N

N
N

HAL

open science

Higher order Schrodinger equations

Rémi Carles, Emmanuel Moulay

» To cite this version:

Rémi Carles, Emmanuel Moulay. Higher order Schrédinger equations. Journal of Physics A: Mathe-
matical and Theoretical, 2012, 45 (39), pp.395304. 10.1088/1751-8113/45/39/395304 . hal-00776157

HAL Id: hal-00776157
https://hal.science/hal-00776157
Submitted on 12 Feb 2021

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00776157
https://hal.archives-ouvertes.fr

HIGHER ORDER SCHRODINGER EQUATIONS

REMI CARLES AND EMMANUEL MOULAY

ABSTRACT. The purpose of this paper is to provide higher order Schréodinger
equations from a finite expansion approach. These equations converge toward
the semi-relativistic equation for particles whose norm of their velocity vector
is below —% and are able to take into account some relativistic effects with
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a certain accuracy in a sense that we define. So, it is possible to take into
account some relativistic effects by using Schrodinger form equations, even if
they cannot be considered as relativistic wave equations.

1. INTRODUCTION

In quantum mechanics, the Schrédinger equation is a fundamental non-relativistic
quantum equation that describes how the wave-function of a physical system evolves
over time. It was published in 1926 by Erwin Schrédinger [25]. This equation has
been widely studied [I]. Then, the Klein-Gordon equation, developed by Oskar
Klein and Walter Gordon [16, 9], was the first relativistic quantum equation. Unfor-
tunately, it cannot be straightforwardly interpreted as a Schrodinger type equation
for a quantum state, because it is of second order in time. It is possible to transform
the Klein-Gordon equation into a Schrédinger type equation of two coupled differ-
ential equations of first order in time [10], but it is not a couple of equations of the
wave-function. It was the Dirac equation, formulated by Paul Dirac [6], that gave
the fundamental relativistic equation of first order in time. It is a four dimensional
matrix partial differential equation.

In this paper, we provide Schrédinger form equations of first order in time coming
from the Einstein’s mass-energy equivalence and from a finite expansion approach,
giving rise to higher order Schriodinger equations. Contrary to the Dirac equation,
the proposed equations have a domain of validity related with a certain accuracy
in a sense that we define and cannot be used for all particles. They are valid for
norms of the velocity vector up to % with some constraints on the accuracy. Each
higher order Schrodinger equation is a Schrodinger form equation and a unique
equation, contrary to the Dirac equation which is a four dimensional matrix equa-
tion, having a higher order Schréodinger operator [B 14]. It is not a relativistic
wave equation because it is not a Lorentz covariant equation and it cannot con-
sider particles with velocity close to the speed of light. However, the higher order
Schrodinger equations converge toward the semi-relativistic equation and are able
to take into account some relativistic effects in their domain of validity and their
accuracy can be tuned. They are interesting in some practical cases, when the so-
lutions can be defined as for instance with an additive bounded or linear potential,
due to the simplicity of the Schrédinger form equation. The proposed equations are
an interpolation between Schrédinger and semi-relativistic equations, valid in the
lower half of the scale between non-relativistic and ultra-relativistic extremes. The
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2 R. CARLES AND E. MOULAY

semi-relativistic equation is studied in [12] [I3] by using optimized Schrédinger oper-
ator inequalities and concavity properties. Moreover, the second order Schrédinger
equation is mentioned in [19] and used in [I5] for solitons with an additive nonlinear
term. In this paper, the problem of the square root of the semi-relativistic equation
is approximated by using a finite expansion leading to higher order Schrodinger
equations.

The paper is organized as follows. After some notations and definitions given in
Section 2l higher order Schrodinger equations are given and studied in Section
Finally, a conclusion is addressed in Section Ml

2. BACKGROUNDS

2.1. The Schrodinger and Klein-Gordon equations. The Finstein’s mass-
energy equivalence is the concept that the mass of a body is a measure of its energy
content and is given by the formula [g]

(2.1) E =~ym-c?
where F is the total internal energy of the body,
1

V=
2
V= =

is the Lorentz factor with v? = ||7]|? the square norm of the velocity vector ¥ of the
body, m the rest mass of the body and ¢ the speed of light in the vacuum.

