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Epigraphical Projection for Solving Least Square
Anscombe Transformed Constrained
Optimization Problems

Stanislav Harizanov?, Jean-Christophe Pesquet!, and Gabriele Steidl?

1 Faculty of Mathematics, Université Paris-Est, France
2 Department of Mathematics, University of Kaiserslautern, Germany

Abstract. This papers deals with the restoration of images corrupted
by a non-invertible or ill-conditioned, linear transform and Poisson noise.
Poisson data typically occurs in imaging processes where the images are
obtained by counting particles, e.g., photons, that hit the image domain.
Using the Anscombe transform Poisson noise can be approximated by
additive Gaussian noise with zero mean and unit variance. Then the
least squares difference between the Anscombe transformed corrupted
image and the original image can be estimated by the number of image
pixels. We use this information by considering an Anscombe transformed
constrained model to restore the image. The advantage to corresponding
penalized approaches consists in the existence of a good model parameter
estimation. We solve the constrained minimization problem by applying
primal-dual algorithms together with a projection onto the epigraph of
a convex function related to the Anscombe transform. We show that
this epigraphical projection can be computed by Newton’s methods with
an appropriate initial value. Numerical examples show the performance
of our algorithm, in particular, the close relation to the I-divergence
constrained model.

1 Introduction

The Poisson distribution exhibits a mean/variance relationship. This mean/variance
dependence can be reduced by using variance-stabilizing transformations (VST),
one of which is the Anscombe transform [1] defined as

T- [0,—}—00)” — (0,400)": v = (Ui)lgign — 2 ( v; + :) .
1<i<n
It transforms Poisson noise to approximately Gaussian noise with zero-mean and
unit variance. The Anscombe transform has been employed in order to solve
inverse problems where one wants to recover an original signal @ € [0, 400)™
from observations

f = P(Hm),



where P denotes an independent Poisson noise corruption process and H €
[0, +00)™*™ is a linear degradation operator, e.g. a blur. Note that we consider
images of size M x N columnwise reshaped as vectors of length m = M N.

In this context, one of the possible uses of the Anscombe transform is i) to
transform the degraded observations f, i) to apply a data recovery technique
which is valid for an additive white zero-mean Gaussian model and 44i) to apply
an inverse transform to the so-recovered signal [7] (see also [17] for more recent
developments). Note that this method appears mainly to be well-founded for
denoising problems. When a linear degradation operator H is present, a better
approach consists of adopting a variational framework [8,12] where one mini-
mizes a data fidelity term

ws | T(Hu) = T(f)]5 (1)

penalized by a (sum of) regularization term(s) serving to incorporate prior in-
formation about the sought signal w. The approach is also closely related to a
Maximum A Posteriori (MAP) estimate, where the function in (1) is substi-
tuted for the minus-log-likelihood of the Poisson noise, i.e., by the I-divergence
(generalized Kullback-Leibler divergence)

wis D(b, Hu) = { <1n,flogﬁ — f+ Hu) if Hu > 0,

400 otherwise,
see [13,20]. One of the drawbacks of these penalized methods is that multiplica-
tive constants weighting the regularization terms (the so-called regularization
parameters) need to be set carefully, which may be a difficult task.
A way of circumventing this problem consists of adopting a constrained approach
instead of a regularized one, by imposing that

IT(Hu) = T(f)ll5 < 7 (2)

where 7 € [0, +00). Based on the statistical properties of the Anscombe trans-
form and the law of large number, a consistent choice for the above bound is
7 = n, when the number of pixels n is large. In this work, we will investigate
such an approach by solving the following problem:

minimize ¢(Lu) subject to || T(Hu) = T(f)[; < 7, (3)
where C' is a nonempty closed convex subset of [0,4+00)™, L € R%*™ and
@: R? — (—00,400] is a proper, lower-semicontinuous, convex functions. A typ-
ical choice for C' is the nonnegative orthant of R™. The classical Total Variation
objective function [19] is obtained, as a special case, when @ is an {5 ; norm
and L corresponds to a discrete gradient operator. Constrained models with the
I-divergence have been considered in [5,21], where in the second paper special
attention was paid to the relation between the parameters of the constrained
and the penalized problem via discrepancy principles. Note that recently penal-
ized versus constrained problems in a rather general form were handled in [2]. In



