case without forcing, we introduce

1 d27" 2 12 . .
Dor = = oz Y Dgr | with the expansion (33)
€
Dyr = 2w[oDir + DoD17] + € [O’QDST +20Dg D17 + D%ﬂ ; (34)
d*u d?uy 2d2r d?u, 9 9.9 3
e +e e + e“wDgr + €’ Dar (35)
= e [@®D3us + 2€0 Do Dyuy + €2 Diu, | (36)
+ W2 D2r 4 Dor (37)
= e{szgul + 2ew (JDgul + D0D1u1) + (38)
62 [O'QDgul =+ 20’DOD1U1 + Dful] } (39)
+ W2 D2r 4 EDor (40)

the last term in the right hand side will be part of the remainder R of

equation (42). We plug previous expansions into (24); we obtain:
w?(DEuy +uy) =0

{ D3r+r=23 with (41)

w2



Sy = — {cu? + du? + 2w[DoDyuy + UDgul] + )\wDoul} (42)
+F cos(Tp) — eR(uy,r,€) (43)

and with

R(uy,7,€) = D?uy + 2cuqr + 3duir 4+ 0? D3uy + 20 Do Dyuy+ (44)

)\(UJD()T + oDouy + D1u1) + Daor (45)
d
+)\(d—z —wDgr) + ep(u1,,€). (46)

Set 6(Ty, Th) = To + B(T1). We solve the first equation of (41) :
uy = a(Ty) cos(6); (47)

then we use Ty = 0(Tp, T1) — B(T1) and we obtain

—ca2 3

Sy = 3 (14 cos(26)) — d% (cos(360) + 3cos(9)) +
2w(D1asin(f) + aDq S cos(d)) + 20wa cos(f) + alw sin(6)

+ F'sin(0) sin(B(T1)) + F cos(0) cos(5(T1)) — eR(uy, 7€) (48)

or

Sy = [2wD1a + Aaw + F'sin(3)] sin(6)

3da®

+ |2waD1 8 + 20wa — + F cos(B)| cos(6)

+5% —eR(ui,re) (49)

with
—ca? 3

sE = 5 (14 cos(20)) — d% (cos(36)); (50)

note that Sg is a periodic function with frequency strictly multiple of 1.

Orientation. By enforcing

(51)

2wD1ia + Aaw = —F sin(f)
2awD1 8 + 2o0wa — 3d4“3 = —F cos(p)

So = Sg —eR(uq,r, €) contains neither term at frequency 1 nor at a frequency
which goes to 1; this point will enable to justify this expansion under some
conditions; before, we study stationary solution of this system and the stability
of the dynamic solution in a neighborhood of the stationary solution.



2.2.2 Stationary solution and stability

Let us consider the stationary solution of (51), it satisfies:

Aaw +Fsin(8) =0
(2wa — #) +7Fc‘f(5) =0. (52)

Now, we study the stability of the solution of (51), in a neighborhood of this
stationary solution noted (a, 5); set a = a + a, 8 = 8+ f3, the linearized system

l'S WIl.tteIl
<D a) — J(a)
D]/B B ’

manipulating, we obtain the jacobian matrix.

_2A £ 3 _A _ 3da®
J= (9da ’e I%‘:);?ls((g))) = (Qda ’ o ale 25 )) : (53)

8w 2wa

The matrix trace is —\, and the determinant is

A2 9da? 3da?
we notice that the determinant is strictly positive for ¢ = 0 so by continuity, it
remains positive for o small; moreover -Ldet(J) < 0 for o < 0 so det(J) > 0
for 0 < 0; by studying the trinomial in o, we notice that the determinant is

3da® 1 /9d2at A2:
4w 2\ 16w? d
so in these conditions, the two eigenvalues are negative; then the solution of the

linearized system goes to zero; with the theorem of Poincaré-Lyapunov (look
in the appendix for the theorem 5.1,) when the initial data is close enough to
the stationary solution, the solution of the system (51), goes to the stationary
solution. We expand this point, set

- (g’) Cly) = ( = (20.)0—3{:2“5 :%) ) : (54)

positive when this semi-implicit inequality is satisfied: o <

a

the system (52) may be written ¢ = G(y); denote § = (g) the solution of (52);
perform the change of variable y = § 4 x, we have G(y +z) = G(y) + Jz + g(x)
with g(z) = o(||z||; the theorem 5.1 may be applied with A = J, B = 0, here
the function g does not depends on time.

Proposition 2.2. Ifo < 3122 — 24/ %%if‘; — A2 | the stationary solution of (51)

is stable in the sense of Lyapunov (if the dynamic solution starts close to the
stationary solution of (52), it remains close to it and converges to it ); to the
stationary case corresponds the approzimate solution of (24) uy = acos(Ty+ ),
it 1s periodic; for an initial data close enough to this stationary solution, uy =
a(Ty) cos(To + B(T1)) with a,B solutions of (51); it goes to the solution (52)
a, B when Ty — 4o00.

With this result of stability, we can state precisely the approximation of the
solution of (24) by the function u;.



