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Abstract

Let M be a symplectic manifold acted on by a compact Lie group G

in a Hamiltonian fashion, with proper moment map. In this situation we
introduce a pushforward morphism P : H∗

G
(M) −→ M−∞(g∗)G, from the

equivariant cohomology of M to the space of G-invariant distributions on
g
∗, which gives rise to symplectic invariants, in particular the pushforward

of the Liouville measure. For the study of this pushforward morphism we
make an intensive use of equivariant forms with generalized coefficients.
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5 Witten partition functions 43

1 Introduction

Let M be a manifold provided with an action of a compact connected Lie group
G with Lie algebra g; one may then define the equivariant cohomology H∗

G(M)
of M . Suppose now that the manifold is symplectic, with symplectic 2-form
Ω, and the action of G is Hamiltonian. Let µ : M → g∗ be the moment map
associated to this action, and denote by dmL := Ωn

n! , dimM = 2n, the Liouville
volume form on M .

The purpose of this paper is the study of a ‘pushforward’ morphism

P : H∗
G(M) −→ M−∞(g∗)G, (1.1)

where M−∞(g∗)G is the space of G-invariant distributions on g∗. The mor-
phism P, defined under the hypothesis that µ is proper, produces some inter-
esting symplectic invariants, in particular the pushforward of the Liouville form
µ∗(dmL): for the class 1 ∈ H∗

G(M), we have

P(1) =
1

in
µ∗(dmL).

Our study of the morphism P fits into the numerous studies of the sym-
plectic invariant µ∗(dmL) (and its relation with localization in equivariant co-
homology) that started some years ago with the Duistermaat-Heckman formula
[2, 4, 9, 10, 13, 14, 16, 21, 23, 33]. Nevertheless our method is new, and works
particularly well in the case where M is non-compact and G is (any) connected
compact Lie group (in the previous references, the study is often restricted to
the action of a torus). The central idea, which is due to Witten [36], is to
localize the integration of closed equivariant forms on the set Cr(‖µ‖2) of crit-
ical points of the function ‖µ‖2 : M → R (where ‖ · ‖2 denotes a G-invariant
Euclidean norm on g∗).

We will first produce some specific closed equivariant forms with general-
ized coefficients which completely describe the local and global behavior of the
distributions P(α), α ∈ H∗

G(M). Next the computations of these equivariant
forms are handled. In this way, we are for example able to describe the behavior
of µ∗(dmL) near 0 even if 0 is not a regular value of the moment map.

For this task, we will exploit the results of a previous paper [31], and we
will make an essential use of equivariant forms with generalized coefficients,
with their properties of induction and restriction, that have been introduced
and developed by M. Duflo, S. Kumar and M. Vergne in [11, 26].

We now turn to a more extensive introduction of our subject.

Section 2 is devoted to the explanation of the tools coming from equivariant
cohomology. We refine the technique related to the partition of unity, a notion
that was introduced by the author in [31] (see in particular the “deformation
process”), and we recall the definitions and properties concerning the induction
and restriction of equivariant forms with generalized coefficients.
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Let Ωg(X) = Ω + 〈µ,X〉, X ∈ g be the equivariant symplectic 2-form.
For every equivariant form α(X) ∈ A∗

G(M) depending polynomially on X ∈
g, the Fourier transform F(αeiΩg ) belongs to the space M−∞(g∗,M)G of G-
invariant distributions on g∗ with values in the algebra A∗(M) of differential
forms on M . Furthermore, for every smooth function f on g∗ with compact
support, the differential form

∫
g∗
F(αeiΩg )(ξ)f(ξ) has a compact support on M ,

and then is integrable (see Definition 2.10). For instance, if α(X) = P (X)η
where X → P (X) is polynomial on g and η ∈ A∗(M) is a differential form
on M , we have F(αeiΩg ) = ηeiΩF(P (−)ei〈µ,−〉), and

∫
g∗
F(αeiΩg )(ξ)f(ξ) =

ηeiΩ
∫
g∗
F(P (−)ei〈µ,−〉)(ξ)f(ξ) = ηeiΩ[P (−i∂ξ)f ](µ) is a differential form on M

supported on µ−1(support{f}), hence with compact support on M for every
function f with compact support since µ is proper (for the definition of the
differential operator P (−i∂ξ) see (2.13)).

Then, for every equivariant form α ∈ A∗
G(M) the integral

P̃(α) :=

∫

M
F(αeiΩg ) (1.2)

defines a G-invariant distribution on g∗: for f ∈ C∞(g∗) with compact sup-
port, the value taken by P̃(α) on f is the integral on M of the differential form∫
g∗
F(αeiΩg )(ξ)f(ξ). Next we show that the map P̃ : A∗

G(M) → M−∞(g∗)G fac-

tors in cohomology and induces the pushforward map P : H∗
G(M) → M−∞(g∗)G.

In fact, the space M−∞(g∗,M)G carries a derivative D̃, with D̃2 = 0, and for the
‘localizations’ of P(α) we will work directly on the complex (M−∞(g∗,M)G, D̃).

We end up Section 2 with a first illustration of the usefulness of our method.
With the assumption that the group G is a torus T and that a component 〈µ, β〉
of the moment map is proper, we obtain easily a refinement of the Berline-Vergne
localization that extends previous results by Prato-Wu and Guillemin-Lerman-
Sternberg [14, 33]. For every α ∈ H∗

T (M), we have a locally finite decomposition
P(α) =

∑
F⊂MT D

α

F , where each distribution D
α

F is tempered and depends only
on the values of α,Ω and µ on the connected component F of fixed point set
MT .

In Section 3, we are interested in the local behavior of the distributions
P(α), α ∈ H∗

G(M). Concerning the behavior near 0, we first show that there
exists a compactly supported equivariant form P0

λ which completely describes
the pushforward P(α) near 0 (see Proposition 3.8). When 0 is a regular value
of µ, the computation of P0

λ leads to a new proof of the Jeffrey-Kirwan-Witten
formula. Concerning the behavior near a coadjoint orbit O = G.ξ, we show in
the same way that the pushforward is completely determined by a compactly
supported equivariant form PO

λξ (see Proposition 3.17). This fact is crucial to
prove an induction formula which generalizes previous results of [9, 35]. This
induction holds in the entire slice Uσ through the point ξ of O (see Proposition
3.13), and shows that the pushforwards P(α) are analytic on the open subset
of regular values of µ.

In Section 4, our aim is to compute the equivariant forms P0
λ, PO

λξ when 0
or ξ are not necessarily regular values of µ. Our purpose is also a global formula
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for the pushforwards P(α). We show that the distribution P(α) is always a
locally finite sum

P(α) =
∑

β∈B
G

D
α

β , (1.3)

in tempered distributions, where BG ⊂ g∗ indexes a decomposition Cr(‖µ‖2) =
∪β∈B

G
CGβ with µ(CG

β ) = G.β. Moreover, each tempered distributions D
α

β is
supported on {ξ ∈ g∗, ‖ξ‖ ≥ ‖β‖}, and is described by means of an equivariant

form P
G

β which is supported in a compact neighborhood of the component CG
β

of Cr(‖µ‖2) (see equation (4.45)). We will see that, under suitable conditions,
the tempered distributions D

α

β can be computed explicitly.

One interesting example is the case where M is a closed coadjoint orbit of a
connected semi-simple real Lie group S. Let G be a maximal compact connected
subgroup of S. The action of G on M is Hamiltonian and the moment map
µ : M → g∗ is proper. One can show that

∫
M eiΩg defines a tempered generalized

function on g (see [10]): thus the pushforward P(1) is equal to F(
∫
M eiΩg ). On

the other hand we prove in [32] that the set Cr(‖µ‖2) is just a G-orbit in M
(in particular B

G
is reduced to {β0}): the pushforward P(1) is then equal to

D
1

β0
(see (1.3)). Using this technique we were able in [32] to compute the

generalized function
∫
M eiΩg , extending by this way previous results of Duflo-

Heckman-Vergne [9, 10] and Sengupta [34].

The central result of the section 4 is a symplectic induction formula (see
Theorem 4.5) that provides a tool to compute the generalized equivariant forms

P0
λ, PO

λξ , and P
G

β : these G-equivariant forms are induced by generalized T -
equivariant forms (where T is a maximal torus of G), and we show in sub-section
4.3 how to compute these T -equivariant forms using a shift of the moment map
(see Definition 4.12).

In Section 5, we determine, for a Hamiltonian action of a compact Lie group
on a compact manifold, the global behavior of the partition functions in a way
conjectured by Witten [36]. This extends previous results by Jeffrey-Kirwan
[23]. In particular we prove the following statement.

Corollary 5.2 There exist smooth functions hβ : R → R, such that
∫

M
e−

‖µ‖2

2u dmL = (u)−
dimG

2

∑

β∈B
G

e−
‖β‖2

2u hβ(
√
u), u > 0,

where dmL is the Liouville measure Ωn

n! . Moreover each function hβ is uniquely
determined by the local behavior of Ω and µ near the component CG

β of Cr(‖µ‖2),

and the function h0 that corresponds to the set CG
0 = µ−1(0) is always poly-

nomial (note that we make no assumption on the regularity of 0 relative to the
moment map).

Acknowledgments. I am very grateful to Michèle Vergne for helpful sug-
gestions. I would like to thanks Ieke Moerdijk for his kind interest. I am also
grateful to Utrecht University for it’s hospitality during the academic years
1996/98.
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2 Partition of unity in equivariant cohomology

2.1 Definitions and notations

Let M be a manifold provided with an action of a compact connected Lie group
G with Lie algebra g. We denote by A∗(M) the algebra of differential forms
on M (over C), and by d the exterior differentiation. Let A∗

cpt(M) be the sub-
algebra of compactly supported differential forms. If ξ is a vector field on M
we denote by c(ξ) : A∗(M) → A∗−1(M) the contraction by ξ. The action of G
on M gives a morphism X → XM from g to the Lie algebra of vector fields on
M .

We now recall the different de Rham complexes of G-equivariant forms on
M . For more details see [3, 5, 10, 26].

Let C∞(g,A∗(M)) be the algebra of forms α(X) on M depending smoothly
on X ∈ g. We note A∞

G (M) the sub-algebra of C∞(g,A∗(M)) consisting of
the G-invariant elements: these elements are called equivariant forms with C∞

coefficients. Let A∗
G(M) ⊂ A∞

G (M) be the sub-algebra of equivariant forms
α(X) depending polynomially on X ∈ g. The differential D on A∞

G (M) is given
by the equation

∀α ∈ A∞
G (M), (Dα)(X) := (d− c(XM ))(α(X)), X ∈ g.

We see that A∗
G(M) is stable under D, and that D2 = 0 on A∞

G (M). The coho-
mologies associated to (A∗

G(M),D) and (A∞
G (M),D) are denoted respectively

H∗
G(M) and H∞

G (M).
The algebra A∞

G (M) has a sub-algebra A∞
G,cpt(M) := C∞(g,A∗

cpt(M))G,
stable under the differential D. The cohomology associated to (A∞

G,cpt(M),D)
is called the G-equivariant cohomology with compact support and is denoted
by H∞

G,cpt(M).
For our purpose we need equivariant forms with generalized coefficients. For

a more precise description see [26].
The space C−∞(g,A∗(M)) of generalized functions on g with values in the

space A∗(M) is, by definition, the space Hom(mc(g),A∗(M)) of continuous
C-linear maps from the space mc(g) of smooth compactly supported densities
on g to the space A∗(M), both endowed with the C∞-topologies. We define

A−∞
G (M) := C−∞(g,A∗(M))G

as the space of G-equivariant C−∞-maps from g to A∗(M). An element of the
space A−∞

G (M) is called an equivariant form with generalized coefficients. The
image of φ ∈ mc(g) under α ∈ C−∞(g,A∗(M)) is a differential form on M
denoted by < α,φ >g.

We see that A∞
G (M) ⊂ A−∞

G (M) and we can also extend the differential
D to A−∞

G (M) [26]. Take a basis {E1, · · · , Ep} of g, and {E1, · · · , Ep} the
associated dual basis of g∗. Let {X1, · · · ,Xp} be the corresponding coordinate
functions on g. For every γ ∈ A−∞

G (M),

< D(γ), φ >g:= d < γ, φ >g −
p∑

k=1

c(EkM ) < γ,Xkφ >g for every φ ∈ m c(g).
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We verify that D2 vanishes on A−∞
G (M). The cohomology associated to

(A−∞
G (M),D) is called the G-equivariant cohomology with generalized coeffi-

cients and is denoted by H−∞
G (M). The sub-space A−∞

G,cpt(M) := C−∞(g,A∗
cpt(M))G

is stable under the differential D, and we denote by H−∞
G,cpt(M) the associated

cohomology.

Let M−∞(g∗,M) be the space of distributions on g∗ with values in the space
A∗(M). More precisely, it is the space Hom(C∞

cpt(g
∗),A∗(M)) of continuous C-

linear maps from the space of smooth compactly supported functions C∞
cpt(g

∗) to
the space A∗(M), both endowed with the C∞-topologies. We can also define a
derivation D̃ on M−∞(g∗,M) in the following way. For every γ ∈ M−∞(g∗,M),
the distribution D̃(γ) is defined by the equation

< D̃(γ), f >g∗:= d < γ, f >g∗ + i

p∑

k=1

c(EkM ) < γ, ∂Ek
f >g∗,

for every f ∈ C∞
cpt(g

∗). In this equation we denote by ∂ξ : C∞
cpt(g

∗) → C∞
cpt(g

∗)
the partial derivative associated to every ξ ∈ g∗. One can easily check that
D̃2 = 0 on the subspace M−∞(g∗,M)G of G-invariant distributions.

For every open subset U of g∗, we denote by M−∞(U) the space of distri-
butions on U with complex values. If U is a G-invariant subset we can consider
the subspace M−∞(U)G of G-invariant distributions. Recall that the inclusion
C∞
cpt(U)G →֒ C∞

cpt(g
∗)G induces the restriction map M−∞(g∗)G → M−∞(U)G.

For any compact Lie group G, and any Lebesgue measure dX on its Lie
algebra, we denote by vol(G, dX) the volume of G for the Haar measure on G
compatible with dX.

2.2 Partition of unity

For more details see Section 3 of [31].
Let λ ∈ A1(M) be a G-invariant 1-form on M . We note Φλ : M → g∗ the

G-equivariant map defined by

〈Φλ(m),X〉 := λm(XM (m)), m ∈M, X ∈ g.

Lemma 3.1 of [31] tells us that the equivariant form Dλ(X) = dλ− 〈Φλ,X〉 is
invertible outside {Φλ = 0} in the space of generalized equivariant forms. For
each G-invariant differential form χext on M , equal to zero in a neighborhood of
{Φλ = 0}, we can define χext

(∫∞
0 ie−itDλdt

)
∈ A−∞

G (M), and this equivariant
form satisfies

χext

(∫ ∞

0
ie−itDλdt

)
Dλ = χext

in A−∞
G (M).

Let χ ∈ C∞(M)G, equal to 1 in a neighborhood of {Φλ = 0}. Then the
form dχ is equal to 0 in a neighborhood of {Φλ = 0}, and we can define the
equivariant form

6



Pλ = χ+ dχ

(∫ ∞

0
ie−itDλdt

)
λ ∈ A−∞

G (M). (2.4)

Recall Proposition 3.3 of [31].

Proposition 2.1 The equivariant form Pλ is closed, and we have the identity

1M = Pλ + D(δ) (2.5)

where δ = (1− χ)(
∫∞
0 ie−itDλdt)λ ∈ A−∞

G (M) and 1M is the constant function
equal to 1 on M .

We use the phrase “partition of unity” to refer to the equality (2.5).
In practice we will decompose the equivariant form Pλ from a partition of

{Φλ = 0} into closed subsets.
A subset C ⊂ M is called a component of {Φλ = 0} if there exists a G-

invariant neighborhood U of C in M such that U ∩ {Φλ = 0} = C. These
conditions imply that ∂U ∩ {Φλ = 0} = ∅ (⋆).

Definition 2.2 A G-invariant open set U of M which satisfies (⋆) will be call
good for the 1-form λ: it intersects {Φλ = 0} in the interior of U .

If we start with a good open set U for the 1-form λ, the intersection U∩{Φλ =
0} is a component (perhaps empty !) of {Φλ = 0}.

Definition 2.3 Let U be a good open set for the 1-form λ, and C = U ∩{Φλ =

0} be the corresponding component of {Φλ = 0}. We denote by P
U

λ (or P
C

λ ) the
equivariant form

P
U

λ = χ
U

+ dχ
U

(∫ ∞

0
ie−itDλdt

)
λ ,

where χ
U

is a G-invariant real function on M , equal to 1 in a neighborhood of
C, and with support in U .