[9], the I-divergence constraint was replaced through a polyhedral approxima-
tion technique and an epigraphical projection method was applied to solve the
problem. In this work, we will also take advantage of an epigraphical projection
approach to solve the Anscombe constrained model (1) and we will show that
the required epigraphical projections can be easily determined in this context.

The structure of this paper is as follows: Section 2 recalls the notation. In Section
3 we determine the epigraphical projection onto a function related to the con-
straint (1) which plays the central role in the primal dual algorithms established
in Section 4. In particular, we provide a good starting point for the involved
Newton method. Numerical examples are presented in Section 5 underlining the
good approximation of the I-divergence constrained approach by our Anscombe
constrained model. Finally, a summary and conclusions are given in Section 6.

2 Notation

Let I'h(R™) denote the set of proper, lower-semicontinuous, convex functions
mapping from R" to (—oo,400]. The epigraph of ¢ € I'H(R™) is the nonempty,
closed, convex subset of R"*1 defined as

epip = {(u,() € R" xR : o(u) < ¢}.

For a nonempty, closed, convex set C' C R™ we denote by tc € Io(R") its
indicator function

to(u) =
c(u) 400 otherwise,

{0 ifuecC,

and by Pg the orthogonal projector onto C'. Beyond epigraphs of functions from
I'p(R™) we will consider the half-spaces V; := {u € R" : (1,,,u) < 7}, where 1,
denotes the vector consisting of n entries 1. For a norm || - || on R™ we denote
by By := {u € R : [Jul| < 1} the unit ball with respect to this norm and by
Il - ||« the dual norm. Using this notation and defining, for every i € {1,...,n},

@i [0,4+00) = [0,400): s+ <2\/s+2—(T(f))i> ,

problem (1) can be rewritten as

mi](nirgize to(u) + P(Lu) + Z Lepi; (Hu); + g, Gi) + v, (€)- (4)
. i=1

Now one can choose a primal-dual splitting algorithm as those proposed in [4,
6,11, 22] to solve this problem. One step in all these algorithms consists in the
orthogonal projections onto the epigraphs of ¢; for all ¢ = 1,...,n which is the
topic of the next section.



3 Epigraphical Projection

In this section we deal with the projection onto the epigraph of the function
¢ € IH(R) defined as

o(s) = {(2\/§—z)2 if s >0, (5)

400 otherwise,

where z > 0, see Fig. 1.

Fig. 1. The epigraph of ¢ for z = 3 and the epigraphical projection Pepi, (2, () of some
point (z, ().

Proposition 1. Let ¢ be defined by (3) with z > 0. Then the epigraphical pro-
jection of (x,() € R? is given by

(max{z,0},¢) if (max{z,0},¢) € epigp,
2
Pepigp(l',c) = ((t+2+ ) 7ti) if 4z > 2:2’

2
((t‘;z) ,t2> if 4z < 22,

where t, resp. t_ is the unique root in [0,400), resp. in [—z,0) of the cubic
polynomial

p(t) := 17t3 + 32t% + (32% — 16¢ — 4a)t + 2(2* — 4x). (6)

Proof. The function ¢ fulfills ¢(0) = 22 and

2

<0if 0 <s < &,
Hls)=d— =0 =0ifs =2,
>0if s > %
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and therefore limsﬁg ¢'(s) = —oo. Thus, if # < 0 and ¢ > 2?2, then Pepi,(z,() =
s>

(0,¢). If (z,C) € epigp then Pepiy(, () = (z, ().
We consider the remaining cases (max{z,0},() ¢ epiy. The tangent vector of
the curve associated with the graph of ¢ reads (1,¢’(s)), s > 0. The uniquely

determined orthogonal projection (Z,() := Pepi, (2, () has to satisfy

90 () ooz

which leads to

oz(x—;ﬁ)\/?c+2(g—(2\/§—z)2) Vi —z), &>0.