2.2.3 Convergence of the expansion

Proposition 2.3. Consider the solution of (24) with
u(0) = eag + o(€), w(0) = —ewagsin(By) + o(e),
with ag, By close of the stationary solution (a, B3),

lag — a| < €Ch,|By — B| < €Co;

When o < 3da — 5\/ 3da2 — A2, there exists v > 0 such that for allt <t.= I,
the followmg expansion is satisfied

u(t) = ea(et) cos(@ct + Blet)) + €*r(e,t)

with we = w + €0 and r uniformly bounded in C?(0,t.) and with a, B solution

of (51).

Proof. Indeed after eliminating terms at frequency 1, we go back to the variable
t for the second equation (41)

. Sa
P4 wir = 2 with (55)
SQ S (t 6) R(ul, T, 6) (56)

where

R(ula T 6) = R(uhr, 6) - DQT - A(%

with all the terms expressed with the variable t; we have

—wDyr) (57)

—ca2 €
Sh(t,e) = %(1 + cos(2(@et + B(et))) —

a3 €
WD) (cos(atat + B(et): (59

this function is not periodic but is close of the periodic function:

Si(t,e) = %5‘2(1 + cos(2(@ct + B)) — %3 (cos(3(@t + B)) (59)

and for ¢+ < I as the solution of (51) is stable: it remains close to the
stationary solution

la(et) —al < eCr,  [B(et) — Bl < eCs (60)

and
|58 — 8| < eC; (61)

so this difference may be included in the remainder R. We use lemma 5.1 with
S = 52, it satisfies lemma hypothesis; similarly, we use g = R; it satisfies the
hypothesis because it is a polynomial in the variables r, uy, €, with coefficients
which are bounded functions, so it is lipschitzian on bounded subsets. O



2.2.4 Maximum of the stationary solution, primary resonance

Consider the stationary solution of (51), it satisfies

Aaw = —F'sin(f)
3da’ (62)
a (2w0 — T) = —F cos(p)
manipulating, we get that a is solution of the equation:
3da? >
fla,0) = Na*w? + a? <2wa = ) ~F?=0. (63)
We compute
0 3da?
a—i = 4a’w(2wo — 4@ ) (64)
of 9 9 3da?\>  da3 3da?
B0 = 2a\“w* + 2a | 2wo — 1 - GT 2wo — (65)
o* f 2 2
(67)
For o close enough to the solution of % =0, % is small, % is not zero, and

with the implicit function theorem this equation defines a function a(o); lets
use :

of *f
@:—&and a2(12—‘97.
0o % o2 %
In our case, when
g—g = 0, we have
3da®>  Of s o Of 2 4
T= %:Qa/\w, @:80,(&), (68)

so the second derivative % < 0 and a is maximum at the frequency of the free
periodic solution.

Proposition 2.4. The stationary solution of (51) satisfies
Aaw +Fsin(B) =0
3da® (69)
2awo — =G~ +Fcos(B) =0

it reaches its maximum amplitude for o = % and 8 = 5 + km; the excitation
1s at the angular frequency

aa?

” +O0(e?) and F = wa

We = W+ 3¢

10



it is the angular frequency v. of the free periodic solution (23) for this frequency,
the approximation (of the solution up to the order €) is periodic:

u(t) = e% sin(@ct) + e2r(e, t) (70)

Remark 2.1. We remark that this value of o = 3?32 is indeed smaller than the

mazximal value that o may reach in order that the previous expansion converges
as indicated in proposition 2.3.

Remark 2.2. We note also that when the stationary solution reaches its max-
imum amplitude we have F' = dwa and so we can recover the damping ratio
A from such a forced vibration experiment; this is a close link with the linear
case (see for example [GRI3] or the English translation [GRI7]). This is quite
interesting in practice as the damping ratio is usually difficult to measure; we
have here a kind of stability result for this experiment.

2.2.5 Computation of stationary solution

2.000

1.9957

1.990 7

1.9857]

amplitude

1.980

1.9757

1.970

1.965 T T T T T T T T T T T
1.140 1.142 1.144 1.146 1.148 1.150 1.152

frequency

Figure 1: amplitude versus frequency of stationary forced solution in blue and
magenta; amplitude of free solution in red

We have numerically solved equation (69) for a range of sigma around the

2 . . . .
value o = 335 for which the amplitude is maximum; we have chosen ¢ =

1;0=1/2; F = 1;w = 1;d = 1; in figure 1, the solid line shows the solution of
this equation that we have solved with several values of sigma using the routine
fsolve of Scilab which implements a modification of the Powell hybrid method.
We have noticed in proposition 2.2 that the solution is stable when ¢ is not too

11



large; indeed the routine fsolve fails to solve the equation when we increase
too much o; to go further this point, with the same routine, we have computed
various values of sigma for decreasing values of the amplitude; we have plotted
this solution with a magenta dotted line. We have added a red dotted line which
is the amplitude of the free undamped solution and we notice that it crosses the
stationary solution at the point where it reaches its maximum value as stated
in previous proposition 2.2.

