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Abstract

Let M be a symplectic manifold acted on by a compact Lie group G
in a Hamiltonian fashion, with proper moment map. In this situation we
introduce a pushforward morphism P : HE (M) — M~(g*)¢, from the
equivariant cohomology of M to the space of G-invariant distributions on
g*, which gives rise to symplectic invariants, in particular the pushforward
of the Liouville measure. For the study of this pushforward morphism we
make an intensive use of equivariant forms with generalized coefficients.
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5 Witten partition functions 43

1 Introduction

Let M be a manifold provided with an action of a compact connected Lie group
G with Lie algebra g; one may then define the equivariant cohomology H (M)
of M. Suppose now that the manifold is symplectic, with symplectic 2-form
), and the action of G is Hamiltonian. Let p : M — g* be the moment map
associated to this action, and denote by dm := %, dim M = 2n, the Liouville
volume form on M.

The purpose of this paper is the study of a ‘pushforward’ morphism
P HE(M) — M™®(g")%, (1.1)

where M™>°(g*) is the space of G-invariant distributions on g*. The mor-
phism P, defined under the hypothesis that u is proper, produces some inter-
esting symplectic invariants, in particular the pushforward of the Liouville form
ps(dmp): for the class 1 € Hf (M), we have

P(1) = e (dm).

Our study of the morphism P fits into the numerous studies of the sym-
plectic invariant p.(dmyz) (and its relation with localization in equivariant co-
homology) that started some years ago with the Duistermaat-Heckman formula
[2, 4,9, 10, 13, 14, 16, 21, 23, 33]. Nevertheless our method is new, and works
particularly well in the case where M is non-compact and G is (any) connected
compact Lie group (in the previous references, the study is often restricted to
the action of a torus). The central idea, which is due to Witten [36], is to
localize the integration of closed equivariant forms on the set Cr(||u||?) of crit-
ical points of the function ||u||? : M — R (where || - |? denotes a G-invariant
Euclidean norm on g*).

We will first produce some specific closed equivariant forms with general-
ized coefficients which completely describe the local and global behavior of the
distributions P(a), o € HE(M). Next the computations of these equivariant
forms are handled. In this way, we are for example able to describe the behavior
of p«(dmp) near 0 even if 0 is not a regular value of the moment map.

For this task, we will exploit the results of a previous paper [31], and we
will make an essential use of equivariant forms with generalized coefficients,
with their properties of induction and restriction, that have been introduced
and developed by M. Duflo, S. Kumar and M. Vergne in [11, 26].

We now turn to a more extensive introduction of our subject.

Section 2 is devoted to the explanation of the tools coming from equivariant
cohomology. We refine the technique related to the partition of unity, a notion
that was introduced by the author in [31] (see in particular the “deformation
process” ), and we recall the definitions and properties concerning the induction
and restriction of equivariant forms with generalized coefficients.



Let Qg(X) = Q + (4, X), X € g be the equivariant symplectic 2-form.
For every equivariant form a(X) € A (M) depending polynomially on X €
g, the Fourier transform F(ae*?) belongs to the space M~(g*, M) of G-
invariant distributions on g* with values in the algebra A*(M) of differential
forms on M. Furthermore, for every smooth function f on g* with compact
support, the differential form fg* Flae®s) () f(€) has a compact support on M,
and then is integrable (see Definition 2.10). For instance, if a(X) = P(X)n
where X — P(X) is polynomial on g and n € A*(M) is a differential form
on M, we have F(ae) = ne*F(P(—)ei*7)), and fg* Flae) () f(&) =
ne'? fg* F(P(=)em=2)(€) f(€) = ne'*[P(—idg) f](n) is a differential form on M
supported on p~!(support{f}), hence with compact support on M for every
function f with compact support since u is proper (for the definition of the
differential operator P(—i0¢) see (2.13)).

Then, for every equivariant form a € AF (M) the integral

Pla) := /M Flae k) (1.2)

defines a G-invariant distribution on g*: for f € C*(g*) with compact sup-
port, the value taken by P(a) on f is the integral on M of the differential form
fg* F(aeh)(€) f(€). Next we show that the map P : A% (M) — M~(g*)¢ fac-
tors in cohomology and induces the pushforward map P : Hg, (M) — M~>(g*)%.
In fact, the space M~>°(g*, M)© carries a derivative 75, with D? = 0, and for the
Jocalizations’ of P () we will work directly on the complex (M ~>(g*, M)%, D).

We end up Section 2 with a first illustration of the usefulness of our method.
With the assumption that the group G is a torus T' and that a component (i, 3)
of the moment map is proper, we obtain easily a refinement of the Berline-Vergne
localization that extends previous results by Prato-Wu and Guillemin-Lerman-
Sternberg [14, 33]. For every o € H.(M), we have a locally finite decomposition
Pla) => pcur D', where each distribution D% is tempered and depends only
on the values of «, 2 and p on the connected component F' of fixed point set
MT.

In Section 3, we are interested in the local behavior of the distributions
P(a), o € HE(M). Concerning the behavior near 0, we first show that there
exists a compactly supported equivariant form Pg which completely describes
the pushforward P(«) near 0 (see Proposition 3.8). When 0 is a regular value
of u, the computation of Pg leads to a new proof of the Jeffrey-Kirwan-Witten
formula. Concerning the behavior near a coadjoint orbit O = G.£, we show in
the same way that the pushforward is completely determined by a compactly
supported equivariant form Pg\?ﬁ (see Proposition 3.17). This fact is crucial to
prove an induction formula which generalizes previous results of [9, 35]. This
induction holds in the entire slice U, through the point £ of O (see Proposition
3.13), and shows that the pushforwards P(«) are analytic on the open subset
of regular values of u.

In Section 4, our aim is to compute the equivariant forms Pg, P% when 0
or £ are not necessarily regular values of u. Our purpose is also a global formula



for the pushforwards P(a). We show that the distribution P(«a) is always a

locally finite sum
=) 95 (1.3)
BBy,

in tempered distributions, where B, C g* indexes a decomposition Cr(|u[|?) =
Ugen,, Cg with M(Cg) = G.. Moreover, each tempered distributions CD; is
supported on {£ € g*, ||| > ||5]|}, and is described by means of an equivariant
form P; which is supported in a compact neighborhood of the component C’g
of Cr(||p||?) (see equation (4.45)). We will see that, under suitable conditions,
the tempered distributions C‘DZ can be computed explicitly.

One interesting example is the case where M is a closed coadjoint orbit of a
connected semi-simple real Lie group S. Let G be a maximal compact connected
subgroup of S. The action of G on M is Hamiltonian and the moment map
p: M — g* is proper. One can show that |’ M e defines a tempered generalized
function on g (see [10]): thus the pushforward P(1) is equal to F( [,, ¢*’s). On
the other hand we prove in [32] that the set Cr(||u/|?) is just a G-orbit in M
(in particular B, is reduced to {fp}): the pushforward P(1) is then equal to
’D;O (see (1.3)). Using this technique we were able in [32] to compute the
generalized function [}, e¥%  extending by this way previous results of Duflo-
Heckman-Vergne [9, 10] and Sengupta [34].

The central result of the section 4 is a symplectic induction formula (see
Theorem 4.5) that provides a tool to compute the generalized equivariant forms
PY, )\5, and P these G-equivariant forms are induced by generalized T-
equivariant forms (Where T is a maximal torus of ), and we show in sub-section
4.3 how to compute these T-equivariant forms using a shift of the moment map
(see Definition 4.12).

In Section 5, we determine, for a Hamiltonian action of a compact Lie group
on a compact manifold, the global behavior of the partition functions in a way
conjectured by Witten [36]. This extends previous results by Jeffrey-Kirwan
[23]. In particular we prove the following statement.

Corollary 5.2 There exist smooth functions hg : R — R, such that

9 . 2
/ e dmy = ()7 Y B gV, w0,
M

BEB,

where dmy, is the Liouville measure &r. Moreover each function hg is uniquely
n!* g

determined by the local behavior of Q0 and p near the component C’G of Cr(||u]|?),
and the function hg that corresponds to the set CO = 1~ 40) is always poly-
nomial (note that we make no assumption on the reqularity of 0 relative to the
moment map).

Acknowledgments. I am very grateful to Michele Vergne for helpful sug-
gestions. I would like to thanks Ieke Moerdijk for his kind interest. I am also
grateful to Utrecht University for it’s hospitality during the academic years
1996/98.



2 Partition of unity in equivariant cohomology

2.1 Definitions and notations

Let M be a manifold provided with an action of a compact connected Lie group
G with Lie algebra g. We denote by A*(M) the algebra of differential forms
on M (over C), and by d the exterior differentiation. Let A7, (M) be the sub-
algebra of compactly supported differential forms. If £ is a vector field on M
we denote by c(¢) : A*(M) — A*~1(M) the contraction by &. The action of G
on M gives a morphism X — Xj; from g to the Lie algebra of vector fields on
M.

We now recall the different de Rham complexes of G-equivariant forms on
M. For more details see [3, 5, 10, 26].

Let C*(g, A*(M)) be the algebra of forms a(X) on M depending smoothly
on X € g. We note A¥ (M) the sub-algebra of C*>(g, A*(M)) consisting of
the G-invariant elements: these elements are called equivariant forms with C*°
coefficients. Let A% (M) C AF (M) be the sub-algebra of equivariant forms
a(X) depending polynomially on X € g. The differential D on AZ (M) is given
by the equation

Va e AZ(M),  (Pa)(X) := (d - c(Xn))((X)), X €g.

We see that A% (M) is stable under D, and that D? = 0 on A (M). The coho-
mologies associated to (AL (M), D) and (AF (M), D) are denoted respectively
HE(M) and HE (M).

The algebra AZ (M) has a sub-algebra AZ (M) := C>(g, zpt(M))G,

stable under the differential D. The cohomology associated to (A ., (M), D)

is called the G-equivariant cohomology with compact support and is denoted
by Hf’cht(M ).

For our purpose we need equivariant forms with generalized coefficients. For
a more precise description see [26].

The space C~*°(g, A*(M)) of generalized functions on g with values in the
space A*(M) is, by definition, the space Hom(1.(g), A*(M)) of continuous
C-linear maps from the space 1M.(g) of smooth compactly supported densities
on g to the space A*(M), both endowed with the C*°-topologies. We define

AGX (M) = ™% (g, A"(M))“

as the space of G-equivariant C~*°-maps from g to A*(M). An element of the
space A (M) is called an equivariant form with generalized coefficients. The
image of ¢ € M.(g) under a € C~*°(g, A*(M)) is a differential form on M
denoted by < a, ¢ >g.

We see that AZF (M) C A;> (M) and we can also extend the differential
D to A (M) [26]. Take a basis {E',---,EP} of g, and {E1,---,E,} the
associated dual basis of g*. Let {X1,---,X,} be the corresponding coordinate
functions on g. For every v € A, (M),

p

<DMO),p>g=d<7,¢ >4 — ZC(E]]T/I) <7, Xpp >y forevery ¢ € m.(g).
k=1



We verify that D? vanishes on A (M). The cohomology associated to
(A5 (M),D) is called the G-equivariant cohomology with generalized coeffi-
cients and is denoted by H ;> (M ). The sub-space A7 (M) := C~>(g, sr(M))E
is stable under the differential D, and we denote by Héi;t(M ) the associated
cohomology.

Let M~%°(g*, M) be the space of distributions on g* with values in the space
A*(M). More precisely, it is the space Hom(CZ,(g), A*(M)) of continuous C-
linear maps from the space of smooth compactly supported functions CZ,; (g*) to
the space A*(M), both endowed with the C*°-topologies. We can also define a
derivation D on M=>°(g*, M) in the following way. For every v € M~*°(g*, M),

the distribution D(~) is defined by the equation

p
<DO), f >gi=d <7, f>g +i Y dEy) <7,08,f >
k=1

for every f € Coy(g*). In this equation we denote by 0¢ : Co(9™) — Copi(g”)
the partial derivative associated to every & € g*. One can easily check that

D2 = ( on the subspace M~ (g*, M) of G-invariant distributions.

For every open subset U of g*, we denote by M~°°(U/) the space of distri-
butions on U with complex values. If I/ is a G-invariant subset we can consider
the subspace M~(U)¢ of G-invariant distributions. Recall that the inclusion

2 (U)E — C5,(g%)¢ induces the restriction map M~ (g*)¢ — M~ (U)°.

For any compact Lie group G, and any Lebesgue measure dX on its Lie
algebra, we denote by vol(G, dX) the volume of G for the Haar measure on G
compatible with d.X.

2.2 Partition of unity

For more details see Section 3 of [31].
Let A € AY(M) be a G-invariant 1-form on M. We note ® : M — g* the
G-equivariant map defined by

(@r(m), X) = An(Xnr(m)), meM, X €g.

Lemma 3.1 of [31] tells us that the equivariant form DA(X) = d\ — (®,, X) is
invertible outside {®, = 0} in the space of generalized equivariant forms. For
each G-invariant differential form y.+ on M, equal to zero in a neighborhood of
{®) = 0}, we can define xezt (fooo ie_itDAdt) € A;° (M), and this equivariant

form satisfies -
Xext (/ ieit,DAdt> D)‘ = Xext
0
in A;>(M).

Let x € C®°(M)%, equal to 1 in a neighborhood of {®, = 0}. Then the
form dyx is equal to 0 in a neighborhood of {®) = 0}, and we can define the
equivariant form



Py =x +dx ( /0 b ieitmdt> A€ AZX(M). (2.4)

Recall Proposition 3.3 of [31].
Proposition 2.1 The equivariant form Py is closed, and we have the identity
1y =Py +D(9) (2.5)

where § = X)(Jo i ie U PAA)N € A (M) and 1y is the constant function
equal to 1 on M

We use the phrase “partition of unity” to refer to the equality (2.5).

In practice we will decompose the equivariant form P from a partition of
{®, = 0} into closed subsets.

A subset C C M is called a component of {®) = 0} if there exists a G-
invariant neighborhood U of C' in M such that U N {®) = 0} = C. These
conditions imply that oU N {Py =0} =0 (x).

Definition 2.2 A G-invariant open set U of M which satisfies (x) will be call
good for the 1-form X: it intersects {®) = 0} in the interior of U.

