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Abstract

In this paper we derive an extension of the Marcenko-Pastur theorem to a large class of
weak dependent sequences of real-valued random variables having only moment of order 2.
Under a mild dependence condition that is easily verifiable in many situations, we derive that
the limiting spectral distribution of the associated sample covariance matrix is characterised
by an explicit equation for its Stieltjes transform, depending on the spectral density of the
underlying process. Applications to linear processes, functions of linear processes and ARCH
models are given.
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1 Introduction

A typical object of interest in many fields is the sample covariance matrix B,, = n~! Z?:l XjTXj
where (X;), j =1,...,n, is a sequence of N = N(n)-dimensional real-valued row random vec-
tors. The interest in studying the spectral properties of such matrices has emerged from multi-
variate statistical inference since many test statistics can be expressed in terms of functionals of
their eigenvalues. The study of the empirical distribution function (e.d.f.) FB» of the eigenvalues
of B,, goes back to Wishart 1920’s, and the spectral analysis of large-dimensional sample covari-
ance matrices has been actively developed since the remarkable work of Marcenko and Pastur
(1967) stating that if lim,,_,o, N/n = ¢ € (0,00), and all the coordinates of all the vectors X;’s
are i.i.d. (independent identically distributed), centered and in L2, then, with probability one,
FBn converges in distribution to a non-random distribution (the original Maréenko-Pastur’s the-
orem is stated for random variables having moment of order four, for the proof under moment
of order two only, we refer to Yin (1986)).

Since the Marcenko-Pastur’s pioneering paper, there has been a large amount of work aiming
at relaxing the independence structure between the coordinates of the X;’s. Yin (1986) and
Silverstein (1995) considered a linear transformation of independent random variables which
leads to the study of the empirical spectral distribution of random matrices of the form B,, =
n~t Z;L:1 FJI\PY;‘-FYJT}f where I'y is an N x N non-negative definite Hermitian random matrix,
independent of the Y;’s which are i.i.d and such that all their coordinates are ii.d. In the
latter paper, it is shown that if lim,, oo N/n = ¢ € (0,00) and F'~ converges almost surely
in distribution to a non-random probability distribution function (p.d.f.) H on [0,00), then,
almost surely, FB» converges in distribution to a (non-random) p.d.f. F that is characterized
in terms of its Stieltjes transform which satisfies a certain equation. Some further investigations
on the model above mentioned can be found Silverstein and Bai (1995) and Pan (2010).

A natural question is then to wonder if other possible correlation patterns of coordinates
can be considered, in such a way that, almost surely (or in probability), FB» still converges in
distribution to a non-random p.d.f. The recent work by Bai and Zhou (2008) is in this direction.
Assuming that the X;’s are i.i.d. and a very general dependence structure of their coordinates,



they derive the limiting spectral distribution (LSD) of B,,. Their result has various applications.
In particular, in case when the X;’s are independent copies of X = (X1,..., Xn) where (Xy)rez
is a stationary linear process with centered i.i.d. innovations, applying their Theorem 1.1, they
prove that, almost surely, F'B» converges in distribution to a non-random p.d.f. F, provided that
lim,, 0o N/n = ¢ € (0,00), the coefficients of the linear process are absolutely summable and
the innovations have a moment of order four (see their Theorem 2.5). For this linear model, let
us mention that in a recent paper, Yao (2012) shows that the Stieltjes transform of the limiting
p.d.f. F satisfies an explicit equation that depends on ¢ and on the spectral density of the
underlying linear process. Still in the context of the linear model described above but, relaxing
the equidistribution assumption on the innovations, and using a different approach than the
one considered in the papers by Bai and Zhou (2008) and by Yao (2012), Pfaffel and Schlemm
(2011) also derive the LSD of B,, still assuming moments of order four for the innovations plus
a polynomial decay of the coefficients of the underlying linear process.

In this work, we extend such Marcéenko-Pastur type theorems along another direction. We
shall assume that the X;’s are independent copies of X = (X1,...,Xn) where (Xi)rez is a
stationary process of the form Xy = g(--- ,ex_1,x) where the e;’s are i.i.d. real valued random
variables and ¢ : R — R is a measurable function such that X}, is a proper centered random
variable. Assuming that Xy has a moment of order two only, and imposing a dependence condi-
tion expressed in terms of conditional expectation, we prove that if lim,, .. N/n = ¢ € (0, 00),
then almost surely, FB» converges in distribution to a non-random p.d.f. F whose Stieltjes
transform satisfies an explicit equation that depends on ¢ and on the spectral density of the un-
derlying stationary process (Xj)rez (see our Theorem 2.1). The imposed dependence condition
is directly related to the physical mechanisms of the underlying process, and is easy verifiable
in many situations. For instance, when (Xj)kez is a linear process with i.i.d. innovations, our
dependence condition is satisfied, and then our Theorem 2.1 applies, as soon as the coefficients
of the linear process are absolutely summable and the innovations have a moment of order two
only, which improves Theorem 2.5 in Bai and Zhou (2008) and Theorem 1.1 in Yao (2012).
Other models, such as functions of linear processes and ARCH models, for which our Theorem
2.1 applies, are given in Section 3.

Let us now give an outline of the method used to prove our Theorem 2.1. Since the X;’s are
independent, the result will follow if we can prove that the expectation of the Stieltjes transform
of FBn say Spm,(z), converges to the Stieltjes transform of F, say S(z), for any complex
number z with positive imaginary part. With this aim, we shall consider a sample covariance
matrix G, = n~! > i Z]TZJ- where the Z;’s are independent copies of Z = (Z1,...Zn) where
(Zk)kez is a sequence of Gaussian random variables having the same covariance structure as the
underlying process (Xj)rez. The Z;’s will be assumed to be independent of the X;’s. Using the
Gaussian structure of G,,, the convergence of E(Sra, (2)) to S(z) will follow by Theorem 1.1 in
Silverstein (1995). The main step of the proof is then to show that the difference between the
expectations of the Stieltjes transform of FB» and that of FS» converges to zero. This will be
achieved by approximating first (Xx)xez by an m-dependent sequence of random variables that
are bounded. This leads to a new sample covariance matrix B,,. We then handle the difference
between E (S5, (z)) and E(Spe,(z)) with the help of the so-called Lindeberg method used in
the multidimensional case. Lindeberg method is known to be an efficient tool to derive limit
theorems and, from our knowledge, it has been used for the first time in the context of random
matrices by Chatterjee (2006). With the help of this method, he proved the LSD of Wigner
matrices associated with exchangeable random variables.

The paper is organized as follows: in Section 2, we specify the model and state the LSD
result for the sample covariance matrix associated with the underlying process. Applications to
linear processes, functions of linear processes and ARCH models are given in Section 3. Section
4 is devoted to the proof of the main result, whereas some technical tools are stated and proved



in Appendix.

Here are some notations used all along the paper. For any non-negative integer ¢, the
notation 0, means a row vector of size g. For a matrix A, we denote by AT its transpose matrix,
by Tr(A) its trace, by ||Al| its spectral norm, and by || A2 its Hilbert-Schmidt norm (also called
the Frobenius norm). We shall also use the notation ||X||, for the L"-norm (r > 1) of a real
valued random variable X. For any square matrix A of order N with only real eigenvalues, the
empirical spectral distribution of A is defined as

A 1 &
Fo(x) = Nzﬂ{Aka}v
P

where A1, ..., \y are the eigenvalues of A. The Stieltjes transform of F4 is given by

1 1
S = dFA(z) = —Tr(A—20)7",
pa(e) = [ S dPA @) = T -2
where z = u + v € C* (the set of complex numbers with positive imaginary part), and I is the
identity matrix.

Finally, the notation [z] is used to denote the integer part of any real z and, for two reals a
and b, the notation a A b means min(a, b), whereas the notation a V b means max(a, b).

2 Main result

We consider a stationary causal process (X )kez defined as follows: let (ex)rez be a sequence of
i.i.d. real-valued random variables and let ¢ : R — R be a measurable function such that, for
any k € Z,

Xy =g(&) with & = (..., ex-1,¢x) (2.1)

is a proper random variable, E(g(&)) = 0 and ||g(&x)]|2 < oo.

The framework (2.1) is very general and it includes many widely used linear and nonlinear
processes. We refer to the papers by Wu (2005, 2011) for many examples of stationary processes
that are of form (2.1). Following Priestley (1988) and Wu (2005), (X%)kez can be viewed as a
physical system with & (respectively Xj) being the input (respectively the output) and g being
the transform or data-generating mechanism.

For n a positive integer, we consider n independent copies of the sequence (e)rez that we
denote by (&‘g))kez for i = 1,...,n. Setting f,(j) = (...,5,&211,5,8)) and X,gz) = g({,(:)), it follows
that (X,gl))kez, e (X,gn))kez are n independent copies of (Xj)rez. Let now N = N(n) be a
sequence of positive integers, and define for any ¢ € {1,...,n}, X; = (Xfl), e ,X](\Z,)). Let

1
X, = (XT|...|XT) and B, = -X,XT. (2.2)
n

In what follows, B,, will be referred to as the sample covariance matrix associated with (X)gez.
To derive the limiting spectral distribution of B,,, we need to impose some dependence structure
on (Xg)kez. With this aim, we introduce the projection operator: for any k and j belonging to
7, let

Pj(Xk) = E(Xk[&5) — E(Xk[&-1) -

We state now our main result.