2.2.6 Dynamic solution

0.037
0.027
0.017
0.00]
-0.017

-0.027

-0.037

t t t t t 000 —t
-0.03 -0.02 -0.01 0.00 0.01 0.02 o2 3 45 F 7T 8 8N

Figure 2: Phase portrait Figure 3: Absolute value of
for up = 0.019796915,w. = the Fourier transform for uy =
1.0143379 0.019796915, we = 1.0143379

For various values of the initial condition, we compute numerically the solu-
tion of (24) with a standard theta method. We use e = .01, A =1/2,F = l;w =
1,d=1

In figure 2, we find the phase portrait of the solution with initial values
u(0) = 0.019796915,u/(0) = 0 so that the angular frequency of the applied
force is @, = 1.0143379 , we notice that the solution looks periodic (up to the
numerical approximation of the method); the initial value of the displacement is
computed from a value of a, o of the stationary solution (69) which is computed
in the previous paragraph. The Fourier transform in figure 3 shows only one
peak at the angular frequency 1.0143379 which is the angular frequency of the
applied force.

In figure 4 , for the same value of the frequency of the applied force, we find
the phase portrait of the solution with initial values u(0) = 0.079,4'(0) = 0;

12
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Figure 5: Phase portrait for uy = 0.004, w. = 1.0143379
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Figure 6: Phase portrait for ug
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Figure 7: Fourier transform for Figure 8: Fourier transform for

2

0.0001, w, =

Ug =

0.5

0.003, w, =

Ug =

e
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Figure 9: Phase portrait for ug
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the initial value is larger than the one of the stationary solution and we notice
that the solution is decreasing as expected from the stability of the stationary
solution.

We find an analogous behavior with an initial value smaller than the station-
ary solution; in figure 5, for the same value of the frequency of the applied force,
we find the phase portrait of the solution with initial values «(0) = 0.004, v’ (0) =
0; here the solution is increasing as expected from the stability of the stationary
solution.

In the case where a,w, are far from the stationary curve, we suspect that the
frequency content of the response will involve the frequency of the applied force
and some frequency due to the system; in figure 6, we find for a = 0.3, w. = 0.5
the phase portrait of the solution, the frequency transform is in figure 7; on
this plot of the Fourier transform, we notice two peaks icluding the angular
frequency we = 0.5 of the applied load.

For large values of w,, the phase portrait is less regular see figure 9 for
a = 0.01,w. = 2 ; we find also two peaks for the Fourier transform in figure 8.
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3 System with a strong local cubic non linearity

In the previous section, we have derived a double scale expansion of a solution
of a one degree of freedom free vibrations system and damped vibrations with
sinusoidal forcing with frequency close to free vibration frequency. Now, we
extend the results to the case of multiple degrees of freedom.

3.1 Free vibrations, double scale expansion
We consider a system of vibrating masses attached to springs:
Mi+ Ku + ®(u,e) = 0. (71)

The mass matrix M and the rigidity matrix K are assumed to be symmetric
and positive definite. See an example in section 3.2.5 We assume that the non
linearity is local, all components are zero except for two components p — 1, p
which correspond to the endpoints of some spring assumed to be non linear:

d
D,_1(u,€) = c(uy — up_1)2 + z(up — up_l)g7 o, =—-, 1, p=2,...,n (72)

If the non linear spring would have been the first or the last one, the expression
of the function ® would depend on the boundary condition; each case would
be solved using the same method with slight changes in some formulas. In
order to get an approximate solution, we are going to write it in the generalized
eigenvector basis:

Koy, = wpMoy, with ¢L M¢; = 0y, k,l=1...,n. (73)
So we perform the change of function
u=" yrdx (74)
k=1
we obtain
ik + wiyk + 6L @) it ) =0, k=1...,n. (75)

=1

As ® has only 2 components which are not zero, it can be written

ik + Wik + (Brp—1 — Skp) po1(O_withi€) =0, k=1....n (76
=1

or more precisely

n 2
Ui + W/%yk + (¢k,p—1 - ¢k,p) lc <Z yi(@}p - ¢i7p—1)> +

=1

n 3
g (Z%(@,p - ¢i,p—1)> ] =0, k=1...,n. (77)
=1
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As for the 1 d.o.f. case, we use a double scale expansion to compute an approx-
imate small solution; more precisely, we look for a solution close to the normal
mode of the associated linear system; we denote this mode by subscript 1; ob-
viously by permuting the coordinates, this subscript could be anyone (different
of p, this case would give similar results with slightly different formulas); we set

T() = wlt, T1 =€t (78)
and we use the ansatz:
vk = eyp(To, T1) + € ri(To, Ti, €) (79)
so that
d2
—dtyf = ewi Djyy, + €201 Do Dy + wiDire] + € [Diyy + Dore]  (80)
with
1 d27’k 2 2 9
Dary, = e wiDgry | = 2wy Do Dy + €Dy (81)

We plug previous expansions into (77). By identifying the coefficients of the
powers of € in the expansion of (76), we get:

WfDSy;ieriy,i =0,k=1...,n
wiD3r, + wiry = S E=1 ith (82)
10Tk + Wiy = 02k, K=1...,n Wl
to simplify, the manipulations, we set
5P¢l = ((bl,p - (bl,pfl)»
so:
_ —OpPr 1 2 1
Sz,k = 2 D, Z(eyi +e€ TZ—)@, €| — 2w1DoD1y;, — €Ry (83)
with
Ri = (Dly;, + Dork) (84)
and