If we start with a good open set U for the 1-form A, the intersection UN{®, =
0} is a component (perhaps empty !) of {®, = 0}.

Definition 2.3 Let U be a good open set for the 1-form X\, and C = UN{Py =
0} be the corresponding component of {®) = 0}. We denote by PZ; (or Pi) the

equivariant form
o
P;{ =X, +dx, (/ ie_ltDAdt> A,
0

where x,, 15 a G-invariant real function on M, equal to 1 in a neighborhood of
C, and with support in U.

Remalz‘lk 2.4 If the open set U is relatively compact in M, then the equivariant
form Py has a compact support on M.

Remark 2.5 The cohomology class of Pi\{ does not depend on the choice of the
function x,, .

Consider an open covering {®) = 0} C U;U;, where the open sets U; are
G-invariant. Suppose furthermore that U; "U; = 0 if i # j. Then the open sets
U; are good for the 1-form A and

Ui
Px=> Py. (2.6)

The precedling sum is well defined, even if it is infinite, because the equiv-
ariant forms P," have disjoint supports. In practice, the equation (2.6) enables
us to study the equivariant form P in the neighborhood of each component of

(@5 = 0}.



2.3 Deformation process

We will reformulate Proposition 3.11 of [31] in a more general context .
Consider two G-invariant 1-forms Ag, A; on M, and a G-invariant open set

U of M.

Proposition 2.6 Suppose there exist a smooth map f : M — g and a real
p > 0 such that the functions, lg = (P, f) and ly = (P, f), are bounded from
below by p on OU. Then, the open set U is good for Ao and A1 (see Definition
2.2), and

Py =Py,  in HZZ(M).

Proof : By an averaging over G, we can suppose that the map f is G-
equivariant. Then the real functions [y and [y are G-invariant. Consider the
G-invariant 1-forms Ay = sA; + (1 — s)\g, s € [0,1]. The equality (®,,, f) =
sli + (1 — s)lp shows that

{@ASZO}C{ZQhSO} for 0<s<1.

The open set U is good for every 1-form Az, because the function lgl; is
strictly positive on 9U. Consider a (smooth) cut-off function g : R — R, equal
to 1 on the interval {z € R, = < p?/3} and equal to 0 on {z € R, = > p?/2}.

Let x be the G-invariant function on M, equal to g(lol1) in U, and equal to
0 outside U. It is a well defined smooth function because g(lpl1) is identically
0 in a neighborhood of dU. It follows that the sets {®,, = 0} NU are included
in the interior of {x = 1} for every s € [0, 1].

Then, we can define the equivariant forms PZ;S = x + dx( fooo ie DA dt) \
for every s € [0,1]. If we take the derivative with respect to s, we have

o

_ > DA, B DA B
2 —dx(/o te dt)D()\l )\0))\8+d><</0 ie dt)()\l o) -

The first term of the RHS of this equation is equal to
D (—dx(/ t e*itmsdt) (A1 — Ao)/\s> + dx(/ t e*itmsdt>D/\s(A1 — o)
0 0

and an integration by part shows that dx(fooot e tPXaDN, =

—dx ([, ie7#¥PAsdt) (x). More precisely, we have dx(fooote_‘tDASdt) =

limg o0 dx< foa te*itDASdt> and an integration by part (of smooth equivari-

ant forms) gives (foate_itp)‘sdt)D)\s = fge DA — iy e ¥PAs(t, Ya € R.

Taking now the limit a — oo, we get the equation (x): we just use that

limg oo ae @Prsdy = 0 in A (M) because dy = 0 in a neighborhood of
Thus we find

aPZ;\{ o —it DA
W_D<d><</0 te dt>>\0>\1> :

After integrating this last equation on [0, 1], we get le — P;{O = D(0), with
0ec A2 (M). O



Remark 2.7 If the open setU is relatively compact in M, Proposition 2.6 holds
if the function lg and 1y are strictly positive on OU. In this case, the equality
Y, =P, holds in HGS,(M).

2.4 Generic form near a smooth component

In this section, we want to give a generic form of Pi near a smooth component
C of {®) = 0}. Then a good neighborhood of C'in M is modeled on the normal
bundle NC = (T M‘C)/T C.

We work now with the following data. Let ¢ : V — C be a G-equivariant
real vector bundle on a compact G-manifold C. We denote by i : C' — V the
0-section of V. We suppose that the fibers of V are oriented. Let A € A(V)
be a G-invariant 1-form on V such that {®, = 0} = C. Denote by Pi the
generalized equivariant form defined by A in a neighborhood of the 0-section in
V (see Definition 2.3).

Integration along the fibers of V defines a morphism
[ Hamm —mee)
v/C

that can be extended to equivariant forms which are rapidly decreasing in g-
mean. Recall Definition 2 of [7].

Definition 2.8 The differential form o € C~*°(g, A*(V)) is said to be rapidly
decreasing in g-mean if, for every test function f on g, the differential form
< a(X), f(X)dX >4 on V is rapidly decreasing along the fibers, as well as all
its derivatives, and such that, moreover, the map f —< «a(X), f(X)dX >4
s continuous, with respect to the natural semi-norms on the space of rapidly
decreasing differential forms.

We denote by AT o rapia(V) the space of G-equivariant differential forms
on V which are rapidly decreasing in g-mean. The equivariant coboundary D
maps Ag7 unrapia(V) into itself. We denote by Hg 7 . rapia(V) the corre-
sponding cohomology.

For every a € Agﬁeanfmpid(]/) the integration fV/C a along the fibers of V

defines an equivariant form of A;>(C') by

< (/V a )(X),f(X)dX >g::/ < a(X), [(X)dX >4 € A*(C)

/C V/C

for every test density f(X)dX on g. The integration fv e commutes with D
and so defines a morphism

/ : Ha,osmean—rapid(v) - HEJOO(C) .
v/C

Let Thomg(V) € H (V) be the G-equivariant Thom form with compact
support of the G-vector bundle V (for an explicit description see [11, 29]).



Proposition 2.9 Suppose that the 1-form A is homogeneous on the fibers of
V, with a strictly positive degree of homogeneity. Then the closed equivariant
form e *PA belongs to A&c’;ean_mpid(V) and we have the following equality in

He™(C)
/ Pi :/ e PN
v/C V/C

Hence, for every closed form n € AZ(V), we have

n Pi =q" <z*(n)/ e_iD)‘> Thomg(V) in Hgo, (V). (2.7)
v/C

Proof : If the 1-form )\ is homogeneous, the map @ : V — g* is homogeneous
on the fibers of V, and the fact that {®) = 0} = C implies (%) [|®y(m,v)|| >
c[v||*, (m,v) € V, for some ¢ > 0, where k > 0 is the degree of homogeneity of
A (where || - || is a norm on the bundle V). Then for every test density f(X)dX
on g, the differential form < e '"PX(X), f(X)dX > = e A F(—®,) is rapidly
decreasing along the fibers of V ( f is the Fourier transform of f relatively
to dX). We have shown that the closed equivariant form e *P* belongs to

Aaf;zean—rapid(v)'
Let x € Cop(V) be a G-invariant function, equal to 1 in a neighborhood of
C. We define the following G-equivariant forms on V

1
040:)((/ e*itDAdt)i)\ € AT V),
0
and ~
a; = (1-— X)(/ e_i“”‘dt)i)\ e A(V).
1

The equivariant form «y is well defined because 1 — x = 0 in a neighborhood
of C. We verify that Dag = dx(fol e*itD’\dt) iX — x(e7*P* — 1) and Da; =

—dX(floo efiw)‘dt> iA (1 —x)e P, Hence we have

¢ —iDA
P)\ —e ! :D(ao—al) . (28)

To conclude the proof, we just need to show that fv /C(O‘O — a1) exists and

defines an equivariant form in A;°°(C). This is clear for fj, /¢ @ because ag
has a compact support on V.
For every test density f(X)dX on g we have

< ar(X), FX0AX > | = (=x@)( [ e Ftma@hde)in, v e v,

With the inequality (), we get, for any integer N, the following: |f(—t ®(v))| <
en(1 4+ tv]|*)™™, t > 0, v € V. Each component of the differential form
(t,v) — e~ 4 ) is bounded by a function of the form P(t,|[v||), where P is a

10



polynomial in both variables. Take now a polynomial P(z,y) with total degree
less than n. Then for every v € V with |[v|| > 1, we have for N big enough

(/ P, vl dt‘ < cst| |"/oo < est! !
cst||v ———dt < cs —— -
(L +t[v]|*) ol (L+ )N (L + [JolfF)N=2n=t

We have finally shown that the differential form < aq(X), f(X)dX > is rapidly
decreasing along the fibers of V. We see in the same way that all the derivatives
of < a1(X), f(X)dX >4 are also rapidly decreasing along the fibers, and so that
the G-equivariant form «q on V is rapidly decreasing in g-mean. We can now
integrate along the fiber the equality (2.8), to get

/ Pi-/ e—im:D(/ ao—al) in AZ(C) . (29)
v/C v/C v/C

The Thom isomorphism tells us that for every n € H,% (V) we have n =

q*(fwc n) Thomg(V). Using now the fact that for every n € H;>(V), we have
fwc(n. Thomg(V)) = i*(n), the equality (2.7) results from (2.9). O

2.5 Fourier transform and pushforward

The idea of this section goes back to the paper [35] (see section 1.1).
We denote by A, (g, M) the space of tempered generalized functions over

g with values in A*(M), and by M, (g*, M) the space of tempered distri-
butions over g* with values in A*(M). Let F : A, 00 (9, M) — M0 (g%, M)
the Fourier transform which assigns to each ¢ € A0 (g, M) the tempered
distribution F(¢) such that

[ €070 = 6(x). (2.10)
.

We verify that the Fourier transform commutes with the differential D and D.
For every ¢ € A0 (g, M), we have

FoD(¢) =DoF(e) . (2.11)

We say that a distribution v € M~>°(g*, M) has a compact support in g*-
mean on M, if for every function f € Cgy,(g*), the differential form < v, f >
has a compact support on M.

Definition 2.10 For every v € M~>°(g*, M) with a compact support in g*-
mean on M, we denote fM’y the distribution over g* defined by

Vi e Cs(a), </ v,f>g*:=/ <o f g
M M

Lemma 2.11 If v € M™>°(g*, M) has a compact support in g*-mean on M,
the distribution D(7) has also a compact support in g*-mean on M and we have

/ D(y) =0 . (2.12)
M
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Proof : For f € Cx(g*) we have, [, < D(v), f >g= [y d <7, f >g +
1Zk 1 fM ) < 7,0E,f >g. By “Stokes” argument the first term of the
RHS is 0, and each integral [, c( Eﬁ) < 7,0, f >g is also 0 because the
differential form C(E]’f/[) < v,0E, f >4 does not have components of maximal
degree. [

Suppose that the manifold M is equipped with a symplectic 2-form €2, and
that the action of G is Hamiltonian with proper moment map p : M — g*.
Consider the equivariant symplectic 2-form Qg(X) = Q + (¢, X), X € g. By
definition of the moment map p, the equivariant form {24 is closed.

For every polynomial P € S(g*) on g, we shall associate the differential
operator P(—id¢) (with constant coefficients) on C*°(g*) that satisfies

P(X) / e X f(¢)dg = / e NP (—ide) f1(6)de, X € g, (2.13)
g* g*

for every function f € C*°(g*) with compact support. Naturally, this notation
extends for every a € AL(M) C S(g*) ® A*(M); we denote by a(—i0¢) the
corresponding differential operator (with values in A*(M)).

Lemma 2.12 For every equivariant form o(X) € A% (M) with polynomial
dependence in X € g, the form a(X)e*X) belongs to Aermp(8, M), and its
Fourier transform ]-"(aemg) has a compact support in g*-mean on M. The
distm’bution I Flae*®) is G-invariant. When « is closed, the distribution

JuF ae%) depends only on the cohomology class of a.

Proof : Using the equation (2.13), we see that

= ¢ (i) £ (1)),

for every f € Cgy(g*). Then, the differential form < F(ae®h), f >g is sup-
ported in pu~!(support{f}). Finally the properness of x insures that the dis-
tribution F(ae*¥) has a compact support in g*-mean on M. As the form
a(X)e*%(X) is  G-equivariant, the Fourier transform F(ae') is
also G-equivariant, and its integral is a G-invariant distribution on g*. Suppose
now that « is evact: o = Do’ with o/ € A%L(M). Then [,, F(ae®’s) = [,, D
where v = F(o/ emg) has a compact support in g*-mean. It follows from Lemma
2.11 that [, F(ae %) is identically equal to 0. O

meM, <F(ae), f>q

After Lemma 2.12 one can define the pushforward morphism
P HE(M) — M >®(g")° (2.14)
o — / Flae'h).
M
Note that P is a morphism of S(g*)%-modules: for any ¢ € S(g*)” and o €
HE(M) we have P(qa)(f) = q(iag) (P(a)) (&), & € g*. We remark also that

" (dmy) = = [y F( , with dim M = 2n. The rest of this article is
devoted to the study of the G—lnvarlant distributions P(a), o € HE(M).

12



When the integral [ M ae¥ defines a tempered generalized function on g,
we can write [,, F(ae®¥s) = F([,, ae®). It is the case, for example, when o
has a compact support on M. One interesting example is the case where M
is a closed coadjoint orbit of a connected semi-simple real Lie group S. Let
G be a maximal compact connected subgroup of S. The action of G on M is
Hamiltonian and one can show that [ M e*% defines a tempered distribution on
g (see [10, 32] for more details).

The distribution | uF (e¥e) has a useful property of locality. For every
G-invariant open subset U of g*, we denote by ® — ®|;; the restriction map
M=2(g*)¢ — M~®(U)C. Here we have the following equality in M~ (U)%

/M F(aeths)

One can check, as we did in Lemma 2.12, that the restriction [,, F(ce¥)|y
depends only on the cohomology class of a in u~(U).

= / F(aetks) (2.15)
U Ju=ru)

2.6 Induction and restriction of generalized equivariant forms

In this section we give a brief review of results of Kumar and Vergne [26], that
we will use intensively in the rest of this paper.