Theorem 2.1 Let (Xp)rez be defined in (2.1) and By, by (2.2). Assume that

D 1Po(Xp)l|2 < o0, (2.3)

k>0

and that c(n) = N/n — ¢ € (0,00). Then, with probability one, FB" tends to a non-random
probability distribution F, whose Stieltjes transform S = S(z) (z € Ct) satisfies the equation

1 ¢ [* 1

where S(z) := —(1 —¢)/z + ¢S(z) and f(-) is the spectral density of (Xk)rez-

Let us mention that, in the literature, the condition (2.3) is referred to as the Hannan-Heyde
condition and is known to be essentially optimal for the validity of the central limit theorem
for the partial sums (normalized by y/n) associated with an adapted regular stationary process
in 2. As we shall see in the next section, the quantity ||Py(Xy)||2 can be computed in many
situations including non linear models. We would like to mention that the condition (2.3) is
weaker than the 2-strong stability condition introduced by Wu (2005, Definition 3) that involves
a coupling coeflicient.

Remark 2.2 Under the condition (2.3), the series ), |Cov(Xo, X})| is finite (see for instance
the inequality (4.61)). Therefore (2.3) implies that the spectral density f(-) of (X )rez exists,
is continuous and bounded on [0,27). It follows that Proposition 1 in Yao (2012) concerning
the support of the limiting spectral distribution F' still applies if (2.3) holds. In particular, F' is
compactly supported. Notice also that condition (2.3) is essentially optimal for the covariances
to be absolutely summable. Indeed, for a causal linear process with non-negative coefficients
and generated by a sequence of i.i.d. real-valued random variables centered and in L2, both
conditions are equivalent to the summability of the coefficients.

Remark 2.3 Let us mention that each of the following conditions is sufficient for the validity
of (2.3):

Zjﬁummso)nz <o or Zjﬁm—ﬂ*:(xnw)nz <o, (2.5)

n>1 n>1

where F{' = o(e, 1 <k <n). A condition as the second part of (2.5) is usually referred to as a
near epoch dependence type condition. The fact that the first part of (2.5) implies (2.3) follows
from Corollary 2 in Peligrad and Utev (2006). Corollary 5 of the same paper asserts that the
second part of (2.5) implies its first part.

Remark 2.4 Since many processes encountered in practice are causal, Theorem 2.1 is stated for
the one-sided process (X )rez having the representation (2.1). With non-essential modifications
in the proof, the same result holds when (X% )xez is a two-sided process having the representation

Xk:g(...,gk_1,€k,€k+1,...), (26)

where (e )kez is a sequence of i.i.d. real-valued random variables. Assuming that X is centered
and in L, condition (2.3) has then to be replaced by the following condition: >, [[Po(Xk)|2 <
00.

Remark 2.5 One can wonder if Theorem 2.1 extends to the case of functionals of another
strictly stationary sequence which can be strong mixing or absolutely regular, even if this
framework and ours have different range of applicability. Actually, many models encountered in



econometric theory have the representation (2.1) whereas, for instance, functionals of absolutely
regular (S-mixing) sequences occur naturally as orbits of chaotic dynamical systems. In this
situation, we do not think that Theorem 2.1 extends in its full generality without requiring an
additional near epoch dependence type condition. It is outside the scope of this paper to study
such models which will be the object of further investigations.

3 Applications

In this section, we give two different classes of models for which the condition (2.3) is satisfied
and then for which our Theorem 2.1 applies. Other classes of models, including non linear time
series such as iterative Lipschitz models or chains with infinite memory, which are of the form
(2.1) and for which the quantities ||Py(Xg)||2 or ||E(Xk|&o)||2 can be computed may be found in
Wau (2011).

3.1 Functions of linear processes

In this section, we shall focus on functions of real-valued linear processes. Define
Xk :h<zai5k—i) —E(h(Zaisk_i>> y (3.1)
i>0 i>0

where (a;);cz is a sequence of real numbers in ¢! and (g;);cz is a sequence of i.i.d. real-valued
random variables in I.!. We shall give sufficient conditions in terms of the regularity of the
function h, for the condition (2.3) to be satisfied.

Denote by wy(+) the modulus of continuity of the function i on R, that is:

wp(t) = sup [h(z) = h(y)].

lz—y|<t

Corollary 3.1 Assume that
> lwn(laxeo))l2 < o0, (3.2)
k>0

or

s (S lasselle- )l _

7 (3.3)

k>1

Then, provided that c(n) = N/n — ¢ € (0,00), the conclusion of Theorem 2.1 holds for FBr
where By, is the sample covariance matriz of dimension N defined by (2.2) and associated with

(Xk)kez defined by (3.1).

Example 1. Assume that h is v-Holder with « €]0, 1], that is: there is a positive constant C'
such that wy(t) < C|t|7. Assume that

Z lag]” < oo and E(|eo| V) < 00,
k>0

then the condition (3.2) is satisfied and the conclusion of Corollary 3.1 holds. In particular,
when h is the identity, which corresponds to the fact that X is a causal linear process, the
conclusion of Corollary 3.1 holds as soon as Y, |ax| < o0 and g belongs to L%, This improves
Theorem 2.5 in Bai and Zhou (2008) and Theorem 1 in Yao (2012) that require gy to be in L2,

Example 2. Assume [|gg|lcc < M where M is a finite positive constant, and that |az| < Cp*
where p € (0,1) and C is a finite positive constant, then the condition (3.3) is satisfied and the



conclusion of Corollary 3.1 holds as soon as Y~ k2w, (pP*MC(1 — p)~1) < co. Using the
usual comparison between series and integrals, it follows that the latter condition is equivalent

to
/1 ) < oo (3.4)
0

ty/|logt]|

For instance if wy,(t) < C|logt|™® with @ > 1/2 near zero, then the above condition is satisfied.

Let us now consider the special case of functionals of Bernoulli shifts (also called Raikov or
Riesz-Raikov sums). Let (¢ )rez be a sequence of i.i.d. random variables such that P(gg = 1) =
P(eg = 0) = 1/2 and let, for any k € Z,

1
Yi= Y27 le, ; and X = h(Ye) - / h(z)da (3.5)
i>0 0

where h € L2([0,1]), [0, 1] being equipped with the Lebesgue measure. Recall that Y,,, n > 0, is
an ergodic stationary Markov chain taking values in [0, 1], whose stationary initial distribution
is the restriction of Lebesgue measure to [0, 1]. As we have seen previously, if A has a modulus of
continuity satisfying (3.4), then the conclusion of Theorem 2.1 holds for the sample covariance
matrix associated with such a functional of Bernoulli shifts. Since for Bernoulli shifts, the
computations can be done explicitly, we can even derive an alternative condition to (3.4), still
in terms of regularity of h, in such a way that (2.3) holds.

Corollary 3.2 . Assume that

1 1 — QL o (0) 1 t X 0.9]
[ [ @) = )P s (o (o ) ey < o (36)

for some t > 1. Then, provided that ¢(n) = N/n — ¢ € (0,00), the conclusion of Theorem 2.1

holds for FB» where B, is the sample covariance matriz of dimension N defined by (2.2) and
associated with (Xy)kez defined by (3.5).

As a concrete example of a map satisfying (3.6), we can consider the function

1 1 .1
g(m):ﬁmsm(;) ,0<z <1

(see the computations pages 23-24 in Merlevede et al (2006) showing that the above function
satisfies (3.6)).

Proof of Corollary 3.1. To prove the corollary, it suffices to show that the condition (2.3) is
satisfied as soon as (3.2) or (3.3) holds. Let (¢} )rez be an independent copy of (i )rez. Denoting
by Ec(-) the conditional expectation with respect to € = (e )rez, we have that, for any k > 0,

k—1 k
EE (h( Z aisz_i + Z aiek_,;) — h< Z aiEZ—z‘ + Z aisk_i>> HQ
=0 i>k =0 i>k+1

< JJwn (Jar(eo — €5)]) Iz -

IRy (X2 = |

Next, by the subadditivity of wp(-), wx(larx(co — €§)|) < wn(lageo]) + wn(lakeyl). Whence,
|1 Po(X%)|l2 < 2||wn(|akeo|)||2. This proves that the condition (2.3) is satisfied under (3.2).

We prove now that if (3.3) holds then so does the condition (2.3). According to Remark 2.3,
it suffices to prove that the first part of (2.5) is satisfied. With the same notations as before,
we have that, for any ¢ > 0,

E(X,|¢) = E. (h ( EZE aii+ aielg,i) —h ( 3 ais;f_i>> .
=0

i>0 i>0



Hence, for any non-negative integer /,

Gl < Juwn (D lasters = i) |, < 2fwn (D laslleei) |
i>l >

where we have used the subadditivity of wy(-) for the last inequality. This latter inequality
entails that the first part of (2.5) holds as soon as (3.3) does. O

Proof of Corollary 3.2. By Remark 2.3, it suffices to prove that the second part of (2.5) is
satisfied as soon as (3.6) is. Actually we shall prove that (3.6) implies that
> (logn)![| Xy — E(Xu|F{)|3 < oo, (3.7)
n>1

which clearly entails the second part of (2.5) since t > 1. An upper bound for the quantity
| X, — E(X,,|F7)||3 has been obtained in Ibragimov and Linnik (1971, Chapter 19.3). Setting
Ajp =1[727",(j+1)27") for j =0,1,...,2" — 1, they obtained (see the pages 372-373 of their
monograph) that

2" —1

1X, — E(Xa | FD)|2 < 27 Z / / h(y))?dedy.