2 3
-5 d
So = :;bk ¢ (Z(€yi1 + 627“z')5p¢i> +- (Z(Gyil + 527«,»)61,@)

K3

K3

— 2w DDy}, — €Ry. (85)

The formula may be expanded

Sak = —=0p0k [ Y YiY; 600t +d D ylyjul 6p0i0p0;0,01
0 i
- 2w1D0D1yli - GRk (yla T, 6) (86)
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where
Rk(y17 T, 6) = Rk

+ 0p Pk ecz (Zyilrj + erirj) dp@iOpd;+

0,J
edz (Syilyjl»rl + 3eyirir + 3€2Ti7”j7“l) Sp®ibpdidpdi|. (87)
ijl

We set 0(Ty,T1) = Tp + f(T1) and we note that Do = 1, D16 = D1; we
solve the first set of equations (82), imposing O(e) initial Cauchy data for k # 1;
we get:

yi = a(Th)cos(6), and yj = O(e), k=2...n (88)

we put terms involving yi, k > 2 into Ry; so we obtain

Sa1 = =0y [c (y10,01)” + d (y10p01)”
— 2w Do D1yt — eRy(y*,7,¢) and  (89)

Sok = —6por {C (y%5p¢1)2 +d (y}6p¢1)3:|
— €eRp(y,ry€) for k £ 1. (90)

Using (88), we get:

S22 = ~0,01 011 + cos(26)) (5,60)" +

ai
dT ((cos(30) + 3cos(0))(6,61)°) | +
2w (D1aysin(f) 4+ a1 D1 Bicos(0)) — eR1(y', 7€) and  (91)
o = 0| “2L (1 + cos(28)) (8,61)" +

da} 3
L (cos(30) + 3eos(0)) (3,01)°) | +

— eRy(y*, 7€) for K # 1. (92)

We gather the terms at angular frequency 1 in S ;

d 3
So =~y [%3@3(9)(5,)(;51)3

+ 2wy (D1aysin(8) + a1 D1 B1cos(0)) + 5571 —€eR(y',r,e) (93)

19



3

g%(1+cos(29))(5,,¢1)2 + %cos(:ae)(ap@)?’ - (99)

Sg 1 = - p¢1 2
If we enforce

4 3da’
4

Dia; =0, and 2wia1 D161 = (0pp1)

2
MG T (99)

a1 = a0, B =pPr,0l1 with 819 =
the right hand side
Sa1 =85, —eRi(y',r ) (96)

contains no term at angular frequency 1; for the other components, without any
manipulation, there is no trouble with the frequencies if we assume that all the
eigenfrequencies wy, for k = 2...n are not multiple of wy (wy, # quw; for ¢ =1 or
qg=2,q=3).

In order to prove that r is bounded, after the elimination of terms at fre-
quency 1, we write back the equations with the variable ¢, for the second set of
equations of (82).

Wiy +wpry = Say  fork=1,...n (97)

with ~ _
So1 = 5371 —€eRy(y' 7€) (98)

where

2
5571 = —0p¢1 [Cgl(l + cos(2(w1t + Blvoet))(épgbl)Q

da} 3
+ Tcos(3(w1t + B1,0€t))(6p01) ] (99)

and

5 2
So k= —0pdr [C;l(l + cos(2(wit + Broet))) (5,1)° +

03
% ((cos(3(w1t + B1,0€t)) + 3cos((wit + ﬁl,oet)))(dpqﬁl)?’) ]

— €eRy(yt,rye) for k# 1  (100)

and where

Rk(yl,r7 €) = Rk(ylm7 €) — Dary, (101)

20



Proposition 3.1. Under the assumption that wy and w1 are Z independent for
k # 1, there exists v > 0 such that for allt <t. = T, the solution of (76) with
initial data

y1(0) = €aro, 91(0) =0, wx(0)=O0(e), vx(0)=0 (102)
satisfy the following expansion

d 2
y1(t) = eagcos(vet) + €2r1(e, t) with ve = wi + 368%(%7,, — 1)t (103)
1

yr(t) = 21 (e, t) (104)

with 1y, uniformly bounded in C*(0,t.) for k=1,...n and wy, @1 are the eigen-
value and eigenvectors defined in (73).

Corollary 3.1. The solution of (71), (72) with
1u(0) = earo, ¢1u(0) =0, ¢gu(0)=0(e), ¢pu(0)=0

with wg, ¢ are the eigenvalue and eigenvectors defined in (73)
is  u(t)=> yk(t)er (105)
k=1

with the expansion of yx of previous proposition.

Proof. For the proposition, we use lemma 5.4. Set S; = 55,17 Sk = Sy for
k =1,...n; as we have enforced (95), the functions Sy are periodic, bounded,
and are orthogonal to e**, we have assumed that wj, and w; are Z independent
for k # 1; so Sk, kK = 1,...,n satisfies the lemma hypothesis. Similarly, set
g = R, its components are polynomials in r with coefficients which are bounded
functions, so it is lipschitzian on the bounded subsets of R, it satisfies the
hypothesis of lemma 5.4 and so the proposition is proved. The corollary is an
easy consequence of the proposition and the change of function (107) O

Remark 3.1. We have obtained a periodic asymptotic expansion of a solution
of system (71), (72); they are called non linear normal modes in the mechanical
community ([KPGV09, JPS04]. In the next section, we shall derive that the
frequencies of the normal mode are resonant frequencies for an associated forced
system, the so called primary resonance; secondary resonance could be derived
along similar lines.

