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THE STOCHASTIC WEISS CONJECTURE FOR BOUNDED
ANALYTIC SEMIGROUPS

JAMIL ABREU, BERNHARD HAAK, AND JAN VAN NEERVEN

ABSTRACT. Suppose —A admits a bounded H-calculus of angle less than
"> on a Banach space E which has Pisier’s property («), let B be a bounded
linear operator from a Hilbert space H into the extrapolation space E_1 of
E with respect to A, and let W denote an H-cylindrical Brownian motion.
Let v(H, E) denote the space of all y-radonifying operators from H to E. We
prove that the following assertions are equivalent:
(a) the stochastic Cauchy problem dU(t) = AU(¢)dt + B dWg (t) admits
an invariant measure on F;
(b) (~A)~72B € y(H, B);
(c) the Gaussiansum ) ., 22 R(2™, A) B converges in v(H, E) in prob-
ability.
This solves the stochastic Weiss conjecture of [8].

1. INTRODUCTION

Let A be the generator of a strongly continuous bounded analytic semigroup
S = (S(t))t>0 on a Banach space E, let F' be another Banach space, and let
C : D(A) — F be a bounded operator. If there exists a constant M > 0 such that

/ |CS(t)z|2dt < M2|z]|3, Ve € D(A),
0

an easy Laplace transform argument shows that

sup A2 |CR(A, A)| o(mr) < M/V2.
A>0

Here, as usual, R(\, A) = (A — A)~! denotes the resolvent of A at .

The celebrated Weiss conjecture in linear systems theory is the assertion that
the converse also holds. It was solved affirmatively for normal operators A acting
on a Hilbert space by Weiss [29], for generators of analytic Hilbert space contrac-
tion semigroups with F' = C by Jacob and Partington [10], and subsequently for
operators admitting a bounded H°-calculus of angle < 7, acting on an LP-space,
1 < p < o0, by Le Merdy [18, 19]. Counterexamples to the general statement were
found by Jacob, Partington and Pott [11], Zwart, Jacob, and Staffans [30], and
Jacob and Zwart [12].

Whereas the Weiss conjecture is concerned with observation operators, in the
context of stochastic evolution equations it is natural to consider a ‘dual’ version
of the conjecture in terms of control operators. To be more precise, we consider the
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following situation. Let Wy = (Wx(t)):epo,r) be a cylindrical Brownian motion in
a Hilbert space H and let B € Z(H, E_1) be a bounded linear operator. Here, E_;
denotes the extrapolation space of E with respect to A (see Subsection 2.5). The
stochastic Weiss conjecture, proposed recently in [8], is the assertion that, under
suitable assumptions on the linear operator A, the existence of an invariant measure
for the linear stochastic Cauchy problem

{ dU(t) = AU(t)dt + BdWx(t),  t€[0,T),

(SCP)(A,B) U(O) =0

is equivalent to an appropriate condition on the operator-valued function A >
)\I/ZR()\, A)B. This conjecture is justified by the observation (cf. Proposition 2.5
below) that an invariant measure exists if and only if ¢ — S(¢) B defines an element
of the space v(L?(R.; H), E) (see Subsection 2.3 for the definition of this space).

In the paper just cited, an affirmative solution was given in the case where A
and B are simultaneously diagonalisable. The aim of this article is to prove the
stochastic Weiss conjecture for the class of operators admitting a bounded H>°-
calculus of angle < ™. Denoting by S(FE) the class of all sectorial operators —A on
E of angle < 7, that are injective and have dense range, our main result reads as
follows.

Theorem 1.1. Let E have property (o) and assume that —A € S(E) admits a
bounded H>® —calculus of angle < %y on E. Let B : H — E_; be a bounded operator.
Then the following assertions are equivalent:

(a) (SCP)(A p) admits an invariant measure on E;

(b) (—A)""B € y(H, E);

(¢) A= A2R(X, A)B defines an element in y(L2(Ry, L H),E);

(d) for all A > 0 we have R(\,A)B € v(H, E) and the Gaussian sum

> m2”R(2", A)B

neZ

converges iny(H, E) in probability (equivalently, in LP(Q;v(H, E)) for some
(all) 1 < p < o0).

Since B maps into the extrapolation space F_;, some care has to be taken in
giving a rigorous interpretations of these assertions. The details will be explained
below.