Let us recall that the non-relativistic equation for the energy of a particle is
given by

p2
(22) E= V(T, t) + %

where V (7, t) is its potential energy and p = ym# its momentum. By using the
correspondence principle [2]

L0 ., 0 ——
(2.3) E - zﬁ& p < —zﬁ% = —ihV
we obtain the Schrddinger equation for a particle
. 81/}(7?7 t) . — — h2 —
(24) ZFLT = V(T, t)’(/](’l", t) — %Aw(’f',t)

moving in a potential V(7,t), where A := V? is the Laplace operator and h = %

the reduced Planck constant. The wavefunction 1 : R® x R, — C describes the
evolution in space and time of the quantum state. In the following v stands for
(7, t). A Schrédinger type equation is an equation
oY(T,t
(2.5) 20 Hi(7,t)
ot
where H is the Hamiltonian of the system. If H = H(A), then the equation (24)
is said to be a Schrddinger form equation.
By using the equality
202

(2.6) 7= Z +1
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and the Einstein’s mass-energy equivalence ([2I), we obtain

2,2
2.7 E =~ymc* = mc? Y + 1.
( 2

c
Then we have the following relation
(2.8) E? =m?c* + p?c.
With the correspondence principle (23)), we obtain the Klein-Gordon equation
2 0% 2 4 2.2

(2.9) —hﬁzmc W — h*c? A,

As noted by Dirac, equation (29) is of second order in time contrary to the
Schrodinger equation (24]). So, it cannot be interpreted as a Schrodinger type
equation for a quantum state.

2.2. Mathematical tools. To solve the Schrodinger equation in the absence of an
external potential, it is convenient to use the Fourier transform. It turns out that
the same approach can be used to solve the higher order Schrodinger equations
B3). For the content of this subsection, we refer for instance to [24].

Notation. For x € R? (with d an integer not necessarily equal to 3), and a =
(ai,...,aq) € N4 we denote by

xa:x‘flxg2..-$3d, |x|:\/33%+3:§+~--—|—:173.

For g € N% and f € C*°(R?; C), we denote by
861 862 a,@d
B B1 B2 T a
Oxy"' Oxy oz

Introduce the Schwartz space

f.

S(RY) = {f € C*(R%C) | sup [2°0°f(z)] < o0, Va,Be€ Nd}.
z€R?
For f € S(RY), the (semi-classical) Fourier transform of f, denoted by for F(,

is defined by .
n — —ixz-p/h d
o) = e ||, @)

where p is the Fourier variable. Then the function RY > p — f(p) belongs to
S(R?). The main properties that we will use concerning the Fourier transform are
listed in the following proposition. In particular, the normalizing factor (27r)_d/ 2
is chosen so that the Fourier Inversion Formula and the Plancherel formula below
are simple.

Proposition 2.1. Let f € S(RY).
e Foranyje{l,...,d},
of Pj 7
2.1 O\ () = P2 7).
(2.10) (52 ) =% Fw
e Foranyje{l,...,d},
of

2.11
211) Op;

(1) = 2 F (2:) ()
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Fourier Inversion Formula: We have

1 i iy
(2.12) f(x) = W/pem e P/hf(p)dp.

The Fourier transform is uniquely continuously extended to the space of tempered
distributions, its dual space S'(R%). The properties 210) and ZII)) remain valid
in the sense of distributions, in S'(R?).

Plancherel formula: The Fourier transform is unitary on L*(RY),

(2.13) lullL2ray = 1ullL2ray, Vu € L*RY).