Remark 2.4 If the open set U is relatively compact in M , then the equivariant
form P

U

λ has a compact support on M .

Remark 2.5 The cohomology class of P
U

λ does not depend on the choice of the
function χ

U
.

Consider an open covering {Φλ = 0} ⊂ ∪i Ui, where the open sets Ui are
G-invariant. Suppose furthermore that Ui∩Uj = ∅ if i 6= j. Then the open sets
Ui are good for the 1-form λ and

Pλ =
∑

i

P
Ui

λ . (2.6)

The preceding sum is well defined, even if it is infinite, because the equiv-
ariant forms P

Ui

λ have disjoint supports. In practice, the equation (2.6) enables
us to study the equivariant form Pλ in the neighborhood of each component of
{Φλ = 0}.
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2.3 Deformation process

We will reformulate Proposition 3.11 of [31] in a more general context .
Consider two G-invariant 1-forms λ0, λ1 on M , and a G-invariant open set

U of M .

Proposition 2.6 Suppose there exist a smooth map f : M → g and a real
ρ > 0 such that the functions, l0 = 〈Φλ0 , f〉 and l1 = 〈Φλ1 , f〉, are bounded from
below by ρ on ∂U . Then, the open set U is good for λ0 and λ1 (see Definition
2.2), and

P
U

λ1
= P

U

λ0
in H−∞

G (M) .

Proof : By an averaging over G, we can suppose that the map f is G-
equivariant. Then the real functions l0 and l1 are G-invariant. Consider the
G-invariant 1-forms λs = sλ1 + (1 − s)λ0, s ∈ [0, 1]. The equality 〈Φλs , f〉 =
sl1 + (1 − s)l0 shows that

{Φλs = 0} ⊂ {l0l1 ≤ 0} for 0 ≤ s ≤ 1 .

The open set U is good for every 1-form λs, because the function l0l1 is
strictly positive on ∂U . Consider a (smooth) cut-off function g : R → R

+, equal
to 1 on the interval {x ∈ R, x ≤ ρ2/3} and equal to 0 on {x ∈ R, x ≥ ρ2/2}.

Let χ be the G-invariant function on M , equal to g(l0l1) in U , and equal to
0 outside U . It is a well defined smooth function because g(l0l1) is identically
0 in a neighborhood of ∂U . It follows that the sets {Φλs = 0} ∩ U are included
in the interior of {χ = 1} for every s ∈ [0, 1].

Then, we can define the equivariant forms P
U

λs
= χ + dχ(

∫∞
0 ie−itDλsdt)λs

for every s ∈ [0, 1]. If we take the derivative with respect to s, we have

∂P
U

λs

∂s
= dχ

( ∫ ∞

0
t e−itDλsdt

)
D(λ1 − λ0)λs + dχ

( ∫ ∞

0
ie−itDλsdt

)
(λ1 − λ0) .

The first term of the RHS of this equation is equal to

D
(
−dχ

(∫ ∞

0
t e−itDλsdt

)
(λ1 − λ0)λs

)
+ dχ

(∫ ∞

0
t e−itDλsdt

)
Dλs(λ1 − λ0) ,

and an integration by part shows that dχ(
∫∞
0 t e−itDλsdt)Dλs =

−dχ(
∫∞
0 ie−itDλsdt) (⋆). More precisely, we have dχ(

∫∞
0 t e−itDλsdt) =

lima→∞ dχ
( ∫ a

0 t e
−itDλsdt

)
and an integration by part (of smooth equivari-

ant forms) gives (
∫ a
0 t e

−itDλsdt)Dλs = ia e−iaDλs − i
∫ a
0 e

−itDλsdt, ∀a ∈ R.
Taking now the limit a → ∞, we get the equation (⋆): we just use that
lima→∞ a e−iaDλsdχ = 0 in A−∞

G (M) because dχ = 0 in a neighborhood of
{Φλs = 0}.

Thus we find

∂P
U

λs

∂s
= D

(
dχ
( ∫ ∞

0
t e−itDλsdt

)
λ0λ1

)
.

After integrating this last equation on [0, 1], we get P
U

λ1
− P

U

λ0
= D(θ), with

θ ∈ A−∞
G (M). �
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Remark 2.7 If the open set U is relatively compact in M , Proposition 2.6 holds
if the function l0 and l1 are strictly positive on ∂U . In this case, the equality
P

U

λ1
= P

U

λ0
holds in H−∞

G,cpt(M).

2.4 Generic form near a smooth component

In this section, we want to give a generic form of P
C

λ near a smooth component
C of {Φλ = 0}. Then a good neighborhood of C in M is modeled on the normal
bundle NC := (TM |C)/TC.

We work now with the following data. Let q : V → C be a G-equivariant
real vector bundle on a compact G-manifold C. We denote by i : C →֒ V the
0-section of V. We suppose that the fibers of V are oriented. Let λ ∈ A1(V)

be a G-invariant 1-form on V such that {Φλ = 0} = C. Denote by P
C

λ the
generalized equivariant form defined by λ in a neighborhood of the 0-section in
V (see Definition 2.3).

Integration along the fibers of V defines a morphism
∫

V/C
: H−∞

G,cpt(V) −→ H−∞
G (C)

that can be extended to equivariant forms which are rapidly decreasing in g-
mean. Recall Definition 2 of [7].

Definition 2.8 The differential form α ∈ C−∞(g,A∗(V)) is said to be rapidly
decreasing in g-mean if, for every test function f on g, the differential form
< α(X), f(X)dX >g on V is rapidly decreasing along the fibers, as well as all
its derivatives, and such that, moreover, the map f →< α(X), f(X)dX >g

is continuous, with respect to the natural semi-norms on the space of rapidly
decreasing differential forms.

We denote by A−∞
G,mean−rapid(V) the space of G-equivariant differential forms

on V which are rapidly decreasing in g-mean. The equivariant coboundary D
maps A−∞

G,mean−rapid(V) into itself. We denote by H−∞
G,mean−rapid(V) the corre-

sponding cohomology.
For every α ∈ A−∞

G,mean−rapid(V) the integration
∫
V/C α along the fibers of V

defines an equivariant form of A−∞
G (C) by

<
( ∫

V/C
α
)
(X), f(X)dX >g:=

∫

V/C
< α(X), f(X)dX >g ∈ A∗(C)

for every test density f(X)dX on g. The integration
∫
V/C commutes with D

and so defines a morphism
∫

V/C
: H−∞

G,mean−rapid(V) −→ H−∞
G (C) .

Let ThomG(V) ∈ H∞
G,cpt(V) be the G-equivariant Thom form with compact

support of the G-vector bundle V (for an explicit description see [11, 29]).

9



Proposition 2.9 Suppose that the 1-form λ is homogeneous on the fibers of
V, with a strictly positive degree of homogeneity. Then the closed equivariant
form e−iDλ belongs to A−∞

G,mean−rapid(V) and we have the following equality in

H−∞
G (C) ∫

V/C
P

C

λ =

∫

V/C
e−iDλ .

Hence, for every closed form η ∈ A∞
G (V), we have

η P
C

λ = q∗
(
i∗(η)

∫

V/C
e−iDλ

)
ThomG(V) in H−∞

G,cpt(V). (2.7)

Proof : If the 1-form λ is homogeneous, the map Φλ : V → g∗ is homogeneous
on the fibers of V, and the fact that {Φλ = 0} = C implies (⋆) ‖Φλ(m, v)‖ ≥
c‖v‖k, (m, v) ∈ V, for some c > 0, where k > 0 is the degree of homogeneity of
λ (where ‖ · ‖ is a norm on the bundle V). Then for every test density f(X)dX
on g, the differential form < e−iDλ(X), f(X)dX >g= e−idλf̂(−Φλ) is rapidly

decreasing along the fibers of V (f̂ is the Fourier transform of f relatively
to dX). We have shown that the closed equivariant form e−iDλ belongs to
A−∞
G,mean−rapid(V).

Let χ ∈ C∞
cpt(V) be a G-invariant function, equal to 1 in a neighborhood of

C. We define the following G-equivariant forms on V

α0 = χ
(∫ 1

0
e−itDλdt

)
iλ ∈ A∞

G,cpt(V),

and

α1 = (1 − χ)
( ∫ ∞

1
e−i tDλdt

)
iλ ∈ A−∞

G (V).

The equivariant form α1 is well defined because 1 − χ = 0 in a neighborhood

of C. We verify that Dα0 = dχ
( ∫ 1

0 e
−itDλdt

)
iλ − χ(e−iDλ − 1) and Dα1 =

−dχ
( ∫∞

1 e−itDλdt
)
iλ+ (1 − χ)e−iDλ. Hence we have

P
C

λ − e−iDλ = D(α0 − α1) . (2.8)

To conclude the proof, we just need to show that
∫
V/C(α0 − α1) exists and

defines an equivariant form in A−∞
G (C). This is clear for

∫
V/C α0 because α0

has a compact support on V.
For every test density f(X)dX on g we have

< α1(X), f(X)dX >g |v = (1−χ(v))
( ∫ ∞

1
e−it dλv f̂(−tΦλ(v))dt

)
iλv, v ∈ V .

With the inequality (⋆), we get, for any integerN , the following: |f̂(−tΦλ(v))| ≤
cN (1 + t‖v‖k)−N , t > 0, v ∈ V. Each component of the differential form
(t, v) → e−it dλvλv is bounded by a function of the form P (t, ‖v‖), where P is a
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polynomial in both variables. Take now a polynomial P (x, y) with total degree
less than n. Then for every v ∈ V with ‖v‖ ≥ 1, we have for N big enough

∣∣∣
∫ ∞

1

P (t, ‖v‖)
(1 + t‖v‖k)N dt

∣∣∣ ≤ cst ‖v‖n
∫ ∞

‖v‖k

tn

(1 + t)N
dt ≤ cst′

1

(1 + ‖v‖k)N−2n−1
·

We have finally shown that the differential form < α1(X), f(X)dX >g is rapidly
decreasing along the fibers of V. We see in the same way that all the derivatives
of < α1(X), f(X)dX >g are also rapidly decreasing along the fibers, and so that
the G-equivariant form α1 on V is rapidly decreasing in g-mean. We can now
integrate along the fiber the equality (2.8), to get

∫

V/C
P

C

λ −
∫

V/C
e−iDλ = D

(∫

V/C
α0 − α1

)
in A−∞

G (C) . (2.9)

The Thom isomorphism tells us that for every η ∈ H−∞
G,cpt(V) we have η =

q∗(
∫
V/C η)ThomG(V). Using now the fact that for every η ∈ H−∞

G (V), we have∫
V/C(η.ThomG(V)) = i∗(η), the equality (2.7) results from (2.9). �

2.5 Fourier transform and pushforward

The idea of this section goes back to the paper [35] (see section 1.1).
We denote by A−∞

temp(g,M) the space of tempered generalized functions over

g with values in A∗(M), and by M−∞
temp(g

∗,M) the space of tempered distri-

butions over g∗ with values in A∗(M). Let F : A−∞
temp(g,M) → M−∞

temp(g
∗,M)

the Fourier transform which assigns to each φ ∈ A−∞
temp(g,M) the tempered

distribution F(φ) such that
∫

g∗
ei〈ξ,X〉F(φ)(ξ) = φ(X). (2.10)

We verify that the Fourier transform commutes with the differential D and D̃.
For every φ ∈ A−∞

temp(g,M), we have

F ◦ D(φ) = D̃ ◦ F(φ) . (2.11)

We say that a distribution γ ∈ M−∞(g∗,M) has a compact support in g∗-
mean on M , if for every function f ∈ C∞

cpt(g
∗), the differential form < γ, f >g∗

has a compact support on M .

Definition 2.10 For every γ ∈ M−∞(g∗,M) with a compact support in g∗-
mean on M , we denote

∫
M γ the distribution over g∗ defined by

∀ f ∈ C∞
cpt(g

∗), <

∫

M
γ, f >g∗ :=

∫

M
< γ, f >g∗ .

Lemma 2.11 If γ ∈ M−∞(g∗,M) has a compact support in g∗-mean on M ,
the distribution D̃(γ) has also a compact support in g∗-mean on M and we have

∫

M
D̃(γ) = 0 . (2.12)

11



Proof : For f ∈ C∞
cpt(g

∗) we have,
∫
M < D̃(γ), f >g∗=

∫
M d < γ, f >g∗ +

i
∑p

k=1

∫
M c(EkM ) < γ, ∂Ek

f >g∗ . By “Stokes” argument the first term of the
RHS is 0, and each integral

∫
M c(EkM ) < γ, ∂Ek

f >g∗ is also 0 because the
differential form c(Ek

M ) < γ, ∂Ek
f >g∗ does not have components of maximal

degree. �

Suppose that the manifold M is equipped with a symplectic 2-form Ω, and
that the action of G is Hamiltonian with proper moment map µ : M → g∗.
Consider the equivariant symplectic 2-form Ωg(X) = Ω + 〈µ,X〉, X ∈ g. By
definition of the moment map µ, the equivariant form Ωg is closed.

For every polynomial P ∈ S(g∗) on g, we shall associate the differential
operator P (−i∂ξ) (with constant coefficients) on C∞(g∗) that satisfies

P (X)

∫

g∗
e−i〈ξ,X〉f(ξ)dξ =

∫

g∗
e−i〈ξ,X〉[P (−i∂ξ)f ](ξ)dξ, X ∈ g, (2.13)

for every function f ∈ C∞(g∗) with compact support. Naturally, this notation
extends for every α ∈ A∗

G(M) ⊂ S(g∗) ⊗ A∗(M); we denote by α(−i∂ξ) the
corresponding differential operator (with values in A∗(M)).

Lemma 2.12 For every equivariant form α(X) ∈ A∗
G(M) with polynomial

dependence in X ∈ g, the form α(X)eiΩg (X) belongs to A−∞
temp(g,M), and its

Fourier transform F(αeiΩg ) has a compact support in g∗-mean on M . The
distribution

∫
M F(αeiΩg ) is G-invariant. When α is closed, the distribution∫

M F(αeiΩg ) depends only on the cohomology class of α.

Proof : Using the equation (2.13), we see that

m ∈M, < F(αeiΩg ), f >g∗ |m = eiΩm [α(−i∂ξ)f ](µ(m)),

for every f ∈ C∞
cpt(g

∗). Then, the differential form < F(αeiΩg ), f >g∗ is sup-
ported in µ−1(support{f}). Finally the properness of µ insures that the dis-
tribution F(αeiΩg ) has a compact support in g∗-mean on M . As the form
α(X)eiΩg (X) is G-equivariant, the Fourier transform F(αeiΩg ) is
also G-equivariant, and its integral is a G-invariant distribution on g∗. Suppose
now that α is exact: α = Dα′ with α′ ∈ A∗

G(M). Then
∫
M F(αeiΩg ) =

∫
M D̃(γ)

where γ = F(α′eiΩg ) has a compact support in g∗-mean. It follows from Lemma
2.11 that

∫
M F(αeiΩg ) is identically equal to 0. �

After Lemma 2.12 one can define the pushforward morphism

P : H∗
G(M) −→ M−∞(g∗)G (2.14)

α 7−→
∫

M
F(αeiΩg ).

Note that P is a morphism of S(g∗)G-modules: for any q ∈ S(g∗)G and α ∈
H∗
G(M) we have P(qα)(ξ) = q(i∂ξ) (P(α)) (ξ), ξ ∈ g∗. We remark also that

inµ∗(dmL) = P(1) =
∫
M F(eiΩg ), with dimM = 2n. The rest of this article is

devoted to the study of the G-invariant distributions P(α), α ∈ H∗
G(M).
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When the integral
∫
M αeiΩg defines a tempered generalized function on g,

we can write
∫
M F(αeiΩg ) = F(

∫
M αeiΩg ). It is the case, for example, when α

has a compact support on M . One interesting example is the case where M
is a closed coadjoint orbit of a connected semi-simple real Lie group S. Let
G be a maximal compact connected subgroup of S. The action of G on M is
Hamiltonian and one can show that

∫
M eiΩg defines a tempered distribution on

g (see [10, 32] for more details).

The distribution
∫
M F(αeiΩg ) has a useful property of locality. For every

G-invariant open subset U of g∗, we denote by Φ → Φ|U the restriction map
M−∞(g∗)G → M−∞(U)G. Here we have the following equality in M−∞(U)G

∫

M
F(αeiΩg )

∣∣∣
U

=

∫

µ−1(U)
F(αeiΩg ) . (2.15)

One can check, as we did in Lemma 2.12, that the restriction
∫
M F(αeiΩg )|U

depends only on the cohomology class of α in µ−1(U).