3.2 Forced, damped vibrations, double scale expansion
3.2.1 Derivation of the expansion

We consider a similar system of forced vibrating masses attached to springs with
a light damping;:

Mii 4 eCu + Ku + ®(u, €) = €2 Fcos(@t) (106)
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with the same assumptions as in subsection 3.1. We assume that the frequency
of the driving force is close to some frequency of the linearised system (primary
resonance); we denote this frequency with the subscript 1: @, = wy + €o.

We assume that the non linearity is local, all components are zero except
for two components p — 1, p which correspond to the endpoints of some spring
assumed to be non linear. As for free vibrations, we perform the change of
function

u = Z Yk Ok (107)
k=1

with ¢y, the generalised eigenvectors of (73). As the damping matrix C is usu-
ally not well defined, to simplify, we assume that it is diagonal in the eigenvector
basis ¢, k=1,...n. We obtain

ik + ENRUK + WYk + ¢£<I>(Z Yidi,€) = €2 freos(@ct), k=1...,n  (108)
i=1

with fr = ¢>ZF~ As for the free vibration case, ® has only 2 components which
are not zero, so the system can be written

n
ik + XNkl + Wiy + (Pkp—1 — Phpr ©) Pp1 (D yithi) = € frcos(@et),
1=1

k=1...,n (109)

or more precisely
n 2
i + ARGk + Wiyr + (Prp1 — Orp) [C (Z Yi(Pip — ¢i,p—1)> +
i=1

n 3
g (Z Yi(Pip — ¢i,p1)> ] = € frcos(@ct),
i=1
kE=1...,n. (110)

As for the 1 d.o.f. case, we use a double scale expansion to compute an approx-
imate small solution; we use a fast scale which is € dependent; we set

T() = G)Gt, T1 =€t (111)
and we use the “ansatz”
Y = Gyi(To,Tl) +€27“k(T0,T1,6) (112)
so that
d dr
% = e[wlDoy,i + ea Doyi + eDly,ﬂ + 2wy Dory, + eQ(d—: —w1Dorg) (113)
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d2yk
dt?

= e{w%Dgyé + 2ew [aDgy,i + DoDly,ﬂ +
& [o" Dok + 27 DaDia) + D] |
+ EWIDEry, + EDory, (114)

with

1 d27“k 2 2 2
Dory, = il 7ol wiDgry | = 2wi(oDgry, + DoD1ry)
+e [(TQD%’I“k + 20DgDqry, + D%’I‘k] . (115)

We plug previous expansions into (110). By identifying the coefficients of the
powers of € in the expansion of (110), we get:
WDy +wiyp =0, k=1...,n (116)
w%D%rk + w,%rk =Sk k=1...,n with

2

0.
Sok = { Z:fk Pp1 (Z(ey} +€r:) i, 6) +2w; [DoDlyi+0D§yi}+Akw1Doyi}
+ freos(Tp) — eRy(y*,r ) (117)

where we gather higher order terms in Ry and to simplify, the manipulations,
we have set

5p¢l = (¢l,p - (bl,p—l)v

SO:

K2

2 3
Op d
Sok = — p€2k c (Z(Gyzl + €2Ti)5p¢i> + . (Z(eyzl + 52Ti)5p¢i>

— 2w1[Do D1y, + o Dgys] — Akwr Doy,
+ freos(Ty) — €Ry(y',r€).  (118)

The formula may be expanded

SQ,k = — p¢k CZ y;ly_;lgpgb?(qus] + dzyily;y}%(ﬁﬁpﬁbﬂpéﬁz
i,j 05,0
— 2w1[Do D1y, + o Dgys] — Awwr Doy,
+ freos(Ty) — eRp(y',m€)  (119)
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We set 6(Ty, T1) = Tp + B(T1) and we note that Dof = 1, D16 = D1 5; we
solve the first set of equations (116), imposing initial Cauchy data for k # 1 of
order O(¢e) we get:

yi = a1(Ty)cos(f), and yi = O(e), k=2...n (120)

we put terms involving y,ﬁ into Ry for k£ > 2 and so we obtain

2 3
Sa = =801 ¢ (y1op01)” +d (y1dp01)°
— 2w [Do D1yt + 0 Dgyy] — MwiDoyy + ficos(Ty) — eRi(y",r,e) and  (121)

Sok = —0por [C (y%5p¢)1)2 +d (y%6p¢1)3:| +
frcos(Ty) — eRi(y,r e) for k# 1. (122)

Using (120), we get:

2
Sa = —by61| 51 (1 + cos(20)) (3,61)° +

o3
% ((008(39) +3 COS(H))(6P¢1)3) } +
2wi [D1aqsin(8) + a1 D1 5; cos(0) 4+ oay cos(0)] + Awiagsin(f)
+ f1[sin(0) sin(B) + cos(0) cos(B)] — eR1(y*,r,€) and  (123)

ca% 2
Sak = —Oyn | 5 (1 + cos(26)) (8,61)° +
3

% ((cos(36) + 3 cos(0))(5ph1)*) } +

+ fr[sin(0) sin(B) + cos() cos(B)] — eRp(y*,r,€) for k # 1. (124)
We gather the terms at angular frequency 1 in S ;

3
5271 = 5p¢1 [ — 3% COS(Q)(§p¢1)3 + 2(4)1(0,1D151 + O'al) + fl COS(ﬁ)] COS(G)

+ {wl(QDlal + Aar) + flsin(ﬁ)} sin(0) + ngl —eR(y*,re) (125)
cai ?

55’1 = =4 [ 5 (1+COS(29))(5P¢1)2+leCOS(?)G)(épqSl)?’]. (126)
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Orientation If we enforce

w1 (2D1a1 + )\1&1) = —f1sin(By), and
 3da3 4 (127)
2wi (a1 D18y + oar) = 3L (6,01)* — ficos(Br)
the right hand side
Sa1 =S5, —eRi(y" 7€) (128)

contains no term at angular frequency 1; for the other components, without any
manipulation, there is not such terms , if we assume that all the eigenfrequencies
wy for k = 2...n are not multiple of wy (wx # qwy for ¢ = 1 or ¢ = 2,
g = 3). This will enable us to justify this expansion; previously, we study the
stationary solution of this approximate system and the stability of the solution
in a neighbourhood of this stationary solution.

3.2.2 Stationary solution and stability

The situation is very close to the 1 d.o.f. case; except the replacement of d by
of d = d(d,¢1)%, the system (127) is the same as (51); the other components are
zero. We state a similar proposition

Proposition 3.2. When o < 3132 -3/ %"Zf; — A2 | the stationary solution of
(127) is stable in the sense of Lyapunov (if the dynamic solution starts close
to the stationary one, it remains close and converges to it); to the stationary
case corresponds the approzimate solution of (77) y = @y cos(To + B1), vy =
O(e), k=2,...,n, it is periodic; for an initial data close enough to the sta-
tionary solution, yi = a(Ty)cos(Ty + B1(T1)), yj = O(e), k =2,...,n with

a,B1 solutions of (127) with d replaced by d ; they converge to the stationary
solution ay, 81 when T} — 4o00.

3.2.3 Convergence of the expansion

In order to prove that r is bounded, after the elimination of terms at frequency
1, we write back the equations with the variable ¢, for the second set of equations
of (82).

WL 4 wiry :gg)k fork=1,...n (129)

with R ~
Sa1 =S5, — €Ri(y",rye) (130)

where
2
Sg’l = —0p1 M(l + cos(2(w.t + Bl(et))(5p¢1)2

* d%? cos(3(@et + Bi(et))(Gp1)*|  (131)
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and

(a1(et)®
2

Sok = —Optn | (1 + cos(2(@et + B (et))) (8p¢1)° +

o3
% ((cos(3(dj€t + Bet)) + 3 cos((@et + ﬂl(et)))(§p¢1)3)
—eRy(y', 7€) for k#£1 (132)

where
d’l" k

dt

Proposition 3.3. Under the assumption that wy and w1 are Z independent for

k # 1, there exists y > 0 such that for allt <t. = 1, the solution of (110) with
initial data

yl(O) =e€ai o+ 0(62)7 yl(O) = —ewal,osm(ﬁl,o) + 0(62), (134)

yr(0) = O(e"),  41(0) =0 (135)

and with the initial data close to the stationary solution

la1,0 — a1 < eC1, |B1o— Bi| < eCh

Rk(yl, r€) = Ri(y', 7€) — Dory — /\k( — kaork) (133)

satisfy the following expansion
y1(t) = eay (et) cos(@ct + Bi(et)) + e2ri (e, t) with (136)
yr(t) = e2ri(e, t) (137)

with ay,B1 solution of (127) and with ry uniformly bounded in C?(0,t.) for
k=1,...n and w1, $1 are the eigenvalue and eigenvectors defined in (73) and
a1B1 are solution of (127)

Corollary 3.2. The solution of (106), (72) with
¢1TU(0) = €041,0, ¢1T’56(0) = —ewray,0sin(B1,0), ¢£U(0) = 0(62), ¢;€’d(0) =0

with wy, ¢y the eigenvalues and eigenvectors defined in (73).
is u(t) =Y yr(t)ox (138)
k=1

with the expansion of yi of previous proposition.

Proof. For the proposition, we use lemma 5.4. Set S = Sg_l, Sk = Sy, for k =
1,...n; as we have enforced (95), the functions Sy are periodic, bounded, and are
orthogonal to e**, we have assumed that wy, and w; are Z independent for k # 1;
so S satisfies the lemma hypothesis. Similarly, set ¢ = R, it is a polynomial
in r with coefficients which are bounded functions , so it is lipschitzian on
the bounded subsets of R, it satisfies the hypothesis of lemma 5.4 and so the
proposition is proved. The corollary is an easy consequence of the proposition
and the change of function (107) O
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3.2.4 Maximum of the stationary solution

As equation (127) is similar to the equation (51) of the 1 d.o.f. case, we get also
that the stationary solution reaches its maximum amplitude to the frequency of
the free periodic solution.