Z/ / da:dy</ / 1‘33 yl<o—ndzdy,

it follows that

> (logn)! | X, — E(Xn| F)13

n>1

Since

// S° 2 (ogn)! (h(x) — h(y))?1_y<a-ndady.

n:2=">|z—y|

This latter inequality together with the fact that for any u € (0,1), 3, .5-ns,(logn)* <
Cu~!(log(logu=1))! for some positive constant C, prove that (3.7) holds under (3.6). O

3.2 ARCH models

Let (ex)rez be an i.i.d. sequence of zero mean real-valued random variables such that ||o|l2 = 1.
We consider the following ARCH(co) model described by Giraitis et al. (2000):

Y, = orer where a,% =a+ Z ankQ_j , (3.8)
j=1

where a > 0, a; > 0and ) j>1a; < 1. Such models are encountered when the volatility (02)kez
is unobserved. In that case, the process of interest is (Y,f) rez and, in what follows, we consider
the process (X)kez defined, for any k € Z, by:

X = Y2 —E(Y?) where Y} is defined in (3.8). (3.9)

Notice that, under the above conditions, there exists a unique stationary solution of equation
(3.8) satisfying (see Giraitis et al. (2000)):

o o¢]
2 _ ‘ 2 2
op=a+ az Z Ajy - Q€ - Ehe(jr4tj) - (3.10)
£=1 j1,..,Je=1



Corollary 3.3 Assume that g belongs to L* and that

|E[)||4ZCL] <1 and Za] =0(n=") for some b>1/2. (3.11)

j>1 j>n

Then, provided that c(n) = N/n — ¢ € (0,00), the conclusion of Theorem 2.1 holds for FBr
where B,, is the sample covariance matriz of dimension N defined by (2.2) and associated with

(Xk)kez defined by (3.9).

Proof of Corollary 3.3. By Remark 2.3, it suffices to prove that the first part of (2.5) is
satisfied as soon as (3.11) is. With this aim, let us notice that, for any integer n > 1,

IE(Xn|€0) H2=H80HZHE Z\éo)— o)ll2

2 . .
<2aHEOH4H E § - g€ n g1t "Enf(j1+---+j4)1]1+-~~+]152n 9
=1 ji,....je=1

l—
<2a||€0||4z Z Zajl' - Qg Jk>n/€]H€0|| <2aH50H4Z£K‘ ! Z Ak 5

=1 j1,..,je=1 k=1 =[n/{]
where x = [|go]2 Zj>1 a;. So, under (3.11), there exists a positive constant C' not depending
on n such that ||E(X,|&)l2 < Cn~°. This upper bound implies that the first part of (2.5) is
satisfied as soon as b > 1/2. O

Remark 3.4 Notice that if we consider the sample covariance matrix associated with (Y%)rez
defined in (3.8), then its LSD follows directly by Theorem 2.1 since Py(Y)) = 0, for any positive
integer k.

4 Proof of Theorem 2.1

To prove the theorem it suffices to show that for any z € CT,
SpB,(2) = S(z) almost surely. (4.1)

Since the columns of &), are independent, by Step 1 of the proof of Theorem 1.1 in Bai and
Zhou (2008), to prove (4.1), it suffices to show that, for any z € C*,
nlLH;O]E(SFBn( z)) = S(z), (4.2)
where S(z) satisfies the equation (2.4).
The proof of (4.2) being very technical, for reader convenience, let us describe the different
steps leading to it. We shall consider a sample covariance matrix G, := 12, ZT" (see (4.32))
such that the columns of Z,, are independent and the random variables in each column of Z,

form a sequence of Gaussian random variables whose covariance structure is the same as that
of the sequence (X} )rez (see Section 4.2). The aim will be then to prove that, for any z € C*,

Jim |E(Spea(2)) — E(Spe.(2))| =0, (4.3)
and
lim E(Span(2)) = S(2). (4.4)

The proof of (4.4) will be achieved in Section 4.4 with the help of Theorem 1.1 in Silverstein
(1995) combined with arguments developed in the proof of Theorem 1 in Yao (2012). The proof



of (4.3) will be divided in several steps. First, to “break” the dependence structure, we introduce
a parameter m, and approximate B,, by a sample covariance matrix B,, := %é‘?n/ﬁ? (see (4.16))
such that the columns of X, are independent and the random variables in each column of A},
form of an m-dependent sequence of random variables bounded by 2M, with M a positive real

(see Section 4.1). This approximation will be done in such a way that, for any z € C*,

lim limsuplimsup |E(Sps,.(2)) —E(S:s, (2 ‘:O. 4.5
i limsup im sup [E(Spm, (2)) — B(Sys, () (1.5
Next, the sample Gaussian covariance matrix Gy, is approximated by another sample Gaus-
sian covariance matrix Gy, (see (4.34)), depending on the parameter m and constructed from
G,, by replacing some of the variables in each column of Z,, by zeros (see Section 4.2). This
approximation will be done in such a way that, for any z € CT,

lim limsup |E(Spe,(2)) — E(S,q, (z))‘ =0. (4.6)

m—00 n—oo

In view of (4.5) and (4.6), the convergence (4.3) will then follow if we can prove that, for any
z€CTH,
lim limsup limsup |E(S s, (2)) — E(S,¢, (z))‘ =0. (4.7)

m—0o0 M—00 n—oo

This will be achieved in Section 4.3 with the help of the Lindeberg method. The rest of this
section is devoted to the proofs of the convergences (4.3)-(4.7).

4.1 Approximation by a sample covariance matrix associated with an
m~dependent sequence.

Let N > 2 and m be a positive integer fixed for the moment and assumed to be less than \/N/2.

" = [T ws

m2+m

where we recall that [ -] denotes the integer part. Let M be a fixed positive number that depends
neither on N, nor on n, nor on m. Let ¢ps be the function defined by war(x) = (x AM)V (—M).
Now for any k € Z and ¢ € {1,...,n} let

X = E(on XN, e, ) and X0, = K0 — B(X ) (4.9)
In what follows, to soothe the notations, we shall write X9 and X ,ii) instead of respectively

k
X ,gl%wm and X ,%/Im, when no confusion is allowed. Notice That (X' ,ily):;k czr ( X ,gngl) ez, Are
n independent copies of the centered and stationary sequence (X' km)k cz defined by
Xim = Xpm — E(Xpm) where X, = E(@M(Xk)’&‘k, o ,ak_m) L keZ. (4.10)
This implies in particular that: for any ¢ € {1,...,n} and any k € Z,
1% oo = 1K mlloc < 20 . (4.11)

For any ¢ € {1,...,n}, note that (X,gizn)kez

that X,glin and )_(,S)m are independent if |k — k| > m. We write now the interval [1, N|NN as a

)

union of disjoint sets as follows:

forms an m-dependent sequence, in the sense

kN,nL+1
[1,N]NN = U ILyuJg,
/=1



where, for £ € {1,...,knm},
Ip:=[(0 = 1)(m* +m) + 1, (£=1)(m* +m) +m’| NN, (4.12)
Joo= [ = )(m? +m) +m? + 1, m? +m)| N,

and, for £ = ky p, + 1,
IkN,m-H = [ij’m(m2 + m) +1, N] NN,
and Jy, 41 = 0. Note that I, 11 = 0if knm(m? +m) = N.
Let now (uéi))
{1,....knm — 1},

e{t k) be the random vectors defined as follows. For any ¢ belonging to

@ _ (@)

uy’ = () er,» Om) - (4.13)

Hence, the dimension of the random vectors defined above is equal to m?+m. Now, for £ = k Noms
we set 0 0
? v (2

Wenm = ((Xk,m)k;elkNm»Or) ; (4.14)

where 7 = m+ N —ky ,(m?+m). This last vector is then of dimension N — (ky , —1)(m?+m).

(4)

Notice that the random vectors ( u, are mutually independent.

)1§i§n,1§£§w,m

For any ¢ € {1,...,n}, we define now row random vectors X @ of dimension N by setting
XO = (@ 0=1,.. k), (4.15)

where the ugi)’s are defined in (4.13) and (4.14). Let

X, = (XWT] XMWY and B, = ~ &, X7 . (4.16)

S|

In what follows, we shall prove the following proposition.

Proposition 4.1 For any z € CT, the convergence (4.5) holds true with B, and B,, as defined
in (2.2) and (4.16) respectively.