2.6 Induction and restriction of generalized equivariant forms

In this section we give a brief review of results of Kumar and Vergne [26], that
we will use intensively in the rest of this paper.

Let G be a connected compact Lie group, and H a connected Lie subgroup of
G such that G andH have the same rank (in the following sections we take H :=
T a maximal torus of G). We denote by g and h the respective Lie algebras.
We fix from now on an orientation o on g/h (hence the homogeneous space
G/H is oriented) which determines a polynomial square root Y → Πg/h(Y ) :=

det
1/2
g/h,o(Y ) of the polynomial function Y → detg/h(ad(Y )) on h. The equality

of the ranks insures that Πg/h is non zero.

Let M be a H-manifold, and consider the associated G-manifold G×H M .
Kumar and Vergne (see section 5 of [26]) define a morphism

IndG/H : H−∞
H,∗ (M) −→ H−∞

G,∗ (G×H M) (2.16)

where ∗ means that we can choose ∗ = “compact support” or ∗ = “general
support”. This map is in fact an isomorphism (for a proof see Theorem 52 of
[26]). We recall briefly the definition of this induction morphism.

For every H-manifold M , we first define a G-equivariant map

Θ : C∞
(
G,A∗(M)

)H
−→ A∗(G×H M), (2.17)

where G acts by left translations on itself, and H acts on G by right translation.
For the algebra A∗(G×H M) we have the natural identifications

A∗(G×H M) = A∗(G×M)H−basic

= C∞
(
G, [∧g∗ ⊗A∗(M)]H−hor

)H
.
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where H-invariants are taken with respect to the action of H by right multipli-
cation on G, left action on M and adjoint action on g∗ (here g∗ corresponds to
the space of (real) 1-forms on G invariant by left translation).

Let r be a H-invariant subspace of g such that g = h⊕ r. Then we have the
inclusions h∗ →֒ g∗ →֒ A∗(G) and ∧maxr∗ →֒ [∧g∗]H−basic →֒ A∗(G/H). Let ν
be the unique element of ∧maxr∗ such that

- ν is compatible with the orientation of g/h, and
-
∫
G/H ν = 1.

We denote by hH : A∗(M) → [∧h∗⊗A∗(M)]H−hor the horizontal projection
(see Definition 28 of [26]). Using the inclusion ∧r∗ →֒ [∧g∗]H−hor the data
(hH , ν) permits to define the H-equivariant map

hH(−) ∧ ν : A∗(M) −→
[
∧ g∗ ⊗A∗(M)

]
H−hor

.

After tensoring by C∞(G) we extend this map in the G-H-equivariant map

Θ̃ : C∞
(
G,A∗(M)

)
−→ C∞

(
G, [∧g∗ ⊗A∗(M)]H−hor

)
.

The map Θ is by definition the restriction of Θ̃ to the subspace C∞
(
G,A∗(M)

)H

of H-invariant elements.

Definition 2.13 Let Φ ∈ A−∞
H (M). The equivariant form IndG/H(Φ) ∈

A−∞
G (G×H M) is defined by the following equation: for every f ∈ C∞

cpt(g),

< IndG/H(Φ)(X), f(X)dX >g= cstΘ
(
g 7→< Φ(Y ), f(Ad(g)Y )dY >h

)
,

with cst = vol(G,dX)

vol(H,dY )
.

The map IndG/H : A−∞
H (M) → A−∞

G (G×H M) commutes with the equiv-
ariant differentials and we still denote IndG/H the map in cohomology.

Note that if M is a point, the map Θ : C∞(G/H) → A∗(G/H) is the
multiplication by ν. Then for every Φ ∈ C−∞(h)H the differential form
< IndG/H(Φ)(X), f(X)dX >g∈ A∗(G/H) is given by

< IndG/H(Φ)(X), f(X)dX >g |g = cst. < Φ(Y ), f(Ad(g)Y )dY >h ν|g, (2.18)

for g ∈ G/H.

Let us now recall a result of Duflo and Vergne about generalized equivariant
forms which admit a ‘restriction’ (see Proposition 31 of [10] and Proposition 55
of [26]).

Using the identification of A∗(G×HM) with C∞
(
G, [∧g∗⊗A∗(M)]H−hor

)H
,

the restriction map to the neutral element e ∈ G, A∗(G ×H M) → [∧g∗ ⊗
A∗(M)]H−hor , α→ αe, defines a morphism

A−∞
G (G×H M) −→ C−∞

(
g , [∧g∗ ⊗A∗(M)]H−hor

)H

α(X) 7−→ αe(X) .
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Let E1, · · · , Ep be a basis of g∗, and let {EI = Ei1 ∧ · · · ∧ Eik , I = [i1 <
i2 < · · · < ik] ⊂ [1, 2, . . . , p]} be the corresponding basis of ∧g∗. In particular,
E∅ = 1 generates R ⊂ ∧g∗. For each α ∈ A−∞

G (G ×H M), the form αe can be
decomposed relatively to the basis {EI , I}: αe =

∑
I(αe)[I]EI with (αe)[I] ∈

C−∞
(

g ,A∗(M)
)
.

We say that αe admits a restriction to h if each component (αe)[I] admits a
restriction to h (see [10] for this notion). We can then define rh(α) := (αe)[∅]|h
that is a generalized H-equivariant form on M . This definition extends the
usual restriction map A∞

G (G×H M) → A∞
H (M).

Proposition 2.14 Let α ∈ A−∞
G,∗ (G ×H M) be a closed equivariant form on

G×H M . Assume that α admits a restriction to h. Then

IndG/H

(
Πg/h rh(α)

)
= (−2π)−dim(G/H)/2 α in H−∞

G,∗ (G×H M) .

Remark 2.15 There is a basic way to know if α ∈ A−∞
G,∗ (G ×H M) admits a

restriction to h. Suppose there exist αa ∈ A∞
G,∗(G×H M), a > 0, such that

- lima→∞ αa = α, and
- the (usual) restriction αae |h ∈ C∞(h,∧g∗ ⊗ A∗(M)) converges in

C−∞(h,∧g∗ ⊗ A∗(M)) when a → ∞. In particular rh(α
a) ∈ A∞

H,∗(M) con-

verges in A−∞
H,∗ (M) when a→ ∞.

Then the equivariant form α admits a restriction to h and we have rh(α) =
lima→∞ rh(α

a).

If the H-action on M comes from a G-action, we have a natural projection
map π : G ×H M → M , [g,m] 7→ gm , which makes G ×H M fibered over
M with (oriented) fiber G/H. The integration along the fiber,

∫
G/H , defines a

morphism ∫

G/H
: H−∞

G,∗ (G×H M) −→ H−∞
G,∗ (M) .

Definition 2.16 For every G-manifold M , the induction map

ind
G

H
: H−∞

H,∗ (M) −→ H−∞
G,∗ (M)

is by definition the composition of IndG/H : H−∞
H,∗ (M) −→ H−∞

G,∗ (G×HM) with

the morphism
∫
G/H : H−∞

G,∗ (G×H M) −→ H−∞
G,∗ (M).

For every f ∈ C∞(g), we denote by f
G

the G-invariant function on g defined
by the equation

f
G

(X) :=

∫

G
f(Ad(g)X)dg, X ∈ g, (2.19)

where dg is the normalized Haar measure on G (
∫
G dg = 1).
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When the manifold M is a point the induction map ind
G

H
: C−∞(h)H →

C−∞(g)G is defined by

< ind
G

H
(Φ)(X), f(X)dX >g =

vol(G, dX)

vol(H, dY )

∫

G/H
< Φ(Y ), f(Ad(g)Y )dY >h ν|g

=
vol(G, dX)

vol(H, dY )
< Φ(Y ), f

G

|h(Y )dY >h, (2.20)

for every f ∈ C∞
cpt(g). The first equality comes from (2.18), and the second one

comes from the H-invariance of Φ.
Using the Weyl integration formula, we see in particular that ind

G

H
(Π2

g/h) is

equal to the constant function
|Wg |
|Wh |

, where Wg and Wh are the respective Weyl

groups for G and H.
The induction map ind

G

H
is functorial in the following way. Let ψ : M → B

be a G-equivariant fibration of G-manifolds, and suppose that the fibers are
oriented. We get a map in cohomology ψ∗ : H−∞

G,cpt(M) → H−∞
G,cpt(B) which

corresponds to the integration along the fibers of ψ. We have the following
commutative diagram

H−∞
H,cpt(M)

ind
G

H
//

ψ∗

��

H−∞
G,cpt(M)

ψ∗

��

H−∞
H,cpt(B)

ind
G

H
// H−∞

G,cpt(B).

(2.21)

The diagram (2.21) will be frequently used in the case where B is a point,
and M is oriented. Then the map ψ∗ is the integration map

∫
M , and the

diagram (2.21) becomes

H−∞
H,cpt(M)

R

M

��

ind
G

H
// H−∞

G,cpt(M)

R

M

��

C−∞(h)H
ind

G

H
// C−∞(g)G.

(2.22)

In the case where M is just a H-manifold we have also a relation between
the induction map ind

G

H
(defined for a point) and IndG/H (defined between M

and M := G ×H M). The following commutative diagram summarizes this
relation
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H−∞
H,cpt(M)

R

M

��

IndG/H
// H−∞

G,cpt(M)

R

M

��

C−∞(h)H
ind

G

H
// C−∞(g)G.

(2.23)

Using the commutativity of the diagram (2.23), and Proposition 2.14, we
get

Corollary 2.17 Let α ∈ A−∞
G,cpt(M) be a closed equivariant form on M :=

G×HM . Assume that α admits a restriction to h. We have then the following
equality in C−∞(g)G:

∫

M
α = (−2π)dim(G/H)/2 ind

G

H

(
Πg/h

∫

M
rh(α)

)
.

(See (2.20) for the definition of the induction map ind
G

H
: C−∞(h)H → C−∞(g)G.)

Induced metric on G×H M

Let ‖ · ‖ be a G-invariant Euclidean structure on g. We denote respectively
by prg/h and prh the orthogonal projections g → h⊥ and g → h. Let (., .)

M
a

H-invariant Riemannian metric on M . Associated to this metric on M we have
a natural G-invariant Riemannian metric on M := G ×H M which is defined
by the following equation

‖XM + vm‖2
M

[g,m] := ‖prg/h(g−1X)‖2
g + ‖prh(g−1X)M |m + vm‖2

M
, (2.24)

for X ∈ g and vm ∈ TmM . Here we use the identification between T[g,m] M
and (TgG × TmM)

/
∼, (∼ is the relation of equivalence coming from the

H-orbits in G×M).
This induced metric on M will be used in the following sections.

2.7 The pushforward via the Berline-Vergne localization

Here we extend the calculus of section 5.2 of [31] to the case of (possibly) non-
compact manifolds. In this situation we will see the usefulness of the techniques
developed in this section. We consider the case of a Hamiltonian action of a
(compact) torus on a symplectic manifold (M,Ω). Let µ : M → t∗ be the
corresponding moment map. We work with the following assumption.

Assumption 2.18 We suppose the existence of β ∈ t verifying the following
conditions:

- Mβ = MT .
- the function 〈µ, β〉 : M → R is proper and bounded from below.(⋆)
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Remark 2.19 In [33], E. Prato and S. Wu take the same condition (⋆), but
suppose furthermore that MT is finite. The regular elliptic orbits of simple real
Lie groups S, equipped with the Hamiltonian action of a Cartan subgroup T of
S satisfy these assumptions (see section 4 of [33]).

Let (., .)M be a T -invariant Riemannian product on M . The partition of
unity in equivariant cohomology 1M = Pλ+D(δ) (see subsection 2.2) is defined
here with the T -invariant 1-form

λ = (βM , .)M .

The partition of unity gives for every closed form α ∈ A∗
T (M) the decom-

position αeiΩt = Pλαe
iΩt +D(δαeiΩt ), where the equivariant forms Pλαe

iΩt and
δαeiΩt are tempered.

Proposition 2.20 Let α(X) be a closed equivariant form depending polyno-
mially on X ∈ t. The distributions F(Pλαe

iΩt ) and F(δαeiΩt ) have a compact
support in t∗-mean on M , and we have the equality of distributions over t∗

∫

M
F(αeiΩt ) =

∫

M
F(Pλαe

iΩt ) .

Proof : Take f ∈ C∞
cpt(t

∗) with support in a ball of radius A. We have

< F(Pλαe
iΩt ), f >t∗ |m = χ(m) < F(αeiΩt ), f >t∗ |m

+dχ(m)

(∫ ∞

0
ie−it dλeiΩ [α(−i∂ξ)f ](tΦλ(m) + µ(m)) dt

)
λ|m . (2.25)

We already known that the first term of the RHS of this equality has a
compact support. For every m ∈M , we have the following inequalities

‖tΦλ(m) + µ(m)‖ ≥ ‖β‖−1 〈tΦλ(m) + µ(m), β〉 ≥ ‖β‖−1 〈µ(m), β〉,

because 〈Φλ, β〉 = ‖βM‖2 ≥ 0. These inequalities show that the second term
of (2.25) is supported in 〈µ, β〉−1 ([−∞, ‖β‖A]) and so is compactly supported
(see Assumption 2.18). We use the same argument to show that F(δαeiΩt )
has a compact support in t∗-mean on M . If we apply equality (2.12) to the
distribution F ◦ D(δαeiΩt ) = D̃ ◦ F(δαeiΩt ) we find that

∫

M
F(αeiΩt ) =

∫

M
F(Pλαe

iΩt ) +

∫

M
F(D(δαeiΩt ))

=

∫

M
F(Pλαe

iΩt ) .

�

The moment map being proper, each connected component F ⊂ M T is
compact and we decompose the equivariant form

Pλ =
∑

F⊂MT

PF ,
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where the equivariant form PF = χF + dχF (
∫∞
0 ie−itDλdt)λ is supported in a

arbitrary small neighborhood of F . Let 0 < ε << 1, and for every F ⊂ M T

take χF supported in {m ∈M, ‖µ(m)−µ(F )‖ ≤ ε}. Using the equality (2.25),
we see that for f ∈ C∞

cpt(t
∗) supported in a ball of radius A, the differential form

< F(PFαe
iΩt ), f >t∗ 6= 0 only if 〈µ(F ), β〉 ≤ ‖β‖(A+ ε) (∗). The properness of

〈µ, β〉 tells us that for every A, there exist a finite number of F ⊂M T verifying
(∗). Finally we see that for every f ∈ C∞

cpt(t
∗), we have < F(Pλαe

iΩt ), f >t∗=∑
F⊂MT < F(PFαe

iΩt ), f >t∗ , where the sum of the RHS is in fact finite. Hence
we have a locally finite decomposition

∫

M
F(Pλαe

iΩt ) =
∑

F⊂MT

∫

M
F(PFαe

iΩt )

=
∑

F⊂MT

F
(∫

M
PFαe

iΩt

)
.

In the second equality we can intertwine the integral and the Fourier trans-
form because each equivariant form PFαe

iΩt has a compact support on M . Let
NF be the normal bundle of F in M . In Section 4 of [31], we have defined an in-
verse Eul−1

β (NF ) ∈ H−∞
T (F ) of the equivariant Euler form Eul(NF ). Corollary

3.10 and Theorem 5.1 of [31] show that, for every closed form η ∈ A∞
T (M)

∫

M
PF η =

∫

F
i∗F (η)Eul −1

β (NF ) ,

where iF : F → M denotes the inclusion. In Section 4 of [31], we show that
the Fourier transform of Eul −1

β (NF ) is a locally polynomial density supported
by the half space {ξ ∈ t∗, 〈ξ, β〉 ≥ 0}, with values in the characteristic classes
of NF .

Theorem 2.21 For every closed equivariant form α ∈ A∗
T (M), the distribu-

tion
∫
M F(αeiΩt ) is a locally finite sum

∫
M F(αeiΩt ) =

∑
F⊂MT D

α

F where the
distributions

D
α

F := δµ(F ) ∗ F
(∫

F
eiΩF i∗F (α)Eul −1

β (NF )

)

are tempered and are supported by the half-space {ξ ∈ t∗, 〈ξ − µ(F ), β〉 ≥
0}. Here, δµ(F ) denotes the Dirac measure in µ(F ) ∈ t∗, and “∗” denotes the
convolution product.

If we take α = 1 in the last theorem we have the following decomposition
of µ∗(dmL).