In the special case when F is a Hilbert space and H is a separable Hilbert space
with orthonormal basis (hg)r>1, condition (a) is equivalent to

Z/ [|S(t) Bh|* dt < oo, (1.1)
k=170

and condition (d) reduces to

Z > 2M|R(2", A)Bhy|* < 0. (1.2)
k=1n€zZ
Compared to the Weiss conjecture, we see that a uniform boundedness condition
on A2R(X\, A)B gets replaced by a (dyadic) square summability condition along
(hg)r>1 in (1.2); this is consistent with the square summability condition along
(hk)k>1 in (11)
All spaces are real. When we use spectral arguments, we turn to the complexi-
fications without further notice.
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2. PRELIMINARIES

In this section we collect some notations and results that will be used in the
proof of Theorem 1.1.

2.1. Property («). A Rademacher sequence is a sequence of independent random
variables taking the values £1 with probability }5. Let (r})32, and (r{)72; be
Rademacher sequences on probability spaces (2, P') and (9, IP" "), and let (rj k)5 =1
be a doubly indexed Rademacher sequence on a probability space (Q2,.7,P). It is
important to observe that the sequence (r}7})55 5 k=1 is not a Rademacher sequence.

By standard randomisation techniques one proves (see, e.g., [26]):

Proposition 2.1. For a Banach space E the following assertions are equivalent:
(1) there exists a constant C > 0 such that for all finite sequences (a;k)7 —y in
R and (zx)} -, in E we have
n 2
E'E” Z ajkr;r;c’xij < C*( max |aj) E 'E”

riree :
1<j.k<n Z k Jk” '

Jk=1 j,k=1

(2) there exists a constant C > 0 such that for all finite sequences (x k)7 —; in
E we have

1 . 2 AinlZd = 1,01 2 2 - 2
@EH g rjkxij <EE E rjrkxij <C ]EH g Tjkxjk‘) .
jk=1 jk=1 dk=1

A Banach space E is said to have property («) if it satisfies the above equivalent
conditions. Examples of spaces having this property are Hilbert spaces and the
spaces LP(u) with 1 < p < oo. Property («) was introduced by Pisier [27], who
proved that a Banach lattice has property («) if and only if it has finite cotype. In
particular, the space ¢ fails property («).

2.2. v~-Boundedness. A family 7 C Z(E, F) is called y-bounded if there exists
a constant C' > 0 such that for all finite sequences (7,,)Y_; in 7 and (z,)Y_; in E

we have
N 2 N 2
EH > mTnzn|| < C2EH > Ann
n=1 n=1

Here, and in the rest of the paper, (7,)n,>1 denotes a sequence of independent stan-
dard Gaussian random variables on a probability space (£, P). The least admissible
constant C' in the above inequality is called the y-bound of 7.

By letting N=1 it is seen that y-bounded families are uniformly bounded. For
Hilbert spaces E and F', the notions of uniform boundedness and y-boundedness
are equivalent. For detailed expositions on v-boundedness and the closely related
notion of R-boundedness, as well as for references to the extensive literature we
refer the reader to [2, 5, 17, 28].

2.3. 7-Radonifying operators. Let 77 be a Hilbert space and E a Banach space.
For a finite rank operator T : .77 — E of the form

N
T= Zhn R Zn,
n=1

where (h,,))_; is an orthonormal sequence in J# and (z,,)_; is a sequence in E,
we define

(2.1)

N
||T||“/(}f,E) = H Z’Yﬂxn
n=1

L2(GE)
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The Banach space v(.#, E) is defined as the completion of the linear space of finite
rank operators with respect to this norm. The identity mapping on the finite rank
operators extends to a contractive embedding of v(.#, E) into .Z(5¢,E). This
allows us to view elements of (4, E) as operators from 5 to E. It may be
shown (see [22, Theorem 3.20, (3.1)]) that any T € (5, E) induces an orthogonal
decomposition S = ) @ J4 such that J7 is separable and T, = 0; in this
situation, for any orthonormal basis (hy,),>1 of 75 the Gaussian sum Zn>1 YTy,
converges in L?(Q; E) and

2

1T e 2y = E|| 3 4T

n>1

The distribution of the random variable Zn>1 YT hy, is a centred Gaussian Radon
measure p on E whose covariance is given by

/E<fv, ") (@, y) du(e) = [T, Ty . (2.2)

The following v-Fatou lemma holds (see [15] and [22, Proposition 3.18]). Suppose
(T,,)22 is a bounded sequence in v(57, E) and T € £(, E) is an operator such
that

lim (T h,z*) = (Th,z*), VheH, z* € E*.

n— oo

Then, if F does not contain a closed subspace isomorphic to cg, we have T €
(4, F) and

Ty oe,E) < 1infgi£f Tl (e, E)- (2.3)

The Kalton—Weis extension theorem [15, Proposition 4.4] (see also [22, Corollary
6.3]) asserts that if T : H; — Hj is a bounded linear operator, then the tensor
extension T : Hi  F — Hy ® E,

Thez)=Th®zx

extends to a bounded operator (with the same norm) from v(Hy, F) to v(Ha, E).