Let G be a connected compact Lie group, and H a connected Lie subgroup of
G such that G and H have the same rank (in the following sections we take H :=
T a maximal torus of G). We denote by g and h the respective Lie algebras.
We fix from now on an orientation o on g/h (hence the homogeneous space
G/H is oriented) which determines a polynomial square root Y — Ilg/,(Y) :=

det;%ﬂ(Y) of the polynomial function Y — dety/y(ad(Y)) on h. The equality

of the ranks insures that II /b is non zero.

Let M be a H-manifold, and consider the associated G-manifold G x g M.
Kumar and Vergne (see section 5 of [26]) define a morphism

Indg = My (M) — Hg (G x g M) (2.16)

where * means that we can choose * = “compact support” or x = “general
support”. This map is in fact an isomorphism (for a proof see Theorem 52 of
[26]). We recall briefly the definition of this induction morphism.

For every H-manifold M, we first define a G-equivariant map
H
0:C> <G, A*(M)) s AM(G xy M), (2.17)

where G acts by left translations on itself, and H acts on G by right translation.
For the algebra A*(G x g M) we have the natural identifications

A*(G X H M) = A*(G X M)Hfbasic
H
= (G & A OD]inor) -

13



where H-invariants are taken with respect to the action of H by right multipli-
cation on G, left action on M and adjoint action on g* (here g* corresponds to
the space of (real) 1-forms on G invariant by left translation).

Let v be a H-invariant subspace of g such that g = h @ t. Then we have the
inclusions h* — g* — A*(G) and A"t* < [AG*]|g—_pasic — A (G/H). Let v
be the unique element of A™**t* such that

- v is compatible with the orientation of g/bh, and

- fG/H v=1

We denote by hy : A*(M) — [Ah* @ A*(M)] g—hor the horizontal projection
(see Definition 28 of [26]). Using the inclusion At* — [Ag*]g_por the data
(hgr,v) permits to define the H-equivariant map

hir(=) Av s A(M) — [A g ® A*(M)}

H—hor '

After tensoring by C*°(G) we extend this map in the G-H-equivariant map

6> <G, A*(M)) e <G, Ag* ® A*(M)]H,hm).

- H
The map © is by definition the restriction of © to the subspace C* <G, A*(M ))

of H-invariant elements.

Definition 2.13 Let ® € AZ™(M). The equivariant form Indg/p(®) €
AG(G x g M) is defined by the following equation: for every f € Coyy(g),

< Indgp(®)(X), f(X)dX >g= cst ©(g 1< O(Y), f(Ad(g)Y)dY >y ),

vol(G,dX)

with cst = vol(H dy) "

The map Indg g : Ag™ (M) — AZ>(G x g M) commutes with the equiv-
ariant differentials and we still denote Indg g the map in cohomology.

Note that if M is a point, the map © : C*(G/H) — A*(G/H) is the
multiplication by v. Then for every ® € C~°(h) the differential form
< Indg g (®)(X), f(X)dX >4€ A*(G/H) is given by

< Indg/p(®)(X), f(X)dX >4, = cst. < O(Y), f(Ad(g)Y)dY >y vy, (2.18)
for g € G/H.

Let us now recall a result of Duflo and Vergne about generalized equivariant
forms which admit a ‘restriction’ (see Proposition 31 of [10] and Proposition 55
of [26]).

H

Using the identification of A*(G'x g M) with C*° <G, Ng*RA* (M)]H,hor) ,

the restriction map to the neutral element e € G, A*(G xg M) — [Ag* ®
A*(M)] g —hor s @ — Q, defines a morphism

H
AG(G M) — (g [ha" © A (MD))i-hor )
a(X) — ae(X) .

14



Let Ey,---,E, be a basis of g*, and let {E; = E;; A--- ANE;,, I = [i1 <
i9g < -+ <] C[1,2,...,p]} be the corresponding basis of Ag*. In particular,
Ey = 1 generates R C Ag*. For each oo € A;*(G xy M), the form a, can be
decomposed relatively to the basis {Er,I}: ae = > () Er with (ae)iy) €
¢ (g, A"(0)).

We say that a. admits a restriction to b if each component (a.)(;; admits a
restriction to h (see [10] for this notion). We can then define ry(a) := (ae)gln

that is a generalized H-equivariant form on M. This definition extends the
usual restriction map AX (G xg M) — A% (M).

Proposition 2.14 Let a € A % (G xg M) be a closed equivariant form on
G xg M. Assume that a admits a restriction to . Then

Indgyp (Tlgyyro(@)) = (=2m)~%mG/MD2 0 in HE=(G x g M) .

Remark 2.15 There is a basic way to know if o € A% (G xyg M) admits a

)

restriction to h. Suppose there exist a® € A%"’*(G xg M), a>0, such that

- lim, o a®* = a, and

- the (usual) restriction afl, € C®(h,Ag* @ A*(M)) converges in
C=>(h,Ng" ® A*(M)) when a — oo. In particular ry(a®) € Af (M) con-
verges in Ay (M) when a — 0.

Then the 7equz'vam'ant form a admits a restriction to b and we have ry(a) =
limg o0 75(0).

If the H-action on M comes from a G-action, we have a natural projection
map 7 : G xXg M — M, [g,m] — gm , which makes G x g M fibered over
M with (oriented) fiber G/H. The integration along the fiber, [, /pr» defines a
morphism

/ tHG (G xg M) — H X (M) .
G/H
Definition 2.16 For every G-manifold M, the induction map
ind;, : Hp?o (M) — HG (M)
is by definition the composition of Indgy : Hyy (M) — Ho3 (G x g M) with

the morphism [,y : HeX (G xuw M) — H7 (M)

_G
For every f € C*°(g), we denote by f the G-invariant function on g defined
by the equation

7 = /G f(Ad(9)X)dg, X e, (2.19)

where dg is the normalized Haar measure on G ( [ dg = 1).
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When the manifold M is a point the induction map indZ G (/) L
C~>(g)¢ is defined by

< ind}, ()(X), f(X)dX > ggg 2)12 /G/H< B(Y), f(Ad(g)Y)dY >y v,
N gggfg <O)T [p(V)Y >, (2:20)

for every f € C(g). The first equality comes from (2.18), and the second one
comes from the H-invariance of ®. .
Using the Weyl integration formula, we see in particular that indH(Hz /b) is

[Wi|
Wy

equal to the constant function where Wy and Wy are the respective Weyl
groups for G and H.

The induction map indZ is functorial in the following way. Let ¢ : M — B
be a G-equivariant fibration of G-manifolds, and suppose that the fibers are
oriented. We get a map in cohomology . : Hg o (M) — Hg 7 (B) which
corresponds to the integration along the fibers of . We have the following
commutative diagram

G
ind
Higopt (M) L H o (M) (2.21)
¢'* w*
. .G
oo 1ndH oo
Hi1ept(B) Mo, (B).

The diagram (2.21) will be frequently used in the case where B is a point,
and M is oriented. Then the map 1, is the integration map [ o and the
diagram (2.21) becomes

G
ind
Higopt (M) L H (M) (2.22)
Ju Jur
- i indH 700 .
C(b) C—(g)C.

In the case where ]C\;4 is just a H-manifold we have also a relation between
the induction map ind,, (defined for a point) and Indg/ g (defined between M
and M := G xg M). The following commutative diagram summarizes this
relation
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H i ept (M) Heoo (M) (2.23)
f]M f/\/l
indi
C=(h)! ————=C"(g)¢

Using the commutativity of the diagram (2.23), and Proposition 2.14, we
get

Corollary 2.17 Let a € Ay (M) be a closed equivariant form on M :=

G xg M. Assume that o admits a restriction to . We have then the following
equality in C~>°(g)%:

M M

(See (2.20) for the definition of the induction map indZ :Co(p)H — Cc(g)“.)

Induced metric on G xg M

Let || - || be a G-invariant Euclidean structure on g. We denote respectively
by pry/, and pry the orthogonal projections g — ht and g — h. Let (,,.),, a
H-invariant Riemannian metric on M. Associated to this metric on M we have
a natural G-invariant Riemannian metric on M := G x g M which is defined
by the following equation

Xt + vl [g:m] = llpre/n(9 Xl + llpro(g™ X)nrlm +vmll3, o (224)

for X € g and v, € Ty, M. Here we use the identification between T/, ,,,) M

and (TyG x T, M) / ~, (~ is the relation of equivalence coming from the

H-orbits in G x M).
This induced metric on M will be used in the following sections.

2.7 The pushforward via the Berline-Vergne localization

Here we extend the calculus of section 5.2 of [31] to the case of (possibly) non-
compact manifolds. In this situation we will see the usefulness of the techniques
developed in this section. We consider the case of a Hamiltonian action of a
(compact) torus on a symplectic manifold (M,Q). Let u : M — t* be the
corresponding moment map. We work with the following assumption.

Assumption 2.18 We suppose the existence of 3 € t verifying the following
conditions:

-MP=MT.

- the function (i, ) : M — R is proper and bounded from below.(x)
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Remark 2.19 In [33], E. Prato and S. Wu take the same condition (%), but
suppose furthermore that MT is finite. The reqular elliptic orbits of simple real
Lie groups S, equipped with the Hamiltonian action of a Cartan subgroup T of
S satisfy these assumptions (see section 4 of [33]).

Let (.,.)m be a T-invariant Riemannian product on M. The partition of
unity in equivariant cohomology 137 = P+ D(d) (see subsection 2.2) is defined
here with the T-invariant 1-form

A= (ﬁMa-)M .

The partition of unity gives for every closed form o € A}(M ) the decom-
position ae’* = Pyae' 4 D(5ae*™), where the equivariant forms Pyae** and
Sae*™ are tempered.

Proposition 2.20 Let a(X) be a closed equivariant form depending polyno-
mially on X € t. The distributions F(Pyae*) and F(6ce*™) have a compact
support in t*-mean on M, and we have the equality of distributions over t*

/M Flae'™) = /M F(Prae™) .

Proof : Take f € Co,(t") with support in a ball of radius A. We have

< FPrae'™), f >¢ |m = x(m) < F(ae™), f > |m
+dx(m) </0 je A [a(=i0¢) f](tPA(m) + p(m)) dt) Ajm - (2.25)

We already known that the first term of the RHS of this equality has a
compact support. For every m € M, we have the following inequalities

[t@A(m) + p(m)|| = [|BII7 (t@a(m) + p(m), B) = 187 (u(m), B),

because (®y,3) = ||Bum||> > 0. These inequalities show that the second term
of (2.25) is supported in {(u, 3) ! ([—o0, ||3|4]) and so is compactly supported
(see Assumption 2.18). We use the same argument to show that F(5ae®)
has a compact support in t*-mean on M. If we apply equality (2.12) to the
distribution F o D(dae®) = D o F(dae™) we find that

/M Flac®) = /M F(Prae™) + /M F(D(dae'™))

= /f(PAaeiQ‘).
M

O

The moment map being proper, each connected component F C M7 is
compact and we decompose the equivariant form

Py = Z Pr,

FcM”T
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where the equivariant form Pp = yp + dXF(f ie ¥ PAdt)\ is supported in a
arbitrary small neighborhood of F. Let 0 < ¢ << 1, and for every F ¢ MT
take xp supported in {m € M, ||u(m)—pu(F)|| < e}. Using the equality (2.25),
we see that for f € Coy(t*) supported in a ball of radius A, the differential form
< F(Praet), f >u# 0 only if (u(F),3) < ||8][(A+¢) (x). The properness of
{1, B) tells us that for every A, there exist a finite number of F € M7 verifying
(*). Finally we see that for every f € C25,(t*), we have < F(Praet), f >p=
S eyt < F(Prae™), f >, where the sum of the RHS is in fact finite. Hence

we have a locally finite decomposition

F(Prae't) = /TPFozelﬂ‘
[ - ¥

In the second equality we can intertwine the integral and the Fourier trans-
form because each equivariant form P pae®? has a compact support on M. Let
Nr be the normal bundle of F'in M. In Section 4 of [31], we have defined an in-
verse Eulgl(N r) € H;7°(F) of the equivariant Euler form Eul(Ng). Corollary
3.10 and Theorem 5.1 of [31] show that, for every closed form n € A (M)

[ Prn= [ it Bu )

where ip : F' — M denotes the inclusion. In Section 4 of [31], we show that
the Fourier transform of Eulgl(N r) is a locally polynomial density supported
by the half space {¢ € t*, (£,3) > 0}, with values in the characteristic classes
of NF.

Theorem 2.21 For every closed equivariant form o € A%(M), the distribu-
tion [,; F(ae™) is a locally finite sum [,; F(ae ) =3\ r Df where the
distributions

@; = 5H(F) * F </ eiQFZ';ﬂ(Oé) Eulgl(Np)>
F

are tempered and are supported by the half-space {{ € t*, (£ — u(F),[) >
0}. Here, 6,(py denotes the Dirac measure in p(F) € t*, and “” denotes the
convolution product.

If we take @ = 1 in the last theorem we have the following decomposition
of p.(dmp).

Corollary 2.22 We have the following equality of locally polynomial measures
on t*:

peldmp) = Y dmp(8),

where each locally polynomial measure dmp = iln(s,u(F) [ eiQF]:(Eulgl(Np))
is tempered and supported by the half-space {£ € t*, ({ — u(F),B) > 0}.
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3 Local behaviour of the pushforward

In this section we assume that a symplectic manifold M is provided with a
Hamiltonian action of a compact connected Lie group G with Lie algebra g.
We denote by €2 the symplectic form on M, and suppose that the moment map
relative to the G-action, u : M — g*, is proper. Our purpose is to describe
the local behaviour of the distributions [, F (¥ that we have introduced
in the previous section.

With the use of the partition of unity, we show, in the first subsection, that
there exists a closed equivariant form P € A opt(M) equal to 1 in a neighbor-
hood of ~1(0) such that [,, F(ae*ts) = F([,, Plae’) in a neighborhood of
0. When 0 is a regular value of u, the computation of Pg leads to a new proof
of the Jeffrey-Kirwan-Witten formula.