Corollary 2.22 We have the following equality of locally polynomial measures
on t∗:

µ∗(dmL) =
∑

F⊂MT

dmF (ξ),

where each locally polynomial measure dmF = 1
in
δµ(F ) ∗

∫
F e

iΩF F(Eul −1
β (NF ))

is tempered and supported by the half-space {ξ ∈ t∗, 〈ξ − µ(F ), β〉 ≥ 0}.
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3 Local behaviour of the pushforward

In this section we assume that a symplectic manifold M is provided with a
Hamiltonian action of a compact connected Lie group G with Lie algebra g.
We denote by Ω the symplectic form on M , and suppose that the moment map
relative to the G-action, µ : M → g∗, is proper. Our purpose is to describe
the local behaviour of the distributions

∫
M F(αeiΩg ) that we have introduced

in the previous section.
With the use of the partition of unity, we show, in the first subsection, that

there exists a closed equivariant form P0
λ ∈ A−∞

G,cpt(M) equal to 1 in a neighbor-

hood of µ−1(0) such that
∫
M F(αeiΩg ) = F(

∫
M P0

λαe
iΩg ) in a neighborhood of

0. When 0 is a regular value of µ, the computation of P0
λ leads to a new proof

of the Jeffrey-Kirwan-Witten formula.
For the study of the pushforward near a coadjoint orbit O = G.ξ, we prove in

the second subsection an induction formula that holds in the entire slice through
ξ. The proof use the fact that there exists a closed equivariant form P

O

λξ ∈
A−∞
G,cpt(M) equal to 1 in a neighborhood of µ−1(O) such that

∫
M F(αeiΩg ) =

F
( ∫

M P
O

λξαe
iΩg

)
in a neighborhood of O.

In the next chapter we will show that, under suitable conditions, the equiv-
ariant forms P0

λ and P
O

λξ are induced by T -equivariant forms that have the
good property to be computable in terms of equivariant Thom forms supported
in the neighborhood of submanifolds, and inverse of equivariant Euler forms
(see sub-section 4.3).

3.1 Jeffrey-Kirwan-Witten formula in the non-compact setting

If 0 is a regular value of the moment map µ, we shall consider the symplectic
orbifold Mred := µ−1(0)/G with the symplectic form Ωred, called the Marsden-
Weinstein reduction of M .

Let H∞
G (M) be the equivariant cohomological algebra, with C∞ coefficients,

of the manifold M . The Kirwan map ko : H∞
G (M) → H(Mred) is the com-

position of the restriction map from H∞
G (M) to H∞

G (µ−1(0)) and the natural
isomorphism from H∞

G (µ−1(0)) to H(Mred). In fact the (usual) Kirwan map
k′o : H∗

G(M) → H(Mred) factors through the map ko: we have k′o = ko ◦ τ where
τ : H∗

G(M) → H∞
G (M) is the morphism of extension of coefficients. When M

is compact, the map k′o is surjective (see [25]), and thus ko is also surjective.
Let Ωg(X) := Ω + 〈µ,X〉, X ∈ g be the equivariant symplectic form. The

Fourier transform is defined by the equation (2.10).

Theorem 3.1 (Jeffrey-Kirwan-Witten) Suppose that M is compact, and
0 is a regular value of µ. Let η(X) := α(X)eiΩg (X) ∈ H∞

G (M) where α(X)
is a closed equivariant form depending polynomially on X ∈ g. Consider the
Fourier transform F(

∫
M η) of

∫
M η. Near 0, the generalized density F(

∫
M η) is

a polynomial density P (ξ)dξ and

P (0) = (i)dimG
vol(G, dX)

|So|

∫

Mred

ko(η) ,
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where |So| is the cardinal of the generic stabilizer of G on µ−1(0). In this
formula, dX is the Euclidean measure on g dual of dξ, vol(G, dX) is the volume
of G for the Haar measure on G compatible with dX.

When the manifold is not compact the integral
∫
M αeiΩg does not have a

meaning in general, but as we saw in the last chapter, the map µ being proper,
we can define the distribution

∫
M F(αeiΩg ) and we are going to study it.

Choose a G-invariant Euclidean norm ‖.‖ on g∗. Following Witten [36], we
consider the G-invariant 1-form λ defined below.

Definition 3.2 Let λ be the following G-invariant 1-form

λ := (H, .)M ,

where H is the Hamiltonian vector field associated to the function 1
2‖µ‖2, and

(., .)M is a G-invariant Riemannian metric on M .

We have
{Φλ = 0} = Cr(‖µ‖2) ,

because the vector field H is always tangent to the G-orbits in M .

Remark 3.3 For every element c ∈ Z(g) in the center of g, we can translate
the moment map by c, and consider the new moment map µ−c. In the same way
we define the G-invariant 1-form λc := (Hc, ·)M , where Hc is the Hamiltonian
vector field associated to the function 1

2‖µ− c‖2, and we still have {Φλc = 0} =
Cr(‖µ− c‖2). Proposition 3.4 and Corollary 3.6 remain true if we consider λc

instead of λ.

Following subsection 2.2 (see section 3 of [31]), we define, with the 1-form
λ, a partition of unity in equivariant cohomology: 1M = Pλ + D(δ). For every
closed form α ∈ A∗

G(M), the partition of unity decomposes the equivariant form
αeiΩg in the following way

αeiΩg = Pλαe
iΩg + D

(
δαeiΩg

)
.

Proposition 3.4 Let α(X) ∈ A∗
G(M) be an equivariant form depending poly-

nomially on X ∈ g. The equivariant forms Pλαe
iΩg and δαeiΩg are tempered

and their Fourier transform F(Pλαe
iΩg ) and F(δαeiΩg ) have a compact support

in g∗-mean on M .

Proof : Take f ∈ C∞(g∗) with support in the ball B(o,A) of radius A. We
have

< F(Pλαe
iΩg ), f >g∗ |m = χ(m) < F(αeiΩg ), f >g∗ |m +

dχ(m)

(∫ ∞

0
ie−it dλeiΩ [α(−i∂ξ)f ](tΦλ(m) + µ(m)) dt

)
λ|m . (3.26)

We know from Lemma 2.12 that the first term of the RHS of this equality
is a differential form with compact support on M . We have the following
inequalities

‖tΦλ + µ‖2 = ‖µ‖2 + t2 ‖Φλ‖2 + 2t〈Φλ, µ〉 ≥ ‖µ‖2 , (3.27)
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because 〈Φλ, µ〉 = ‖H‖2
M ≥ 0 on M . The RHS of (3.26) is zero at m ∈ M if

µ(m) and tΦλ(m) + µ(m) are not in the support of f , for every t ≥ 0. Using
the inequality (3.27), we see finally that the support of < F(Pλαe

iΩg ), f >g∗ is
included in µ−1(B(o,A)), and so is compact. We prove in the same way that
F(δαeiΩg ) has a compact support in g∗-mean on M . �

Remark 3.5 If U is a good open set for the 1-form λ, Proposition 3.4 remains
true for the equivariant form P

U

λ .

Now, if we use the fact that F ◦ D(δαeiΩg ) = D̃ ◦ F(δαeiΩg ), Lemma 2.11
gives

Corollary 3.6 Let α(X) be a closed equivariant form depending polynomially
on X ∈ g. We have the following equality of G-invariant distributions on g∗

∫

M
F(αeiΩg ) =

∫

M
F(Pλαe

iΩg ) .

Recall Lemma 12 of [35]

Lemma 3.7 Let R be the largest number u such that all ξ ∈ g∗, ‖ξ‖2 < u are
regular values of µ. Then R is also the smallest non-zero critical value of the
function ‖µ‖2.

Take two real numbers ε, r such that 0 < ε < r < R. The equivariant
form Pλ can be decomposed relatively to Mε = {m ∈ M, ‖µ(m)‖ < ε} and
Uout = {m ∈ M, ‖µ(m)‖ > r}. The component of Cr(‖µ‖2) included in Mε is
µ−1(0).

To simplify the notation, we will write P0
λ for the equivariant form P

Mε

λ

and Poutλ for the equivariant form P
Uout

λ (see Definition 2.3). We have decom-
posed the equivariant form Pλ = P0

λ + Poutλ , and we will study separately the
distributions

∫
M F(P0

λαe
iΩg ) and

∫
M F(Poutλ αeiΩg ).

Proposition 3.8 The support of the distribution
∫
M F(Poutλ αeiΩg ) is contained

in {ξ ∈ g∗, ‖ξ‖ ≥ R}, where the constant R has been defined at Lemma 3.7. In
particular, for every closed equivariant form α(X) depending polynomially on
X ∈ g, the following equality of G-invariant distributions on g∗

∫

M
F(αeiΩg ) = F

( ∫

M
P0
λαe

iΩg

)
(3.28)

holds in the open ball Bo(o,R).

Proof : The equivariant form Poutλ has been defined with a choice of real
r such that 0 < ε < r < R and a function χout ∈ C∞(M)G with support
contained in {m ∈ M, ‖µ(m)‖ > r}. But the distribution

∫
M F(Poutλ αeiΩg )

does not depend on this choice. If we take another r ′ and χ′
out which define

Pout
′

λ , we have Poutλ − Pout
′

λ = D(δ′) (see Proposition 3.3 of [31]) where the
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generalized form F(δ′αeiΩg ) has a compact support in g∗-mean on M , hence∫
M F(Poutλ αeiΩg ) =

∫
M F(Pout

′

λ αeiΩg ).
Take f ∈ C∞

cpt(g
∗) with support in a ball B(o,A) of radius A, and compute

the differential form < F(Poutλ αeiΩg ), f >g∗ as in the equation (3.26). This
differential form is not equal to 0 at a point m ∈M , only if

- χout(m) 6= 0 and µ(m) is in the support of f ,
or
- dχout(m) 6= 0 and tΦλ(m) + µ(m) is in the support of f for some t ≥ 0.
Because ‖tΦλ+µ‖ ≥ ‖µ‖ for every t ≥ 0, both of these conditions imply that

support{χout} ∩µ−1
(
B(o,A)

)
is not empty: in particular A > r. This shows

that the differential form < F(Poutλ αeiΩg ), f >g∗= 0 if the support of f is in-
cluded in {ξ ∈ g∗, ‖ξ‖ < r}. We have finally shown that the support of the dis-
tribution

∫
M F(Poutλ αeiΩg ) is included in {ξ ∈ g∗, ‖ξ‖ ≥ r} for every r < R. We

know from Corollary 3.6 that
∫
M F(αeiΩg ) =

∫
M F(P0

λαe
iΩg )+

∫
M F(Poutλ αeiΩg )

in M−∞(g∗)G. Finally we see that
∫
M F(αeiΩg ) = F(

∫
M P0

λαe
iΩg ) in the ball

Bo(o,R) (we have interchanged the integral
∫
M and the Fourier transform be-

cause the equivariant form P0
λ has a compact support on M). �

We show in Section 4 how to compute the equivariant form P0
λ, through an

induction, in the case where 0 is not a regular value of the moment map. Now
we compute the distribution F(

∫
M P0

λαe
iΩg ), when 0 is a regular value of the

map µ : M → g∗, and show that is in fact a polynomial density.
Since µ is regular at 0, there exists, for ε > 0 small enough, a G-equivariant

diffeomorphism
ψ : M2ε

∼−→ W , (3.29)

where W is an open neighborhood of µ−1(0) in µ−1(0) × g∗, and pr2 ◦ ψ = µ
(pr2 is the projection map µ−1(0) × g∗ → g∗).

Let σ ∈ A1(µ−1(0)) ⊗ g be a connection form for the principal bundle
µ−1(0) → µ−1(0)/G = Mred. We define a G-invariant 1-form γ on µ−1(0) × g∗

in the following way

(m, ξ) ∈ µ−1(0) × g∗, γ|(m,ξ) := 〈σ|m, ξ〉 . (3.30)

We see that {Φγ = 0} = µ−1(0), and we define the equivariant form Pγ with
compact support in {(m, ξ) ∈ µ−1(0) × g∗, ‖ξ‖ < ε}.

Lemma 3.9 The equivariant forms P0
λ and (ψ)∗(Pγ) are equal in H−∞

G,cpt(M).

Proof : This is just an application of Proposition 2.6, with the open set
U = Mε and the function f = µ (where we have identified g and g∗ via the
scalar product). The functions 〈Φλ, µ〉 = ‖H‖2 and 〈Φ(ψ)∗(γ), µ〉 = ‖µ‖2 are
strictly positive on ∂U , hence are bounded from below by some ρ > 0 because
∂U is compact. Finally

P0
λ = P

Mε

λ = P
Mε

(ψ)∗(γ) = (ψ)∗(Pγ) in H−∞
G,cpt(M).

�
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Via the diffeomorphism ψ : M2ε → W ⊂ µ−1(0) × g∗, we have
∫

M
P0
λ αe

iΩg =

∫

µ−1(0)×g∗
Pγ (ψ−1)∗

(
αeiΩg

)

=

∫

µ−1(0)
i∗(αeiΩg )

∫

g∗
Pγ , (3.31)

where i : µ−1(0) → M is the inclusion. The equality (3.31) is due to the
fact that the equivariant form Pγ has a compact support on µ−1(0) × g∗. The
1-form γ is homogeneous along the fibers of g∗, then Proposition 2.9 gives

∫

g∗
Pγ =

∫

g∗
e−iDγ in H−∞

G (µ−1(0)) . (3.32)

Decompose the connection form with respect to the basis E1, E2, · · · , Ep of
g: σ =

∑
k σkE

k. Let S(g) be the symmetric algebra of g. For every P ∈ S(g)
we note P (∂X |0) the linear map

P (∂X |0) : C∞(g) −→ C

defined by the equation< P (∂X |0), f >=
(
P ( ∂

∂X )f
)
(X)|X=0. Let ω =

∑
k ωkE

k

be the curvature of σ: ω ∈ A2(µ−1(0)) ⊗ g. The element eω ∈ Aeven(µ−1(0)) ⊗
S(g) defines the map

eω(∂X |0) : C∞(g) −→ Aeven(µ−1(0))

that we will note f(ω) :=< eω(∂X |0), f >.

Orientation: The manifold N = µ−1(0)× g∗ is oriented by the symplectic
form of M via the isomorphism ψ (equation (3.29)). The orbifold Mred is
oriented by its symplectic form. We choose the orientation o(µ−1(0)) of µ−1(0)
given by the relation o(µ−1(0)) = o(Mred) ∧ σp ∧ · · · ∧ σ1. We can verify that
o(N) = o(µ−1(0)) ∧ dE1 ∧ · · · ∧ dEp. This means that g∗ is oriented by the
volume form dE1 ∧ · · · ∧ dEp.

Proposition 3.10 For every f ∈ C∞
cpt(g), we have

<

∫

g∗
e−iDγ(X), f(X)dX >g= (2iπ)p f(ω) ∧ σp ∧ · · · ∧ σ1

vol(G)
vol(G, dX) ,

where vol(G, dX) is the volume of G for the Haar measure on G compatible
with dX, and vol(G) = vol(G, dE1 · · · dEp).

Proof : This computation is done (with different notations) at Proposition
80 of [26]. �

In another way
∫

g∗
e−iDγ = (2iπ)p eω(∂X |0) ∧ σp ∧ · · · ∧ σ1

vol(G)
vol(G,−) .

Using Propositions 3.9 and 3.10, and the equality (3.32), we can state the
following
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Proposition 3.11 The generalized function
∫
M P0

λ αe
iΩg is supported at 0 and

we have the following equality

∫

M
P0
λ αe

iΩg = (2iπ)p

(∫

µ−1(0)
k0(αe

iΩg )eω(∂X |0)σp ∧ · · · ∧ σ1

vol(G)

)
vol(G,−) .

In particular, <
∫
M P0

λαe
iΩg , f(X)dX >g=

(2iπ)p

|So|

(∫
Mred

k0(αe
iΩg )f(ω)

)
vol(G, dX),

for every f ∈ C∞
cpt(g)G.

We have F
(
eω(∂X |0) vol(G,−)

)
(ξ) = e−i〈ω, ξ〉 dξcan/(2π)p, where p =

dimG, and dξcan is the Euclidean measure on g∗ such that its dual measure
dXcan on g verifies vol(G, dXcan) = 1. Corollary 3.6, Propositions 3.8 and 3.11
give the following

Theorem 3.12 Suppose that 0 is a regular value of the moment map. Let
α ∈ A∗

G(M) be a closed equivariant form. Let R be the smallest non zero
critical value of ‖µ‖2. On the open ball Bo(o,R) the distribution

∫
M F(αeiΩg )

is a polynomial density, given by the equation

∫

M
F(αeiΩg ) = (i)p

(∫

µ−1(0)
k0(αe

iΩg )e−i〈ω, ξ〉 σp · · · σ1

vol(G)

)
dξcan .