Substituting t=2vV2—2 > —7z this can be rewritten as

0 = 178 + 321% + (322 — 16¢ — 4a)t + 2(2* — 4x) = p(f), > —=z.

~ . . . ~ 7 z 2
Conversely, if t > —z is a root of the polynomial p in (1), then & = (%) fulfills

(3). When z > 22/4 then also # > 22 /4 (see Fig. 1), thus we are interested in the
restriction of ¢ to [22/4, +00) i.e., the nonnegative roots of p. The restriction of
¢ to [22/4,+00) is convex, monotonically increasing, and (z, () ¢ epi ¢. Hence,
there is a unique point (Z, é) on its graph that satisfies (3), i.e., p has a unique
root in [0, 4+00). Analogously, when x < 22/4 then also & < 22/4, thus we are
interested in the restriction of ¢ to [0, 2%/4) i.e., the roots of p in the interval
[—2,0). The restriction of ¢ to [0,22/4) is convex and monotonically decreasing,
and the uniqueness of the root follows by the same arguments. Finally, it can be

o - 2 N R
noticed that ( = ¢ <<t+22> ) = {2 since t > —z, which completes the proof. O

The next proposition states that the root ¢, resp. t_, of polynomial p can be
computed efficiently by Newton’s method with initial value ¢g := 24/max{x,0} —
z. Indeed we have seen in our numerical examples that this ty is a very good
starting point.

Proposition 2. Let (max{z,0},() € epip and ty := 2/max{z,0} — z. Let the
polynomial p be defined by (1). Then the Newton method for solving p(t) = 0
with initial value to converges (after a finite number of steps) monotonically to
the root ty if 4r — 2% >0, resp., t_ if 4v — 2% < 0.

Proof. 1. First we show that

i) p(to)p(0) <0,
ii) p/(to) >0,

where equality in i) holds true iff 4z = 22.
If z < 0, then ty) = —z and consequently, since (0,() & epiy, i.e., 22 > (, we
obtain

p(0) = 2(2% —4x) >0, p(to) =p(—2) =162(¢ — 2?) <0



which proves i). Further, since p/(t) = 51t% + 62t + 322 — 4 — 16¢ we obtain
p'(to) = p'(—2) = 4822 — 16¢ — 4 > 16(42% — ¢) > 0.
If > 0 then ¢y = 2/z — z. Consequently, we have p(0) = —z(z + 24/x)to and
p(to) = 17t3 + 2212 + (322 — 16¢ — 4x)to + (13 + 2% — 4x)z = 16t0(t2 — ¢).

Since (z,¢) & epiy, i.e., t3 > ¢ we conclude that i) holds true. Finally ii) follows
by

p'(to) = 512 +62tg+32% —16¢ —4x = 8(6t2 —2( +x) = 16(t2— () +8(4t2 +x) > 0.
Since, in both cases, p(tg) # 0, equality arises in i) iff p(0) = 0 i.e. 4z = 22,

2. The following result is well-known, see, e.g., [14, Theorem 18.3]: Newton’s
method for finding the unique root of a differentiable, convex, strictly increasing
function on an interval converges monotonically if we start at the right endpoint
of the interval. There is an analogue result for concave functions.