For the study of the pushforward near a coadjoint orbit O = G.£, we prove in
the second subsection an induction formula that holds in the entire slice through
&. The proof use the fact that there exists a closed equivariant form P; €
Acoi(M) equal to 1 in a neighborhood of p1(0) such that [;, F(ae) =
]:< S P;aemg) in a neighborhood of O.

In the next chapter we will show that, under suitable conditions, the equiv-
ariant forms P and P; are induced by T-equivariant forms that have the
good property to be computable in terms of equivariant Thom forms supported
in the neighborhood of submanifolds, and inverse of equivariant Euler forms
(see sub-section 4.3).

3.1 Jeffrey-Kirwan-Witten formula in the non-compact setting

If 0 is a regular value of the moment map u, we shall consider the symplectic
orbifold M,.q := p~1(0)/G with the symplectic form 2,4, called the Marsden-
Weinstein reduction of M.

Let Hg (M) be the equivariant cohomological algebra, with C*° coefficients,
of the manifold M. The Kirwan map k, : HZF (M) — H(M,eq) is the com-
position of the restriction map from HX (M) to HE (1 1(0)) and the natural
isomorphism from HX (1 ~1(0)) to H(Meq). In fact the (usual) Kirwan map
K}, : HE(M) — H(M,eq) factors through the map k,: we have k|, = k, o7 where
T :HE(M) — HE (M) is the morphism of extension of coefficients. When M
is compact, the map k. is surjective (see [25]), and thus k, is also surjective.

Let Qg(X) := Q+ (1, X), X € g be the equivariant symplectic form. The
Fourier transform is defined by the equation (2.10).

Theorem 3.1 (Jeffrey-Kirwan-Witten) Suppose that M is compact, and
0 is a regular value of . Let n(X) = a(X)e*X) ¢ HP(M) where a(X)
is a closed equivariant form depending polynomially on X € g. Consider the
Fourier transform F( [y, n) of [;n. Near 0, the generalized density F([,,n) is
a polynomial density P(£)d¢ and

PO) = () [

red
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where |S,| is the cardinal of the generic stabilizer of G on p=1(0). In this
formula, dX is the Euclidean measure on g dual of d§, vol(G,dX) is the volume
of G for the Haar measure on G compatible with dX .

When the manifold is not compact the integral | M ae®¥s does not have a
meaning in general, but as we saw in the last chapter, the map p being proper,
we can define the distribution [ uF (ae¥s) and we are going to study it.

Choose a G-invariant Euclidean norm ||.|| on g*. Following Witten [36], we
consider the G-invariant 1-form A defined below.

Definition 3.2 Let A be the following G-invariant 1-form
A= (H, )M y

where H is the Hamiltonian vector field associated to the function |u|®, and
(., .)ar is a G-invariant Riemannian metric on M.

We have
{®x =0} = Cr([|u)?)

because the vector field H is always tangent to the G-orbits in M.

Remark 3.3 For every element ¢ € Z(g) in the center of g, we can translate
the moment map by c, and consider the new moment map p—c. In the same way
we define the G-invariant 1-form \¢ := (H€, ), where HE is the Hamiltonian
vector field associated to the function 3|\ —c||?, and we still have {®)e = 0} =
Cr(|| — ¢||?). Proposition 8.4 and Corollary 3.6 remain true if we consider \°
instead of \.

Following subsection 2.2 (see section 3 of [31]), we define, with the 1-form
A, a partition of unity in equivariant cohomology: 13; = Py + D(d). For every
closed form a € A (M), the partition of unity decomposes the equivariant form
ae®¥s in the following way

et = P)\ozeng + D(&aeigg) .

Proposition 3.4 Let o(X) € AL(M) be an equivariant form depending poly-
nomially on X € g. The equivariant forms Pyae** and Sae’* are tempered
and their Fourier transform F(Pyae¥) and F(5ae*¥) have a compact support
in g*-mean on M.

Proof : Take f € C*°(g*) with support in the ball B(o, A) of radius A. We
have

< F(Prae'), f > g

m = x(m) < Flae®™), f >4

m T
dx(m) (/OOO ie D [o(—idg ) f](tPA(m) + p(m)) dt) Ajm - (3.26)

We know from Lemma 2.12 that the first term of the RHS of this equality
is a differential form with compact support on M. We have the following
inequalities

[E@x + pll* = [l + 2 @A + 26(@x, 1) = ull? (3.27)
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because (®y, ) = ||H[|3; > 0 on M. The RHS of (3.26) is zero at m € M if
w(m) and t®x(m) + p(m) are not in the support of f, for every t > 0. Using
the inequality ( 3.27), we see finally that the support of < F(Pyae'®s), f > is
included in u~!(B(0, A)), and so is compact. We prove in the same way that
f(éaeigg) has a compact support in g*-mean on M. [J

Remark 3.5 IfU is a good open set for the 1-form X\, Proposition 3.4 remains
true for the equivariant form P} -

Now, if we use the fact that F o D(dae®) = D o F(dae%), Lemma 2.11
gives

Corollary 3.6 Let a(X) be a closed equivariant form depending polynomially
on X € g. We have the following equality of G-invariant distributions on g*

/M Flaeth) = /M F(Pyoe't)

Recall Lemma 12 of [35]

Lemma 3.7 Let R be the largest number u such that all &€ € g*, ||£]|? < u are
reqular values of u. Then R is also the smallest non-zero critical value of the
function ||u||?.

Take two real numbers €, r such that 0 < € < r < R. The equivariant
form P) can be decomposed relatively to M. = {m € M, ||u(m)| < e} and
Uyt = {m € M, ||pu(m)|| > r}. The component of Cr(||u||?) included in M. is
pH(0).

To simplify the notation, we will write P())\ for the equivariant form PI;IE
and P$** for the equivariant form sz (see Definition 2.3). We have decom-
posed the equivariant form Py = P())\ + P¢¥ . and we will study separately the
distributions [,, F(Pae*¥) and [,, F(P{“ae ).

Proposition 3.8 The support of the distribution [, F (P aeths) is contained
in {€ € g*, ||€]| > R}, where the constant R has been defined at Lemma 3.7. In
particular, for every closed equivariant form «(X) depending polynomially on
X € g, the following equality of G-invariant distributions on g*

/M F(aets) = .7-"< /M Pgaeigg) (3.28)

holds in the open ball By(o, R).

Proof : The equivariant form Pi“t has been defined with a choice of real
r such that 0 < ¢ < r < R and a function you € C®(M)Y with support
contained in {m € M, |u(m)| > r}. But the distribution [, F(P{“ae")
does not depend on this choice. If we take another r' and x/,, which define
P we have P{" — P$“ = D(§') (see Proposition 3.3 of [31]) where the
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generalized form F(8'ae'*) has a compact support in g*-mean on M, hence
[ FPMaeh) = [}, F(PSH aeis).

Take f € Cgpy(g") with support in a ball B(o, A) of radius A, and compute
the differential form < F(P$“!ae%), f >g as in the equation (3.26). This
differential form is not equal to 0 at a point m € M, only if

- Xout(m) # 0 and p(m) is in the support of f,

or

- dXout(m) # 0 and t ®(m) + pu(m) is in the support of f for some ¢ > 0.

Because ||t ®)+p|| > ||u]| for every ¢ > 0, both of these conditions imply that

support{Xout} Nu~" (B(o, A)) is not empty: in particular A > r. This shows

that the differential form < F (P?\Utaeiﬂg), f >g-= 0 if the support of f is in-
cluded in {§ € g*, ||€|| < r}. We have finally shown that the support of the dis-
tribution [,, F(P{“ce*s) is included in {¢ € g*, [|€|| > r} for every r < R. We
know from Corollary 3.6 that [,, F(ae'¥) = [, F(PQae )+ [, F(P“ae )
in M~>°(g*)¢. Finally we see that [,, F(ae's) = F([,, Plae"’) in the ball
B,(0, R) (we have interchanged the integral [,, and the Fourier transform be-
cause the equivariant form P?\ has a compact support on M). O

We show in Section 4 how to compute the equivariant form Pg\, through an
induction, in the case where 0 is not a regular value of the moment map. Now
we compute the distribution F( [}, PQae’t), when 0 is a regular value of the
map u: M — g*, and show that is in fact a polynomial density.

Since p is regular at 0, there exists, for € > 0 small enough, a G-equivariant
diffeomorphism

¢ : ]\42€ = w 5 (329)

where W is an open neighborhood of p~1(0) in p=1(0) x g*, and pra oy = p
(prg is the projection map pu~1(0) x g* — g*).

Let 0 € A'(u71(0)) ® g be a connection form for the principal bundle
p1(0) — u=1(0)/G = M,eq. We define a G-invariant 1-form v on p~1(0) x g*
in the following way

(mag) € :U'_l(o) X g*a N(m,g) = <O'|maf> . (330)

We see that {®., = 0} = p~1(0), and we define the equivariant form P, with
compact support in {(m,&) € p=1(0) x g*, ||£]| < e}

Lemma 3.9 The equivariant forms P§ and (1)*(P.) are equal in Heoopt(M).

Proof : This is just an application of Proposition 2.6, with the open set
U = M. and the function f = p (where we have identified g and g* via the
scalar product). The functions (®x,p) = ||H||* and (D)« (), 1) = [|p]|* are
strictly positive on 0U, hence are bounded from below by some p > 0 because
OU is compact. Finally

M

M * . —00
P =Py =Py = (@) (Py) in H%,(M).
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Via the diffeomorphism v : Ma. — W C p~1(0) x g*, we have
/ P ol = / _1)*(aemg>
M p=1(0)xg
= / el / P, , (3.31)
p 1(0 g*

where i : p71(0) — M is the inclusion. The equality (3.31) is due to the
fact that the equivariant form P, has a compact support on p~1(0) x g*. The
1-form v is homogeneous along the fibers of g*, then Proposition 2.9 gives

/g* P, = /g e 7 in HG®(wH(0)) . (3.32)

Decompose the connection form with respect to the basis E', E?, .-, EP of
g: 0=, 0rE*. Let S(g) be the symmetric algebra of g. For every P € S(g)
we note P(0x|,) the linear map

Px|,): C*(g) — C

defined by the equation < P(9dx|,), f >= (P(a%)f) (X)|x=0- Letw =3, wpEk
be the curvature of o: w € A?(1~1(0)) ® g. The element e € A" (1~1(0)) ®
S(g) defines the map

e (0x10) ; ¢>(g) —> A (171(0))

that we will note f(w) =< e¥@xlo) f >,

Orientation: The manifold N = p~1(0) x g* is oriented by the symplectic
form of M via the isomorphism 1 (equation (3.29)). The orbifold M4 is
oriented by its symplectic form. We choose the orientation o(u~1(0)) of 1=1(0)
given by the relation o(u~1(0)) = o(Myeq) Aop A -+ A cr. We can verify that
o(N) = o(p=1(0)) AdE' A --- A dEP. This means that g* is oriented by the
volume form dE* A --- A dEP.

Proposition 3.10 For every f € Co(g), we have

op N+ Noy

ol vol(G,dX) ,

< / e PV F(X)dX >g= (2im)P f(w) A
-

where vol(G,dX) is the volume of G for the Haar measure on G compatible

with dX, and vol(G) = vol(G,dE ---dE,).

Proof : This computation is done (with different notations) at Proposition
80 of [26]. O

In another way

—iDy _ (90 W (Oxy) A TN AL —
/g*e (2im)P e o/ A ol(G) vol(G, —) .

Using Propositions 3.9 and 3.10, and the equality (3.32), we can state the
following
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Proposition 3.11 The generalized function fM P)\ e’ is supported at 0 and
we have the following equality

: : N---No
PQ e = (2ir)P / ko(aei®)ew(Ox () 2 2 N IL ) G,—) .
| Phac = (2im) ( [ oloe™) el I

In particular, < [,, Plaes, f(X)dX >g= (2‘?)( <fM kzo(aemg)f(w)) vol(G,dX),
© red
for every f € Coyy(g )€,

We have .7-"<e w(9xlo )Vol( )) € = e Hw: €) degcan /(2m)P, where p =
dimG, and d&" is the Euclidean measure on g* such that its dual measure
dX " on g verifies vol(G,dX ") = 1. Corollary 3.6, Propositions 3.8 and 3.11
give the following

Theorem 3.12 Suppose that 0 is a regular value of the moment map. Let
a € AL(M) be a closed equivariant form. Let R be the smallest non zero
critical value of ||p|[%. On the open ball Bo(o, R) the distribution [,, F(ce %)
1 a polynomial density, given by the equation

1Qg _ (i Qg —i( 75)0’ o1 can
/ F(oe Ok </ul(0) ko(aetts e 1\ 501((;) >d§ .

3.2 Local induction

For every sub-algebra f of g, we denote by Fy : Copn (h) — Mo (h*) the
corresponding Fourier transform (see equation (2.10)). From now on, we fix
a G-invariant scalar product (-,-) on g*. For notational convenience, we shall
identify, for every sub-algebra b, h ~ h* under the invariant inner product (-, -).

Now we want to study the behaviour of the pushforward [, fg(aemg) near
a co-adjoint orbit O of g* by an induction which is closed to those defined by
Vergne in [35] (see section 1.4.) and by Duflo-Heckman-Vergne in [9]. Here,
our induction works even if O is not included in the set of regular values of p,
and moreover, it can be performed on the entire neighborhood G x ¢, U, of O,
where U, is a slice at a point £ € O. For this purpose we use the cross section
theorem of Guillemin-Sternberg [18] (see Theorem 26.7).

Let T be a maximal torus of G with Lie algebra t, and let W := W(G,T)
be the Weyl group associated. We make a choice of a Weyl chamber t* in t*.
Let £ be the unique point in t% such that O = G.§, and let o be the unique
open face of t which contains {. The stabilizer subgroup G¢ c G does not
depend on the choice of ¢ € o, and is denoted G,. Let g, be the Lie algebra
of G, and let g} be the dual vector space.

Following Guillemin-Sternberg [18], we introduce the following G ,-invariant
open subset of g*:

Uy i=Gofy €t} | Gy CGo} =GCGo. | J 7. (3.33)

oCT
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Here {o C 7} is the set of all faces 7 of . which contain ¢ in their closure. By
construction, U, is a slice for the coadjoint action at any & € o (see Definition
3.1 of [27]). This means that the map G x U, — g*, (g,&) — ¢.&, factors
through an inclusion G x¢g, U, — g*.