To prove the proposition above, we start by noticing that, by integration by parts, for any
z=u+iveCT,

}E(SFBn(z)) —E(Sps,(2)) <E‘/mizdFBn(x)—/xizdFBn(x)‘

FBn FBn 1 _
_E’/ (z) 3:‘ < WE/‘FB"(;U)—FB"(:U)‘CZQC. (4.17)

.’E—Z

Now, [ ’F Bn(z) — FBn (x)’dx is nothing else but the Wasserstein distance of order 1 between
the empirical measure of B,, and that of B,,. To be more precise, if Aq,..., Ay denote the
eigenvalues of B,, in the non-increasing order, and A, .. 5\ N the ones of B,,, also in the non-
increasing order, then, setting 7, = % Zszl Oy, and 7, = N k 105, , we have that

/ |FB (z) — FBo(2)|de = Wi (1, 1) = nf E[X — Y],

where the infimum runs over the set of couples of random variables (X,Y) on R x R such that
X ~n, and Y ~ 7,. Arguing as in Remark 4.2.6 in Chafai et al (2012), we have

NAn

W1(77H7777L = — min Z |)‘k - _7r(k:

7r€N
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where 7 is a permutation belonging to the symmetric group Sy of {1,..., N}. By standard
arguments, involving the fact that if x, y, u, v are real numbers such that x < y and u > v, then
. N 3 N 3
|z —ul + |y — o] > [z — v| + |y — ul, we get that minresy Doy M — Ao = Sopat [Ae — Ael-
Therefore,
NAn

Wit ) = [ [F%(@) = FB(a)]de = 3 e = Al (115)
k=1

Notice that A\, = si and A\, = Ei where the sp’s (respectively the s;’s) are the singular values of
the matrix n=1/2.x, (respectively of n=t/ 2X,,). Hence, by Cauchy-Schwarz’s inequality,

NAn B NAn 1/2 NAn 1/2
Z’/\k—)\kyﬁ (Z‘sk+§k‘2) (Z‘Sk_ng)
k=1 k=1 k=1
NAn NAn

1/2

§21/2<NZA51 (s2+32) )1/2(2 |5 — 5| ) <21/2<Tr(B )+Tr(B, )1/2<Z |1 — 5| )
k=1

Next, by Hoffman-Wielandt’s inequality (see e.g. Corollary 7.3.8 in Horn and Johnson (1985)),

NAn
S Jsn— s> < T (X — ) (X — )7
k=1
Therefore,
-« Y 1/2, —1/2 B 1/2 v 5Ty 2
> k= Al £ 22072 (Te(B) + Te(Ba)) (Tr((X = &) (X = %)7)) T (419)
k=1

Starting from (4.17), considering (4.18) and (4.19), and using Cauchy-Schwarz’s inequality, it
follows that

[E(Spna (2)) ~ B(Sp, (2))]
2l/2 1
— 1)2 an/Q

By the definition of B,,,

ITe(By) + Te(Bo) |12 Tr (X — &) (X — 8) )12, (4.20)

E(T(B NZ ) = 1ol (4.21)
i=1 k=1

where we have used that for each 1, (X ,gz))
Now, setting

yez 18 a copy of the stationary sequence (Xk)kez-

kN,m

Inm = J Ir and Ry ={1,..., N\Inm, (4.22)
/=1

recalling the definition (4.16) of B,,, using the stationarity of the sequence (X ,gzn) kez, and the
fact that card(Zy ) = m2]<;N7m < N, we get

_ 1 n — (i S
SEIT@B) = =3 > [1Xills < [ Xoml3-

i=1 k€IN m

11



Next, B
[ Xomll2 < 2[| Xomll2 < 2[leam (Xo)ll2 < 2[|Xoll2 - (4.23)

Therefore,
1 _
FE(T(B)]) < 4 Xol3- (4.24)

Now, by definition of X, and X,

1 > S\T
N—nE(|Tr(Xn — X)) (X — X))
R~ D) ol 1 O i
S DD DI EURS (N F Sl i Bl
i=1 kEIN m =1 kERN,m

Using stationarity, the fact that card(Zy,,) < N and

card(Rym) = N — m%kn ., < Tt m?, (4.25)
we get that
1 _ — — _ —
mnz(m(xn —2) (X0 = X)) < [1X0 — Xowmll2+ (m~" +m>N"1)| Xoll3. (4.26)

Starting from (4.20), considering the upper bounds (4.21), (4.24) and (4.26), we derive that
there exists a positive constant C' not depending on (m, M) and such that

C _
i sup (S () — E(Sp, (2))| £ 5 (1%0 — Kol + m~7).

n—oo

Therefore, Proposition 4.1 will follow if we can prove that

lim limsup || Xo — Xomll2 = 0. (4.27)

m—r0o0 M—00

Let us introduce now the sequence (Xp, ,)rez defined as follows: for any k € Z,
Xim = ]E(Xklek, e ,ak,m) . (4.28)
With the above notation, we write that
1 X0 — Xomll2 < [|Xo — Xomll2 + | Xom — Xomll2-

Since X is centered, so is Xo . Then [|Xo,m — Xomll2 = [|Xo.m —E(Xom) — Xomll2. Therefore,
recalling the definition (4.10) of X, it follows that

| Xo,m — Xomll2 < 2| Xom — Xomll2 < 21 X0 — oumr(Xo) 2 < 2/|(|Xo| — M)+|2- (4.29)

Since Xo belongs to L%, limp/—co || (| Xo| — M)+ |2 = 0. Therefore, to prove (4.27) (and then
Proposition 4.1), it suffices to prove that

lim | Xo — Xomll2 = 0. (4.30)

Since (Xom)m>0 is a martingale with respect to the increasing filtration (G, )m>0 defined by
Gm = 0(€—m,...,€0), and is such that sup,,>q | Xoml|l2 < [|Xoll2 < oo, (4.30) follows by the
martingale convergence theorem in I (see for instance Corollary 2.2 in Hall and Heyde (1980)).
This ends the proof of Proposition 4.1. O
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4.2 Construction of approximating sample covariance matrices associated
with Gaussian random variables.

Let (Z)rez be a centered Gaussian process with real values, whose covariance function is given,
for any k,{ € Z, by

COV(Zk, Zg) = COV(Xk, Xg) . (4.31)
For n a positive integer, we consider n independent copies of the Gaussian process (Zy)rez that

() (@)

are in addition independent of (X" )rez ie{1,..,n}- We shall denote these copies by (Z,”)xez for
i=1,...,n. Foranyiec{l,...,n}, define Z; = (2",..., ZW). Let 2, = (Z7)...|ZL) be the
matrix whose columns are the Z,LT’S and consider its associated sample covariance matrix

1
G,=-2,2T. (4.32)
n

For kn ., given in (4.8), we define now the random vectors (Vgi)) as follows. They are

e{l,....kn.m}
defined as the random vectors (ug))ee{l,...,kN,m} defined in (4.13) and (4.14), but by replacing
each X ,glin by Z ,Ef). For any i € {1,...,n}, we then define the random vectors Z® of dimension
N, as follows:
ZO = (v =1, knm) - (4.33)
Let now
Z, = (ZOT].)Z™7) and G, = %zzﬁ (4.34)

In what follows, we shall prove the following proposition.

Proposition 4.2 For any z € Ct, the convergence (4.6) holds true with Gy, and (~}n as defined
in (4.32) and (4.34) respectively.

To prove the proposition above, we start by noticing that, for any z = u +iv € CT,

r—z r—z

Gn(,) _ Gn Gn _ Gy
SE‘/F (x) = F dx‘ngF FO o
(x —2)

2 v

[E(Sre. (2)) ~E(Sy, ()| <E| / L 4pGa(e) - / L arS ()

Hence, by Theorem A.44 in Bai and Silverstein (2010),
7'[' ~
\E(SFGn (2) — E(S e, <z>)) < Trank(Z, - Z,).

By definition of Z, and Zvn, rank(Zn — gn) < card(Rn,m), where Ry, is defined in (4.22).
Therefore, using (4.25), we get that, for any z = u +iv € CT,

) 25500 ¢ 5 ().

which converges to zero by letting n first tend to infinity and after m. This ends the proof of
Proposition 4.2. Il
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4.3 Approximation of E(S;s,(z)) by E(S,e,(2)).
In this section, we shall prove the following proposition.

Proposition 4.3 Under the assumptions of Theorem 2.1, for any z € C™, the convergence
(4.7) holds true with B, and G, as defined in (4.16) and (4.34) respectively.

With this aim, we shall use the Lindeberg method that is based on telescoping sums. In order
to develop it, we first give the following definition:

Definition 4.1 Let = be a vector of R™V with coordinates
r = (:c(l),...,:z:(”)) where for any i € {1,...,n}, 2 = (a:,(:), ke {1,...,N}) .

Let z € Ct and f := f. be the function defined from R™ to C by

n

fo) = % TH(AG) — 1) where A(r) = %Z(x(m)%(k), (4.35)
k=1

and 1 is the identity matriz.

The function f, as defined above, admits partial derivatives of all orders. Indeed, let u be one
of the coordinates of the vector x and A, = A(x) the matrix-valued function of the scalar w.
Then, setting G, = (Au - zI)f1 and differentiating both sides of the equality G, (A, — 2I) =1,
it follows that i A

Tu —G%G, (4.36)
(see the equality (17) in Chatterjee (2006)). Higher-order derivatives may be computed by
applying repeatedly the above formula. Upper bounds for some partial derivarives up to the

fourth order are given in Appendix.
Now, using Definition 4.1 and the notations (4.15) and (4.33), we get that, for any z € C*,

E(Sps,(2)) —E(S,a, (2) =Ef(XW ..., XM) ~Ef(Z2V,..., ZM). (4.37)

FGn

To continue the development of the Lindeberg method, we introduce additional notations. For

any ¢ € {1,...,n} and kn,, given in (4.8), we define the random vectors (Uéi))qu ) of
dimension nN as follows. For any £ € {1,...,knm}, Y
Ug) = <0(i71)N7 0(3_1)(m2+m) , uéz) , Org,O(nfi)N> , (438)

where the ug)’s are defined in (4.13) and (4.14), and

rg =N —Lm?*+m) for £ € {1,... knm — 1}, and Tk = 0. (4.39)

Note that the vectors (Ugi))1 <i<ni<t<ky. A€ mutually independent. Moreover, with the no-

tations (4.38) and (4.15), the following relations hold. For any ¢ € {1,...,n},

kN,m n k'N,m
> U = (0ne RO, 0 ) and 030 0P = (X0 K)o
/=1 i=1 (=1

where the X()’s are defined in (4.15).