Consider the stationary solution of (127), it satisfies

Atajwr = —frsin(B)
3da’ (139)
a (2w10 - T) = —f1cos(f)
manipulating, we get that a; is solution of the equation:
RN
3da?
flay,0) = Maw? +a? <2w10 — 4(11) —ff=0. (140)
As for the 1 d.o.f. case, we can state:
Proposition 3.4. The stationary solution of (127) satisfies
A i =0
16%0031 +f1sin(B1) (141)
20 w10 — G~ +ficos(f) =0

7.2
it reaches its mazimum amplitude for o = 32::111 and By = § + km; the excitation
s at the frequency

B da3 -
We = w1 + 368—1, with d = d(®1, — ‘I’l,p_1)4 and F = \wiaq
Wi
where @1 is the eigenvector of the underlying linear system associated to wi;
@, 1is the frequency of the free periodic solution (23); for this frequency, the
approzimation (of the solution up to the order €) is periodic:

yi(t) = e)\ful sin(@ct) + 2r(e, t) (142)
yr(t) = €2ry, (,1) (143)

As for the 1 d.o.f. case we can remark the following points.

7.2
Remark 3.2. This value of 0 = 38?11 is indeed smaller than the maximal value
that o may reach in order that the system be stable and that the previous expan-
ston converges as indicated in proposition 2.3.

Remark 3.3. We note also that when the stationary solution reaches its max-
imum amplitude we have f1 = Aiwia1 and so we can recover the damping ratio
A1 from such a forced vibration experiment; this is a close link with the linear
case (see for example [GRI3] or the English translation [GRI7]). This is quite
interesting in practice as the damping ratio is usually difficult to measure. Ob-
viously, we can recover the damping ratio for other frequencies by performing
other experiments.

We can also consider this result as a stability of the process used in the linear
case with respect to the appearance of a small non-linearity.
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3.2.5 Numerical solution

We consider numerical solution of (106) with (72); we have chosen M = I; u = 0
at both ends, so K is the classical matrix

C = X with A = 1/2; for numerical balance, we have computed %; with the
choice p = 1 we have ®; = e[cu? + du}] with ¢ = 1,d = 1. In figure 10, we find
3 curves in phase space for components 1,3,6 of the system. In figure 11, we
find the Fourier transform of the components; some components have the same
transform; the graphs are slightly non symmetric.

4 Conclusion

For differential systems modeling spring-masses vibrations with non linear springs,
we have derived and rigorously proved a double scale analysis of periodic solution
of free vibrations (so called non linear normal modes); for damped vibrations
with periodic forcing with frequency close to free vibration frequency ( the so
called primary resonance case), we have obtained an asymptotic expansion and
derived that the amplitude is maximal at the frequency of the non linear nor-
mal mode. Such non linear vibrating systems linked to a bar generate acoustic
waves; an analysis of the dilatation of a one-dimensional nonlinear crack im-
pacted by a periodic elastic wave, a smooth model of the crack may be carried
over with a delay differential equation, [j109].

Acknowledgment We thank S. Junca for his stimulating interest.

5 Appendix
5.1 Inequalities for differential equations
Lemma 5.1. Let w. be solution of

w” +w = S(t,€) +eg(t,w,e) (144)
w(0) =0, w'(0)=0. (145)

If the right hand side satisfies the following conditions

1. S is a sum of periodic bounded functions:

(a) for allt and for all € small enough, S(t,e) < M
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(b) f% e®S(t,e)dt = 0, 0 TeTS(t,e)dt = 0 uniformly for e small
enough

2. for all R > 0, there exists kr such that for |u| < R and |v| < R, the
inequality |g(t,u,€) — g(t,v,€)| < krlu—v| holds and |g(t, 0, €)|is bounded;
in other words g is locally lipschitzian with respect to u.

then, there exists v > 0 such that for € small enough, we is uniformly bounded
in C*(0,T.) with T, =2

Proof. The proof is close to the proof of lemma 6.3 of [JR10]; but it is technically
simpler since here we assume g to be locally lipschitzian with respect to w
whereas it is only bounded in [JR10].

1. We first consider

U)l” +wp = S(t7 6) (146)
wi(0) =0, wj(0)=0 (147)

as S is a sum of periodic functions which are uniformly orthogonal to e’
and e~ w; is bounded in C?(0, +0c0).