The symplectic cross-section theorem [18] asserts that the pre-image Y, =
pu~1(U,) is a symplectic submanifold provided with a Hamiltonian action of the
group G,. The restriction uly, is a moment map for the action of G, on Y,
that we denote by y,. Moreover, the set M, := G-Y, = u~ (G x¢g, Uy) is a G-
invariant open subset of M diffeomorphic to G X, Y, (see Remark 3.5 of [27]).
The manifold Y, is oriented by its symplectic form, and G x g, Y, is oriented
by the symplectic form on M. Hence, we get an orientation o for G/G, which
determines a polynomial square root Y — Ilg/, (Y) := de tlﬁ O(Y), Y € g,.
Note that 1,4, never vanishes on the open subset U,.

Let o € AL(M) be a closed equivariant form. The restriction of the
distribution [, Fg(ae’) to the neighborhood G x¢, U, of O is equal to
Tu, Folae®s) € M~2(G x¢, U,)¢ (see equation (2.15)), but in order to sim-
plify the notation we will not distinguish between [, F(ae ) € M~°(g)%,
and its restriction to G x g, U,.

Descent, of distributions on g

We know that we have a one to one correspondence ® — @ ; from
M™®(G x@, Us)® to M™°(Uy)% (see [7], section 5.1) where @y, is defined

by
/GXG Us / Floo (Y 9/90( ) @, (Y)

where, for every f € C%(G xa, Us)¥, we denote by flg, € Co(Us)®" the
(usual) restriction to g,-.

The 2-form © on M restricts to a symplectic 2-form |y, on the submanifold
Y,, and we denote by Qg (Y) := Qly, + (40,Y), Y € go, the corresponding
Go-equivariant symplectic form. We denote by a — rg, (o), HE (M) —
HE opt(Yo) the morphism of restriction for equivariant forms with € coeffi-
cients.

We can now state the main result of this section.

Proposition 3.13 Let a(X) be a closed G-equivariant form on M depending
polynomially on X € g. We have the following equality of G,-invariant distri-
butions on U,

</ fg(aemg)> = cst ! / Fay <7°ga (a)eigw) (3.34)
M [Us] Hg/ga -

with cst = (—i)@™G/Go)/2y0l(G/G,). Here, the volume vol(G/Gy) is computed
with a measure dE'---dE?", where E', ..., E?" is an orthonormal basis of the

orthogonal complement g of g, in g.

Corollary 3.14 For every closed form o € AfL(M), the corresponding G-
inwariant distribution [, fg(aemg) s an analytic density on each connected
component of the open set of reqular values of the moment map.
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This Corollary which is an easy consequence of Propositions 3.11 and 3.13
was already obtained in [35] (when M is compact).

For a@ = 1, one can prove Proposition 3.13 using arguments similar to those
of [9] (see equation (8)). For a general closed form o € AF (M), we reduce the
proof of this Proposition to the proof of Lemma 3.15.

If we see M as the manifold Y(o}, and g as the open subset Uyqy correspond-
ing to the minimal facet {0} of t%, we can rewrite the equation (3.34) for two
facets 7,0 of t such that o C 7. Then, Y; is a G -Hamiltonian sub-manifold of
Y,, G is a (connected) subgroup of G, and the set G, X, U, is an open subset
of U,. We denote by ® — @[, ., M~®(Uy)% — M~>(U,)%", the morphism
equal to the composition of the restriction map M~ (U,)% — M~°(G, xq,
U, )% with the (iso-)morphism of descent ® — P, MTP(Go Xa, U )G —
M=>(U,)% . By definition we have the composition law (@lo) im0l = Plosa)-

Proposition 3.13 applied to (o,7) says that, for every closed equivariant
form a € Ay (Ys), we have the following equality of G --invariant distributions
on U,

( . fg(,(aemg(,o[mﬂ —c(0,7) & 1 / 5 <T9T(a)€ngT) )

go/gr J Y-

with c(o, 7) = (—i)@G/G)2v0l(G, /G).
Lemma 3.15 The equality (3.34) holds on a neighborhood of o.

Lemma 3.15 = Proposition 3.13

Assuming Lemma 3.15, we have to show that the equality (3.34) holds in a
neighborhood of the facets 7, o C 7. Or equivalently that

(( /M fg(aeim)>[{0}70]> N : % </Y0 Foo (rgg(a)eiﬂga» . (3.36)

holds in a neighborhood of 7 in U. If we apply Lemma 3.15 to (o, 7), the equal-
ity (3.35) holds in a neighborhood of 7. Then the equality (3.36) is equivalent

to
(/M fg(ae&”) {ohr Ci_[{i}/;) /YT Ty (Tgf(a)emg*) (3.37)

in a neighborhood of 7. Here we use the relations ¢({0},0)c(o,7) = ¢({0}, 1)
and Ilg/q Ilg /g =g/, . But Lemma 3.15 applied to ({0}, 7) tells us exactly
that (3.37) holds in a neighborhood of 7. [J

Proof of Lemma 3.15

The rest of this subsection is devoted to the proof of Lemma 3.15.

Take now a point { € 0. We have to prove that (3.34) holds in a neigh-
borhood of the orbit O := G.£. For this we define the following 1-form on the
G-invariant open subset M, = G x¢g, Y, of M.
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Let pé : M, — g* be the G-equivariant map defined by the equation

1([g,m]) == g.(o(m) = &), [g.m] € Mo, (3.38)

and denote by H¢ the corresponding vector field on Mg: HE[(g 1y := 1 ([9,m]) M, |1g,m]
for [g,m] € M.

Definition 3.16 We denote by \¢ the following G-invariant 1-form on M :
A= ('Hg, M

A straightforward computation shows that {®,c = 0} = G x¢, Cr(||us —
€]|?), and in particular {®,¢ = 0} contains = 1(0) = G xg, u;'(€).

Let Py¢ be the G-equivariant form on M, defined with the 1—form N (see
Definition 2.4). As in subsection 3.1 we have the decomposition P ye = P! \E —|—PO)\?
where Pfg € A% (M) is supported in a small neighborhood of 4 “L0).
Because M, is an open subset of the manifold M, we shall consider P; as an
element of A5 (M).

Proposition 3.17 Near O we have the equality of G-invariant distributions

/ fg(aeiﬂg) :fg(/ P;aemg) .
M M

Proof : The proof follows the same line than those of subsection 3.1. Let
r > 0 such that the closed ball B.(¢,r) :={z € g%, ||z —&|| < r} is included in
Uy. Then p~Y(G.B.(€,7)) is a compact neighborhood of ;~1(O) in M,. Let
US C g* be the open subset G.B,(&,7) (where B,(€,7) := {x € g&, |[|[x—¢&| < 7})
and take P; with support in p~(U%).

With the 1-form A, we have a partition of unity ae®s = P;aemg +
Po/\?aeng +D(6ce¥s) of G-equivariant differential forms on M. Like in Propo-
sition 3.4, we show that, for each A € {ae*%, P;aemg, P;Ztaemg, Sae} and
cach function f € C5(U*), the differential form < Fy(A), f >g-€ A*(M,) has

a compact support in M, (in fact included in x~(U4¢)). Lemma 2.11 gives, like
in Corollary 3.6, the following equality in M~ (U$)“

/.7-" (™) /.7-" 5046 a ) /.7-" O?ae‘ a) .

out

Now, Proposition 3.8 tells us that the distribution [, Fg Py¢ ael) € MU
is equal to zero in a neighborhood of O. The G—equlvarlant form P; has a com-

pact support on M, which implies [, fg(Pfgaeng) = Fol [y P;aeiﬂg ). O
We will show now that the closed G-equivariant form P; is induced by a
closed G,-equivariant form on Y.

Fix a G,-invariant metric (-,-)y, on Y, and denote by (-, ) rq, the induced
G-invariant Riemannian metric on the manifold M, := G X, Y, (see equation
(2.24)).
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Definition 3.18 Let A5 := (H5, )y, be the Go-invariant 1-form on Y, where
HS is the Hamiltonian vector field of e —&|°. Let P be the Gy -equivariant

form on Y, defined with the 1-form \S ina neighborhood of the component
1z (&) of Cr([lus — €|1%).

Remark 3.19 From now on, the equivariant form Pfﬁ will be defined with the
1-form (H5 , )M, - Using Proposition 2.6, we know that this modification does

not change the class of P;. For convenience, we will still denote by A¢ the
1-form (H&, ), -

The inclusion M, — M of an open subset defines a natural morphism
it(Mo) — A5 (M) on the differential forms with compact support. We
denote by
Indgq, : Ha:f’cpt(Yo) — Haz’yt(M) (3.39)
the morphism equal to the composition of the induction map
Her ot (Yo) — Hg (M) (see subsection 2.6) with the natural morphism
Haz’?t(/\/lg) — H&E)t(M).

Proposition 3.20 The closed G-equivariant form Pf& € Agopt(Mo) admits a
restriction to g, equal to Pg € Aajocpt(yo)' This gives the following equality

o —di /200 _
Indgq, <Hg/go P¢rg, (77)) = (—2m) #m(G/Go)/2 Pyn in HG,Oc(;)t(M) )
(3.40)
for every n € HF (M). In particular, we get

o m . . G o
/ POy = (—2m)im(G/G)/2 i (Hg/go/ PZrg, (1)), (3.41)
M Ys

for everyn € HE(M). (See equation (2.20) for the definition of the induction
0 qC —o0 —o0
map ind, :C (95)% — C~(g)%.)

Proof : If iy : Y, — M, denotes the G,-equivariant inclusion, we see
that i5(A8) = A5, Let x € Cé’;t(MU)G be the function coming from a G,-
invariant function x’ on Y,, where ' is with compact support, equal to 1 in a
neighborhood of 17 1(€), and support{x’} N Cr(||us — &||?) = p;1(€). Then the
function , which verifies support{x} N{®,c = 0} = G x¢g, p, ' (£), defines the

closed G-equivariant form @ := y+dx ( fooo je—it DA dt> A& which is equal to P;
in Hg 7 (M). We are now in the situation of the Remark 2.15. We have @ =
lim, oo Q% with Q% := x + dx (foa ie_itD)‘édt> PO AZ ept(Mo). We verify
that the restriction Q%|q, converges in C~*°(g,, Ag* @ A*(Y,)) when a — oo.
In particular, the equivariant forms 74 (Q%) = x' + dx’ < IS ie_itDAgdt) ) €
A ept(Yo) converge to P{ when a — oc.

This shows that the generalized G-equivariant form ) admits a restriction
to M equal to P¢, and the equality (3.40) is just a consequence of Proposition
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2.14. Using now Corollary 2.17, the equality (3.41] is just a consequence of
(3.40).0

We fix an orthonormal basis E', ..., E?",..., EP of g such that E?"+1 .. EP
is a basis of g,. Let dX = dE'---dEP and dY = dE**!...dEP be the corre-
sponding normalized Lebesgue measure on g and g,. For every f € Co(g) we

denote by fgx(f)(X’) : W f e~ XX £(X)dX the Fourier transform of

f relatively to dX (and in the same way J”:g;). Our Lemma follows from the
relation of Harish-Chandra

9/90 de(f)‘ga = (_2177)7ng;(1_[9/90 f’ga)7 fOI‘ every f € Ccpt( )G7 (342)

where r = dim(G/G,)/2 (see Lemma 15 in [20] or Lemma 3.4.! in [23]).The
formula 3.42 is usually stated and proved when g, = t, but one can see easily
that this case implies the others.

Take now f € C5(g*)“ with support in a small neighborhood of the orbit
O = G.£. Finally, we have the following equalities (after identification of g and

0%; 9o and g;).
(@}
/foze f>g—<]:g</ PAgae >f>g 1]
M

= </MP/\5ae‘Qg,]-"gX(f)dX >a

,» vol(@G)
(=2m) vol(Gy)
)

< [ Prrala)e%r My FX (g dY >o, 12

vol(G

T o iQ
= (_1) VOI(GO—) ‘7:90— (LU Pf Tgo'(a)e Qo>’Hg/gU f|go- >go' [3]

. VOI(G i
- (Vagigh < | e (el ) Mg fle, >e. 0

where vol(G) = vol(G, dX) and vol(G,) = vol(G,,dY’). The point [1] is due to
Proposition 3.17; the point [2] is just the equation (3.41); the point [3] comes
from the relation of Harish-Chandra (see (3.42)) and the point [4] is due to
Proposition 3.8 (applied to the manifold Y, with the Hamiltonian G,-action at
the point £ belonging to the center of g,). This last equality shows that the
equality (3.34) holds in a neighborhood of O, and hence that Lemma 3.15 has
been proved. [

Two kinds of things remain to be done. First we have to compute the
equivariant forms P()]\, PZ in the general case where 0 or { are not necessarily
regular values of the moment map. On the other hand, it will be interesting
to have a global expression for the pushforward. For this we have to compute
the term [,, F(P{“ce¥s). In general, one of the main difficulties in these
computations is the non-smoothness of some components of Cr(||u||?).

!The reader should note that the factor (—i)~ dim(G/1)/2 4 missing in the RHS of equation
3.10 and in the formula of Lemma 3.4. of [23].
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Under suitable conditions we will bypass this difficulty by showing that we
can reduce our problem to a maximal torus of G. In Section 4.3, we will make
the computations in the case of a Hamiltonian action of a torus. In this case, we
can perturb the moment map with a constant e: u. := u—¢e. For generic ¢, the
set of critical point Cr(|u.||?) is smooth. Moreover for small ¢, the perturbation
does not affect the cohomology classes of the equivariant forms PZ;.

4 Reduction to the maximal torus

The notations are the same as before.

Let T be a maximal torus of G, and t its Lie algebra. Let W = N (T)/T be
the Weyl group associated. We have a natural decomposition g* = t*@t*, where
t* is identified with the T-invariant subspace of g*, and t- is the orthogonal
(for the duality) of t. We fix a Weyl chamber t% in t*, and denote by Il
the associated polynomial on t equal to the product of the positive roots. This
choice of a Weyl chamber induces an orientation on the manifold G/T. We
denote by Fy (resp. Fy) the Fourier transform for the tempered G-equivariant
forms (resp. T-equivariant forms).