The Kalton—Weis multiplier theorem [15, Proposition 4.11] (see [22, Theorems
4.3 and 5.2] for the formulation given here) asserts that if (X, p1) is a o-finite mea-
sure space, Y and F' are Banach spaces with F' not containing a closed subspace
isomorphic to ¢, and if M : X — Z(E, F) is strongly measurable with respect to
the strong operator topology and has y-bounded range, then the mapping

1p®h)@z+— (1p®h)Q@ Mz

has a unique extension to a bounded linear operator from ~(L?(X, u; H), E) into
Y(L?(X, p; H), F) (with norm less than or equal to the y-bound of the range of M).

Below we shall use (see [26]) that a Banach space E has property («) if and only
if, whenever J#) and .77 are nonzero Hilbert spaces, the mapping (ho ® h1) @ x —
ho ® (h1 ® z) extends to an isomorphism of Banach spaces

VR, E) ~ (A, v(H, E)).

Here, 7/ ®.76, denotes the Hilbert space completion of the algebraic tensor product
M@ 2. We will be particularly interested in the case 2% = L*(R,, %), in which
case the above isomorphism then takes the form

V(LZ(R-‘N %;H)rE) = V(LQ(R-H %)77(Ha E))
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2.4. Stochastic integration. Let H be a Hilbert space and let (2, P) be a proba-
bility space. A cylindrical Brownian motion in H is a mapping Wy : L2(Ry; H) —
L?(Q2) such that Wy f is a centred Gaussian random variable for all f € L*(R,; H)
and

E(WHf . WHg) = [fa g]LQ(R+;H)
for all f,g € L?>(Ry; H). Such a mapping is linear and bounded.

A function ® : Ry — Z(H, E) is said to be stochastically integrable with respect
to Wy if it is scalarly square integrable, i.e., for all z* € E* the function ®*z* :
t +— ®*(t)z* belongs to L?(Ry; H), and for all Borel sets B C R, there exists a
random variable Xp € L?(Q); E) such that

/ O x* AWy := Wy (1pP*2™) = (Xp,z*), Vz* € E*.
B
In that case we define
/ (0] dWH = XB.
B
The following result was proved in [24].

Proposition 2.2. A scalarly square integrable function ® : Ry — £ (H,E) is
stochastically integrable with respect to Wy if and only if there exists an operator
R € y(L*(Ry; H), E) such that R*x* = ®*z* in L*(Ry; H) for all x* € E*. In
this situation one has

2
EH/}R cI)dWHH :HR||»2Y(L2(R+;H),E)'
.

Suppose Wiy is a given cylindrical Brownian motion in H. To any B € v(H, E)
it is possible to associate an E-valued Brownian motion (WE(t));>0 by defining

W}j’(t):/R Loy ® BdWy, t>0.
+

Here we identify 1 (o ;)®B with an element in v(L?*(R4; H), E) of norm v/#|| B||y(u,p)
in the natural way, i.e., by the action

[ . Lo (s)Bf(s)ds, feL*(Ry;H).

We may then define the stochastic integral of a simple function ¥ : Ry — Z(E)
with respect to W5 by

/ AW E ::/ Vo BdWg. (2.4)
Ry Ry

With these notations we have the following result [26, Theorem 1.1].

Proposition 2.3. Let H be a Hilbert space and E a Banach space with property
(o). Let B € v(H, E) be a given operator and let p denote the centred Gaussian
Radon measure on E associated with B as in (2.2). Let w be a real-valued Brow-
nian motion. For an operator-valued function ¥ : (0,T) — Z(E) the following
assertions are equivalent:

(a) W is stochastically integrable with respect to W5 ;

(b) Wa is stochastically integrable with respect to w for p-almost all x € E.

In this situation we have

T 2 T 2
]EH/ szdWﬁH ;/EH/ \I/xde dp(z) (2.5)
0 E 0

with proportionality constants depending on E only.
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For later use we point out that, by using Proposition 2.2 and (2.4), the equiva-
lence (2.5) may be reformulated as

19 0 BIZ o) = /E 1911 g i) A ():

2.5. Existence, uniqueness and invariant measures. Let A be the generator
of a strongly continuous semigroup S = (S(¢))¢>0 on a Banach space E. We define
E_1:=(ExE)/9(A), where 9(A) = {(x, Az) : = € D(A)} is the graph of A. The
mapping
i :x— (0,2) +9(A)

defines a dense embedding ¢_; from F into E_;. We shall always identify £ with
its image i_1(E) in F_;.