3.2 Local induction

For every sub-algebra h of g, we denote by Fh : C−∞
temp(h) → M−∞

temp(h
∗) the

corresponding Fourier transform (see equation (2.10)). From now on, we fix
a G-invariant scalar product (·, ·) on g∗. For notational convenience, we shall
identify, for every sub-algebra h, h ≃ h∗ under the invariant inner product (·, ·).

Now we want to study the behaviour of the pushforward
∫
M Fg(αe

iΩg ) near
a co-adjoint orbit O of g∗ by an induction which is closed to those defined by
Vergne in [35] (see section 1.4.) and by Duflo-Heckman-Vergne in [9]. Here,
our induction works even if O is not included in the set of regular values of µ,
and moreover, it can be performed on the entire neighborhood G×Gσ Uσ of O,
where Uσ is a slice at a point ξ ∈ O. For this purpose we use the cross section
theorem of Guillemin-Sternberg [18] (see Theorem 26.7).

Let T be a maximal torus of G with Lie algebra t, and let W := W (G,T )
be the Weyl group associated. We make a choice of a Weyl chamber t∗+ in t∗.
Let ξ be the unique point in t∗+ such that O = G.ξ, and let σ be the unique

open face of t∗+ which contains ξ. The stabilizer subgroup Gξ′ ⊂ G does not
depend on the choice of ξ ′ ∈ σ, and is denoted Gσ . Let gσ be the Lie algebra
of Gσ, and let g∗σ be the dual vector space.

Following Guillemin-Sternberg [18], we introduce the following Gσ-invariant
open subset of g∗σ:

Uσ := Gσ.{y ∈ t∗+ | Gy ⊂ Gσ} = Gσ.
⋃

σ⊂τ̄

τ . (3.33)
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Here {σ ⊂ τ̄} is the set of all faces τ of t∗+ which contain σ in their closure. By
construction, Uσ is a slice for the coadjoint action at any ξ ∈ σ (see Definition
3.1 of [27]). This means that the map G × Uσ → g∗, (g, ξ) 7→ g.ξ, factors
through an inclusion G×Gσ Uσ →֒ g∗.

The symplectic cross-section theorem [18] asserts that the pre-image Yσ =
µ−1(Uσ) is a symplectic submanifold provided with a Hamiltonian action of the
group Gσ . The restriction µ|Yσ is a moment map for the action of Gσ on Yσ
that we denote by µσ . Moreover, the set Mσ := G ·Yσ = µ−1(G×Gσ Uσ) is a G-
invariant open subset of M diffeomorphic to G×Gσ Yσ (see Remark 3.5 of [27]).
The manifold Yσ is oriented by its symplectic form, and G ×Gσ Yσ is oriented
by the symplectic form on M . Hence, we get an orientation o for G/Gσ which

determines a polynomial square root Y → Πg/gσ
(Y ) := det

1/2
g/gσ ,o

(Y ), Y ∈ gσ.
Note that Πg/gσ

never vanishes on the open subset Uσ.
Let α ∈ A∗

G(M) be a closed equivariant form. The restriction of the
distribution

∫
M Fg(αe

iΩg ) to the neighborhood G ×Gσ Uσ of O is equal to∫
Mσ

Fg(αe
iΩg ) ∈ M−∞(G×Gσ Uσ)

G (see equation (2.15)), but in order to sim-

plify the notation we will not distinguish between
∫
M F(αeiΩg ) ∈ M−∞(g)G,

and its restriction to G×Gσ Uσ.

Descent of distributions on g

We know that we have a one to one correspondence Φ → Φ[Uσ] from

M−∞(G×Gσ Uσ)
G to M−∞(Uσ)

Gσ (see [7], section 5.1) where Φ[Uσ] is defined
by ∫

G×GσUσ

f(X)Φ(X) =

∫

Uσ

f |gσ(Y )Π2
g/gσ

(Y )Φ[Uσ](Y ) ,

where, for every f ∈ C∞
cpt(G ×Gσ Uσ)

G, we denote by f |gσ ∈ C∞
cpt(Uσ)

Gσ the
(usual) restriction to gσ.

The 2-form Ω on M restricts to a symplectic 2-form Ω|Yσ on the submanifold
Yσ, and we denote by Ωgσ(Y ) := Ω|Yσ + 〈µσ, Y 〉, Y ∈ gσ, the corresponding
Gσ-equivariant symplectic form. We denote by α 7→ rgσ(α), H∞

G,cpt(M) →
H∞
Gσ,cpt

(Yσ) the morphism of restriction for equivariant forms with C∞ coeffi-
cients.

We can now state the main result of this section.

Proposition 3.13 Let α(X) be a closed G-equivariant form on M depending
polynomially on X ∈ g. We have the following equality of Gσ-invariant distri-
butions on Uσ

(∫

M
Fg(αe

iΩg )

)

[Uσ]

= cst
1

Πg/gσ

∫

Yσ

Fgσ

(
rgσ(α)eiΩgσ

)
(3.34)

with cst = (−i)dim(G/Gσ )/2 vol(G/Gσ). Here, the volume vol(G/Gσ) is computed
with a measure dE1 · · · dE2r, where E1, . . . , E2r is an orthonormal basis of the
orthogonal complement g⊥σ of gσ in g.

Corollary 3.14 For every closed form α ∈ A∗
G(M), the corresponding G-

invariant distribution
∫
M Fg(αe

iΩg ) is an analytic density on each connected
component of the open set of regular values of the moment map.

26



This Corollary which is an easy consequence of Propositions 3.11 and 3.13
was already obtained in [35] (when M is compact).

For α = 1, one can prove Proposition 3.13 using arguments similar to those
of [9] (see equation (8)). For a general closed form α ∈ A∗

G(M), we reduce the
proof of this Proposition to the proof of Lemma 3.15.

If we see M as the manifold Y{0}, and g as the open subset U{0} correspond-
ing to the minimal facet {0} of t∗+, we can rewrite the equation (3.34) for two
facets τ, σ of t∗+ such that σ ⊂ τ̄ . Then, Yτ is a Gτ -Hamiltonian sub-manifold of
Yσ, Gτ is a (connected) subgroup of Gσ, and the set Gσ×Gτ Uτ is an open subset
of Uσ. We denote by Φ → Φ[σ,τ ], M−∞(Uσ)

Gσ → M−∞(Uτ )
Gτ , the morphism

equal to the composition of the restriction map M−∞(Uσ)
Gσ → M−∞(Gσ×Gτ

Uτ )
Gσ with the (iso-)morphism of descent Φ → Φ[Uτ ], M−∞(Gσ×Gτ Uτ )

Gσ →
M−∞(Uτ )

Gτ . By definition we have the composition law (Φ[σ,τ ])[τ,̺] = Φ[σ,̺].
Proposition 3.13 applied to (σ, τ) says that, for every closed equivariant

form α ∈ A∗
Gσ

(Yσ), we have the following equality of Gτ -invariant distributions
on Uτ ,

(∫

Yσ

Fgσ(αeiΩgσ )

)

[σ,τ ]

= c(σ, τ)
1

Πgσ/gτ

∫

Yτ

Fgτ

(
rgτ (α)eiΩgτ

)
, (3.35)

with c(σ, τ) = (−i)dim(Gσ/Gτ )/2 vol(Gσ/Gτ ).

Lemma 3.15 The equality (3.34) holds on a neighborhood of σ.

Lemma 3.15 =⇒ Proposition 3.13

Assuming Lemma 3.15, we have to show that the equality (3.34) holds in a
neighborhood of the facets τ, σ ⊂ τ̄ . Or equivalently that

((∫

M
Fg(αe

iΩg )
)

[{0},σ]

)

[σ,τ ]

=
c({0}, σ)

Πg/gσ

(∫

Yσ

Fgσ

(
rgσ(α)eiΩgσ

))

[σ,τ ]

(3.36)

holds in a neighborhood of τ in Uτ . If we apply Lemma 3.15 to (σ, τ), the equal-
ity (3.35) holds in a neighborhood of τ . Then the equality (3.36) is equivalent
to (∫

M
Fg(αe

iΩg )
)

[{0},τ ]
=
c({0}, τ)
Πgσ/gτ

∫

Yτ

Fgτ

(
rgτ (α)eiΩgτ

)
(3.37)

in a neighborhood of τ . Here we use the relations c({0}, σ)c(σ, τ) = c({0}, τ)
and Πg/gσ

.Πgσ/gτ
= Πg/gτ

. But Lemma 3.15 applied to ({0}, τ) tells us exactly
that (3.37) holds in a neighborhood of τ . �

Proof of Lemma 3.15

The rest of this subsection is devoted to the proof of Lemma 3.15.
Take now a point ξ ∈ σ. We have to prove that (3.34) holds in a neigh-

borhood of the orbit O := G.ξ. For this we define the following 1-form on the
G-invariant open subset Mσ = G×Gσ Yσ of M .
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Let µξ : Mσ → g∗ be the G-equivariant map defined by the equation

µξ([g,m]) := g.(µσ(m) − ξ), [g,m] ∈ Mσ , (3.38)

and denote by Hξ the corresponding vector field on Mσ: Hξ|[g,m] := µξ([g,m])Mσ |[g,m]

for [g,m] ∈ Mσ.

Definition 3.16 We denote by λξ the following G-invariant 1-form on Mσ:

λξ := (Hξ, ·)M .

A straightforward computation shows that {Φλξ = 0} = G ×Gσ Cr(‖µσ −
ξ‖2), and in particular {Φλξ = 0} contains µ−1(O) = G×Gσ µ

−1
σ (ξ).

Let Pλξ be the G-equivariant form on Mσ defined with the 1-form λξ (see

Definition 2.4). As in subsection 3.1 we have the decomposition Pλξ = P
O

λξ+P
out

λξ

where P
O

λξ ∈ A−∞
G,cpt(Mσ) is supported in a small neighborhood of µ−1(O).

Because Mσ is an open subset of the manifold M , we shall consider P
O

λξ as an
element of A−∞

G,cpt(M).

Proposition 3.17 Near O we have the equality of G-invariant distributions
∫

M
Fg(αe

iΩg ) = Fg

(∫

M
P

O

λξαe
iΩg

)
.

Proof : The proof follows the same line than those of subsection 3.1. Let
r > 0 such that the closed ball Bc(ξ, r) := {x ∈ g∗σ, ‖x− ξ‖ ≤ r} is included in
Uσ. Then µ−1(G.Bc(ξ, r)) is a compact neighborhood of µ−1(O) in Mσ. Let
Uξ ⊂ g∗ be the open subsetG.Bo(ξ, r) (where Bo(ξ, r) := {x ∈ g∗σ, ‖x−ξ‖ < r})
and take P

O

λξ with support in µ−1(Uξ).
With the 1-form λξ, we have a partition of unity αeiΩg = P

O

λξαe
iΩg +

P
out

λξ αe
iΩg +D(δαeiΩg ) of G-equivariant differential forms on Mσ. Like in Propo-

sition 3.4, we show that, for each A ∈ {αeiΩg , P
O

λξαe
iΩg , P

out

λξ αe
iΩg , δαeiΩg} and

each function f ∈ C∞
cpt(Uξ), the differential form < Fg(A), f >g∗∈ A∗(Mσ) has

a compact support in Mσ (in fact included in µ−1(Uξ)). Lemma 2.11 gives, like
in Corollary 3.6, the following equality in M−∞(Uξ)G

∫

M
Fg(αe

iΩg ) =

∫

M
Fg(P

O

λξαe
iΩg ) +

∫

M
Fg(P

out

λξ αe
iΩg ) .

Now, Proposition 3.8 tells us that the distribution
∫
M Fg(P

out

λξ αe
iΩg ) ∈ M−∞(Uξ)G

is equal to zero in a neighborhood of O. The G-equivariant form P
O

λξ has a com-

pact support on M , which implies
∫
M Fg(P

O

λξαe
iΩg ) = Fg(

∫
M P

O

λξαe
iΩg ). �

We will show now that the closed G-equivariant form P
O

λξ is induced by a
closed Gσ-equivariant form on Yσ.

Fix a Gσ-invariant metric (·, ·)Yσ on Yσ and denote by (·, ·)Mσ the induced
G-invariant Riemannian metric on the manifold Mσ := G×Gσ Yσ (see equation
(2.24)).
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Definition 3.18 Let λξσ := (Hξ
σ, ·)Yσ be the Gσ-invariant 1-form on Yσ, where

Hξ
σ is the Hamiltonian vector field of 1

2‖µσ− ξ‖2. Let Pσξ be the Gσ-equivariant

form on Yσ defined with the 1-form λξσ in a neighborhood of the component
µ−1
σ (ξ) of Cr(‖µσ − ξ‖2).

Remark 3.19 From now on, the equivariant form P
O

λξ will be defined with the
1-form (Hξ, ·)Mσ . Using Proposition 2.6, we know that this modification does

not change the class of P
O

λξ . For convenience, we will still denote by λξ the
1-form (Hξ, ·)Mσ .

The inclusion Mσ →֒ M of an open subset defines a natural morphism
A∗
cpt(Mσ) → A∗

cpt(M) on the differential forms with compact support. We
denote by

IndG/Gσ
: H−∞

Gσ,cpt
(Yσ) −→ H−∞

G,cpt(M) (3.39)

the morphism equal to the composition of the induction map
H−∞
Gσ,cpt

(Yσ) → H−∞
G,cpt(Mσ) (see subsection 2.6) with the natural morphism

H−∞
G,cpt(Mσ) → H−∞

G,cpt(M).

Proposition 3.20 The closed G-equivariant form P
O

λξ ∈ A−∞
G,cpt(Mσ) admits a

restriction to gσ equal to Pσξ ∈ A−∞
Gσ ,cpt

(Yσ). This gives the following equality

IndG/Gσ

(
Πg/gσ

Pσξ rgσ(η)
)

= (−2π)−dim(G/Gσ )/2 P
O

λξη in H−∞
G,cpt(M) ,

(3.40)
for every η ∈ H∞

G (M). In particular, we get

∫

M
P

O

λξη = (−2π)dim(G/Gσ )/2 ind
G

Gσ

(
Πg/gσ

∫

Yσ

Pσξ rgσ(η)
)
, (3.41)

for every η ∈ H∞
G (M). (See equation (2.20) for the definition of the induction

map ind
G

Gσ
: C−∞(gσ)

Gσ → C−∞(g)G.)

Proof : If iσ : Yσ →֒ Mσ denotes the Gσ-equivariant inclusion, we see
that i∗σ(λ

ξ) = λξσ. Let χ ∈ C∞
cpt(Mσ)

G be the function coming from a Gσ-
invariant function χ′ on Yσ, where χ′ is with compact support, equal to 1 in a
neighborhood of µ−1

σ (ξ), and support{χ′} ∩ Cr(‖µσ − ξ‖2) = µ−1
σ (ξ). Then the

function χ, which verifies support{χ} ∩ {Φλξ = 0} = G×Gσ µ
−1
σ (ξ), defines the

closed G-equivariant form Q := χ+dχ
(∫∞

0 ie−itDλξ
dt
)
λξ which is equal to P

O

λξ

in H−∞
G,cpt(M). We are now in the situation of the Remark 2.15. We have Q =

lima→∞Qa with Qa := χ + dχ
(∫ a

0 ie−itDλξ
dt
)
λξ ∈ A∞

G,cpt(Mσ). We verify

that the restriction Qa
e |gσ converges in C−∞(gσ,∧g∗ ⊗ A∗(Yσ)) when a → ∞.

In particular, the equivariant forms rgσ(Qa) = χ′ + dχ′
(∫ a

0 ie−itDλξ
σdt
)
λξσ ∈

A∞
Gσ,cpt

(Yσ) converge to Pσξ when a→ ∞.
This shows that the generalized G-equivariant form Q admits a restriction

to M equal to Pσξ , and the equality (3.40) is just a consequence of Proposition
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2.14. Using now Corollary 2.17, the equality (3.41] is just a consequence of
(3.40).�

We fix an orthonormal basis E1, . . . , E2r, . . . , Ep of g such that E2r+1 . . . , Ep

is a basis of gσ. Let dX = dE1 · · · dEp and dY = dE2r+1 · · · dEp be the corre-
sponding normalized Lebesgue measure on g and gσ. For every f ∈ C∞

cpt(g) we

denote by FdX
g (f)(X ′) := 1

(2π)dimG

∫
g
e−i(X,X′)f(X)dX the Fourier transform of

f relatively to dX (and in the same way F dY
gσ

). Our Lemma follows from the
relation of Harish-Chandra

Πg/gσ
FdX

g (f)|gσ
= (−2iπ)−rFdY

gσ
(Πg/gσ

f |gσ
), for every f ∈ C∞

cpt(g)G, (3.42)

where r = dim(G/Gσ)/2 (see Lemma 15 in [20] or Lemma 3.4.1 in [23]).The
formula 3.42 is usually stated and proved when gσ = t, but one can see easily
that this case implies the others.