Notations: Using the isomorphism g* — g coming from the G-invariant
scalar product on g*, we will make no difference between g* and g, t* and t, in
our notations.

We will denote by p, : M — g* the moment map associated with the
Hamiltonian G-action. The action of T is also Hamiltonian, with moment map
py : M — t* equal to the composition of p,, with the (orthogonal) projection
gt — th

We will denote by A, and A, the 1-forms defined respectively with the
Hamiltonian vector fields of ||u1,.||? and ||p. || (see Definition 3.2).

Kirwan [25] gives the following description of the critical points of ||,
Let B, be the collection of points of t defined by the relation g € B, <=
{8 €t} and MP N pZt(B) #0}. We have

I

Crllna?) = | U MPnuz'@) ] (4.43)
BeB,

where M? denotes the submanifold {m € M, By;(m) = 0}. For the critical

points of ||p,]|? we have

Cr(llp 1?) = U MPnp'(8),
peB,.

where B,. is the subset of t defined by the relation 3 € B, <= 8 € tand M®n
p, () # 0.
The Weyl group acts on Cr(||11,.]|?) in the following way: w. <Mﬁﬂ,u;1(ﬂ)) =

M8 N ,u;l(wﬂ) for every w € W. Thus, W acts on B,, and we have B, =
W.(B, Nt%). The inclusions u_'(8) C p -1 (3), B € t* show that B, C B, Nt}.
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Assumption 4.1 We suppose in this section that the moment map .. is proper
(Therefore i, is also proper).

These properness conditions give the following

Lemma 4.2 For each § € B, Cg = G<Mﬁ N ,ugl(ﬂ)) is a non-empty com-
pact component of Cr(||ug|?). In the same way, for each 3 € B,, CZ; =
M8 N pi 1 (B) is a non-empty compact component of Cr(||p,||?).

For each 3 € B, we denote by

Py € AG (M) (4.44)

CG

the closed equivariant form P )\2 defined with the 1-form Ag in a neighborhood

of C’g (see Definition 2.3). The equivariant forms P, P§“* of Section 3.1 cor-

respond here, respectively to Pg and to 267&0 Pg (where the sum is taken on
B,.).
In the same way, for each 8 € B, we denote by

T _
Pﬁ € AT,?;;;t(M)

CT
the closed equivariant form P )\g defined with the 1-form Ap in a neighborhood
of Cg.

Remark 4.3 As anGapplication of Proposition 2.6, we see that the cohomology
T

classes of Pz and Pz do not depend on the choice of the G-(or T-)invariant

Riemannian metric on M.

We have now a global expression for the pushforward.

Proposition 4.4 For every closed form a € AL(M) we have the following
equality in M~ (g*)¢

/M Fylae ) = Z fg(/M Pgaemg> ) (4.45)

peB,,

where the distribution fg(fM P;aeiﬂg) are tempered. The same holds for the

T-equivariant forms. For every closed form o € A% (M), we have [,; F(ae) =
2. peB, ft(fM P;aem‘) in MT(t").

Proof : Because p, is proper, we see that the intersections of B, with the
compact subsets of g* are finite. Like in Prolgosition 3.8, we can show that,
for every 3 € B, the distribution [,, Fy(c Py %) is supported outside the

ball B(o, ||8]]). Then for every f € C25(g*) the terms < [, Fy(a Pgeiﬂg),f >y

are non zero for a finite number of 3 in B,. This fact insures that the RHS
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of (4.45) is a well defined distribution on g* (we have [, g (Pgaeiﬂg> =

.7-"g< f M P;aemg) because Pg has a compact support on M). Using the decom-
position Py . = > 3 PZ, Corollary 3.6 finally gives the equality (4.45). The gen-

eralized function || M Pgaeiﬂg is tempered because the equivariant form Pgaeiﬂg

is tempered and with compact support on M. [

4.1 Symplectic induction

The action of the Weyl group W on the algebra Aiﬁ’cpt(M ) extends naturally
to an action on A7, (M) which commutes with the differential D. For every
v € Ap (M) and w € W, the equivariant form w.7y is defined by the equation

<wy, ¢ >Se=w-, < y,w T -,¢>¢ forevery ¢ € m.(t),

where -, denotes the action of W on A*(M) and -, denotes the action of W on

m.(t). We have defined a closed equivariant form P; for every 3 € B,, and we
know that W acts on B,. A straightforward computation shows that

T T . —
for every w € W and 3 € B,,.

Let ind: t Hy o (M) — Hg% (M) be the induction defined in subsection

2.6. For every v € Hp (M) and w € W, we have indi (wry) = ind: (7). More-
over this map induces an isomorphism between H,.5" (M YW and He (M) (see
Theorem 74 of [26]). So, indi (v) =0in H (M) if and only if 37, ey wy =0
in Hy 3 (M).

For every 3 € B,, we denote by Wy the subgroup of elements of W that

leave (3 fixed, and by |Wp| its cardinal. We can now write the main theorem of
this section.

Theorem 4.5 Let M be a Hamiltonian G-manifold such that the moment map
W, relative to the action of the mazximal torus T is proper. The equivariant

forms P; € A (M), B € B,, and Pg € Agou(M), B € B, are related by
the following equalities in cohomology. For every B € B,

. G T ¢ . _
ind;) (T2, P5) = Wl PG in M5, (M) .
Otherwise, for 3 € B, such that 3 ¢ W.B,,, we have
ind’ (Hg/tP;> = ind? <H§/tP;) =0 in HZZ,(M). (4.47)
Note that the equality ind;; <Hg/tP;) = 0, which is equivalent to

Mg Zwew(—l)wPiﬂ = 0, is trivial if § is not in the interior of 7. For in-

stance, the equality ind;; <Hg /t Pg) = 0 always holds because Pg is W-invariant.
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The identity ind;; <H§ /tP;) = ( is more interesting, and is equivalent to
the following:

g/t Z Pﬁ/_O in HTcpt( )
pew.s

Using the commutativity of the following diagram (see (2.22))

G
indT oo
Hiep(M) HGopt (M) (4.48)
fM fM
s indg o .
C™o(t) ———————=C>(9)".

and the equation (2.20) we get

Corollary 4.6 1) For every 3 € B, n € HF (M) and f € Coy(g)C we have
P; ) (X), f(X)dX >4=cs Py ) (V) I, (V) f|(Y)dY
< () w5 ) SEOAX Sq=cst < ([ al ] ) (V)T (V) F(V)AY >

with cst = |W3 |%, where HE (M) — HF (M), n+— nly, is the restriction

morphism.

2) For every 8 € B, such that 5 ¢ W.B,,, we have

v S (f

ang/)(Y):o i CT(t) |
pew.g

for every n € HF(M).

Before going into the proof, we can play a little ‘game’ to understand the
role of the polynomial Hz /t in Theorem 4.5. Suppose the manifold compact,
and write the partition of unity relatively to the 1-forms A, and A,:

T, _
-1y = ZﬁeBT Ps in H; (M), and

G . _
_ 1M — zﬁGBG PB m HGOO(M)
Now take the first partition of unity, multiply by HE /o and take the image
by the induction map. We get

indy (2,10 ) = > indy (2, P5) + > indj (112, P5).

BEB\W.B, BEW.B,

Now using Theorem 4.5 and the equality (4.50), we see that this last equation

is in fact the second partition of unity. The term ind;; (H?j /tl M) is equal to

|[W|1as, the terms of the ﬁrst sum of the RHS are equal to zero, and for every
T

B € B, we have Zﬁ,ewﬂlnd (Hg/tPﬁ,) “WHmd (112 atP ) |W|P6
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4.2 Proof of Theorem 4.5

The natural projection map 7 : G xp M — M, [g,m] — gm makes M :=
G xp M fibered over M with oriented fiber G/T. The Weyl group W acts on
M in the following way: w.[g,m] := [g.w ™!, w.m] for w € W. The integration
on the fiber, denoted by | G/ defines a morphism

/ HE(G o M) — HG (M) .
a/T

Remark 4.7 This morphism induces an isomorphism between the W -anti-invariant
part of Hoo (G < M) with H% (M) (see section 8 of [26]).

Let Wy, € AG(G/T) be the closed equivariant form equal to the image un-
der the Chern-Weil homomorphism of the W-anti-invariant polynomial function
(—27r)_dim(G/T)/2Hg/t(X), X €t Let p: M — G/T be the projection map
[9,m] = [g]. We will also denote by W, 4 the pullback p*(W¢) € AG(M).

The form Wy, € A (M) is closed, W-anti-invariant, and we have

/ We=W|ly in Ag(M), (4.49)
G/T

where |[W| is the cardinal of W. By definition this form restricts to
(—27r)*dim(G/T)/2Hg/t on M (see section 8 of [26]). Proposition 2.14 insures
that Indg/T(HE/th) = Wy, and after integration on the fibers of ™ we get

ind’ (HE/JM) —[W[ly in HZ®(M). (4.50)

e For each 8 € B, we are going to prove that the G-equivariant form PZ is
induced by the T-equivariant form Hz It P;, through the use of a G-equivariant
form PgA on G xp M (see Definition 4.9). Our proof is in two steps:

(1) First we show that |[Wa|™t > o w.Pg1 = ﬂ*(PZ) in Hg 7 (M) (see
Proposition 4.11 and equation (4.52)).

(1) Next we show that PgA admits a restriction to t, and that rt(PgA) = P;
in Hp % (M) (see Proposition 4.10).

The form ), oy w.PgIV\/g/t = Zwew(—l)ww.(PgAWg/t> is equal to the

W-anti-invariant part of the form || Pg/l W
(4.49), the first point gives

M G
WPy = [Ws| P .
/G/T o/ s 7 A

The second point shows that n(Wg/tPgl) = (—27r)*dim(G/T)/2Hg/tP;. Combin-
ing these two equalities with Proposition 2.14, we found finally

o Indg (112, P5) = |[W;5| PS .
/G/T o1 (IT3P5 ) = W3l P

st With Remark 4.7 and equation
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e For every 5 € B, \W.B,,, we will show that there exists an ezact equivariant
form Qg € A5 %, (M) that admits a restriction to M equal to P; (see Proposi-

tion 4.10). Proposition 2.14, applied to the equalities r¢(Qg) = P; and Q3 =0,
gives indi (Mg P;) = 0. We have also r¢(W,/:Qp) = (—QW)*dim(G/T)/QHg/tP;
and that gives ind: (Hij It P;) = 0. (Here ‘=’ means equality in cohomology).

Construction of PgA and Qg

Let prg ¢ and pr¢ be respectively the orthogonal projections g — t- and
g — t, and denote by p .. the map prost(ite). We make the choice of a G-
invariant Riemannian metric (.,.),, on M, and denote by(.,.),, the induced
G-invariant Riemannian metric on M (see equation (2.24)).

Let i : M — g be the equivariant map equal to the pullback of n, by m,
and denote by H the corresponding vector field on M:

Hljg.m) = b (9m) mligm),  for [g,m] € M .
Definition 4.8 We denote by X the following G-invariant 1-form on M:
A= (’F(, I
For every X € g, we have
(@5(19.m]), X) = (1g0 (M), pros(g™ X)) + (Pag(m),pre(g' X)) . (4.51)

where A, = (H,,),, and H,, is the Hamiltonian vector field of %||x,||>. In par-
ticular (@5, 4)([9,m]) = [l (M)|I*+[H[|*(m). This implies that ®5([g, m]) =
0 if and only if i, ,.(m) = 0 and H [, = 0. In other words

(@5 =0} = G xr ((Crlllp, %) N ig'©) -
But Cr(||y [I?) Nt (4) = Cr(|lpg II?) Nt (1), then we can parameterize {®5 =
0} by W.B,
(o5=0t= U (Gxr (M npuz')) .

BEW.B,,

Definition 4.9 For every 8 € W.B,, let P?; = Pi € Ag oyt (M) be the closed

G-equivariant form defined by the 1-form X in a neighborhood of the component
C'=Gxrp (M0 p(B)) of {®5 =0},

Proposition 4.10 For every 3 € B,, there exists a closed equivariant form
Qp € Agp(M) that admits a restriction to M equal to P;: in other word

Tt(Qﬁ) = P;-
Moreover if 3 belongs to W.B,, we have Q3 = PZ\; in Heoope(M). In the
other case (3 ¢ W.B,), we have Qg =0 in Hg",, (M).
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Proof : It i : M — M denotes the inclusion, a straightforward computation
shows that i*(\) = A;. Let x, € Cé’;t(M)G be the function coming from a
T-invariant function X; on M, where X; is equal to 1 in a neighborhood of

Cg = MP N pl(B), and support{x/;} N Cr(||up|?) = Cg. Then the function
X, Which satisfies support{x,} N {®5 = 0} = G xr (MBn 1t (B)) (%) defines
the G-equivariant form

Qp = X, tdx, (/ ieitDS‘dt> A
0

(For the equality (%), we have just used the trivial implication 3 # ' in t =
p (B N pt(B) = 0 ). We are now in the situation of the Remark 2.15. We
have Qg = lim, oo Qf with QF := x, + dx, <f0a ie_i“”‘dt> A e AOGO,cpt(M)'
We verify that the restrictions (Q%)ely € C*°(h, Ag" ® AL, (M)) converge in
C™(h, Ng" ® A7, (M)) when a — oo. In particular, we have r(Q%) = X; +
dx (foie *Prrdt) A, € AF (M), and we see that the limit lim,—. 7¢(Q%)
is equal to P;. This shows that the generalized G-equivariant form () 3 admits a
restriction to t which is equal to P;. If 3 belongs to W.B,,, the equivariant form
Qg is by definition equal to Pgl in cohomology. In the other case (8 ¢ W.B,,),
we have from (x) support{x,} N{®5 = 0} = 0. Then x,(f;* ie= P )\ is a well
defined G-equivariant form on M, with compact support, such that

Qs =D <Xﬁ(/oo ieitD;\dt)S\> .
0
U

The proof is completed in the case 3 € B, \ W.3,. We fix now an element [
in B, and take a G-invariant neighborhood U3 of C’g = G(M” N pZ(B)) such

that Us N Cr(||ug %) = C’g. Let V3 be the open subset G x1 Ug.