14



Now, for any i € {1,...,n}, we define the random vectors (Véi)) of dimension

nN, as follows: for any £ € {1,...,knm},

Z6{17’k1\7,7n}

v = (O(i—l)Na O(e—1)(m2+m) » Vi Omo(n—i)N> ’ (441)

where 7y is defined in (4.39) and the véi)’s are defined in Section 4.2. With the notations (4.41)
and (4.33), the following relations hold: for any i € {1,...,n},

n kN,m . _ _
Z v = (ON o1y, 29, ON(,H-)) and 33 V= (z<1> . z<">) , (4.42)
i=1 (=1
where the Z()’s are defined in (4.33). We define now, for any i € {1,...,n},
7 kN,m n kN,m
Si=> Y Ul and T, =) Y v, (4.43)
s=1 (=1 s=i (=1
and any s € {1,...,knm},
S ) kN m
s =5"uU{" and TY Z v (4.44)
(=1

In all the notations above, we use the convention that Y ;. = 0 if r > s. Therefore, starting
from (4.37), considering the relations (4.40) and (4.42), and using the notations (4.43) and
(4.44), we successively get

n

E(Spn. (2)) ~ E(Spe, (2)) = 3 (BF(Si + Tipa) ~Ef (Si1 + 1))
i=1

N,m . . 3
=33 (BA(Sio1 + 8 + T, + Tivr) —Ef(Sica + 8, + T + i) )
=1 s=1

Therefore, setting for any ¢ € {1,...,n} and any s € {1,...,kxn},

W =8, 1 +80+T +T,,,, (4.45)
and
WO =8, 1 +8% +1% 41, (4.46)
we are lead to
n kxm
E(Sps, (2)) ~E(Spa, () = 3 3 (BAP(N) ~E@P(M)).  (447)
i=1 s=1

where

AD(f) = F(WD) = f(WD) and AD(f) = (WD) = f(WO).

s

In order to continue the multidimensional Lindeberg method, it is useful to introduce the fol-
lowing notations.
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Definition 4.2 Let d; and da be two positive integers. Let A = (aq,...,aq4,) and B = (b1, ..., ba,)
be two real valued row vectors of respective dimensions di and dy. We define A® B as being the
transpose of the Kronecker product of A by B. Therefore

a; BT
A®B= : e Rhdz
adlBT

For any positive integer k, the k-th transpose Kronecker power A®* is then defined inductively
by: A% = AT and A%k = A® (A2k-D)T,

Notice that, here, A ® B is not exactly the usual Kronecker product (or Tensor product) of A
by B that rather produces a row vector. However, for later notation convenience, the above
notation is useful.

Definition 4.3 Let d be a positive integer. If V denotes the differentiation operator given by

V= (8%1, ey %) acting on the differentiable functions h : R — R, we define, for any positive

integer k, V& in the same way as in Definition 4.2. If h : R® — R is k-times differentiable, for
any x € R, let D*h(x) = VE*h(z), and for any row vector Y of R, we define D*h(z).Y®F as
the usual scalar product in R between DFh(z) and Y®*. We write Dh for D'h.

Let z = u+1iv € CT. We start by analyzing the term E(Agl)(f)) in (4.47). By Taylor’s integral
formula,

[E(AD()) ~ B(DF(WD). 00 — JE (D2 (W)U
1
< ‘IE / (1;)21)3 FWO 1+ u®).ul ®3dt(. (4.48)
0

Let us analyze the right-hand term of (4.48). Recalling the definition (4.38) of the U(Si)’s, for
any t € [0, 1],

E|D3 (W +tUud).uld®s|

<D0 E(’W(ng) +1U0) X0 X0 XD, D
kels bels jels i
<N | (W o) XXX

kels tels jels l)a Z)a
where I is defined in (4.12). Therefore, using (4.11), stationarity and (4.23), it follows that, for
any t € [0, 1],

E|D*f(W +Uud).udes|

<8M2ZZZH

— = (W +100) | [xol,

keI, 0L, jEIs z)a
Notice that by (4.43) and (4.44),
w4 1ul) = (XD, XD @), Z0HD 2<">) , (4.49)
where w(? (t) is the row vector of dimension N defined by
wh(t) =8V, +100 + T, = (i, ul Vv ) (450)
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where the ugi)’s are defined in (4.13) and (4.14) whereas the vy)’s are defined in Section 4.2.

Therefore, by Lemma 5.1 of the Appendix, (4.11), and since (Z,(Ci))kez is distributed as the
stationary sequence (Z)rez, we infer that there exists a positive constant C1 not depending on
(n, M,m) and such that, for any ¢ € [0, 1],

0°f S0 110 M+ || Zolls  NY2(MP + ]| Z|3)
|t (V9 + 00, <00t « ML),

Now, since Zj is a Gaussian random variable, || Zo||¢ = 15/ Zo||S. Moreover, by (4.31), || Zo|2 =
I Xo||2. Therefore, there exists a positive constant Cy not depending on (n, M, m) and such that,
for any ¢ € [0, 1],

CQmG(]. + MS)
v3 (1 Av)NY2p2~

E|D*f(W +tUuld).udes| < (4.51)

On another hand, since for any ¢ € {1,...,n} and any s € {1,...,knm}, Ugi) is a centered
random vector independent of Wg) , it follows that
E(Df(W).UD®) =0 and E(D*f(WP).UD2) = E(D2f(WD)).E(UDS?) . (4.52)

Hence starting from (4.48), using (4.51), (4.52) and the fact that m?ky ,,, < N, we derive that
there exists a positive constant Cs not depending on on (n, M, m) and such that

k
n FN,m i 1 i ; (1 +M5)N1/2 4
; ; ’E(Ag)(f)) - 5E(p2f(Wg))).E(Ug)®2)‘ <ot /\U)nm . (453

We analyze now the “Gaussian part” in (4.47), namely: ]E(&EZ) (f )) By Taylor’s integral formula,

[E(RO() — B(DF(WE).VO) - ZE(D2 ] (W0).v22)|

§ )E/l (1— t)2D3f(W(¢) + V).V ®3dt’
— 92 s s )°7s :
0

Proceeding as to get (4.53), we then infer that there exists a positive constant Cy not depending
on (n, M,m) and such that

n knm

S [BAO() ~E(DAWE).VO ) - JR (D2 (W) V)

i=1 s=1

(14 M3)NY/2m?

<
Ca v3(LAv)n

(4.54)

We analyze now the terms E(Df(wgl)) v ®1) in (4.54). Recalling the definition (4.41) of the
Vgl)’s, we write
% 1) ®1 %
E(Df(WP).vOel) = ZE (ax(.") (W) z" ),
J€Els J

where I, is defined in (4.12). To handle the terms in the right-hand side, we shall use the so-
called Stein’s identity for Gaussian vectors (see, for instance, Lemma 1 in Liu (1994)), as done
by Neumann (2011) in the context of dependent real random variables: for G = (Gy,...,Gq) a
centered Gaussian vector of R? and any function h : R? — R such that its partial derivatives
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exist almost everywhere and E‘%(G)‘ < oo for any ¢ = 1,...,d, the following identity holds
true:

ZIE (GiGy) (;Z(G)) for any i € {1,...,d}. (4.55)

Using (4.55) with G = (TV) Z( )) e R™N xR, h: R™N x R — R satisfying h(z,y) = 8%( x)

for any (z,y) € R™ x R, and noticing that G is independent of va’) — Tgl, we infer that, for

any j € I,
E 0
oz
kN’VVL

E(Df(W®P).vOel) = $ $° ZE( T (VVS‘))) Cov(z, Z\").

l=s+1kel, jels

kNm . .
7 (Wi ) ZZE( oD <w<>>)00v<zs%zj‘-”>-

l=s5+1 ICEI[

Therefore,

From (4.49) and (4.50) (with ¢ = 0) and Lemma 5.1 of the Appendix, we infer that there exists
a positive constant C not depending on (n, M, m) and such that, for any k € Iy and any j € I,

Pf o 1 1+ 2| XolI3
N /N ¢ < < . 4.
E(ax(z)ax@(ws) < s (5o + 5 (1%l + 12013 ) < s ooy 459)
k J