Recall that L?(R?) is the space of square integrable functions, that is of mea-
surable functions u such that

/ Ju(x)2dr < oc.
zeR4

For s € R, we define the Sobolev space H*(R%) by
s~ 2
210 moRY = {7 e PR | 1flh= [ (P [fo] an < oo
PER
If moreover s is a non-negative integer, then the Sobolev space H*(R?) can be

characterized as follows:

H*RY ={fe L*RY | 0°f € L*(RY), |a|<s}.

3. THE HIGHER ORDER SCHRODINGER EQUATIONS

3.1. The semi-relativistic equation. In view of (28], we have
(3.1) E = +\/p%c® + m3c4,
and then it leads to

p2
(3.2) E:mc%/mﬂ.

Equation (3] leads, with the correspondence principle (Z3)), to the following semi-
relativistic equation

(3.3) zh%d) =/ —c2h2A + m?2ct 1,

with the non local pseudo-differential operator v —c2h?A + m?c¢* studied in [I8]
Chapter 7]; see also [4] for related studies. The semi-relativistic equation ([B3]) with
an arbitrary coordinate-dependent static interaction potential V(7) = V has been
studied in [12] T3] 21]. This wave equation describes the bound states of spin-zero
particles (scalar bosons) as well as the spin-averaged spectra of the bound states of
fermions [23] 22]. With an additive nonlinear part F'(1), equation (33]) is know as
the Hartree equation [17].
If we use the Taylor series expansion of ([3.2) given by

& 2n
n p
(34) E = mc2 (1 + E (—1) +1Q(H)W> y
n=1
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and the correspondence principle ([Z3]), we obtain the following equation

0 h?
(3.5) zha—w =mc* ¢ — Z WA"W
where
(2n —2)!

This decomposition is given for instance in [11] 20].

Proposition 3.1. Equations B4) and B3) hold for mpTQCZ < 1, which is equivalent
to 202 < 02

Proof. —5—

equ1valent to :

it is also
—2 < 1, which leads to the result. O

c2

It means that equation (B3] is equivalent to equation ([B.3]) for a norm ||7]| of
the studied particle satisfying

(3.7) 17| < % ~ 211 985 280 m.s~ !

Equation ([33]) has an infinite number of terms. Thus, an infinite number of opera-
tors are required to specify the evolution of the wave-function ¢ and it also leads to
a highly non local theory [27]. Nevertheless, Equation ([83) is a Schrédinger form
equation with a restricted domain of validity.

3.2. The higher order Schrédinger equations as a finite expansion. The
main idea of what follows is to keep only the necessary terms of equation ([B.3]) for
a certain accuracy in a sense that we define, by using a finite expansion.

Let us consider the following approximation

2n

59) G (R YR =y

of the energy (3.4]) with N > 1. By using the correspondence principle [2.3]), we
obtain the following higher order Schrédinger equations

1/) N )Rz "
n=1

Equation (89) has the advantages of a Schrédinger form equation without the
drawbacks of equation ([B3]).

3.3. Convergence of the energy approximation. The error ey = EF — Eyn
between the full expression of the energy (3.4 and the approximation (B8] is given
by

(3.10) en = mc? ( 3 (_1)"+1a(n)m§’n;n> .

n=N+1

2

For p? < m?c?, ey corresponds to the remainder of an alternate series, hence

2N+2
P +

N+1
1
B11)  len| S ma(N + 1) —s5mmms = mPa(N +1) <_ - 1) '
v2
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With the assumption that 2v? < c?
particles, we infer |ey| < a(N + 1) hence we have the followmg result:
Proposition 3.2. We have

(3.12) JimJex| =0

and more precisely, Stirling formula yields

1
len| :O<W> as N — oo.

Let

2N +2 1 N+1
P
INTIaNTE = e 2a(N +1) ra— )

In the following ey is called the accuracy. This accuracy concerns the energy of
the studied particle and not the solutions ¢ and ¥y of equations (B5) and (B39).
The convergence of the wave functions is studied in Subsection

(3.13) en = mcta(N +1)

Ezxample 3.3. Let us consider a free particle of mass m. First of all, keep the two
first terms of equation (B9) (i.e. N = 1). We obtain the following approximate
equation
'@[11 2 h2

3.14 th—— = — —Ay.