Proposition 4.11 The open set Vg is good for A, and
P = (PY) i HGE,(M
5 =T o in G,cpt( ) .

Proof: By definition, we have 7* <PZ;Z) = P:S( Ay The proof of this propo-

sition will be an application of Proposition 2.6 with the 1-forms X, ™ (Ag)s
and the function f := fi on the open set V3. We have (®5,i)([g,m]) =
[y (m)||? + IH,||*(m) which is strictly positive on Vg (because H;LG/THQ =
[Ho 1P =0 = [[Hg|[* = 0). We see that (®rx_, i) = [[Hg|[* o is also strictly
positive on 9Vg. O

u
By definition we have P )\Z = Pg. We have now just to verify that

Vg M _ M 1 M
Bew.s wew wew
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This first equality comes from the decomposition Vg N {®5 = 0} =
Ugrew.s <G xp (MP' N ,ugl(ﬁ’))). The third equality is due to the fact that
for every w € W, we have Pﬁjﬂ = w.PgA. O

4.3 The Pushforward in the torus case

Let (M, Q) be a symplectic manifold provided with a Hamiltonian action of a
torus 7" with Lie algebra t. The moment map p, : M — t* is supposed proper.
We recall that the pushforward is given by

(i2)- () = 5 [

f(ei9‘>, dimM = 2n.
M

Let o € A%(M) be a closed equivariant form. We know from Proposition
4.4 that [, F(ae*t) = ZBGBT ’D; where each tempered distribution ’D; is
given by

D5 =F( /M Pjac™) . (4.53)

Each T-equivariant form P; is supported in the neighborhood of the set C’g
which is not smooth in general. Then, in order to compute the distribution ’D;,
we modify the moment map to p. :==p, —e, € € t*.

Let ||.|| be a scalar product on t*. As in the last section, consider the T-
invariant 1-form A® defined below.

Definition 4.12 For e € t*, let \* be the following T-invariant 1-form
A= (H ),

where HE is the Hamiltonian vector field associated to the function | uc||?, and
(., )a is a T-invariant Riemannian metric on M.

We know that {®: = 0} = Cr(||uzc|?) and we will show that for “generic” € € t*,
the set Cr(||uc||?) is a smooth submanifold such that the quotient Cr(HugHQ)/T

is a symplectic orbifold. We rewrite the result of subsection 6.1.2 of [31], in a
more general context of a (possibly) non-compact manifold.

Let Z be the set of subgroups of T stabilizer of points in M. For | € Z, we
denote by T} the corresponding subgroup. For each | € Z, we denote by ZF, k €
I; the connected components of M”t that have T} for generic stabilizer. The
subsets Zlk are T-invariant symplectic submanifolds of M, and the convexity
theorem of Atiyah-Guillemin-Sternberg (in the version of Condeveaux-Dazord-
Molino [8, 22]) insures that the P} = u(ZF) are polyhedral subsets of t*. We

have (le)l = Lie(T}), for all k. In this equality, le is the subspace of t*
generated by {a — b| a,b € Pf}, and * corresponds to the orthogonal for the
duality between t and t*.
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We denote by B := {Aff(PF)|l, k} the set of the affine subspaces of t* gener-
ated by the polyhedral subsets Pf . For each A € B, we note Ta the sub-torus
of T with Lie algebra (A)~.

Let j : t* — t be the isomorphism induced by the scalar product on t*. For
each ¢ € t*, we consider the function ||uc|> : M — R. Propositions 6.8 and 6.9
of [31] remain true.

Proposition 4.13 For every ¢ € t*, the critical points of ||uc||? can be written
on the form

) Crlllpel®) = | M™ 0t (B D)),
AeB

where 3(g, A) is the orthogonal projection of € on A. There exists a dense subset
W of t*, such that for every e € W the set Cr(||uc||?) is a smooth submanifold
of M, the union (x) is disjoint, and the group T'/Ta acts locally freely on C& =
M 1yt (B(e, A)).

Remark 4.14 When the manifold is compact the subset W of “generic” € is
the complement of a finite number of affine sub-spaces. In the general case, VW

is the complement of (at most) a countable number of affine sub-spaces. Thus
the set W is dense.

Remark 4.15 FEach subset CX is compact because pi,. is proper. When e € W,
the sub-manifolds C'y, A € B have a finite number of connected components.

Fortunately we can recover the equivariant form P%, B € B, after this
perturbation with e. For 8 € B,, and A € B such that § = £(0,A) (in
other words f is equal to the orthogonal projection of 0 on the affine subspace
A), we have ||5 — B(e,A)|| < |le|| for every € € t* (see Picture 1). Let eg =
ming4g ||8" — G| be the minimal distance between 3 and the other points of
B, and let U be the open neighborhood of CBT defined by

Us =7 (g e € 18—l < 2).

e 0
A,
B(en) ' | B
B(ea,)
A
Picture 1
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Lemma 4.16 For ¢ € t* small enough we have
T U, . _
Pg = PAE mn HT,CZ;;t(M) .
Proof: By definition we have P; = PZ;\{ﬁ . Consider the functions (® e, pe) =
T

[HEN2, and (®x_,pe) = IH[Z, — (H,enr)y- For |e] < e5/2, the functions
=2, are strictly positive on dUg. Let p > 0 be the minimal value of |H||?,
on dUg. Then for ¢ small enough, the function |(H,exs),,| is bounded by p/2

on OUg. Finally for ¢ € t* small enough, we can apply Proposition 2.6 to the
1-forms A® and A, on the open set Ug, with the function f = p.. [

For e € W and A € B, let
C5 _
a=P e AR, (M)

be the closed equivariant form defined with the 1-form A® in a neighborhood
of C% (see Definition 2.3). If C5 = () the equivariant form P% is identically
equal to 0. For € € W small enough, the submanifold C'] is contained in Uy if

and only if 3(0,A) = (3, and we have the decomposition PZ;\{f = Zﬁ(o A)=p P4
Lemma 4.16 gives

Py= Y Py mHZ(M), for eeW, |l << 1. (4.54)
B0,8)=p5
Remark 4.17 For e € W small, the submanifold Ug,a)—gCa can be under-
stood as a desingularization of C’BT.

Finally we have proved the following

Proposition 4.18 Let a € A% (M) be a closed equivariant form. We have the
following equality of distributions on t* : [, Flae*h) = ZBEBT @2, where the

tempered distribution @; can be decomposed in the following way

@; = Z ’DZ,&, for eeW, ¢ << 1,
B(0,A)=3

with ’DZE =F (f,; P& ae'™).

Now, we recall the computation of the generalized functions [ u Pa el

for e € W sufficiently close to 0 (see subsection 6.1.2 of [31]). The equivariant
form P% has a compact support in a tubular neighborhood of the submanifold
C4K, then

/ P4 e :/ in(ae®™) A An (4.55)
M s

where

As = / PS in HO(CR)
Na/CY{
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is the integral of P} along the fibers of the normal bundle Na of C{ in M.
The map ia : CX — M denotes the inclusion.

For every A € B, we choose a subspace t/ta of t, such that there is a
decomposition T' = Ta X T'//Ta, where T'/Ta is a subtorus of T' with Lie algebra
t/ta.

Because the group T/Ta acts locally freely on the submanifold CX we
can form the quotient M% := CX/(T/Ta) which is a symplectic V-manifold.
We have the Kirwan morphism in equivariant cohomology ka : HF (M) —
HE, (M3), defined as the composition of the restriction morphism HF (M) —
HF(CRX) with the Chern-Weil isomorphism HF(C}) — HF, (M3).

For every connected component F' of C'%, let S A(F) be the generic stabilizer
of T/Ta over F, and denote by |S2(F)| its cardinal. The map F — |S2(F)|
defines a locally constant function over M5 denoted |S2|.

Let Ba := j(B(s,A) —€) € ta and Na be the normal bundle of M7a
in M restricted to C'R. We have a Tha-equivariant V-vector bundle £a :=
NA/(T/TA) — M3. We associate to this data the equivariant form with
generalized coefficients Eul gAl (Ea) € Hp(MZ) (see Définitions 4.5, 6.8 of
[31]), which is an inverse of the Ta-equivariant Euler form of the V-vector

bundle Ea.

Take a connection form oa for the V-principal bundle C§ — MY%. The
associated curvature wa determines the equivariant form with generalized co-
efficients 6(Xy —wa) € Hy )7, (MR) by

< 5(X2 — WA),f(XQ)dXQ >t/tA: f((.UA)VOl(T/TA7dX2)’

for every function f € C*®(t/ta). In other words §(Xo—wa) = e2@%2lo) vol(T/ T, —).
(see Définitions 6.19 of [31]).

The decomposition t = tp @ t/ta gives the bilinear map (n,v) — no v,
Moo (M) x Hy%, (M3) = Hp (M),

We can now state Proposition 6.20 of [31].

Proposition 4.19 For every n € H¥ (M), we have the following equality in
Hp™(CR)

<i2(n)/\AA> (X) = (2mi)*m (kA(U) Eul 5 (EA)> (X1)06(Xp—wa)A 22 ARRSEALS

vol(T/TA)
with X = X1 + X9, X4 € ta, and X5 € f/fA.

For A € B such that 3 = 3(0,A), we have ka (Q¢)(X1) = Qa+(3, X1), X1 €
ta, with Qa € H2(M%). Using Proposition 4.19, the equality (4.55) gives

(f paac™) o)

= cst /CEkA(oz em‘)EulEAl (Ea)(X1) 0 8(X2 — wa)lloy,
A

QA

= st 0D /ME |65A| (ka(a) Eul 51 (Ea))(X1) 0 6(Xs —wa) , (4.56)
A
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with X = X; 4+ X5, X; € ta, Xo € t/ta, and cst = (271) 4™ vol(T/Ta) L.
Note that for each closed form o € A%(M), X1 — ka(a)(X7) is just a

polynomial function on ta with values in H*(M$). Taking now the Fourier

transform, we find

eiQA

SA|

ka(0)(i0e,) (Foo (Bul 51 (€a)) ) (6—8) e o2 @A) aggen

(4.57)
with &€ =& + &, & € ), £ € (t/ta)*. Here d§5*" is the Euclidean measure on
(t/ta)* such that its dual measure dX$*" verifies vol(T'/Ta,dX5*) = 1.

D (6) = ()2 /M

A

Let af ,--- ,al+ be the weights for the action of TA on the fibers of €A that
are oriented by B(e, A) — ¢ (in other words (o), 8(s,A) — ) > 0, Vk). After
Proposition 4.8 of [31], we know that Fi, (Eul EAl (€Ea)) is of the form

Fou(Bulgl(E)) &)= > RI(Haf)il*...*(Ha?)iz(él), (4.58)
I={i1,ip}

where Ry € H*(M3%), the sum ) ; is finite, H_+ is the Heaviside measure asso-
k

ciated to o, and * is the convolution product. In particular Fy, (Eul EAl (€a))
is a locally polynomial measure, with values in ‘H*(M?%), supported by the
cone €5 = Rtaf + -+ + RTq; that is strictly included in the half-space
{§£ € &, (§PB(e,A) —e) > 0}. Here, the strict inclusion means that for
some ¢ > 0 the inequality (&, 3(e,A) —¢e) > c||¢]| holds on €% (see Picture
2). Then, for € small enough, the cone €% is strictly included in the half-space

{¢ e th, (& 0) = 0} with 5= 53(0,A).

Picture 2

From the integral (4.57) and the equality (4.58) we see that there exist a
finite collection of polynomials P; € S(ty ), @; € S(t/ta) such that

DN = D0 P ((Hye )™« (H )" ) (61-B) Qs (€)dga, (459)

1
{i17"'7ip}7j
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with & = & + &, & € th, € € (t/ta)*. Since (t/ta)* = (ta)* and j(B) € ta for
B(0,A) = 3, we see that the distribution @16 is supported by the half-space

{¢etr, (£—6,0) >0} with 5 = 3(0,A).

Remark 4.20 In the case where 3 = 0, the “half-space” {£ € t*, (£—0,5) > 0}
corresponds in fact to all the vector space t*.

We can now state the

Theorem 4.21 Let o € AL(M) be a closed equivariant form. We have the
following equality of distribution of t*,

/ Flae™)= > 25  with Dy= Y Dj,,
M

BeB, B(0,A)=p

where the distributions @Z . are given by the equality (4.59). In particular each
distribution C‘D; is tempered and supported by the half-space {€ € t*, (£—03,08) >

0}.

Remark 4.22 We see in particular that the support of the distribution ZD; does
not meet a small neighborhood of 0 if 8 # 0. This means that [, Flaeh) = ’Dg
in a neighborhood of 0. We know from Theorem 3.12 that @g is a polynomial
measure if 0 is a reqular value of p. In general ’Dg will be the sum of a locally
polynomial measure with distributions supported by linear subspaces of t*.

In particular this Theorem gives

Corollary 4.23 The pushforward of the Liouville measure i, (dmy) can be
decomposed in the following way

P (dmp) (&) = Z dmpg(§),

BB,

where each dmg is a locally polynomial measure supported by the half-plane

{5 € t*a (5 _ﬁaﬁ) > 0}

5 Witten partition functions

Let M be a compact symplectic manifold equipped with a Hamiltonian action

of a compact connected Lie group G, with Lie algebra g. We denote by €2 the

symplectic form on M and by ., : M — g* the moment map of this action. Let

||.|| be the norm induced by a G-invariant scalar product on g. Let B, be the

indexing set of a decomposition of Cr(||u, %) (for the definition, see (4.43)).
In [36], Witten introduced the “partition functions”

ay

2% (u) = /M (¥ )% (¥) g—ullYI/2
xg
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where a(Y) is a closed equivariant form, polynomial in the variable Y € g,
and where Q4(Y) = Q + (i, Y) is the equivariant symplectic form.