The operator A extends to a bounded operator A_; from E into E_; by defining

A_qz = (—z,0) +9(A).
To see that this indeed gives an extension of A, note that for z € D(A) we have
1Az = (0,Az) +9(A) = (—2,0) + 9Y(A) = A_qz.

It is easy to see that the operator A_;, which is densely defined and closed as a
linear operator in E_; with domain D(A_;) = E, generates a strongly continuous
semigroup S_1 = (S_1(t))s>0 on E_; which satisfies S_1(t)i_1z = i_1S(¢t)z for all
ze Fandt>0.

For a bounded operator B : H — E_; we are interested in F-valued solutions to
the stochastic evolution equation (SCP)( a,)- 1o formulate this problem rigorously,
we first consider the problem (SCP) 4 | 5y in E_i:

(SCP)(a_, )

del(t) :AflUfl(t) dt-i—BdWH(t), te [07T}7
U_1(0) = 0.

Here, as always, Wx is a cylindrical Brownian motion in H, and we adopt the
standard notation Wy (t)h := Wg (1 ® h).

An E-valued process U = (U(t))se[o,1) is called a weak solution of (SCP) , gy if
the E_;-valued process i—1U = (i—1U(t))se[o,7) is a weak solution of (SCP), | g
ie., for all z*; € D(A*,) the function t — (i_1U(t), A* ;2*,) is integrable almost
surely and if for each ¢t € [0, 7] we have, almost surely,

GAU(), 2%, :/0 (i_1U(s), A* 2™ ) ds + Wi (6) B2 .

An E-valued process U is called a mild solution of (SCP)(A)B) if the E_;-valued
process i—1U is a mild solution of (SCP) 4 | p), i.e., if the function ¢ — S_1(t)B
is stochastically integrable in F_; with respect to Wy and if for each t € [0,T] we
have, almost surely,

iU = /0 S\t B dWi(s), (2.6)

The following proposition is an extension of the main result of [24] (where the
case B € Z(H, E) was considered).

Proposition 2.4. Under the above assumptions, for an E-valued process U the
following assertions are equivalent:

(a) U is weak solution of (SCP) 4 p);

(b) U is mild solution of (SCP) 4 p);
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(c) there exists an operator Ry € v(L?(0,T; H), E) such that for all z* | € E*
Ri(i*x* ) = B*S* (")x*, in L*(0,T; H). (2.7)

Proof. Let us prove the equivalence (b)«<(c), because this is what we need in the
sequel. The proof of (a)<(b) is left to the reader.

(b)=(c): By assumption there is a strongly measurable random variable U(T) :
) — FE such that in EF_; we have

’L,lU(T) = /0 571(T — S)B dWH(S)

For all z*, € E*,, the random variable (U(T),i*,2* ;) is Gaussian. Since F :=
{i* 2%, : z*, € E*,} is weak*-dense in E* and the range of U(T) is separable up
to a null set, from [1, Corollary 1.3] it follows that (U(T),z*) is Gaussian for all
xz* € E*, i.e., U(T) is Gaussian distributed.

By the results of [24] the operator R_q 1 : L?(0,T; H) — E_1, defined by

T
Royrf = / S_A(T — 5)Bf(s) ds,
0

belongs to v(L?(0,T; H), E_1). Define the linear operator R : F — L*(0,T; H)
by

Ry x” ) == R* | pa” .
Then,

| Rpit iz, ||%2(0,T;H) = ||R*—1,T1’*—1 ||2L2(0,T;H)

T
- / 1B*S5* (T — s)* | ds

. (2.8)

—g] /OT B S* (T — s)z*, AW (s)

=E(U(T), i 2%,)* = [lipi™ 274 |3,

where i is the canonical inclusion mapping of the reproducing kernel Hilbert space
S, associated with the Gaussian random variable U(T'), into E. This shows that
R} is well-defined and bounded on F'.