Hence, using the fact that COV(Z]?), ZJ@) = Cov(Zy, Z;) together with (4.31), we then derive
that

kn ,m
(i ; 1+ 2[| Xoll3
E(Df(W). Vi el) < Cs 2 Ao) N‘Zm DD [Cov( X, X)) - (4.57)
e s+1 kel, jel,
By stationarity,
’I’I’L2 m2
Z Z ‘COV(Xk,Xj)’ = ZZ ’COV(X(),Xk,j+(g,3)(m2+m))‘ < m2 Z ’COV(Xo,Xk) 5
kel, jel, j=1k=1 k€Em

where Epp = {1 —m? + ({ — s)(m*> + m),...,m?> — 1+ (£ — s)(m? + m)}. Notice that since
m > 1, €y e NEmr2 = 0. Then, summing on ¢, and using the fact that kzN,m(m2 +m) < N, we
get that, for any s > 1,

kN,m m2+N—1
> ) [Cov(Xo, Xp)| <2 Y |Cov(Xo, Xp)|
l=s+1k€Em ¢ k=m-+1

So, overall, for any positive integer s,

kNm 2+N71
DY |Cov(Xp, Xj) <2m? Y |Cov(Xo, Xy)] - (4.58)
l=s+1kel; jels k=m+1

Therefore, starting from (4.57) and using that m2?ky,, < N, it follows that

n kNm

33 E(DF(WD). Ve < 20y (15 2 Xollp) (1 + () Y |Cov(Xo, Xp)|.  (4.59)

2
i=1 s=1 v (1/\U) k>m+1
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Since F_ oo = (yez 0(&k) is trivial, for any k € Z, E(Xy|F-) = E(Xy) = 0 a.s. Therefore, the
following decomposition is valid: Xj = Zf:_oo P,(Xy). Next, since E(P;(Xo)P;(Xy)) = 0 if

i # j, we get, by stationarity, that for any integer k > 0,

\chXo,Xk\—\ Z E(P(X0)Po(Xk))| € D IR oI Po(Xir) 2, (4.60)
r=0

implying that for any non-negative integer u,

> [ Cov(Xo, Xi)| < D I1P(X)ll2 Y 1Po(X) - (4.61)

k>u r>0 k>u

Hence, starting from (4.59) and considering (4.61) together with the condition (2.3), we derive
that there exists a positive constant Cgs not depending on (n, M, m) such that

n kNm
SOS E(DF(WO). V01| < UL S~y e, (4.62)
=1 s=1 v (1/\1)) k>m+1

We analyze now the terms of second order in (4.54), namely: IE(D2 f (va”)vg” ®2). Re-
calling the definition (4.41) of the ng)’s, we first write that

SOV - X S n (T wAA)) . e
.71 x]

J1€ls j2€ls

where [ is defined in (4.12). Using now (4.55) with G = (Tgﬁl,Z@ Z](;)) € R x R x R,

Ji?
h:R™ x R x R — R satisfying h(z,y,2) =y o (z) for any (z,y,2) € R"™ x R x R, and
(i) (#)

_of
() 5,.(4)
o 8m].1 szz
noticing that G is independent of W~ — T /1, we infer that, for any ji, j2 belonging to I,

2 2
E{ 27 ~(WiHzZ0Z0 ) =E 78)*]0 (WO | E(ZP27)
8365-?8955-? ax( 83:()

kNm
af = (l) (’L) (Z)
+> D E (M(Wg))Zh)E(Z Z0). (4.64)
k=s+1 j3€l} 8:13 893 15)

Therefore, starting from (4.63) and using (4.64) combined with the definitions 4.2 and 4.3, it
follows that

E(DQf(ng)).Vgi) ®2)
kN,m '
=E(D2/(W)).E(VO®) + 3 B(DP (W) VD BV @ V). (4.65)
k=s+1

Next, with similar arguments, we infer that

kN,m
55 (000 o 5V V) -
k=s+1

knNm  kNm ‘ '
S Y E@UF(WD))E(VY @V @BV @ V). (4.66)
k=s+1/f=5+1

19



By the definition (4.41) of the Véi)’s, we first write that

E(DY(W)).E(V) @ VD) o E(VY © VD)

- T X T 5 ot (V) ) el A con (0.2

(9 5,.(%) 5,.(2)
J1€lp jo€ls js€ly ja€ls O 3 J2 axjé axh

Z Z Z Z ( &1 ()a ()(ng))> COV(XqujQ)COV(XB,X ), (4.67)

(z
J1€1y jo€ls j3€l, ja€ls 8 ax

where for the last line, we have used that (Z,gz))kez is distributed as (Zy)kez together with

(4.31). From (4.49) and (4.50) (with ¢ = 0), Lemma 5.1 of the Appendix, and the stationarity
of the sequences (X;Elzﬂ)kez and (Z,Sf))
depending on (n, M, m) such that

kez, we infer that there exists a positive constant C7 not

E o*f W) <o 1 N
02092020 9D = 7(anvg anv4(k§ ||2+Z_:||Z H)
WMEﬂMHE 71.)
- Mgh) <1+ (HXo,m\ZHzong) N2(||X0m7!§+||zou>>’

By (4.11) and (4.23), || Xom|l] < (2M)?|| Xom |3 < 16M2|| Xo||3. Moreover, Zy being a Gaussian
random variable, | Zo||! = 3| Zoll3. Hence, by (431), | Zo|li = 3] Xoll§ and [ Zoll3 = [ Xoll3
Therefore, there exists a positive constant Cg not depending on (n, M, m) and such that

4 o 2 2
(9.1‘( )axg;)ax;?axg? n*Nv (1 ANv )

On the other hand, by using (4.58) and (4.61), we get that, for any positive integer s,

kNm kNm

D22 2> 2 > [Cov(gy, Xy Cov (X, X))

k=s+14l=s+1j1€l jo€ls j3s€l} ja€ls
2 2
<am* (D IR 2) (D IR(Xl2) - (4.69)
r>0 k>m+1

Whence, starting from (4.66), using (4.67), and considering the upper bounds (4.68) and (4.69)
together with the condition (2.3), we derive that there exists a positive constant Cg not depending
n (n, M, m) such that

kf E(Di%f(w(i)) Vi g E(V(i) ® V(i))> < Co(14+ M?)(1 + *(n))m* (470)
W A k s) = n?Nuv3(1 A v?) ’

So, overall, starting from (4.65), considering (4.70) and using the fact that m%ky, < N, we
derive that

n knm n knm
’Z S E(D?F (W), =30 T B0 (W))E(VIE))
i=1 s=1 =1 s=1

L O+ M1+ )
- nv3(1 A v2) '

(4.71)
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Then starting from (4.47), and considering the upper bounds (4.53), (4.54), (4.62) and (4.71),
we get that

n knm
[E(Srs.(2)) — E(Spe. ()] < S5 (D2 (W), (E(UD#2) — E(VO#2)))|
i=1 s=1
4C (1+M5)N1/2m4 C (1+M2)(1 —|—c2(n))m2 C (1+02(n))
. v3(LAv)n + = nv3(1 A v?) 1(1))2(1 A ) k>%:H|’P0(Xk)H2a

where C19 = max(Cs, Cy, Cg, C7). Since ¢(n) — ¢ € (0,00), it follows that the second and third
terms in the right-hand side of the above inequality tend to zero as n tends to infinity. On
another hand, by the condition (2.3), limy, 00 ) p5pmi1 |1 P0(Xk)(l2 = 0. Therefore, Proposition
4.3 will follow if we can prove that, for any z € CT,

n kN,m
: : : 2 ¢ (A7 (i) (1) ®2) _ (i) ®2 _
ﬂ%l_r}rcl)ohj\zn_s}iphgsgp ;:1 SEZI ‘E(D f(W§ ))(E(US ) —E(V ))‘ =0. (4.72)

Using the fact that (Z,gi))kez is distributed as (Zj)kez together with (4.31) and that (X/E;iin)kez
is distributed as (X' k.m)kez, We first write that

B(D7 (W1))- (E(UL %) — (VO )

— Z Z (ax am @ (W( ))) (Cov(X'k’m,Xz,m) - COV(Xk,Xe)) .

kels bels

Hence, by using (4.56) and stationarity, we get that there exists a positive constant Cy; not
depending on (n, M, m) such that

B0 (W) (B(UP ) ~E(VE %))

C _ _
= nv?(1 A Ul)l(N An) Z |COV(XO’m’Xk’m) — Cov(Xo, X’C)‘ . (4.73)

)4
To handle the right-hand side term, we first write that

m2 m2—¢ ~ B m?2 - B
‘Cov(Xoym,kam) — COV(Xo,Xk)‘ < m? Z ‘COV(XQm, ka) — Cov(Xo,m,kam)}
/=1 k=0 k=0
m2
+m*> " |Cov(Xom, Xpm) — Cov(Xo, Xi)|, (4.74)
k=0

where X, and Xy, ,, are defined in (4.28). Notice now that Cov(Xom, Xkm) = Cov(Xom, Xm) =
0 if £ > m. Therefore,

m2

m
Z ‘COV(X()’m,Xk,m) — COV(XO,m,Xk,m)‘ = Z ‘Cov(Xoym,kam) — Cov(XO,m,Xk,m)‘ .
k=0 k=0

Next, using stationarity, the fact that the random variables are centered, (4.11) and (4.29), we
get that