(3.14) o7~ me (1 Zy (1

We recognize the Schrédinger equation (Z.4) with an additive term mc?v, where
mc? is the rest energy of the studied particle. The relation between the semi-
relativistic equation B3] and BI4) had been noticed already in [26]. Suppose

that the particle has a velocity satisfying ||v]| = 155. The accuracy associated with
equation ([B.I4) is

1
(3.15) e1m g me9X 10%6.107% ~ 1.125 x 10%m

Then, by using the three first terms of equation [B3) (i.e. N = 2), we obtain the
following approximate equation

0
(3.16) n% = (e + V) g — —sz A%,
The accuracy associated with equation (3.I4) is given by
1
(3.17) eam 15 M9 X 10%0- 10712 ~ 5.625 x 10°m

Thus, the result is that by taking into account a supplementary term in equation
B3), we increase the accuracy I3 of five orders of magnitude for a particle
having a velocity of |[7]| = 155. When the norm of the velocity vector reaches %,
it is necessary to take into account higher-order terms of equation ([B.9)) to provide
a sufficient accuracy. Thus, we can tune the accuracy by choosing an accurate
number N of terms in equation B9). If the norm of the velocity vector becomes
higher than %, then equation (B:9) fails to describe correctly the evolution of the
wave-function whatever the higher-order terms added to the equation. The Dirac

equation must be used.
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3.4. Solving a generalized Schrodinger equation. Let G : Ry — R be a
real-valued function, and consider the generalized Schrodinger equation

(3.18) h%ﬂ +G(=R*A)Y =0;  ¢(x,0) = ().

The quantity G(—h?A) is defined as a Fourier multiplier:

F (G=1>2)p) () = G(Ip]*)d(p).

The most important aspect is that we want to encompass the following three cases:

e Schrodinger equation: G(y) = —ﬁy-

e Semi-relativistic equation B3): G(y) = —+/c?y + m2c?.
e Higher order Schrodinger equations (3.9):

P < S )
Gly) = —me +Zm2n—102n—2( y)"

n=1

Applying the Fourier transform to (B.I8]) with respect to the space variable, we

obtain formally a first order ordinary differential equation in time for 1Z, in view of
Proposition 2.1t

zﬁa—w + G(p)*)¥ $(0,p) = to(p).

It is solved explicitly:
(3.19) D(p,t) = o (p)e~ P,
Since G is real-valued, [)(p, )| = |1ho(p)|, and we obtain, from Proposition It

Proposition 3.4. Let s € R and v € H*(R%). Then the Cauchy problem (B.I8)
has a unique solution ¢ € C(R; H*(R?)), denoted by

(1) = e By,
It is given by BI9). Moreover, we have
[9C, Ollas = llYollas, vt eR.

In other words, the propagator e~ HG(=F*A) g unitary on every Sobolev space H*(R%).

3.5. Higher order Schrédinger equations with an external potential. Con-
sider now ([3.9) in the presence of an external potential. Dropping the index N to
ease notations leads to

(3.20) =V — Z Qn 102n QA"w; ¥(,0) = Po(@),

where we use the convention «(0) = —1. The potential V is real-valued. At least
two cases can easily be concerned from the mathematical point of view: when V'
is bounded, and when V is linear with respect to the position x. These cases
include for instance finite potential wells, neutrons in free fall in the gravity field
and electrons accelerated by an electric field.
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Bounded potential. By using perturbative arguments (based on Duhamel’s for-
mula), the following result can be proved by using Proposition [3.4

Proposition 3.5. Suppose that V € L=(R%). If ¢y € L*(R%), then 320) has a
unique solution ¢ € C(R; L*(R%)), and

(5 Dll2 = lIYoll2 Ve R.
If in addition for some s € N, 9V € L=(R?) for all |a| < s, and o € H*(R?),
then ¢ € C(R; H*(RY)).
Linear potential.