Take now f ∈ C∞
cpt(g

∗)G with support in a small neighborhood of the orbit
O = G.ξ. Finally, we have the following equalities (after identification of g and
g∗; gσ and g∗σ).

<

∫

M
Fg(αe

iΩg ), f >g = < Fg

( ∫

M
P

O

λξαe
iΩg

)
, f >g [1]

= <

∫

M
P

O

λξαe
iΩg ,FdX

g (f)dX >g

= (−2π)r
vol(G)

vol(Gσ)
<

∫

Yσ

Pσξ rgσ(α) eiΩgσ ,Πg/gσ
FdX

g (f)|gσdY >gσ [2]

= (−i)r
vol(G)

vol(Gσ)
< Fgσ

(∫

Yσ

Pσξ rgσ(α) eiΩgσ

)
,Πg/gσ

f |gσ >gσ [3]

= (−i)r
vol(G)

vol(Gσ)
<

∫

Yσ

Fgσ

(
rgσ(α) eiΩgσ

)
,Πg/gσ

f |gσ >gσ , [4]

where vol(G) = vol(G, dX) and vol(Gσ) = vol(Gσ , dY ). The point [1] is due to
Proposition 3.17; the point [2] is just the equation (3.41); the point [3] comes
from the relation of Harish-Chandra (see (3.42)) and the point [4] is due to
Proposition 3.8 (applied to the manifold Yσ with the Hamiltonian Gσ-action at
the point ξ belonging to the center of gσ). This last equality shows that the
equality (3.34) holds in a neighborhood of O, and hence that Lemma 3.15 has
been proved. �

Two kinds of things remain to be done. First we have to compute the
equivariant forms P0

λ, Pσξ in the general case where 0 or ξ are not necessarily
regular values of the moment map. On the other hand, it will be interesting
to have a global expression for the pushforward. For this we have to compute
the term

∫
M F(Poutλ αeiΩg ). In general, one of the main difficulties in these

computations is the non-smoothness of some components of Cr(‖µ‖2).

1The reader should note that the factor (−i)−dim(G/T )/2 is missing in the RHS of equation
3.10 and in the formula of Lemma 3.4. of [23].

30



Under suitable conditions we will bypass this difficulty by showing that we
can reduce our problem to a maximal torus of G. In Section 4.3, we will make
the computations in the case of a Hamiltonian action of a torus. In this case, we
can perturb the moment map with a constant ε: µε := µ− ε. For generic ε, the
set of critical point Cr(‖µε‖2) is smooth. Moreover for small ε, the perturbation

does not affect the cohomology classes of the equivariant forms P
U

λ .

4 Reduction to the maximal torus

The notations are the same as before.
Let T be a maximal torus of G, and t its Lie algebra. Let W = N

G
(T )/T be

the Weyl group associated. We have a natural decomposition g∗ = t∗⊕t⊥, where
t∗ is identified with the T -invariant subspace of g∗, and t⊥ is the orthogonal
(for the duality) of t. We fix a Weyl chamber t∗+ in t∗, and denote by Πg/t

the associated polynomial on t equal to the product of the positive roots. This
choice of a Weyl chamber induces an orientation on the manifold G/T . We
denote by Fg (resp. Ft) the Fourier transform for the tempered G-equivariant
forms (resp. T -equivariant forms).

Notations: Using the isomorphism g∗
∼−→ g coming from the G-invariant

scalar product on g∗, we will make no difference between g∗ and g, t∗ and t, in
our notations.

We will denote by µ
G

: M → g∗ the moment map associated with the
Hamiltonian G-action. The action of T is also Hamiltonian, with moment map
µ

T
: M → t∗ equal to the composition of µ

G
with the (orthogonal) projection

g∗ → t∗.
We will denote by λT and λG the 1-forms defined respectively with the

Hamiltonian vector fields of ‖µT ‖2 and ‖µG‖2 (see Definition 3.2).
Kirwan [25] gives the following description of the critical points of ‖µ

G
‖2.

Let B
G

be the collection of points of t∗+ defined by the relation β ∈ B
G

⇐⇒
{β ∈ t∗+ and Mβ ∩ µ−1

G
(β) 6= ∅}. We have

Cr(‖µ
G
‖2) = G



⋃

β∈B
G

Mβ ∩ µ−1
G

(β)


 , (4.43)

where Mβ denotes the submanifold {m ∈ M, βM (m) = 0}. For the critical
points of ‖µ

T
‖2 we have

Cr(‖µ
T
‖2) =

⋃

β∈B
T

Mβ ∩ µ−1
T

(β) ,

where BT is the subset of t defined by the relation β ∈ BT ⇐⇒ β ∈ t and Mβ ∩
µ−1

T
(β) 6= ∅.
The Weyl group acts on Cr(‖µ

T
‖2) in the following way: w.

(
Mβ∩µ−1

T
(β)
)

=

Mwβ ∩ µ−1
T

(wβ) for every w ∈ W . Thus, W acts on B
T
, and we have B

T
=

W.(B
T
∩ t∗+). The inclusions µ−1

G
(β) ⊂ µ−1

T
(β), β ∈ t∗ show that B

G
⊂ B

T
∩ t∗+.
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Assumption 4.1 We suppose in this section that the moment map µT is proper
(Therefore µ

G
is also proper).

These properness conditions give the following

Lemma 4.2 For each β ∈ B
G
, CGβ := G

(
Mβ ∩ µ−1

G
(β)
)

is a non-empty com-

pact component of Cr(‖µ
G
‖2). In the same way, for each β ∈ B

T
, CTβ :=

Mβ ∩ µ−1
T

(β) is a non-empty compact component of Cr(‖µ
T
‖2).

For each β ∈ BG , we denote by

P
G

β ∈ A−∞
G,cpt(M) (4.44)

the closed equivariant form P
CG

β

λG
defined with the 1-form λG in a neighborhood

of CGβ (see Definition 2.3). The equivariant forms P0
λ, Poutλ of Section 3.1 cor-

respond here, respectively to P
G

0 and to
∑

β 6=0 P
G

β (where the sum is taken on
B

G
).
In the same way, for each β ∈ B

T
, we denote by

P
T

β ∈ A−∞
T,cpt(M)

the closed equivariant form P
CT

β

λT
defined with the 1-form λT in a neighborhood

of CTβ .

Remark 4.3 As an application of Proposition 2.6, we see that the cohomology
classes of P

T

β and P
G

β do not depend on the choice of the G-(or T -)invariant
Riemannian metric on M .

We have now a global expression for the pushforward.

Proposition 4.4 For every closed form α ∈ A∗
G(M) we have the following

equality in M−∞(g∗)G

∫

M
Fg(αe

iΩg ) =
∑

β∈B
G

Fg

( ∫

M
P

G

βαe
iΩg

)
, (4.45)

where the distribution Fg

( ∫
M P

G

βαe
iΩg

)
are tempered. The same holds for the

T -equivariant forms. For every closed form α ∈ A∗
T (M), we have

∫
M Ft(αe

iΩt ) =
∑

β∈B
T
Ft

( ∫
M P

T

βαe
iΩt

)
in M−∞(t∗).

Proof : Because µ
G

is proper, we see that the intersections of B
G

with the
compact subsets of g∗ are finite. Like in Proposition 3.8, we can show that,
for every β ∈ B

G
, the distribution

∫
M Fg(αP

G

β e
iΩg ) is supported outside the

ball B(o, ‖β‖). Then for every f ∈ C∞
cpt(g

∗) the terms <
∫
M Fg(αP

G

β e
iΩg ), f >g

are non zero for a finite number of β in B
G
. This fact insures that the RHS
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of (4.45) is a well defined distribution on g∗ (we have
∫
M Fg

(
P

G

βαe
iΩg

)
=

Fg

( ∫
M P

G

βαe
iΩg

)
because P

G

β has a compact support on M). Using the decom-

position Pλ
G

=
∑

β P
G

β , Corollary 3.6 finally gives the equality (4.45). The gen-

eralized function
∫
M P

G

βαe
iΩg is tempered because the equivariant form P

G

βαe
iΩg

is tempered and with compact support on M . �

4.1 Symplectic induction

The action of the Weyl group W on the algebra A∞
T,cpt(M) extends naturally

to an action on A−∞
T,cpt(M) which commutes with the differential D. For every

γ ∈ A−∞
T,cpt(M) and w ∈W , the equivariant form w.γ is defined by the equation

< w.γ, φ >t:= w ·1< γ,w−1 ·2φ >t for every φ ∈ m c(t),

where ·1 denotes the action of W on A∗(M) and ·2 denotes the action of W on

mc(t). We have defined a closed equivariant form P
T

β for every β ∈ BT , and we
know that W acts on BT . A straightforward computation shows that

w.P
T

β = P
T

w.β in H−∞
T,cpt(M), (4.46)

for every w ∈W and β ∈ B
T
.

Let ind
G

T
: H−∞

T,∗ (M) −→ H−∞
G,∗ (M) be the induction defined in subsection

2.6. For every γ ∈ H−∞
T,∗ (M) and w ∈W , we have ind

G

T
(w.γ) = ind

G

T
(γ). More-

over this map induces an isomorphism between H−∞
T,∗ (M)W and H−∞

G,∗ (M) (see

Theorem 74 of [26]). So, ind
G

T
(γ) = 0 in H−∞

G,∗ (M) if and only if
∑

w∈W w.γ = 0

in H−∞
T,∗ (M).

For every β ∈ B
T
, we denote by Wβ the subgroup of elements of W that

leave β fixed, and by |Wβ | its cardinal. We can now write the main theorem of
this section.

Theorem 4.5 Let M be a Hamiltonian G-manifold such that the moment map
µT relative to the action of the maximal torus T is proper. The equivariant

forms P
T

β ∈ A−∞
T,cpt(M), β ∈ B

T
, and P

G

β ∈ A−∞
G,cpt(M), β ∈ B

G
, are related by

the following equalities in cohomology. For every β ∈ B
G
,

ind
G

T

(
Π2

g/t P
T

β

)
= |Wβ| P

G

β in H−∞
G,cpt(M) .

Otherwise, for β ∈ B
T

such that β /∈W.B
G
, we have

ind
G

T

(
Πg/t P

T

β

)
= ind

G

T

(
Π2

g/t P
T

β

)
= 0 in H−∞

G,cpt(M). (4.47)

Note that the equality ind
G

T

(
Πg/t P

T

β

)
= 0, which is equivalent to

Πg/t

∑
w∈W (−1)wP

T

w.β = 0, is trivial if β is not in the interior of t∗+. For in-

stance, the equality ind
G

T

(
Πg/t P

T

0

)
= 0 always holds because P

T

0 isW -invariant.
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The identity ind
G

T

(
Π2

g/t P
T

β

)
= 0 is more interesting, and is equivalent to

the following:

Π2
g/t

∑

β′∈W.β

P
T

β′ = 0 in H−∞
T,cpt(M).

Using the commutativity of the following diagram (see (2.22))

H−∞
T,cpt(M)

R

M

��

ind
G

T
// H−∞

G,cpt(M)

R

M

��

C−∞(t)
ind

G

T
// C−∞(g)G.

(4.48)

and the equation (2.20) we get

Corollary 4.6 1) For every β ∈ B
G
, η ∈ H∞

G (M) and f ∈ C∞
cpt(g)G we have

<
( ∫

M
η P

G

β

)
(X), f(X)dX >g= cst <

(∫

M
η|tP

T

β

)
(Y ),Π2

g/t(Y )f |t(Y )dY >t,

with cst = |Wβ|vol(G,dX)

vol(T,dY )
, where H∞

G (M) → H∞
T (M), η 7→ η|t, is the restriction

morphism.
2) For every β ∈ BT such that β /∈W.BG , we have

Π2
g/t(Y )

∑

β′∈W.β

(∫

M
η P

T

β′

)
(Y ) = 0 in C−∞(t) ,

for every η ∈ H∞
T (M).

Before going into the proof, we can play a little ‘game’ to understand the
role of the polynomial Π2

g/t in Theorem 4.5. Suppose the manifold compact,
and write the partition of unity relatively to the 1-forms λG and λT :

- 1M =
∑

β∈B
T

P
T

β in H−∞
T (M), and

- 1M =
∑

β∈B
G

P
G

β in H−∞
G (M).

Now take the first partition of unity, multiply by Π2
g/t, and take the image

by the induction map. We get

ind
G

T

(
Π2

g/t1M

)
=

∑

β∈B
T
\W.B

G

ind
G

T

(
Π2

g/t P
T

β

)
+

∑

β∈W.B
G

ind
G

T

(
Π2

g/t P
T

β

)
.

Now using Theorem 4.5 and the equality (4.50), we see that this last equation

is in fact the second partition of unity. The term ind
G

T
(Π2

g/t1M ) is equal to

|W | 1M , the terms of the first sum of the RHS are equal to zero, and for every

β ∈ B
G

we have
∑

β′∈W.β ind
G

T
(Π2

g/t P
T

β′) = |W |
|Wβ |

ind
G

T
(Π2

g/t P
T

β ) = |W |PG

β .

34



4.2 Proof of Theorem 4.5

The natural projection map π : G ×T M → M , [g,m] 7→ gm makes M :=
G ×T M fibered over M with oriented fiber G/T . The Weyl group W acts on
M in the following way: w.[g,m] := [g.w−1, w.m] for w ∈ W . The integration
on the fiber, denoted by

∫
G/T , defines a morphism

∫

G/T
: H−∞

G,∗ (G×T M) −→ H−∞
G,∗ (M) .

Remark 4.7 This morphism induces an isomorphism between the W -anti-invariant
part of H−∞

G,∗ (G ×T M) with H−∞
G,∗ (M) (see section 8 of [26]).

Let Wg/t ∈ A∗
G(G/T ) be the closed equivariant form equal to the image un-

der the Chern-Weil homomorphism of the W-anti-invariant polynomial function
(−2π)−dim(G/T )/2Πg/t(X), X ∈ t. Let p : M → G/T be the projection map
[g,m] 7→ [g]. We will also denote by Wg/t the pullback p∗(Wg/t) ∈ A∗

G(M).
The form Wg/t ∈ A∗

G(M) is closed, W -anti-invariant, and we have
∫

G/T
Wg/t = |W | 1M in A∗

G(M), (4.49)

where |W | is the cardinal of W . By definition this form restricts to
(−2π)−dim(G/T )/2Πg/t on M (see section 8 of [26]). Proposition 2.14 insures
that IndG/T (Π2

g/t1M ) = Wg/t and after integration on the fibers of π we get

ind
G

T

(
Π2

g/t1M

)
= |W | 1M in H−∞

G (M). (4.50)

• For each β ∈ B
G
, we are going to prove that the G-equivariant form P

G

β is

induced by the T -equivariant form Π2
g/t P

T

β , through the use of a G-equivariant

form P
M

β on G×T M (see Definition 4.9). Our proof is in two steps:

(1) First we show that |Wβ|−1
∑

w∈W w.P
M

β = π∗(P
G

β ) in H−∞
G,cpt(M) (see

Proposition 4.11 and equation (4.52)).

(1) Next we show that P
M

β admits a restriction to t, and that rt(P
M

β ) = P
T

β

in H−∞
T,cpt(M) (see Proposition 4.10).

The form
∑

w∈W w.P
M

β Wg/t =
∑

w∈W (−1)ww.
(
P

M

β Wg/t

)
is equal to the

W -anti-invariant part of the form |W |PM

β Wg/t. With Remark 4.7 and equation
(4.49), the first point gives

∫

G/T
Wg/tP

M

β = |Wβ| P
G

β .

The second point shows that rt(Wg/tP
M

β ) = (−2π)−dim(G/T )/2Πg/tP
T

β . Combin-
ing these two equalities with Proposition 2.14, we found finally

∫

G/T
◦ IndG/T

(
Π2

g/tP
T

β

)
= |Wβ| P

G

β .
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• For every β ∈ BT \W.BG , we will show that there exists an exact equivariant

form Qβ ∈ A−∞
G,cpt(M) that admits a restriction to M equal to P

T

β (see Proposi-

tion 4.10). Proposition 2.14, applied to the equalities rt(Qβ) = P
T

β and Qβ ≡ 0,

gives ind
G

T
(Πg/t P

T

β ) ≡ 0. We have also rt(Wg/tQβ) = (−2π)−dim(G/T )/2Πg/t P
T

β

and that gives ind
G

T
(Π2

g/t P
T

β ) ≡ 0. (Here ‘≡’ means equality in cohomology).