’COV(XO,mv Xk,m) — Cov (XO,WH Xk‘,m) ’
= |COV(X0,m - XO,m» Xk,m) + COV(XO,m - Xo,m, Xk,m - Xk,m) + COV(XO,WH Xk,m - Xk:,m)}
< AM [ Xom — Xomll + 4/ (1Xo] = M)+[3.
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As to get (4.29), notice that || Xom — Xoml1 < 2[[(|Xo| = M)+[l1. Moreover, (|z] — M); <
2|1}, >ps which in turn implies that M (|z| — M), < 2|z[*1 ;5. So, overall,

m2

> " |Cov(Xom, Xkm) — Cov(Xom, X )| < 32mE(X31L x5 0) - (4.75)
k=0

We handle now the second term in the right-hand side of (4.74). Let b(m) be an increasing

sequence of positive integers such that b(m) — oo, b(m) < [m/2], and

lim_b(m)|| Xo — Xo /2|5 = 0. (4.76)

m— 00

Notice that since (4.30) holds true, it is always possible to find such a sequence. Now, using
(4.60),

2

> [Cov(Xom: Xim) — Cov(Xo, Xp)|
k=b(m)
m2 [e.e] m2 o0
< D 2 NPl Po(Xerm) 2+ D Y NPo(X) 2l Po(Xir) 2+ (477)
k=b(m) r=0 k=b(m) r=0

Recalling the definition (4.28) of the X ,,’s, we notice that Py(X;,,) = 0if j > m+ 1. Now, for
any j € {0,...,m},
E(Xjmlé0) = E(E(Xjlejs - - - s €j-m)|é0) = E(E(Xjlej, - - €j—m)l€0, - - -, €jm)
= E(Xj‘&‘o, ce 75j—m) = E(E(Xj‘&))‘&o, ceny gj—m) a.s.
Actually, the two last equalities follow from the tower lemma, whereas, for the second one, we
have used the following well known fact with G; = o(eo,...,€j-m), Go = o(ep, k < j—m —1)

and Y = Xj,,: if Y is an integrable random variable, and G; and Gy are two o-algebras such
that o(Y) v G is independent of Ga, then

E(Y|Gi Vv G2) =E(Y]G1) as. (4.78)
Similarly, for any j € {0,...,m — 1},
E(Xjml|é-1) = E(Xjle—1,...,€j-m) = E(E(Xj|{-1)[e-1,. .., 6j—m) as.

Then using the equality (4.78) with G; = o(e_1,...,€j—m) and Ga = o(ep), we get that, for any
jed{l,...,m—1},
E(Xj7m|§_1) = E(E(Xj|§_1)|60, N ,Ej_m) a.s.
whereas E(Xy, m|6-1) = 0 a.s. So, finally, ||[Po(Xmm)ll2 = [E(Xmleo)ll2, [[Po(Xjm)ll2 = 0 if
j>m+1, and, for any j € {1,...,m — 1},
1Po(Xjm)ll2 = IE(Xm|80) — E(Xjml&-1)ll2
= |[E(E(X;|¢) — E(X;[6-1)le0; - -+ gj-m) 2 < [ Po(X))]l2 -

Therefore, starting from (4.77), we infer that

m2

Z ‘COV(X07m,Xk7m) — COV(X(),X]C)‘
k=b(m)

< 2[|Xoll2[E(Xmleo)lla + 2> 1Po(X )2 D [Po(X)ll2- (4.79)
r=0 k>b(m)
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On the other hand,

b(m)
Z ‘COV (XO,ma Xk,m) — COV(X(), Xk) ‘
k=0
b(m) b(m)
< }COV(X() - Xo,m, Xk,m)‘ + Z ‘COV(‘X(),‘X]c — Xk,m” . (480)
k=0 k=0

Since the random variables are centered, Cov (Xo — Xo,m, Xk,m) = E(kam(Xo — X07m)). Since
Xiem 18 0(€k—m, - . ., € )-measurable,

E(Xpm(Xo — Xogm)) = E(Xem (E(Xolek -, Ek—m) — E(Xom|eks - - -, Ek—m)) -

But, for any k € {0,...,m}, by using the equality (4.78) with G; = o(eo,...,€k—m) and Gy =
o(eky...,€1), it follows that

E(Xomlek, - - - ,z—:k_m) =E(Xoleog,.--,Ek—m) a.s. (4.81)
and
E(Xoleg, - - - 75k—m) =E(Xoleo,---,Ek—m) a.s.
Whence,
b(m)
> |Cov(Xo — Xom, Xem)| =0. (4.82)
k=0

To handle the second term in the right-hand side of (4.80), we start by writing that
Cov (Xo, Xk, — Xim) = Cov(Xo — Xom, Xk — Xim) + Cov(Xom, Xk — Xiem) - (4.83)
Using the fact that the random variables are centered together with stationarity, we get that
|Cov(Xo — Xom, Xk — Xim)| < 1 X0 — Xoml|3 - (4.84)

On the other hand, noticing that E(Xy — X ek, ..., k—m) = 0, and using the fact that the
random variables are centered, and stationarity, it follows that
|Cov(Xo.m, X = Xim) | = [E((Xom — E(Xomler, - - €h-m)) (X — Xim))|
< [[Xo,m — E(Xomlek: - - - ek—m)ll2]| X0 — Xomll2 - (4.85)

Next, using (4.81), we get that, for any k € {0,...,m},

[ Xom — E(Xomlek, - - €k—m)ll2 = [ Xo,m — E(Xoleo, - - - s ek—m) |2
== HE(X() — E(X0|80, e ,Ek_m)|50, cen ,E_m) ||2 < ||X0 - E(Xo’éo, PN 75k—m)H2 . (486)

Therefore, starting from (4.85), taking into account (4.86) and the fact that

ogl?%?n)iﬂ] [ Xo — E(Xoleo, - -, ek—m)ll2 < | Xo — E(Xoleo, - - - e_fmy2)ll2 5
we get that
poax | Cov (Xoms X — Xim) | < X0 = Xo,pmy2ll5 - (4.87)
Starting from (4.83), gathering (4.84) and (4.87), and using the fact that b(m) < [m/2], we then

derive that
b(m)

> [Cov(Xo, Xk — X)) | < 20(m)[[ Xo — Xo 2113
k=0
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which combined with (4.80) and (4.82) implies that
b(m)
> [Cov(Xom, Xim) — Cov(Xo, Xi) | < 20(m)|| Xo — Xo szl - (4.88)
k=0

So, overall, starting from (4.74), gathering the upper bounds (4.75), (4.79) and (4.88), and

taking into account the condition (2.3), we get that that there exists a positive constant Ci2 not
depending on (n, M, m) and such that

Z Z ‘COV X()m,Xk m) COV(Xo,Xk)‘
/=1 k=0
< Cua (M B (X1 o o) +m2[E(Xlzo) lam? Y 1P (X la+m? b(m) [ Xo—Xo, a3 ) -

k>b(m)
(4.89)

Therefore, starting from (4.73), considering the upper bound (4.89), using the fact that m2ky ,, <
N and that lim,,_,o, ¢(n) = ¢, it follows that there exists a positive constant C13 not depending
n (M, m) and such that

n knm
timsup Y~ 3 [B(D2F (W), (E(UY#2) ~ (V<) )|
OO o s=1
C
= W%(mE(Xgllxsz) + [E(Xmleo) 2+ D 1Po(Xe)ll2 + b(m)|| Xo — ng[m/z]yg) ,

k>b(m)
(4.90)

Letting first M tend to infinity and using the fact that X, belongs to L2, the first term in
the right-hand side is going to zero. Letting now m tend to infinity the third term vanishes
by the condition (2.3), whereas the last one goes to zero by taking into account (4.76). To
show that the second term goes to zero as m tends to infinity, we notice that, by stationarity,
IE(Xmleo)ll2 < [E(Xm|&o)ll2 = IE(Xolé—m)||2- By the reverse martingale convergence theorem,
setting oo = (pez 0(&k), limp o0 E(Xol6—m) = E(Xo|F_o) = 0 a.s. (since F_o is trivial
and E(X() = 0). So, since Xg belongs to L2, lim,, 00 ||[E(X;n|€0)||2 = 0. This ends the proof of
(4.72) and then of Proposition 4.3. O

4.4 End of the proof of Theorem 2.1

According to Propositions 4.1, 4.2 and 4.3, the convergence (4.3) follows. Therefore, to end
the proof of Theorem 2.1, it remains to show that (4.4) holds true with G,, defined in Section
4.2. This can be achieved by using Theorem 1.1 in Silverstein (1995) combined with arguments
developed in the proof of Theorem 1 in Yao (2012) (see also Wang et al. (2011)). With this aim,
we consider (yx)rez a sequence of i.i.d. real valued random variables with law N (0,1), and n

independent copies of (yi)rez that we denote by (y,(gl))kez, cen (y,gn))kez. For any i € {1,...,n},

define y; = (ygi), . 795\7 ). Let Y, = (y1]...|yl) be the matrix whose columns are the y!’s and
consider its associated sample covariance matrix Y, = 1V, VT. Let v(k) = Cov(Xo, X)) and

note that, by (4.31), v(k) is also equal to Cov(Zy, Zx) = Cov(Zéi)7 Z,gi)) for any i € {1,...,n}.

Set,
7(0) (1) Y(N —1)
1 0 N -2
Py i (1) = v(1) 7(‘ ) ol )
YN —1) y(N-2) 7(0)



Note that (I'y) is bounded in spectral norm. Indeed, by the Gerschgorin theorem, the largest
eigenvalue of I'y is not larger than v(0)+2 ), [7(k)| which, according to Remark 2.2, is finite.