Proposition 3.6. Suppose that V is of the form
V(z,t) = E@) o= E1(t)r1 + - + Eq(t)zq,
for E € L*(R;RY). If ¥ € L*(RY), then B20) has a unique solution ¥ €
C(R; L*(RY)), and
o)z = llvollz V€ R.

It is given by its Fourier transform (in space)
(3.21)

. N na(n t
U(p,t) = Vo (p+ 7(t)) exp (% 2 % /0 [p+m(t) = m(s) ™" dS) :
n=0

where (t) = f(f E(r)dr.
Sketch of the proof. Taking the Fourier transform in space in (320 yields

o4 al a(n) ~ o~ ~
ihgy = E(t) - F () - Z:% itz ()" (. 0) = do(p).

Since F (xt)) = ihV@, we infer

N

(2 . a(n) w0

ih (5 - E()- V) Y=- Z W(—|P|2) ¥; ¥(p,0) = Yo(p).
n=0

This is an inhomogeneous transport equation, which can be solved by the method of

characteristics: the above equation is treated like an ordinary differential equation

thanks to the change of unknown (p,t) = w(p + 7(t),t) (the equation for w is of

the form ihidyw = A(t, p)w), and B21]) follows. O

Remark 3.7. In the case of the Schrodinger equation, N = 1, and when E does
not depend on time, the Fourier Inversion Formula (Z12)) applied to B21]) leads to
the well-known Avron-Herbst formula (see e.g. [5, Chapter 7]). It was generalized
in the case where E depends on time in [3]. On the other hand, such an explicit
formula does not seem available as soon as N > 2, because (2.12) does not seem so

helpful then: it is easy to compute the Fourier transform of el (it has the same
form), while the Fourier transform of el is a special function.

Note the following property, which stems from Proposition 2.1} for s > 0,

F (@) = {1 e PR | [ el < oo
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For k € N, set
vk = HON-DRRY) N F (H*(RY)).
Then we infer the following result from (B.2T]).

Corollary 3.8. Let k, N € N, and vy € X%X,. Suppose that V is of the same form
as in Proposition[30. Then B.20) has a unique solution 1 € C(R;X%,).

The case of the harmonic potential. Suppose that V(x) = |z|?. Taking the Fourier
transform in [320), we infer, from Proposition [Z] that ¢ solves

o~

op P -~ -~
@22) = Al O .0) = G,
n=0

where now A stands for the Laplacian with respect to the variable p. The above
equation is of the form A0,y = H1), where

Ho AN~ o) 2y
= —ZW(—W)-

n=0

In the case N = 2, it becomes, in view of (3.4]),

P Ipl*

2m  8m3c?’

It is well-known that H is not essentially self-adjoint on C§°(R?) (see e.g. [7]). The
reason is that classical trajectories may have an infinite speed of propagation, so
there is a lack of uniqueness. Therefore, giving a rigorous meaning to the solution
of (320) when V is an harmonic potential seems to be a very delicate issue, which
we do not discuss further into details.

H=-A+mcd+

Remark 3.9 (Frequency localization). The issue described above could be avoided
by using a frequency localization, which consists in replacing \/p2c? +m2c* in
BI) with /pP2c?1p2cim2e2 + m2ct, where the function 1p2cp,2.2 is equal to 1 if
p? < m?c?, and 0 otherwise. In that case, the Taylor expansion (3.4)) is always
converging, thanks to the convergence of the entire series associated to y — /1 + .
In the above example related to the harmonic potential, |p| has to be replaced by
|p|1|pj2<m2c2, and the potential in H becomes bounded: there is no difficulty in
solving the analogue of [B22Z). On the other hand, introducing the indicating
function makes the operator F~!(|p|*1|,2<m2.2) non-local, and the benefit of the
Taylor expansion is lost.