At this point we would like to use a density argument to infer that R, extends
to a bounded operator from E* into L?(0,T; H) which satisfies

IRT2* 32 0,2:) = i7" |5, V2™ € E™. (2.9)

However, this will not work, since F' is only weak*-dense in E*. The correct way
to proceed is as follows. The injectivity of _; o ir implies that % o i* | has weak*-
dense range in 7. As 7 is reflexive, this range is weakly dense and therefore,
by the Hahn-Banach theorem, it is dense. Fixing an arbitrary z* € E*, we may
choose a sequence (z*;,)n>1 in E*, such that ipé* 2%, , — ipa* in H#7. By
(2.8) the sequence (Rji* 2%, ,)n>1 is Cauchy in L?(0,7;H) and converges to
some f,- € L%(0,T;H). It is routine to check that f,- is independent of the
approximating sequence. Thus we may extend the R} to E* by putting

Clearly, for this extended operator the identity (2.9) is obtained.

We claim that its adjoint Ri* : L2(0,T; H) — E** actually takes values in F,
and that this operator is the one we are looking for.

First, for f = 1(44) ® h and 2™ € E* of the form z* = i* ;2* ; we have

(z*,R7" f) = [R;“itlwt17f]L2(o,T;H)
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b
:/ (S—1(T = 8)Bh,x*{)ds = (i_1y,z* 1) = (y,x*),

where y = f: S_1(T — s)Bhds belongs to D(A_1) = E. It follows that R} maps
the dense subspace of all H-valued step functions into F, and therefore it maps all
of L*(0,T; H) into E.

Viewing Ry := R3* as an operator from L?(0,T; H) to E, we finally note that
the identity (2.9) exhibits Ry o R% = ip o i} as the covariance operator of the
E-valued Gaussian random variable U(T'). This means that Rr is vy-radonifying as
an operator from L?(0,T; H) to E (see, e.g., [22, Theorem 7.4]).

(c)=>(b): We follow the ideas of [24]. We have L?(0,T;H) = N(Rr) & R(R%.).
By the general theory of y-radonifying operators, G := R(R%}) is separable (see
[22, Equation (3.1)]). By a Gram-Schmidt argument we may select a sequence
(21 p)n>1 in E*y such that (gn)n>1 = (R3i* 127, )n>1 is an orthonormal basis
for G. Then the Gaussian random variables

T
- / B*S* (T — )a* ., dWg(s)
0

are independent and normalised. Since Ry is y-radonifying, the E-valued random
variable

UT) = Z'ynRTgn
n>1
is well-defined, and it is easy to check that it satisfies (2.6) with ¢ replaced by T.
By well-known routine arguments, this is enough to assure that (SCP) 4 p has a
mild solution U in E. O

Suppose now that the problem (SCP)(A_l,B) admits a mild solution U_; in
E_; and let p_1, denote the distribution of the random variable U_;(t). The
weak limit p_; o, of these measures, if it exists, is called the (minimal) invariant
measure associated with (SCP)(A_MB). Thus, by definition, the invariant measure,
if it exists, is the unique Radon probability measure on E_; which satisfies

| tause =t [ fdua ey,
E_, t—o00 E_,

For an explanation of this terminology and a more systematic approach we refer the
reader to [4]. This reference deals with Hilbert spaces E; extensions of the linear
theory to the Banach space setting were presented in [7, 25].

A Radon probability measure ¢ on E is an invariant measure for (SCP)( A,B)
if the image measure i_1(p) on E_; is an invariant measure for (SCP), | p).
Extending a result from [25] (where the case B € Z(H, E) was considered) we
have the following result. A proof is obtained along the same line of reasoning as
in the previous proposition and is left as an exercise to the reader.

Proposition 2.5. Under the above assumptions, for a Radon probability measure
w on E the following assertions are equivalent:

(a) (SCP)(AB) admits an invariant measure;
(b) there exists an operator Ry € Y(L*(Ry; H), E) such that for all z* | € E*,

R (i*,2*,) = B*S* | (-)2*, in L2(Ry; H). (2.10)

Formally, (2.7) and (2.10) express that the operators Ry and R, are integral
operators with kernels S(-)B. Strictly speaking this makes no sense, since B maps
into E_q rather than into E. It will be convenient, however, to refer to Ry and R
as the operators ‘associated with S(-)B’ and we shall do so in the sequel without
further warning.
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2.6. Sectorial operators and H-calculus. For 6 € (0,7) let
Yo :={2€C\{0}: |arg(z)| < 6}

denote the open sector of angle 6. A densely defined closed linear operator —A in
a Banach space E is called sectorial (of angle @ € (0,7)) if the spectrum of —A is
contained in ¥y and

sup ||z (z + A)7| < .

z¢%g
The infimum of all § € (0, 7) such that —A is sectorial of angle 6 is called the angle
of sectoriality of —A.

It is well known (see [6, Theorem 11.4.6]) that —A is sectorial of angle less than
Ty if and only if A generates a strongly continuous bounded analytic semigroup on
E.