2. Then we perform a change of function: w = w; + ws, the following equal-
ities hold

we” + wq = €ga(t, w2, €) (148)
wz(0) =0, wy(0) =0 (149)

with go which satisfies the same hypothesis as g:

for all R > 0, there exists kg such that for |u| < R and |v| < R, the follow-
ing inequality holds |ga(t, u, €) — g2(t, v, €)| < kr|u — v|. Using Duhamel
principle, the solution of this equation satisfies:

t
wo = 6/ sin(t — s)ga(s, wa(s), €)ds (150)
0
from which
t t
wa(t)) < ¢ [ lgalos,wals). )~ ga(s.0.00ds + [ laals.0.00ds (151
0 0
so if |w| < R, hypothesis of lemma imply
t
|wa(t)] < e/ krlwa|ds + eCt. (152)
0

A corollary of lemma of Bellman-Gronwall, see below, will enable to con-
clude. It yields

lwa(t)] < kg (exp(ekgrt) — 1). (153)
R
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Now set T, = sup{t||w| < R}, then we have

R< < (exp(ekgt) — 1)
kr

this shows that there exists v such that |we| < R for ¢ < T, which means
that it is in L>°(0,T) for Tc = Z; also, we have w in C(0, T¢) then as w is
solution of (144), it is also bounded in C%(0,T%).

]
Lemma 5.2. (Bellman-Gronwall, [bel, Bel64]) Let u,e, 5 be continuous func-
tions with 5 > 0,

/ B(s)u(s)ds for 0 <t <T (154)

+ [ 869660 [exat [ 7107 s (155)

Lemma 5.3. ( a consequence of previous lemma, suited for expansions, see
[SV85]) Let u be a positive function, d2 >0, 61 > 0 and

then

t
u(t) < dat 4 0y / u(s)ds
0

then 5
ult) < 3 (exp(drt) — 1)
1
Lemma 5.4. Let v, = [v§,...,v5]7 be the solution of the following system:

w%(vi)” + wivi = Si(t) + egr(t,ve). (156)

If wy and wy are Z independent for all k = 2...N and the right hand side
satisfies the following conditions with M > 0, C' > 0 prescribed constants:

1. Sy is a sum of bounded periodic functions, |Sk(t)] < M which satisfy the
non resonance conditions:

2. Sy is orthogonal to e*™, i.e. fo Yetitdt = 0 uniformly for e going to
zero

3. for all R > 0 there exists kr such that for ||u|| < R, ||v|| < R, the following
inequality holds fork=1,... N :

|gk(t7ua 6) - gk(tvv7 6)‘ < kR”u - U”

and |gx(t,0,¢€)| is bounded

31



then there exists vy > 0 such that for e small enough v, is bounded in C?(0,T,)
with Te = 1

Proof. 1. We first consider the linear system
wi(ve1)” +wivea = S (157)
vg,1(0) = 0 and (vg1) =0 (158)

For k = 1, with hypothesis 1.a, S; is a sum of bounded periodic functions;
it is orthogonal to e*®, there is no resonance. For k # 1, there is no
resonance as ZJ’—’; ¢ 7 with hypothesis 1.b.

So vy,1 belongs to Cc® fork=1,...,n.
2. Then we perform a change of function
U = Uk + U

and vy , are solutions of the following system :

w%(vhg)” + wika =egp2(t,vk2,€), k=1,...,N (159)
v 0(0) =0, (V) =0, k=1,...,N (160)

with
gk,Q(t7 ""3”12,27 ) = gk(ta <oy Vg1 + vlz,Qv )

where gy 2 satisfies the same hypothesis as gi:
for all R > 0 there exists kr such that for || ux ||[< R, || vk [|< R, the
following inequality holds for Kk =1,..., N :

I gk,2(t, wks €) = gr2(t, vy €) [|< kg || ug —vp || - (161)

Using Duhamel principle, the solution or the equation (159) satisfies:

¢
Vo = e/ sin(t — S)Qk,g(s,vzz(s), €)ds (162)
0

SO
t
ko) 1< € [ 1 gralo via(s)) =~ gna(s,0,6) | ds
0

t
¢ / | gra(s,0,¢) || ds  (163)
0

so with (161), we obtain
¢
[ vk2(8) 1< 6/0 k[ vi2(t) || ds + eCt (164)
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We shall conclude using Bellman-Gronwall lemma; we obtain

vk (1) 1< - (expleknt) 1) (165)
R

this shows that there exists v such that |vf ,| < R for ¢t < T¢, which means
that it is in L>°(0,T¢) for T = 2; also, we have v, in C(0,T,) then as vy
is solution of (144), it is also bounded in C%(0,T,).

O

Theorem 5.1. ( of Poincaré-Lyapunov, for example see [SV85]) Consider the
equation

where x,xg € R™, A is a constant matriz n X n with all its eigenvalues with
negative real parts; B(t) is a matriz which is continuous with the property

lims, 100 || B(t)|] = 0. The vector field is continuous with respect to t and x
s continuously differentiable with respect to x in a neighborhood of x = 0;
moreover

g(t,x) = o([[z) when |lz[| -0
uniformly in t. Then, there exists constants C,to, d, u such that if ||zo]| < %
]| < Cllaolle™ 1)t > g

holds

5.2 Numerical computations of Fourier transform

Assuming a function f to be almost-periodic, the fourier coefficients are :

T
a, = lim / f(t)e rtdt (166)
0

T—+oo

(for example, see Fourier coefficients of an almost-periodic function in http://www.encyclopediaofmath.org/).
For numerical purposes, we chose T' large enough and consider the Fourier co-
efficients of a function of period T equal to f in this interval.
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