3.6. Convergence of the wave function approximation. We now study the
convergence of ¥y, solution to BH), to ¢ solving [B.3]), as N tends to infinity.
We emphasize the fact that this study is performed in the absence of an external
potential, V' = 0: adapting it to either of the cases dealt with in Subsection [3.5]
seems to be rather delicate.

Theorem 3.10. Let ¢og € L*(R%). Suppose that zzo is smooth and compactly
supported, 1y € C§°(RY), with

do) =0 if |-L|> 1.
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Suppose that Yj.—g = Y=o = Yo. Then YN — ¢ as N — oo, in the following
sense: for all T >0,

2T
(3.23) sup [[(-t) — N (-, )] 2 maey < - mc® (N +1)|[¢oll L2 — 0.
te[0,T] N—o0

Remark 3.11. A more precise rate of convergence is available, in view of the estimate

1
a(N)=0 <W> as N — oo,
which stems from the expression ([B.6]) and Stirling formula.

Proof. The functions ¥ and ¥y solve
N

Z‘ha_ = —G(=h*A)Y, with G(y) = —v/c2y + m2ct.
N . al a(n) n
ﬁW = —Gn(=R*A)Yy, with Gy (y) = 7;) W(_y) .

The difference wy = 1 — ¢ solves wy|;—o = 0 and

L Owy
ot

Multiply the above equation by wy, integrate in space, and take the imaginary
part: the term involving G(—h?A)wy disappears (because it is real), and we infer

= —G(-R*A)wy +ry, where ry = (Gn(—h?A) — G(—=h*A)) Y.

(3.20) low (8)]12 < / I (7l gadr.
In view of Plancherel formula (ZI3]), and since G and Gy are Fourier multipliers,

I () e = I (Dllzz = | (G () = GlpP)) o (7)|

We note that

L2’

Gu(pl?) = G(pl2) =me* Y~ (-1)"a(n) <7|%|)

n=N+1

Note that in view of the assumption on 1;0, BI3) implies that for all 7 > 0,
~ . p

3.25 p)=0 if ’—’ 1.

(3.25) Inrp)=0 it | L]>

Therefore, (Gn(|p|*) — G(|p[*)) ¥n(7) involves an alternate series, whose coeffi-
cients are decreasing, so

| | 2N+2 .
[(@xllo?) = Gl D ()] < metav+1) (L) ()
<mca(N +1) ’1/)0(1))’ ,

where we have used (328 and ([B19) to get the last inequality. The error estimate
B23) then follows from ([B.24]) and the above estimate. O
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It is worth noting that the assumption of Theorem is the same condition
as the one in Proposition [3.I] due to the relations between the momentum p and
the Fourier variable p given by the correspondence principle (Z3]) and the relation
I0). It means that the higher order Schrodinger equations converge toward the
semi-relativistic equation for the particles whose velocity vector satisfies ([B.7]).

Remark 3.12. Suppose that we have k particles of masses m; evolving such that
their velocities satisfy ||0;]] < <% for j = 1,...,k. The previous theory can be

V2

generalized as follows. The approximation of the energy of the system is given by

k N p2n
(326) EN = Z ij2 1+ Z(—l)mrla(n)m 5

j=1 n=1 J
and higher order Schrodinger equations of the system are given by
k N
L OYN 2 amm* o,

(3.27) i =D | micn = > o5 Ajn |

j=1 n=1 """
where ¢Yn = YN (71, ..., Tk, t) with 7; the position vector associated with the particle

J-
4. CONCLUSION

This paper provides higher order Schrodinger equations, coming from a finite ex-
pansion approach. The sequence of equations converges toward the semi-relativistic
equation as the truncation index goes to infinity, and is then able to take into ac-
count some relativistic effects in a restricted relativistic domain of validity related to
a desired accuracy. It is an interpolation between Schrodinger and semi-relativistic
equations which takes into account higher-order terms.
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