Construction of P
M

β and Qβ

Let prg/t and prt be respectively the orthogonal projections g → t⊥ and
g → t, and denote by µ

G/T
the map prg/t(µG

). We make the choice of a G-
invariant Riemannian metric (., .)

M
on M , and denote by(., .)

M
the induced

G-invariant Riemannian metric on M (see equation (2.24)).
Let µ̃ : M → g be the equivariant map equal to the pullback of µ

G
by π,

and denote by H̃ the corresponding vector field on M:

H̃|[g,m] = µ
G
(gm)M|[g,m], for [g,m] ∈ M .

Definition 4.8 We denote by λ̃ the following G-invariant 1-form on M:

λ̃ := (H̃, ·)
M
.

For every X ∈ g, we have

〈Φλ̃([g,m]),X〉 = 〈µ
G/T

(m), prg/t(g
−1X)〉 + 〈ΦλT

(m), prt(g
−1X)〉 , (4.51)

where λT = (HT , ·)M and HT is the Hamiltonian vector field of 1
2‖µT ‖2. In par-

ticular 〈Φλ̃, µ̃〉([g,m]) = ‖µ
G/T

(m)‖2+‖H
T
‖2(m). This implies that Φλ̃([g,m]) =

0 if and only if µ
G/T

(m) = 0 and H
T
|m = 0. In other words

{Φλ̃ = 0} = G×T

(
Cr(‖µ

T
‖2) ∩ µ−1

G
(t)
)
.

But Cr(‖µ
T
‖2)∩µ−1

G
(t) = Cr(‖µ

G
‖2)∩µ−1

G
(t), then we can parameterize {Φλ̃ =

0} by W.B
G

{Φλ̃ = 0} =
⋃

β∈W.B
G

(
G×T (Mβ ∩ µ−1

G
(β))

)
.

Definition 4.9 For every β ∈W.BG , let P
M

β := P
C

λ̃
∈ A−∞

G,cpt(M) be the closed

G-equivariant form defined by the 1-form λ̃ in a neighborhood of the component
C = G×T (Mβ ∩ µ−1

G
(β)) of {Φλ̃ = 0}.

Proposition 4.10 For every β ∈ BT , there exists a closed equivariant form

Qβ ∈ A−∞
G,cpt(M) that admits a restriction to M equal to P

T

β : in other word

rt(Qβ) = P
T

β .

Moreover if β belongs to W.BG , we have Qβ = P
M

β in H−∞
G,cpt(M). In the

other case (β /∈W.B
G
), we have Qβ = 0 in H−∞

G,cpt(M).
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Proof : If i : M →֒ M denotes the inclusion, a straightforward computation
shows that i∗(λ̃) = λ

T
. Let χ

β
∈ C∞

cpt(M)G be the function coming from a
T -invariant function χ′

β
on M , where χ′

β
is equal to 1 in a neighborhood of

CTβ = Mβ ∩ µ−1
T

(β), and support{χ′
β
} ∩ Cr(‖µT ‖2) = CTβ . Then the function

χ
β

which satisfies support{χ
β
} ∩ {Φλ̃ = 0} = G×T (Mβ ∩ µ−1

G
(β)) (⋆) defines

the G-equivariant form

Qβ := χ
β

+ dχ
β

(∫ ∞

0
ie−itDλ̃dt

)
λ̃.

(For the equality (⋆), we have just used the trivial implication β 6= β ′ in t =⇒
µ−1

G
(β′) ∩ µ−1

T
(β) = ∅ ). We are now in the situation of the Remark 2.15. We

have Qβ = lima→∞Qaβ with Qaβ := χ
β

+ dχ
β

(∫ a
0 ie−itDλ̃dt

)
λ̃ ∈ A∞

G,cpt(M).

We verify that the restrictions (Qa
β)e|h ∈ C∞(h,∧g∗ ⊗ A∗

cpt(M)) converge in

C−∞(h,∧g∗ ⊗ A∗
cpt(M)) when a → ∞. In particular, we have rt(Q

a
β) = χ′

β
+

dχ′
β

(∫ a
0 ie−itDλ

T dt
)
λ

T
∈ A∞

T,cpt(M), and we see that the limit lima→∞ rt(Q
a
β)

is equal to P
T

β . This shows that the generalized G-equivariant form Qβ admits a

restriction to t which is equal to P
T

β . If β belongs to W.B
G
, the equivariant form

Qβ is by definition equal to P
M

β in cohomology. In the other case (β /∈W.B
G
),

we have from (⋆) support{χ
β
}∩ {Φλ̃ = 0} = ∅. Then χ

β
(
∫∞
0 ie−itDλ̃)λ̃ is a well

defined G-equivariant form on M, with compact support, such that

Qβ = D
(
χ

β
(

∫ ∞

0
ie−itDλ̃dt)λ̃

)
.

�

The proof is completed in the case β ∈ B
T
\W.B

G
. We fix now an element β

in B
G

and take a G-invariant neighborhood Uβ of CGβ = G(Mβ ∩ µ−1
G

(β)) such

that Uβ ∩ Cr(‖µG‖2) = CGβ . Let Vβ be the open subset G×T Uβ.

Proposition 4.11 The open set Vβ is good for λ̃, and

P
Vβ

λ̃
= π∗

(
P

Uβ

λ
G

)
in H−∞

G,cpt(M) .

Proof: By definition, we have π∗
(
P

Uβ

λ
G

)
= P

Vβ

π∗(λ
G

). The proof of this propo-

sition will be an application of Proposition 2.6 with the 1-forms λ̃, π∗(λ
G
),

and the function f := µ̃ on the open set Vβ. We have 〈Φλ̃, µ̃〉([g,m]) =
‖µ

G/T
(m)‖2 + ‖H

T
‖2(m) which is strictly positive on ∂Vβ (because ‖µ

G/T
‖2 =

‖HT ‖2 = 0 =⇒ ‖HG‖2 = 0). We see that 〈Φπ∗λ
G
, µ̃〉 = ‖HG‖2◦π is also strictly

positive on ∂Vβ. �

By definition we have P
Uβ

λ
G

= P
G

β . We have now just to verify that

P
Vβ

λ̃
=

∑

β′∈W.β

P
M

β′ = |Wβ|−1
∑

w∈W

P
M

w.β = |Wβ |−1
∑

w∈W

w.P
M

β . (4.52)
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This first equality comes from the decomposition Vβ ∩ {Φλ̃ = 0} =

∪β′∈W.β

(
G ×T (Mβ′ ∩ µ−1

G
(β′))

)
. The third equality is due to the fact that

for every w ∈W , we have P
M

w.β = w.P
M

β . �

4.3 The Pushforward in the torus case

Let (M,Ω) be a symplectic manifold provided with a Hamiltonian action of a
torus T with Lie algebra t. The moment map µ

T
: M → t∗ is supposed proper.

We recall that the pushforward is given by

(µ
T
)∗(dmL) =

1

in

∫

M
F
(
eiΩt

)
, dimM = 2n.

Let α ∈ A∗
T (M) be a closed equivariant form. We know from Proposition

4.4 that
∫
M F(αeiΩt ) =

∑
β∈B

T
D

α

β where each tempered distribution D
α

β is

given by

D
α

β = F
( ∫

M
P

T

β αe
iΩt

)
. (4.53)

Each T -equivariant form P
T

β is supported in the neighborhood of the set CT
β

which is not smooth in general. Then, in order to compute the distribution D
α

β ,
we modify the moment map to µε := µ

T
− ε, ε ∈ t∗.

Let ‖.‖ be a scalar product on t∗. As in the last section, consider the T -
invariant 1-form λε defined below.

Definition 4.12 For ε ∈ t∗, let λε be the following T -invariant 1-form

λε := (Hε, .)M ,

where Hε is the Hamiltonian vector field associated to the function 1
2‖µε‖2, and

(., .)M is a T -invariant Riemannian metric on M .

We know that {Φλε = 0} = Cr(‖µε‖2) and we will show that for “generic” ε ∈ t∗,

the set Cr(‖µε‖2) is a smooth submanifold such that the quotient Cr(‖µε‖2)
/
T

is a symplectic orbifold. We rewrite the result of subsection 6.1.2 of [31], in a
more general context of a (possibly) non-compact manifold.

Let I be the set of subgroups of T stabilizer of points in M . For l ∈ I, we
denote by Tl the corresponding subgroup. For each l ∈ I, we denote by Z k

l , k ∈
Il the connected components of MTl that have Tl for generic stabilizer. The
subsets Zkl are T -invariant symplectic submanifolds of M , and the convexity
theorem of Atiyah-Guillemin-Sternberg (in the version of Condeveaux-Dazord-
Molino [8, 22]) insures that the Pkl = µ(Zkl ) are polyhedral subsets of t∗. We

have (
−→
Pkl )

⊥ = Lie(Tl), for all k. In this equality,
−→
Pkl is the subspace of t∗

generated by {a − b| a, b ∈ Pkl }, and ⊥ corresponds to the orthogonal for the
duality between t and t∗.

38



We denote by B := {Aff(Pkl )|l, k} the set of the affine subspaces of t∗ gener-
ated by the polyhedral subsets Pkl . For each ∆ ∈ B, we note T∆ the sub-torus
of T with Lie algebra (

−→
∆)⊥.

Let j : t∗ → t be the isomorphism induced by the scalar product on t∗. For
each ε ∈ t∗, we consider the function ‖µε‖2 : M → R. Propositions 6.8 and 6.9
of [31] remain true.

Proposition 4.13 For every ε ∈ t∗, the critical points of ‖µε‖2 can be written
on the form

(⋆) Cr(‖µε‖2) =
⋃

∆∈B

MT∆ ∩ µ−1
T

(β(ε,∆)),

where β(ε,∆) is the orthogonal projection of ε on ∆. There exists a dense subset
W of t∗, such that for every ε ∈ W the set Cr(‖µε‖2) is a smooth submanifold
of M , the union (⋆) is disjoint, and the group T/T∆ acts locally freely on Cε

∆ =
MT∆ ∩ µ−1

T
(β(ε,∆)).

Remark 4.14 When the manifold is compact the subset W of “generic” ε is
the complement of a finite number of affine sub-spaces. In the general case, W
is the complement of (at most) a countable number of affine sub-spaces. Thus
the set W is dense.

Remark 4.15 Each subset Cε
∆ is compact because µ

T
is proper. When ε ∈ W,

the sub-manifolds Cε
∆, ∆ ∈ B have a finite number of connected components.

Fortunately we can recover the equivariant form PT
β , β ∈ B

T
after this

perturbation with ε. For β ∈ B
T
, and ∆ ∈ B such that β = β(0,∆) (in

other words β is equal to the orthogonal projection of 0 on the affine subspace
∆), we have ‖β − β(ε,∆)‖ ≤ ‖ε‖ for every ε ∈ t∗ (see Picture 1). Let εβ =
minβ′ 6=β ‖β′ − β‖ be the minimal distance between β and the other points of
BT , and let Uβ be the open neighborhood of CT

β defined by

Uβ := µ−1
T

(
ξ ∈ t∗, ‖β − ξ‖ < εβ

2

)
.

β
β(ε

ε

∆

O

, β(ε
, ∆

∆

∆

O

)

)

O

Picture  1

.

39



Lemma 4.16 For ε ∈ t∗ small enough we have

P
T

β = P
Uβ

λε in H−∞
T,cpt(M) .

Proof: By definition we have P
T

β = P
Uβ

λ
T
. Consider the functions (Φλε , µε) =

‖Hε‖2
M

and (Φλ
T
, µε) = ‖H‖2

M
− (H, εM )M . For ‖ε‖ < εβ/2, the functions

‖Hε‖2
M

are strictly positive on ∂Uβ . Let ρ > 0 be the minimal value of ‖H‖2
M

on ∂Uβ. Then for ε small enough, the function |(H, εM )M | is bounded by ρ/2
on ∂Uβ. Finally for ε ∈ t∗ small enough, we can apply Proposition 2.6 to the
1-forms λε and λ

T
, on the open set Uβ, with the function f = µε. �

For ε ∈ W and ∆ ∈ B, let

Pε∆ := P
Cε

∆
λε ∈ A−∞

T,cpt(M)

be the closed equivariant form defined with the 1-form λε in a neighborhood
of Cε∆ (see Definition 2.3). If Cε

∆ = ∅ the equivariant form Pε∆ is identically
equal to 0. For ε ∈ W small enough, the submanifold C ε

∆ is contained in Uβ if

and only if β(0,∆) = β, and we have the decomposition P
Uβ

λε =
∑

β(0,∆)=β Pε∆.
Lemma 4.16 gives

P
T

β =
∑

β(0,∆)=β

Pε∆ in H−∞
T,cpt(M), for ε ∈ W, ‖ε‖ << 1. (4.54)

Remark 4.17 For ε ∈ W small, the submanifold ∪β(0,∆)=βC
ε
∆ can be under-

stood as a desingularization of CT
β .

Finally we have proved the following

Proposition 4.18 Let α ∈ A∗
T (M) be a closed equivariant form. We have the

following equality of distributions on t∗ :
∫
M F(αeiΩt ) =

∑
β∈B

T
D

α

β , where the

tempered distribution D
α

β can be decomposed in the following way

D
α

β =
∑

β(0,∆)=β

D
α

∆,ε, for ε ∈ W, ‖ε‖ << 1,

with D
α

∆,ε = F
(∫
M Pε∆ αe

iΩt
)
.

Now, we recall the computation of the generalized functions
∫
M Pε∆ αe

iΩt

for ε ∈ W sufficiently close to 0 (see subsection 6.1.2 of [31]). The equivariant
form Pε∆ has a compact support in a tubular neighborhood of the submanifold
Cε∆, then ∫

M
Pε∆ αe

iΩt =

∫

Cε
∆

i∗∆(αeiΩt ) ∧ Λ∆ , (4.55)

where

Λ∆ =

∫

N∆/C
ε
∆

Pε∆ in H−∞
T (Cε∆)
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is the integral of Pε∆ along the fibers of the normal bundle N∆ of Cε∆ in M .
The map i∆ : Cε∆ →M denotes the inclusion.

For every ∆ ∈ B, we choose a subspace t/t∆ of t, such that there is a
decomposition T = T∆×T/T∆, where T/T∆ is a subtorus of T with Lie algebra
t/t∆.

Because the group T/T∆ acts locally freely on the submanifold C ε
∆ we

can form the quotient Mε
∆ := Cε∆/(T/T∆) which is a symplectic V-manifold.

We have the Kirwan morphism in equivariant cohomology k∆ : H∞
T (M) →

H∞
T∆

(Mε
∆), defined as the composition of the restriction morphism H∞

T (M) →
H∞
T (Cε∆) with the Chern-Weil isomorphism H∞

T (Cε∆) → H∞
T∆

(Mε
∆).

For every connected component F of Cε
∆, let S∆(F ) be the generic stabilizer

of T/T∆ over F , and denote by |S∆(F )| its cardinal. The map F → |S∆(F )|
defines a locally constant function over Mε

∆ denoted |S∆|.
Let β∆ := j(β(ε,∆) − ε) ∈ t∆ and N∆ be the normal bundle of MT∆

in M restricted to Cε
∆. We have a T∆-equivariant V-vector bundle E∆ :=

N∆/(T/T∆) → Mε
∆. We associate to this data the equivariant form with

generalized coefficients Eul −1
β∆

(E∆) ∈ H−∞
T∆

(Mε
∆) (see Définitions 4.5, 6.8 of

[31]), which is an inverse of the T∆-equivariant Euler form of the V-vector
bundle E∆.

Take a connection form σ∆ for the V-principal bundle Cε
∆ → Mε

∆. The
associated curvature ω∆ determines the equivariant form with generalized co-
efficients δ(X2 − ω∆) ∈ H−∞

T/T∆
(Mε

∆) by

< δ(X2 − ω∆), f(X2)dX2 >t/t∆= f(ω∆) vol(T/T∆, dX2),

for every function f ∈ C∞(t/t∆). In other words δ(X2−ω∆) = eω∆(∂X2
|0 ) vol(T/T∆,−).

(see Définitions 6.19 of [31]).
The decomposition t = t∆ ⊕ t/t∆ gives the bilinear map (η, ν) 7→ η ⋄ ν,

H−∞
T∆

(Mε
∆) ×H−∞

T/T∆
(Mε

∆) → H−∞
T (Mε

∆).

We can now state Proposition 6.20 of [31].

Proposition 4.19 For every η ∈ H∞
T (M), we have the following equality in

H−∞
T (Cε∆)

(
i∗∆(η)∧Λ∆

)
(X) = (2πi)dim∆

(
k∆(η)Eul −1

β∆
(E∆)

)
(X1)⋄δ(X2−ω∆)∧σr2 ∧ · · · ∧ σ1

vol(T/T∆)
,

with X = X1 +X2, X1 ∈ t∆, and X2 ∈ t/t∆.