3. Since p’(t) = 6(17t + z), p is convex for t > —7= and concave otherwise.

3.1 Let to > 0 which implies 4z — 2% > 0. Then p(0) < 0 and, according to Part
1i), p(to) > 0. Hence, by Proposition 1, ¢, is the unique root of p in (0, ¢¢). Since p
is continuous, p(t+) = 0 and p(ty) < 0, we necessarily have p’(t1) > 0 (otherwise
there would exist another root of p on (¢4,%)). Thus, since p is strictly convex,
it is strictly monotone increasing on [ty, o] and we can invoke the argument in
Part 2 of the proof.

3.2 Let tg < 0 which implies 4z — 22 < 0. Then, p(0) > 0 and p(ty) < 0 and
by Proposition 1 we know that t_ € (¢o,0) is the unique root of p in [—z,0). If
t— < —<%, then we are done by similar arguments as in 3.1 for concave functions.
It remains to consider the case when t_ > —%.

If to > —15, then we know by the strict cézlvexity of p on [tg,+o0) that p
is strictly increasing on this interval and by Part 1ii) we further have p'(t) >
P’ (to) > 0 for every t > to. Thus, p itself is strictly increasing on [tg, +00). Con-
sequently, one Newton step with initialization to generates t; = to — p(to) /0’ (to)
and the convexity inequality p(t1) > p(to) + p'(to)(t1 — to) shows that p(t1) > 0.

We thus are in the setting of Part 2 and the method converges monotonically.
Finally, let tg < —1% so that
2
16
dr < (=) 2~ 8
w—<w>z ®)

Since p(—15) < 0 must be valid, a straightforward calculation yields

z 2z (22 9 22 9
AV (2 ~ 32 2 — - T2,
p( 17) 17<17+7z + 8¢ 3x><0®8(<3x 7 Tz (9)

We shall now prove that p’(¢) > 0 for all t € R, so that p is strictly increasing.

Since p’ is quadratic polynomial with minimimum at —<% we have only to show



that p' (—%) = 2(322% —8(—2z) > 0. Plugging in (3) and (3) we indeed
obtain
1, z 24 , 22 9 20 5 128 , 9 16 4
' (—— —z2°—34 — —zf = — = — .
2p( 17>>17z 3x+17+7z >17z 172 + 7z 172 >0
Thus, after a finite number of steps the Newton algorithm arrives at some t;, > ¢_
and we can apply Part 2 of the proof.
3.3 Let tg = 0 which implies 4z — t? = 0. Then we get t, = t. O

4 Primal-Dual Algorithms

We can apply the projection onto the epigraph of ¢ in combination with any
primal-dual algorithm proposed in [4, 6, 11, 22] or an alternating direction method
of multipliers. Here we use exemplary the primal-dual hybrid gradient algorithm
from [6, 18] with an extrapolation (modification) of the dual variable which we
will call PDHGMp. Based on the following reformulation of (2),

minimize ve(u) + [[vall + Y tepi i (v1,67m:) + 0v,(C)
u, ,(v,m

i=1
Hl0\ /. 3/8 1

subject to L0 <C) +1 0 | ={wv]. (10)
0|1 0 n

where we have used @ := || - || and the nonnegative orthant C' of R™, this

algorithm reads:

Algorithm 1 (PDHGMDp for solving the Anscombe constrained problem)
Initialization: u(®, (@, p® = p(=1 and p© = p(©® +0(p(0) —p™Y), 6 €(0,1], p,o >0
with po < 1/ max{1,|H*H + L*L||2}

For k =0,1,... repeat until a stopping criteria is reached

1. w*tY = p. (u<k) — O‘p(H*ﬁYC) + L*ﬁgk)>)

2. ¢ = Py, (¢~ oppl?)

8. (5 MY = P, (p) + (Hu™ )4 378, 0 + (V) i=1,m
”ékﬂ) = - Po-ip,, (Pém + Lu®™*) = PIoX,—1j. (Pék) + Lu® D)

4.

5. p§k+1) _ pgk) + Hu*+Y 4 3/8 — ng“)
6. pgk+1) _ pgk) 4 L+ _ v§k+1)

7. p(3k+1) _ p(gk) + C(1c+1) . n(k+1)

8.