Following [16] we denote by S(E) the set of all densely defined, closed, injective
operators in F that are sectorial of angle less than 7, and have dense range. The
injectivity and dense range conditions are not very restrictive: if A is a sectorial
operator on a reflexive Banach space E, then we have the direct sum decomposition

E=N(A)®R(A)
in terms of the null space and closure of the range of A. In that case, the part
of A in R(A) is sectorial and satisfies the additional injectivity and dense range
conditions.

Let —A € S(E) be sectorial of angle 6 € (0,7) and fix n € (0,7,). We denote
by HG°(X,) the linear space of all bounded analytic functions f : 3, — C with
some power type decay at zero and infinity, i.e., for which there exists an € > 0
such that

[f(2)] S Cle* /(L + [2])*, Vze X,
For such functions we may define a bounded operator

1
—A) = — A td
o= [ HEGH AT
with ' € (6,n). The operator —A is said to have a bounded H*-calculus if there
exists a constant C, independent of f, such that

[f (=A< Cliflloe, Vf € Hg™(En).

The infimum of all admissible 7 is called the angle of the H*°-calculus of —A.

Examples of operators A for which —A has a bounded H“°-calculus of angle less
than 7, are generators of strongly continuous analytic contraction semigroups on
Hilbert spaces and second order elliptic operators on LP-spaces whose coefficients
satisfy mild regularity assumptions. We refer to [5, 9, 17] for more details and
examples.

If —A € S(E) has a bounded H®-calculus, the mapping f +— f(—A) extends
(uniquely, in some natural sense discussed in [17]) to a bounded algebra homomor-
phism from H*>(%,) into Z(E) of norm at most C. A proof the following result
can be found in [13, Theorem 5.3].

Proposition 2.6. Suppose that —A € S(E) admits a bounded H -calculus of angle
n < and let n <n' <. If E has property («), then the family
{f(=A): feHZEy), [flle <1}
is y-bounded. In particular, —A is y-sectorial of any angle n < n' < ", i.e., the
family
4+ A1 2 g Sy}
is y-bounded.
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Remark 2.7. For the y-sectoriality of —A it suffices that F should have the so-called
property (A) (see [13, Section 3]). Examples of spaces with this property include
all UMD Banach spaces and all Banach spaces with property («). As we will not
have any application for this, we refer the interested reader to [13, 17] for fuller
discussions.

We will also need the following result.

Proposition 2.8. Suppose that —A € S(E) has a bounded H®-calculus of angle
w < "o on a Banach space E with property («) and let § € (w, ).
(a) Forall ¢ € HE®(Xy), the functiont — ¢(—tA)x belongs to v(L*(Ry, %), E)
forall x € X and

[t = o=t A)z ||y (r2r, ,ae),m) Sl

with implied constant independent of x € X.
(b) Given any two ¢, € H§®(Xg), for all x € X we have

It = ¢(—tA)zl| (L2, 2ty ) = It = V(—tA)z|| (L2, 2ty )
with implied constants independent of x € X.

This is a Banach space version of the classical square function characterisation
of the H°-calculus due to McIntosh [21] (see also [3, 9, 17]) and was first obtained
in [15, Section 7]. As yet the manuscript [15] remains unpublished, but a proof can
obtained by following the lines of [17, Theorem 11.9]. An explicit proof of (a) is
contained in [20, Theorem 6.3]; another proof will be contained in a forthcoming
paper by Haak and Haase. The special case of (b) for spaces E = LP is older and
can be found in [19, Corollary 2.3]; again the argument can be extended to yield
the general case.

2.7. Rademacher interpolation. If —A is a sectorial operator on F, then for
® € R we may define the Banach space Ey as the completion of D((—A)?) with
respect to the norm

Izl g, = (=4) =]

Note that (—A)? extends uniquely to an isomorphism from E, onto E; with some
abuse of notation this extension will also be denoted by (—A)?. In particular, E_;
is the completion of the range R(A) with respect to the norm

1Azl 5, = [l]]-

The identity maps on E and R(A) extend uniquely to continuous inclusions
F— FE_{and E_; — FE_4, and under these identifications we actually have

E+E_,=FE_ (2.11)

with equivalent norms. For the reader’s convenience we include the short proof.
We trivially have F — E_q, and the embedding F_; — FE_; is a consequence of
the fact that for all z € R(A), say © = Ay, we have

lzllz-, < CIUI = A) 'zl = CIAT = A7 Iyl = CIIAT = A~ lllzllg_, -

It follows that E + E_; < F_; with continuous inclusion. Since I — A is surjective
from FE onto E_q, every x € E_; is of the form z = y — Ay for some y € F,
which implies that x € F + E'_l. It follows that the inclusion E + E'_1 — F_11is
surjective, and the claim now follows from the open mapping theorem.