For ∆ ∈ B such that β = β(0,∆), we have k∆(Ωt)(X1) = Ω∆+〈β,X1〉, X1 ∈
t∆, with Ω∆ ∈ H2(Mε

∆). Using Proposition 4.19, the equality (4.55) gives
(∫

M
Pε∆ αe

iΩt

)
(X)

= cst

∫

Cε
∆

k∆(α eiΩt )Eul−1
β∆

(E∆)(X1) ⋄ δ(X2 − ω∆)Πσk

= cst ei〈β,X1〉

∫

Mε
∆

eiΩ∆

|S∆| (k∆(α)Eul −1
β∆

(E∆))(X1) ⋄ δ(X2 − ω∆) , (4.56)
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with X = X1 +X2, X1 ∈ t∆, X2 ∈ t/t∆, and cst = (2πi)dim∆ vol(T/T∆)−1.
Note that for each closed form α ∈ A∗

T (M), X1 → k∆(α)(X1) is just a
polynomial function on t∆ with values in H∗(Mε

∆). Taking now the Fourier
transform, we find

D
α

∆,ε(ξ) = (i)dim∆

∫

Mε
∆

eiΩ∆

|S∆|k∆(α)(i∂ξ1)
(
Ft∆(Eul−1

β∆
(E∆))

)
(ξ1−β) e−i〈ξ2, ω∆〉dξcan2 ,

(4.57)
with ξ = ξ1 + ξ2, ξ1 ∈ t∗∆, ξ ∈ (t/t∆)∗. Here dξcan2 is the Euclidean measure on
(t/t∆)∗ such that its dual measure dXcan

2 verifies vol(T/T∆, dX
can
2 ) = 1.

Let α+
1 , · · · , α+

l be the weights for the action of T∆ on the fibers of E∆ that
are oriented by β(ε,∆) − ε (in other words (α+

k , β(ε,∆) − ε) > 0, ∀k). After
Proposition 4.8 of [31], we know that Ft∆(Eul−1

β∆
(E∆)) is of the form

Ft∆(Eul−1
β∆

(E∆))(ξ1) =
∑

I={i1,···,ip}

RI (Hα+
1
)i1 ∗ · · · ∗ (Hα+

l
)il(ξ1), (4.58)

where RI ∈ H∗(Mε
∆), the sum

∑
I is finite, Hα+

k
is the Heaviside measure asso-

ciated to α+
k , and ∗ is the convolution product. In particular Ft∆(Eul−1

β∆
(E∆))

is a locally polynomial measure, with values in H∗(Mε
∆), supported by the

cone Cε∆ = R
+α+

1 + · · · + R
+α+

l that is strictly included in the half-space
{ξ ∈ t∗∆, (ξ, β(ε,∆) − ε) ≥ 0}. Here, the strict inclusion means that for
some c > 0 the inequality (ξ, β(ε,∆) − ε) ≥ c‖ξ‖ holds on Cε∆ (see Picture
2). Then, for ε small enough, the cone Cε∆ is strictly included in the half-space
{ξ ∈ t∗∆, (ξ, β) ≥ 0} with β = β(0,∆).
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From the integral (4.57) and the equality (4.58) we see that there exist a
finite collection of polynomials Pj ∈ S(t∗∆), Qj ∈ S(t/t∆) such that

D
α

∆,ε(ξ) =
∑

{i1,···,ip},j

Pj(∂ξ1)
(
(Hα+

1
)i1 ∗ · · · ∗ (Hα+

l
)il
)

(ξ1−β)Qj(ξ2)dξ2, (4.59)
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with ξ = ξ1 + ξ2, ξ1 ∈ t∗∆, ξ ∈ (t/t∆)∗. Since (t/t∆)∗ = (t∆)⊥ and j(β) ∈ t∆ for
β(0,∆) = β, we see that the distribution D

α

∆,ε is supported by the half-space
{ξ ∈ t∗, (ξ − β, β) ≥ 0} with β = β(0,∆).

Remark 4.20 In the case where β = 0, the “half-space” {ξ ∈ t∗, (ξ−β, β) ≥ 0}
corresponds in fact to all the vector space t∗.

We can now state the

Theorem 4.21 Let α ∈ A∗
T (M) be a closed equivariant form. We have the

following equality of distribution of t∗,

∫

M
F(αeiΩt ) =

∑

β∈B
T

D
α

β with D
α

β =
∑

β(0,∆)=β

D
α

∆,ε,

where the distributions D
α

∆,ε are given by the equality (4.59). In particular each

distribution D
α

β is tempered and supported by the half-space {ξ ∈ t∗, (ξ−β, β) ≥
0}.

Remark 4.22 We see in particular that the support of the distribution D
α

β does

not meet a small neighborhood of 0 if β 6= 0. This means that
∫
M F(αeiΩt ) = D

α

0

in a neighborhood of 0. We know from Theorem 3.12 that D
α

0 is a polynomial
measure if 0 is a regular value of µ. In general D

α

0 will be the sum of a locally
polynomial measure with distributions supported by linear subspaces of t∗.

In particular this Theorem gives

Corollary 4.23 The pushforward of the Liouville measure µ
T ∗(dmL) can be

decomposed in the following way

µ
T ∗(dmL)(ξ) =

∑

β∈B
T

dmβ(ξ),

where each dmβ is a locally polynomial measure supported by the half-plane
{ξ ∈ t∗, (ξ − β, β) ≥ 0}.

5 Witten partition functions

Let M be a compact symplectic manifold equipped with a Hamiltonian action
of a compact connected Lie group G, with Lie algebra g. We denote by Ω the
symplectic form on M and by µ

G
: M → g∗ the moment map of this action. Let

‖.‖ be the norm induced by a G-invariant scalar product on g. Let B
G

be the
indexing set of a decomposition of Cr(‖µ

G
‖2) (for the definition, see (4.43)).

In [36], Witten introduced the “partition functions”

Z
α
(u) =

∫

M×g

α(Y )eiΩg (Y )e−u‖Y ‖2/2 dY

vol(G, dY )
, u > 0, (5.60)
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where α(Y ) is a closed equivariant form, polynomial in the variable Y ∈ g,
and where Ωg(Y ) = Ω + 〈µ

G
, Y 〉 is the equivariant symplectic form.

Under the hypothesis that G acts freely on µ−1(0), Witten proposed a for-
mula of the form Z

α
(u) =

∑
N Z

α

N (u), where “N” ranges over the components
of the subset Cr(‖µ

G
‖2) of critical points of the square of the moment map.

In this formula, each function Z
α

N (u) should only depend on the values of
α, Ω, µ

G
in a neighborhood of N . Witten determined the function Z

α

µ−1
G (0)

,

which is in fact polynomial, and gives for the other terms a bound on the form
Z

α

N (u) = O(e−kN/u), u > 0, with kN > 0. Witten’s formula for Z
α

µ−1
G (0)

has

been proved by Kalkman [24], Wu [37] in the case of circle actions and by
Jeffrey-Kirwan [23] in the general case.

The partition of unity defined with the G-invariant 1-form λ
G

gives auto-
matically the decomposition Z

α
(u) =

∑
β∈B

G
Z

α

β (u), with

Z
α

β (u) =

∫

M×g

P
G

β (Y )α(Y )eiΩg(Y )e−u‖Y ‖2/2 dY

vol(G, dY )
, u > 0 . (5.61)

(see section 4 and Definition 3.2). Each function Z
α

β , β ∈ BG is determined
by the behaviour of α, Ω and µ

G
in a small neighborhood of the component

CGβ = G
(
Mβ ∩ µ−1

G
(β)
)

of Cr(‖µ
G
‖2).

This section is devoted to the computation of the terms Z
α

β , β ∈ BG of this
formula. We do not require that 0 is a regular value for the moment map µG .

A function h : R → C is called slowly increasing if it is bounded by a
polynomial at infinity. The rest of this section is devoted to the proof of the
following Theorem.

Theorem 5.1 For every closed equivariant form α(X) ∈ A∗
G(M) with poly-

nomial dependence in X ∈ g, let Z
α

β : R
∗
+ → C be the function defined by

the equation (5.61). Denote by Nα the integer dα + dimG, where dα is the
polynomial degree of α.

For each β ∈ B
G
, there exists a smooth function h

α

β : R → C which is slowly
increasing such that

Z
α

β (u) = u−Nα e−
‖β‖2

2u h
α

β(
√
u) for every u > 0.

Moreover the function h
α

0 is polynomial and, if G acts locally freely on µ−1
G

(0),
the function Z

α

0 (u) = u−Nα h
α

0 (
√
u) is polynomial in u.

Corollary 5.2 There exist smooth, slowly increasing functions hβ : R → R,
such that

∫

M
e−

‖µ‖2

2u dmL = u−
dimG

2

∑

β∈B
G

e−
‖β‖2

2u hβ(
√
u), u > 0,

where dmL is the Liouville measure Ωn

n! . Moreover each function hβ is uniquely
determined by the local behaviour of Ω and µ near the component CG

β of Cr(‖µ‖2),
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and the function h0 that corresponds to the set CG
0 = µ−1

G
(0) is always poly-

nomial (note that we make no assumption on the regularity of 0 relative to the
moment map).

Proof of the Theorem :
We suppose first that the action of G quasi-effective (i.e. there exists no

Lie-subgroup of G of dimension bigger than 1 with a trivial action on M). The
action of T is also quasi-effective, and then, the moment map µT is a submersion
almost everywhere.

Theorem 4.5 tells us that, for every β ∈ B
G
, the equivariant form P

G

β is in-

duced by Π2
g/t P

T

β . In Proposition 4.18 we have shown that P
T

β =
∑

β(0,∆)=β Pε∆
for ε ∈ W close to 0. Then, with Corollary 4.6, we see that the function Z

α

β is the

sum (modulo some multiplicative constants) of the functions Z
α

∆,β, β(0,∆) = β
given by the equation

Z
α

∆,β(u) =

∫

M×t

Pε∆(Y )Π2
g/t(Y )α(Y )eiΩg(Y )e−u‖Y ‖2/2 dY, u > 0 .

Following equality 4.56 we get

Z
α

∆,β(u) = (2iπ)dim∆ vol(T∆, dX1)
−1×

∫

Mε
∆×t∆

1

|S∆|k∆(αΠ2
g/te

iΩt )(X1)Eul−1
β∆

(E∆)(X1)e
−u‖X1+ω∆‖2/2dX1.

• ∆ = t∗ : The action of T is quasi-effective, hence the polytope µT (M)
generates t∗ ∈ B. The only β ∈ B

G
with β(0, t∗) = β is 0, and the term Z

α

t∗,0(u)
is the polynomial given by

Z
α

t∗,0(u) =
(2iπ)dimT

|Sε|

∫

Mε

kε(αΠ2
g/te

iΩt )e−u‖ωε‖2/2 , (5.62)

where Mε is the Marsden-Weinstein reduction of the manifold M , with respect
to T at ε ∈ t∗.

• ∆ 6= t∗ : We want now to give for ∆ 6= t∗ a simple expression of the

functions Z
α

∆,β.
The scalar product (·, ·) on t∗ determines a linear isomorphism t∗ → t, v → ṽ.

For ∆ ∈ B such that β = β(0,∆) we have k∆(Ωt) = Ω∆+〈β,X1〉 = Ω∆+(β̃,X1),
with Ω∆ ∈ H2(Mε

∆). For ∆ 6= t∗ and Cε∆ 6= ∅, we define

α∆(u,X1) :=
(2iπ)dimT

|Sε| eiΩ∆k∆(αΠ2
g/t)(X1)e

−u‖ω∆‖2/2e−u(X1,ω∆) vol(T∆, dX1)
−1,

for X1 ∈ t∆. The differential forms α∆(u,X1) have a polynomial dependence
with respect to each parameter u > 0 and X1 ∈ t∆. We have

Z
α

∆,β(u) =

∫

Mε
∆×t∆

Eul−1
β∆

(E∆)(X1)α∆(u,X1) e
i(β̃,X1) e−u‖X1‖2/2dX1

=

∫

Mε
∆×t∗∆

Ft∆

(
Eul−1

β∆
(E∆)

)
(ξ)F−1

t∆

(
α∆(u,X1) e

i(β̃,X1) e−u‖X1‖2/2dX1

)
(ξ) ,
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where Ft∆ is the Fourier transform on t∆. The Fourier transform of a
Gaussian function gives

F−1
t∆

(
α∆(u,X1) e

i(β̃,X1) e−u‖X1‖2/2dX1

)
(ξ) = (

2π

u
)

dimT∆
2 α∆(u,−i∂ξ)

(
e−‖β+ξ‖2/2u

)

= (
2π

u
)

dimT∆
2 u−d

∆
α α̃∆(u, ξ) e−‖β+ξ‖2/2u ,

where d∆
α is the (maximal) polynomial degree of the equivariant form k∆(αΠ2

g/t),

and α̃∆(u, ξ) is a differential form which depends polynomially on the parame-
ters u > 0 and X1 ∈ t∆. We get finally

Z
α

∆,β(u) = (
2π

u
)

dimT∆
2 u−d

∆
α

∫

Mε
∆×t∗∆

F
(

Eul−1
β∆

(E∆)
)
(ξ) α̃∆(u, ξ) e−‖β+ξ‖2/2u .

(5.63)

For ε ∈ t∗ sufficiently close to 0, the density F(Eul −1
β∆

(E∆)) is of the form
P∆(ξ)dξ, where P∆ is a locally polynomial function supported by a cone Cε∆
strictly included in the half-plane {ξ ∈ t∗∆| (ξ, β) ≥ 0}. There are two cases.

1) β = 0

We make the change of variable ξ =
√
u.ξ′ in the integral (5.63). We find

Z
α

∆,0(u) = (2π)
dimT∆

2 u−d
∆
α

∫

Mε
∆×t∗∆

P∆(
√
u.ξ′) α̃∆(u,

√
u.ξ′) e−‖ξ′‖2/2dξ′ ,

which is a polynomial in the variable
√
u, times u−d

∆
α . The polynomial Π2

g/t

is of degree dim(G/T ), then for every ∆, the integer d∆
α is bounded by Nα =

dα + dimG.

2) β 6= 0

After the change of variable ξ = u.ξ ′ in the integral (5.63), we find

Z
α

∆,β(u) = (2πu)
dimT∆

2 u−d
∆
α e−‖β‖2/2u

∫

Mε
∆×t∗∆

P∆(u.ξ′) α̃∆(u, u.ξ′) e−u‖ξ
′‖2/2e−(β,ξ′)dξ′ .

Because of the strict inclusion of the cone Cε∆ in the half-space {ξ ∈ t∗∆| (ξ, β) ≥
0}, there exists a constant c > 0 such that (β, ξ ′) ≥ c ‖ξ′‖ for every ξ′ ∈ Cε∆.
Then, the term e−(β,ξ′) insures, for every u ∈ R, the convergence of the integral

hβ∆(u) = (2π)
dimT∆

2

∫

Mε
∆×t∗∆

P∆(u2.ξ′) α̃∆(u2, u2.ξ′) e−‖u.ξ′‖2/2e−(β,ξ′)dξ′ .

(5.64)

Furthermore we see from the integral (5.64) that the function hβ∆ is smooth and
even over R.

Conclusion: For β = 0, the function

Z
α

0 (u) = Z
α

t∗,0(u) +
∑

0∈∆

Z
α

∆,0(u)
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is a polynomial in
√
u times u−Nα . For β 6= 0, the function Z

α

β is of the form

Z
α

β (u) = u−Nα e−‖β‖2/2u
( ∑

β(0,∆)=β

u
n∆
2 hβ∆(

√
u)
)
,

where the hβ∆ are smooth, and n∆ = 2(Nα − d∆
α )+ dimT∆ ≥ dimT∆ ≥ 1. From

the equation (5.64), we see that the functions hβ∆ are slowly increasing.
When 0 is a regular value of µ

G
, the function Z

α

0 can be computed directly
with Proposition 3.11. In this case,

Z
α

0 (u) =
(2iπ)p

|So|

(∫

Mred

k0(αe
iΩg )e−u‖ω‖

2

)
, u > 0,

is polynomial in the variable u (for the notations see subsection 3.1).

In the case of a general action of G on M , let S be the connected component
of the group ∩m∈M StabG(m). The group S is a normal subgroup of G with
a trivial action on M , hence we have an induced Hamiltonian action of G/S
on M which is furthermore quasi-effective. We see that the computation of
the functions Z

α

β reduces to the computations of the related functions for the
G/S-action. The details are left to the reader. �
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