FETD = pHD (kD) _ )y

p
Step 3 requires the epigraphical projections discussed in the previous section,
Step 4 can be performed by coupled soft shrinkage with threshold o~! if we
use the /3 1-norm. The other steps can be computed in a straightforward way.



We will compare this algorithm with the PDHGMp applied to the I-divergence
constrained problem

minirélize |[Lu|| subject to D(f, Hu) < 711 (11)
ue

using a similar splitting as in (4) but without the variables ¢ and #:

Algorithm 2 (PDHGMp for solving the I-divergence constrained problem)
Initialization: u(®,p® = p=Y and p® = p©@ + 9(p<0) — p<71)), 0 € (0,1], p,o >0
with po < 1/||H*H + L*L||2

For k =0,1,... repeat until a stopping criteria is reached

1. Step 1 of Algorithm 1
2. minimize |jv; — (Hu*tY +p§k))||§ subject to  D(f,v1) < 77 as in [21].
v1
3. — 7. Steps 4. - 6. and 8. of Algorithm 1
In [23], see also [3], statistical arguments were used to show that 7, = in

is a good estimate in case of moderate Poisson noise. In [5] this estimate was
improved in case f has many zero components.

5 Numerical Examples

In this section we demonstrate the performance of our algorithm by numerical
examples implemented in MATLAB (Intel Core i7-870 Processor with 8M Cache,
2.93 GHz, 8 GB physical memory). We have tested the two original images T,
namely ’cameraman’ (256 x 256) and ’brain’ (184 x 140) depicted in Fig. 2 and
denoted by B1, resp. B2 in the following. The images were blurred by a Gaussian

Fig. 2. Original images 'cameraman’ (left) and phantom of a brain image (right).

matrix H with standard deviation 1.3 and mirrored boundary. Their gray values
are interpreted as photon counts in the range [0, v], where v is the intensity of the
image. We tested v = 600, 1200, 2000, 3000 and denoted the blurred, noisy images



by B1, and B2,. For synthetically adding Poisson noise to the noise-free image
we applied the MATLAB routine imnoise (X, ’poisson’). For a quantitative
comparison of the images we computed the peak signal to noise ratio (PSNR) and
— =2
the (MAE) defined by PSNR = 101log;, J%IT”I;”', and MAE = 1| — ul|;.
—llu—u 2
The ’true’ constraints between the blurred, goisy image f and the original image
u are given in Table 1. As can be seen, the estimates 71 = n/2 and 7 = n are
good approximations of the true constraints D(f, Hu) and | T'(Hu) — T'(f)||3.

D(f. Ha) /[T (Hw) — T()[3/n|PSNR| MAE
Blgoo 0.5020 1.0034 23.38 1 24.95
Bli200 0.5018 1.0039 23.79 | 44.60
Bl2oo00 0.4979 0.9960 23.97169.75
B1l3000 0.4994 0.9989 24.06 |100.73
B2600 0.5131 1.0004 20.17 | 36.61
B21200 0.5122 1.0178 20.37 ] 69.47
B22000 0.5063 1.0085 20.49 |112.05
B23000 0.4956 0.9899 20.52 |165.47

Table 1. The original values D(f, Hu)/n, |T(Hu) — T(f)||3/n and PSNR, MAE of f.

We computed the minimizer of our functional (1) with the I3 ;-norm @ and the
discrete gradient operator L by Algorithm 1 with 7 = n. We compared the result
with the I-divergence constrained approach (4) and Algorithm 2 with 77 = n/2.
The parameters ¢ and 7 appearing in the PDHGMp are fitted such that the
algorithms give (up to two digits after the comma) the same PSNR, MAE and
TV-norm (times 10° or 10°) after 1000 iterations as after 100000 iterations. In
the I-divergence constrained approach with the brain data we stopped after 5000
iterations. Further we have chosen § = 1. Fig. 3 shows the restoration results for
Bliogp and Fig. 4 for B215059. Table 2 summarizes the results for the different

Fig. 3. Result for the ’cameraman’ image B1;200 corresponding to Table 3. Corrupted
image (left), restoration result by the Anscombe constrained model and Alg. 1 (middle),
difference image between the middle image and those denoised by I-divergence con-
strained model and Alg. 2 (right). The gray values in the difference image are between
-10 and 10, while the image values were scaled up to 1200.