Let (Xo,X1) be an interpolation couple of Banach spaces. Let (r,)nez be a
Rademacher sequence on a probability space (2, P). For 0 < 6 < 1 the Rademacher
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interpolation space (X, X1)g consists of all © € Xy + X; which can be represented
as a sum
x:an, T, € XoN Xy, (2.12)
nez
convergent in Xy + X7, such that

2\
) < 00,
Xo

N
%0((xn)n€Z) = sup E(H Z rn2_n9l‘n
N0 =

2 \ %
) < 00.
X1

N
ien =] 35 o
NZ0 n=—N

The norm of an element = € (Xg, X1)g is defined as

Il 0,170 o= inf - (max {Go((@n)ncz), Gi((@n)ncz)}),

where the infimum extends over all representations (2.12). This interpolation
method was introduced by Kalton, Kunstmann and Weis, who proved that if —A
admits a bounded H*—calculus (of any angle < 7), then for all 0 < 6§ < 1 and real
numbers « < 3 one has
(Bas Eg)e = E1—6)a+08

with equivalent norms [14, Theorem 7.4]. Applying this to the induced operator
I® Aon L*( E), defined by (I ® A)(f @ z) := f ® Az for f € L?(2) and vectors
x € P(A), we obtain the following vector-valued extension of this result:

Proposition 2.9. If —A € S(E) admits a bounded H*> —calculus, then
(L2 Eo), L2 Eg))o = L* (4 E—)at0p)-
3. PrROOF OoF THEOREM 1.1

We begin with a useful observation.

Lemma 3.1. Let A generate a strongly continuous semigroup on E and suppose
that the equivalent conditions of Proposition 2.5 be satisfied. Then for all A € o(A)
there exists an operator S(A\)B € v(H, E) such that

i_105(\)B=R(\A_)oB.

Proof. It suffices to prove this for one A € p(A); then, by the resolvent identity,
this holds for all A € p(A).

Fix an arbitrary A > w(S_1), the exponential growth bound of (S_1(¢))i>o0-
By assumption there exists an operator R, € v(L?(Ry; H), E) such that for all
x*, € E*; we have R’ (i*,z*,) = B*S*,(-)z*, in L?*(Ry;H). The operator
S(A\)B: H — E given by

S(A)Bh := Roo(e™ @ h)

is y-radonifying and satisfies, for all *, € E*,
(i_lg(/\)Bh,x*_ﬁ :/ e M(S_1(t)Bh,z* |)dt = (R(\, A_{)Bh,z* ).
0

Hence by the Hahn-Banach theorem, S (\)B satisfies the desired identity. O

The resolvent R(A, A_1) maps E_; into D(A_;) = E and therefore we may
interpret R(A, A_1)B as an operator from H to E. By the injectivity of i_; this
operator equals S(A)B. From now on we simply write

R(A\, A)B:=5(\)B
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to denote this operator.

Proposition 3.2. Suppose that —A € S(E) has a bounded H®°-calculus of angle
w < %o on a Banach space E with property (o). Then for all B € £(H,E_1) and
0 € (w, ) the following assertions are equivalent:

(a) B €~(H,E_y,);

(b) t > ¢(—tA)B belongs to y(L* (R, Cff,H) _y,) for all ¢ € H§(Sp);

(¢) t > »(—tA)B belongs to y(L*(Ry, %; H), E_y,), with(z) = 272 /(1+2)7.
In this situation, for any two ¢, (;5 € H§°(Xg) satisfying

/¢dt /¢dt

we have an equivalence of norms

[t — ¢(_tA)B||»Y(L2(R+,%;H),EJ/2) =t ¢(_tA)B||7(L2(R+,%;H),E71/2) (3.1)
with implied constants independent of ¢ and q~5
Proof. We shall prove the implications (a) = (b) = (¢) = (a).

(a) = (b): Using property («) we have a natural identification

’V(LQ(R+7 %; H)a E—l/z) = ’Y(L2(R+v %)a ’}/(H, E—1/2))

with equivalent norms. Hence the implication follows fr(_)m Proposition 2.8 (1)
applied to (the extension of A to) the Banach space y(H, E_y,).