Under the hypothesis that G acts freely on p~1(0), Witten proposed a for-
mula of the form Z° (u) = 3"\ Zy(u), where “N” ranges over the components
of the subset Cr(||uu,]|?) of critical points of the square of the moment map.
In this formula, each function Zja\,(u) should only depend on the values of
a, Q, p, in a neighborhood of N. Witten determined the function Z°

-1 )
Ha (0)
which is in fact polynomial, and gives for the other terms a bound on the form

@

Zy(u) = O(e™™/%) w > 0, with kxy > 0. Witten’s formula for Z:al(o) has

been proved by Kalkman [24], Wu [37] in the case of circle actions and by
Jeffrey-Kirwan [23] in the general case.

The partition of unity defined with the G-invariant 1-form A, gives auto-
matically the decomposition Z” (u) = ZBEBG Z; (u), with

(e G ; 2 dY
Zg(u) = Py(YV)a(Y)e e WMeelWIF2__—2 " w>0. (561
300 = [ PR e e P s (5.61)
(see section 4 and Definition 3.2). Each function Z;, B € B, is determined
by the behaviour of «a, €2 and p, in a small neighborhood of the component

C§ = G(M7 N () of Crlllugl?).

This section is devoted to the computation of the terms Z;, B € B, of this
formula. We do not require that 0 is a regular value for the moment map p.,.

A function h : R — C is called slowly increasing if it is bounded by a
polynomial at infinity. The rest of this section is devoted to the proof of the
following Theorem.

Theorem 5.1 For every closed equivariant form o(X) € Ag(M) with poly-
nomial dependence in X € g, let Z; : RY — C be the function defined by
the equation (5.61). Denote by N, the integer d, + dim G, where d, is the
polynomial degree of .

For each 3 € B, there exists a smooth function h; : R — C which is slowly
increasing such that

Z5(u) = u N L e
5(u) =u e~ 2 hg(Vu) for every u > 0.

Moreover the function hy is polynomial and, if G acts locally freely on ,u;l(O),
the function Zy (u) = u=Ne hy (\/u) is polynomial in u.

Corollary 5.2 There ewist smooth, slowly increasing functions hg : R — R,
such that

[ im 18112
/ e 2w dmy, = w5 Z e 2 hg(vu), u>0,
M BeB,
where dmy, is the Liouville measure % Moreover each function hg is uniquely
determined by the local behaviour of Q and p near the component C’g of Cr(||u]|?),
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and the function hg that corresponds to the set C(? = ,u;l(O) is always poly-
nomial (note that we make no assumption on the reqularity of 0 relative to the
moment map).

Proof of the Theorem :

We suppose first that the action of G quasi-effective (i.e. there exists no
Lie-subgroup of G of dimension bigger than 1 with a trivial action on M). The
action of T is also quasi-effective, and then, the moment map (. is a submersion
almost everywhere.

Theorem 4.5 tells us that, for every 3 € B, the equivariant form P; is in-
duced by Hg/t P;. In Proposition 4.18 we have shown that P; = ZB(O,A):ﬁ Pi
for e € W close to 0. Then, with Corollary 4.6, we see that the function Z; is the
sum (modulo some multiplicative constants) of the functions ZZ 8 B(0,A) =p
given by the equation

Zp5(u) = /M tP"fA(Y)Hg/t(y)a(y)@iﬂg W) e=ulYIP/2 gy, 450
X

Following equality 4.56 we get

Zx p(u) = (2im) 5™ vol(Ta, dX1) "' x
1 ; _ _
/ S—AkA(ang 7€) (X1) Bul 5 (Ea)(X1)e ulXa+wall?/2g x|
ML XtA’ ’
e A =t*: The action of T is quasi-effective, hence the polytope ,ug(M )
generates t* € B. The only 3 € B, with 3(0,t*) = 8 is 0, and the term Zy. o(u)
is the polynomial given by

(Qiﬂ.)dimT

Zg,O(U’) - ‘55’

; _ 2
/ ke (T2 e )emulloc /2 (5.62)
M
where M, is the Marsden-Weinstein reduction of the manifold M, with respect
to T at ¢ € t*.

o A #£+t*: We want now to give for A # t* a simple expression of the
functions Zz,ﬁ.

The scalar product (-, -) on t* determines a linear isomorphism t* — t,v — 0.
For A € Bsuch that 3 = (0, A) we have ka () = Qa+(6, X1) = Qa+(3, X1),
with Qa € H?(MS). For A # t* and C # 0, we define

(Qiﬂ.)dimT

aA(qul) = ’S&-‘

eiQAkA(aHE/t)(X1)e_“”“’AHQ/Qe_“(Xl’“A) vol(Ta,dX1)™ 1,

for X1 € ta. The differential forms aa(u, X7) have a polynomial dependence
with respect to each parameter u > 0 and X; € tao. We have

Zis) = [ EuGHENXKpast X SO0 g,
MZX{A
- / Fia <Eul§i(€A)) ) ft_Al <04A(U,X1) ¢i(8.X1) e*“||X1||2/2dX1>(£) 7
MG Xt
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where Fy, is the Fourier transform on ta. The Fourier transform of a
Gaussian function gives
Q7 dimTp

Fi (on(u, X0) €0X0 X205, ) () = (Z) 75 an(u, —ide) (¢715HEI/2)

u

= (ﬁ)% i an(u, &) e 1B+€11%/2u ’
u

where d5 is the (maximal) polynomial degree of the equivariant form ka (ozHij / s
and aa(u,§) is a differential form which depends polynomially on the parame-
ters u > 0 and X; € ta. We get finally

27‘( dimTa dA
2

Zpp(u) = () u% /ME . }'(EulgA1 (EA)>(§) G (u, &) e IBHEIP/2u
o (5.63)

For € € t* sufficiently close to 0, the density F(Eul EAl (Ea)) is of the form
PA(&)dE, where Pa is a locally polynomial function supported by a cone €3
strictly included in the half-plane {¢ € t}| (£, 5) > 0}. There are two cases.

D 5=0
We make the change of variable £ = \/u.£’ in the integral (5.63). We find

dimTa

Ziglw = n > w® [ P datuvag)e I

dA

a. The polynomial 112

which is a polynomial in the variable \/u, times u~ o/t

is of degree dim(G/T), then for every A, the integer d4 is bounded by N, =
do + dim G.

2) B0

After the change of variable £ = u.£ in the integral (5.63), we find

a dim ’ ’
Z (u) = (2mu) 7y dh e—||6||2/2U/ Pa(u.€)an(u, u.g)e €17 /2=BE g
’ MG Xt
Because of the strict inclusion of the cone €% in the half-space {{ € t}| (§,5) >

0}, there exists a constant ¢ > 0 such that (5,&') > c||¢|| for every & € 5.
Then, the term e~ (B:€) insures, for every u € R, the convergence of the integral

12 (u) = (2m) "7 / Pa(u2.€") dn (u2, u2.8) e 11226~ (8.8) get
MG Xt

(5.64)

Furthermore we see from the integral (5.64) that the function hi is smooth and
even over R.

Conclusion: For 8 = 0, the function

Zy () = Zg o(w) + Y Zao(w)
0eA

46



is a polynomial in /u times v~ "o, For 8 # 0, the function Z; is of the form
Z5(u) = ue 6—||6||2/zu< S T (Va) )
B(O,A):ﬁ

where the hi are smooth, and na = 2(NV, — dﬁ) +dimTaA > dimTa > 1. From

the equation (5.64), we see that the functions hi are slowly increasing.
When 0 is a regular value of p,, the function Zg can be computed directly
with Proposition 3.11. In this case,

Zy (u) = (2’;:)‘1) (/

is polynomial in the variable u (for the notations see subsection 3.1).

ko(aemg)e_u”w”2> , u>0,

d

In the case of a general action of G on M, let .S be the connected component
of the group Ny,enr Stabg(m). The group S is a normal subgroup of G with
a trivial action on M, hence we have an induced Hamiltonian action of G/S
on M which is furthermore quasi-effective. We see that the computation of
the functions Zg reduces to the computations of the related functions for the
G/S-action. The details are left to the reader. OJ

References

[1] M. F. ATivaH, Convexity and commuting Hamiltonians, Bull. London.
Math. Soc., 14, 1981, p. 1-15.

[2] M. F. ATiyAH and R. BoTT, The moment map and equivariant cohomol-
ogy, Topology, 23, 1984, 1-28.

[3] N. BERLINE, E. GETZLER and M. VERGNE, Heat kernels and Dirac op-
erators, Grundlehren, vol. 298, Springer, Berlin, 1991.

[4] N. BERLINE and M. VERGNE, Fourier transforms of orbits of the coadjoint
representation, “Proceedings of the conference on representation theory of
reductive groups’.Progress in Mathematics 40. Birkhauser Boston, 1983.

[5] N. BERLINE and M. VERGNE, Classes caractéristiques équivariantes. For-
mule de localisation en cohomologie équivariante, C. R. Acad. Sci. Paris,
295, 1982, p. 539-541.

[6) N. BERLINE and M. VERGNE, Zéros d'un champ de vecteurs et classes
caractéristiques équivariantes, Duke. Math. J., 50, 1983, p. 539-549.

[7] N. BERLINE and M. VERGNE, The Chern character of a transversally
elliptic symbol and the equivariant index, Invent. Math., 124, 1996, p.
11-49.

[8] M. CONDEVEAUX, P. DAZORD and P. MoLINO, Géométrie du moment,
in Travauxr du séminaire Sud-Rhodanien, Publ. Dép. Math. Univ. Claude
Bernard-Lyon 1, 1988, p. 131-160.

47



[9]

[10]

[13]

[14]

[15]

[16]

[17]

[21]

[22]

[23]

[24]

M. DurrLo, G. HECKMAN and M. VERGNE, Projection d’orbites, formule
de Kirillov et formule de Blattner, Mem. Soc. Math. de France, 15, 1984,
p. 65-128.

M. DurrLo and M. VERGNE, Orbites coadjointes et cohomologie
équivariante, The orbit method in representation theory. Birkhduser,
Progress in math., 82, 1990, p. 11-60.

M. DUrLO and M. VERGNE, Cohomologie équivariante et descente,
Astérisque, 215, 1993, p. 5-108.

J. J. DUISTERMAAT, Equivariant cohomology and stationary phase, in
Symplectic Geometry and Quantization (Sanda and Yokohama, 1993), Con-
temp. Math., 179, 1994, American Mathematical Society, p. 45-62.

J. J. DUISTERMAAT and G. J. HECKMAN, On the variation in the coho-
mology in the symplectic form of the reduced phase space, Invent. Math.,
69, 1982, p. 259-268; addendum, ¢bid., 72, 1983, p. 153-158.

V. GUILLEMIN, E. LERMAN and S. STERNBERG, On the Kostant multi-
plicity formula, J. Geom. Phys., 5, 1988, p. 721-750.

V. GUILLEMIN, E. LERMAN and S. STERNBERG, Symplectic fibrations and
multiplicity diagrams, Cambridge University Press, 1997.

V. GUILLEMIN and E. PRATO, Heckman, Kostant and Steinberg formulas
for symplectic manifolds, Adv. Math., 82, 1990, p. 160-179.

V. GUILLEMIN and S. STERNBERG, Convexity properties of the moment
mapping I and II, Invent. Math., 67, 1982, p. 491-513, Invent. Math., 77,
1982, p. 491-513

V. GUILLEMIN and S. STERNBERG, A normal form for the moment map,
in Differential Geometric Methods in Mathematical Physics(S. Sternberg,
ed.), Reidel Publishing Company, Dordrecht, 1984.

V. GUILLEMIN and S. STERNBERG, Symplectic techniques in physics,
Cambridge University Press, Cambridge, 1990.

HaRrIsH-CHANDRA Differential operators on a semisimple Lie algebra,
Amer. J. Math., 79, 1957, p. 87-120.

G. HECKMAN, Projection of orbits and asymptotic behaviour for multi-
plicities of group representations, Invent. Math., 67, 1982, p. 333-356.

J. HiLGeERT, K.-H. NEEB and W. PLANK, Symplectic convexity and coad-
joint orbits, Comp. Math., 94, 1994, p. 129-180.

L. JEFFREY and F. KIRWAN, Localization for non Abelian group action,
Topology, 34, 1995, p. 291-327.

J. KALKMAN, Cohomology ring of symplectic quotients, J. Reine Angew.
Math., 458, 1995, p. 37-52.

48



[25]

[26]

[27]

[28]

[29]

[30]

[31]

F. KirwAN, Cohomology of quotients in symplectic and algebraic geometry,
Princeton Univ. Press, Princeton, 1984.

S. KuMAR and M. VERGNE, Equivariant cohomology with generalized
coefficients, Astérisque, 215, 1993, p. 109-204.

E. LERMAN, E. MEINRENKEN, S. ToLMAN and C. WOODWARD, Non-
Abelian convexity by symplectic cuts, Topology, 37, 1998, p. 245-259.

C.-M. MARLE, Modele d’action hamiltoienne d’'un groupe de Lie sur une
variété symplectique, Rend. Sem. Mat. Torino, 43, 1985, p. 227-251.

V. MATHAT and D. QUILLEN, Superconnexions, Thom classes, and equiv-
ariant differential forms, Topology, 25, 1986, p. 85-110.

P-E. PARADAN, Formule de localisation en cohomologie équivariante,
These, Université Paris 7 - Denis Diderot, 1996.

P-E. PArRADAN, Formules de localisation en cohomologie équivariante,
preprint, Utrecht University, march 1997 (will appear in Compositio Math-
ematica).

P-E. PARADAN, The Fourier transform of semi-simple coadjoint orbits,
preprint, Utrecht University, 1998 (will appear in J. of Functional Analy-
sis).

E. PrRATO and S. WU, Duistermaat-Heckman Measures in a non-compact
setting, Compositio Mathematica, 94, 1994, p. 113-128.

[. SENGUPTA, Projection of orbits and K-multiplicities, J. of Functional
Analysis, 84, 1989, p. 215-225.

M. VERGNE, A note on the Jeffrey-Kirwan-Witten localization formula,
Topology, 34, 1996, p. 243-266.

E. WITTEN, Two dimensional gauge theories revisited, J. Geom. Phys. 9,
1992, p. 303-368.

S. WU, A new integral formula for the square of the maps of circle actions,
Letters in mathematical Physics, 1993, 29, p. 311-328.

49