Note also that the vector (Zy,...,Z,) has the same distribution as (ylf‘l/z, . ,ynF}\{Q) where
F%Z is the symmetric non-negative square root of I'y and the Z;’s are defined in Section 4.2.
Therefore, for any z € Ct, E(Spen (2)) = E(Spa, (2)) where A,, = TN Y, T'y>. The proof of
(4.4) is then reduced to prove that, for any z € C*,

lim E(Span(2)) = S(2), (4.91)

n—oo

where S is defined in (2.4). According to Theorem 1.1 in Silverstein (1995), if one can show that
FU'N converges to a probability distribution H, (4.92)

then (4.91) holds with S satisfying the equation (1.4) in Silverstein (1995). Due to the Toeplitz
form of I'y and to the fact that >, |v(k)| < oo (see Remark 2.2), the convergence (4.92)
can be proved by taking into account the arguments developed in the proof of Theorem 1 of
Yao (2012). Indeed, the fundamental eigenvalue distribution theorem of Szegé for Toeplitz forms
allows to assert that the empirical spectral distribution of I'y converges weakly to a non random
distribution H that is defined via the spectral density of (X)rez (see Relations (12) and (13) in
Yao (2012)). To end the proof, it suffices to notice that the relation (1.4) in Silverstein (1995)
combined with the relation (13) in Yao (2012) leads to (2.4). O

5 Appendix
In this section, we give some upper bounds for the partial derivatives of f defined in (4.35).
Lemma 5.1 Let z be a vector of R™Y with coordinates

T = (a:(l),...,x(”)) where for any i € {1,...,n}, 2@ = (m,(:), ke {1,...,N}).

Let z = u++/=1v € CT and f := f, be the function defined in (4.35). Then, for any i €
{1,...,n} and any j,k,L,m € {1,..., N}, the following inequalities hold true:

0’ f (2) Z 2O 4 2
ax(i)al,(i) - 113712]\7 v nN
mEg
3/2 N 1/2
o f al 24 -
8@”8%@8%@) v4n3N ; ’ v3n2N ; } ‘
and
o N ’
@ <z‘>f(z'> @@ —24§X41 >l SS§SZ\ O+ oy
Ox;" Oy’ Oy O von —r vin N v3n N
Proof. Recall that f(z) = +Tr(A(z) — zI) Where Az) = 237 (a2®)T2®) . To prove the

lemma, we shall proceed as in Chatterjee (2006) (see the proof of its Theorem 1.3) but with
some modifications since his computations are made in case where A(x) is a Wigner matrix of
order N.

Let i € {1,. n} and consider for any j,k € {1,..., N}, the notations 0; instead of 8/3:35-”,
éﬂk instead of 82 / 8ac 8xl(€) and so on. We shall also write A instead of A(z), f instead of f(x),
and define G = (A — zI)~ -
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Note that 9;A is the matrix with n™! (l'gi), e ,xﬁl, 2x§-i),x§21, cee xg\z,)) as the j*" row, its
transpose as the j** column, and zero otherwise. Thus, the Hilbert-Schmidt norm of 0;A is

bounded as follows:

N N
1 ; N\ /2 2 )19\ 1/2
10412 =~ (2 3 e’ P+ alal’P) T < (Y R2) (5.1)
k=1 k#j k=1
Now, for any m,j € {1,..., N} such that m # j, 8727le has only two non-zero entries which are
equal to 1/n, whereas if m = j, it has only one non-zero entry which is equal to 2/n. Hence,
2
675 All2 < = (5.2)

Finally, note that 8l3mjA =0 for any j,m,l € {1,...,N}.
Now, by using (4.36), it follows that, for any j € {1,..., N},
1
0;f = —NTr(G(ﬁjA)G). (5.3)

In what follows, the notations 3y n_tims 2ot med={jmey A Do (s o k3= (.m0 k) TEALL
respectively the sum over all permutations of {7, m}, of {7, m, ¢} and of {j,m, £, k}. Therefore
the first sum consists of 2 terms, the second one of 6 terms and the last one of 24 terms. Starting
from (5.3) and applying repeatedly (4.36), we then derive the following cumbersome formulas
for the partial derivatives up to the order four: for any j,m, ¢,k € {1,...,N},

1 1
OZif = ¥ Y T (G(0yA)G (0w A)G) — NTr(G(afnjA)G) , (5.4)
{j’,m’}:{j,m}

{3/, m/ ' y={4,m,¢}

+ % 3 Tr(G(afj,A)G(am,A)G + G(8j/A)G(8§m,A)G>

{j/7m/}:{j7m}
1 1
+ NTr(G(E)gA)G(&fnjA)G) + NTr(G(@fnjA)G(agA)G) , (5.5)
and
Opmif =h+ L+ I+ 1L+ I+ 1, (5.6)
where )
L=< > Tr (G (95 A) G0y A)G(0p A)G (0 A)G)
{3’ sm/ 0 k' }={3,m L.k}
I = —% > (TY(G(agj,A)G(am/A)G(ag/A)G) + Tr(G(9; A)G(9,,, A)G(0r A)G)
{jlvmlzzl}:{jvmve}
+ Tr(G(8j,A)G(@m/A)G(aﬁg,A)G)) ,
_ _i 2 2
Iy = > Tr(G (07, A)G (0 A)G (0 A)G) + Tr(G(07 A) G (0 A)G (0, A)G)
{5;m’}={j,m}
1
-~ X (T&«(G(akA)G(agj,A)G(am,A)G) + Tr(G(aj,A)G(agm,A)G(akA)G))
{5;m’}={j,m}
1
-~ X (T&“(G(@kA)G(aj/A)G(afm,A)G) n Tr(G(aj,A)G(akA)G(agm,A)G)) :
{5;m’}={j,m}
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1
Li=—~ Y (Tr(G(@,?,LJA)G(ak,A)G(GZIA)G) + Tr(G (O A)G(D2,;A)G (D A)G)
{k' 0"} ={k,0}
+ Tr(G(@k,A)G((?Z,A)G((?,%UA)G)) ,
1
I; =+ > | Z. Tr(G (971 A)G (O A)G)
[k 0= (.0} 3" '} ={jm)
and

s = TR (G2, AR AIG) + L TH (GG, A)G)

We start by giving an upper bound for 8fnj f. Since the eigenvalues of G? are all bounded by
v~2, then so are its entries. Then, as Tr(G(afnjA)G) = Tr((agle)G2), it follows that

I Tr(G(02,A)G)| = |Tr((92,4)G*)| < 20 ?n~ 1. (5.7)

Next, to give an upper bound for |Tr(G(9;4)G(9,,A)G)], it is useful to recall some properties

of the Hilbert-Schmidt norm: Let B = (b;j)1<;,j<n and C = (¢5)1<i j<n be two N x N complex
matrices in Lo, the set of Hilbert-Schmidt operators. Then

(a)- [Te(BC)| < [|Bll2/|Cl2-

(b)- If B admits a spectral decomposition with eigenvalues A1, ..., Ay, then max{||BC||2, ||CB||2} <
maxi<i<n [Al-[|Cll2.

(See e.g. Wilkinson (1965) pages 55-58, for a proof of these facts).

Using the properties of the Hilbert-Schmidt norm recalled above, the fact that the eigenvalues
of G are all bounded by v~!, and (5.1), we then derive that

Tr(G(0;4)G(9mA)G)| < [|G(O;A)G| 2. H( A)Gl2 < [|IG[I1(8; )G l2-[|8m All2- |G
N
< NG9 All2-|0m Al < —— Z (5:8)
k=1

Starting from (5.4) and considering (5.7) and (5.8), the first inequality of Lemma 5.1 follows.
Next, using again the above properties (a) and (b), the fact that the eigenvalues of G are all
bounded by v~!, (5.1) and (5.2), we get that

T (G (95 A)G(0m A)G (9 A)G)| < [|G(9;A)G (9m A)G|2- 1| (B A) Gl
< IG5 4)G(0m A)2-IGIP-10eAll2 < G (9;4) 12 G (O A) 2. IG.[|0¢All2

4 8 N (i)12 3/2
< G0 Al Om Allz- Al < 5 (D 27F) (5.9)
k=1

and

Te(G(0F4)G (9 A)G)] < HG(('??J-A)GIIz 1(0mA)G 12 < IGIPIG(97;A) |2-10m Allz

(Z\ ek )1/2 (5.10)

The same last bound is obviously valid for |Tr(G ((9mA)G(8ZjA)G)|. Hence, starting from (5.5)
and considering (5.9) and (5.10), the second inequality of Lemma 5.1 follows.

It remains to prove the third inequality of Lemma 5.1. Using again the above properties (a)
and (b), the fact that the eigenvalues of G are all bounded by v}, (5.1) and (5.2), we infer that

< IGIP- 107 All2-10m All2 <

N
I Tr(G(9;A)G(0m A)G (0, A)G (0 A)G 16 (Z\ ”]) (5.11)
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N

8 i
TH(G(O} GO AGOAIG) < > [a] (5.12)
k=1
and 4
ITr(G(0;;4)G (92, A)G)| < ol (5.13)

Clearly the bound (5.12) is also valid for the quantities |Tr(G(@mA)G((?ng)G((?kA)G)| and
]Tr(G(amA)G(akA)G(ang)G)\. So, overall, starting from (5.6) and considering (5.11), (5.12)
and (5.13), the third inequality of Lemma 5.1 follows. O
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