Fig. 4. Result for the ’brain’ image B2;200 corresponding to Table 3. Corrupted image
(left), restoration result by the Anscombe constrained model and Alg. 1 (middle),
difference image between the middle image and those denoised by the I-divergence
constrained model and Alg. 2 (right). The gray values in the difference image are
between -15 and 15, while the image values were scaled up to 1200.

intensities. As expected, we observe that the outcomes of the two algorithms are
very similar. More precisely, if u4, resp. u; denote the output of the restoration
procedure with Anscombe, resp. I-divergence constraints, then we get for image
B1 that ||ug — us||2/(vn) ranges from 2.24e-6 to 6.76e-7 and max |ug — us|/v
from 0.0082 to 0.0026 for the different noise levels.

Finally, Table 3 compares Algorithms 1 and 2 for different constraints 7 and 77
and a central part of the cameraman of size 130 x 130 with » = 3000 after 1000
iterations.

image | o o |IT(Hw) — T(f)|l5 — n|D(f, Hu) — n/2] TV-norm [PSNR| MAE
Bliano| 0042| 3 o 0015 |19198016| 20,08 | 2508
Blaono| 0.021 [1208) 07T 07310 |37931e10| 35,73 | o714
e i IO 5
Blooo |0.040 304 | T 00120 |T5600ets| 2101 | 2558
B2iano| 0034 | 307) O 43653 |13075et0] 22,36 | 9.1
T e G O . o
Basooo 0.018205.413) P L5536 |1.060m0+6| 22.01 | 9609

Table 2. Results of Algorithms 1 and 2 with 7 =n and 77 = %.
6 Summary and Conclusions

We have considered a constrained restoration model for images corrupted by a
linear transform and Poisson noise which involves the Anscombe transform. An
advantage of this approach in contrast to penalized ones is the existence of esti-
mates for the model parameter. We have provided algorithms to find a minimizer



scale o o [IIT(Hw) — T(f)||3 — n|D(f, Hu) — n/2] TV-norm | PSNR [ MAE

0.8 0.2 |0.975 O -0.0585 géi(l)gig 26.5176|66.0681
T e I s B
1.0095 (optimal)|0.0239| 4.002 '0'(1616 od }:gg?izig gg:gi ggjg;
12 Joou| s s 0.0611  |1ss6sero| 2403 | 687

O s I T v

Table 3. Results of Algotithms 1 and 2 on a part of Blgggo for different constraining parameters
7 = scale-n and 77 = scale-%. The optimal scale is computed as in Table 1.

of the model based on epigraphical projections and have shown that the perfor-
mance is similar to a recently introduced I-divergence constrained model. Future
research comprises the following: i) replacing or combining the discrete gradient
operator L with other ones (discrete higher order operators, nonlocal means,
wavelet-like transforms) and handling other problems than deblurring ones, i)
considering convex optimization problems involving multiple constraints

R
mi&ig}}ze &, (Lyu) subject to HsuelCys, s=1,...,5

r=1
with linear operators L, : R — RM H, : R" — RM: &, € IH(RY") and
nonempty, closed, convex subsets C;, C RMs, where the epigraphical projec-
tion approach may be quite efficient, see [10], iii) restoring images with Poisso-
nian+Gaussian noise, see [15,16], and ) finding numerically efficient methods
to map the constraining parameter to the parameters of the corresponding pe-
nalizing functional.
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