(b) = (c): This is trivial, as ¢ belongs to HZ°(Xy) for all § < ;

(¢) = (a ) Let (r;);j>1 be a Rademacher sequence on a probability space (£2,P)

and let (h;)%_; be an orthonormal system in H. Using that ¢ € Hg®(3g), from [9,
Theorem 5. 2 6] we obtain

k k o0 3 dt
erth:er/ (—tA)"=(1 - tA)">Bh; —
j=1 j 0

2n+1

:Zer/ (—tA)”2 (1 — tA)~3Bh, @

with convergence in L?(Q; E_;) = L?>(Q; E_1) + L?(Q; E) (cf. (2.11)). Defining the
vectors z,, € L?(Q; E) N L2(Q; E_1) by

2'n.+1
er/ (—tA)”2 (1 — tA) =3 Bh, @

and setting my(t) = (27™¢) % fort € [27, 27t n = —N,..., N, and my(t) = 0
for t ¢ 27V, 2N+1) we obtain (relative to the spaces Xo = L?(; E_1) and X; =
LY (s E))

<50((1‘71)7L€Z)2
k N on+ dt
= su ]E’ 1"4112/2/ tA) tA 3Bh—
N>p1 ]z:;n:ZN o n ( ) ( ) L2(QE 1)
P 2n , dt
= su IE‘ r-fn/ 27" 2 (—tA)(1 — tA 3Bh —
sup :ZN it | @TR(—tA)(1 - tA)” k)

=

TRLA. o0 dt

—sup B[S 3" rjfn/ i (8) (—tA) (1 — £A) ™31 g0 iy (¢ )thf
, 0

LA(E_y,)
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Z Z / my(t A)(1—tA)~ 1(2n72n+1)( )Bh; 7HE
—Ya

=1ln=—N

~ sSup E/
N2>1

In the last step, property («) was used to pass from double Rademacher sums (on
(Q,P) x (2,P)) to doubly indexed Rademacher sums (on some other probability
space (€,P')). Now, estimating Rademacher sums in terms of Gaussian sums we
have

Go((xn)nez)?

Since the functions 1(gn on+1y ® hy in L?(R,, %;H) are orthonormal (up to the
numerical constant (In 2)1/2), one may estimate the above right-hand side by

S sup [[t = mu (t)p(—tA) B2

R Y(L2(Ry, 8 H), B _y)

where ¢ € H§(Xy) is given by ¢(z) = z/(1 + 2)3. Finally, using the Kalton—Weis
~-multiplier theorem and the y-boundedness of the operators (—tA)/2(1 — tA)~ 72,
t > 0, (which follows from Proposition 2.6) we conclude that

Cgo((mn)ﬂez)gg“t = ¢( tA)B||2 L2 RJr ﬁ H) E TR )

St — 1/’(—“4)3||3(L2(R+,%;H),E',1/2)

with (z) = 272 /(1 4 2)"2.

Similarly,
€ ((Tn)nez)?
P 2n 5 dt
= su IEH rﬂﬂ%/ —tA)(1 - tA) 3 Bh; &
N1 Z Z ! on (=A™ ) L2(E)
j=1ln=—N
B k N
= su IEH Ty
SB[ 2.
j=1ln=—N
X /00(2_"15)_1/2(—1514)2(1—tA)_31 g gntl (t)Bh»ﬂ ’
0 @2 S 2 iy,)

St = S(—tABID ae, aem o, )

S N1t WA BI o wny i

with ¢(z) = 22/(1 + 2)3 and (z) = 272 /(1 + z) 7 as before.
By Proposition 2.9 and estimating Gaussian sums by Rademacher sums, this
proves that

HZ% i

NEHZT hi|
LA QB _y,) J

NE Ht = ¢(7tA)B‘|'y(L2(]R+ sH), E 1/2)

L2(%E_y,)

Taking the supremum over all finite orthonormal systems in H and using that F
has property (a) and therefore does not contain an isomorphic copy of ¢g, we obtain
(using a theorem of Hoffmann-Jgrgensen and Kwapieri, see [22, Theorem 4.3]) that
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B is y-radonifying as an operator from H into E,1/2 and
||B||7(H,E_1/2) S ||t — w(_tA)BH'y(L2(R+,%;H),E._1/2)'

We have now proved the equivalences (a) < (b) < (c¢). It remains to check
that these equivalent conditions imply the norm equivalence (3.1). Let p be the
centred Gaussian measure on E_ y, associated with the y-radonifying operator B €
~v(H, .E._l/z). Suppose ¢, ¢ € H§°(Xy) are nonzero functions. By Proposition 2.3,
assertion (a) implies

[t — (b(_tA)BH7(L2(R+,%;H),E71/2) ~ /E 1 ([t — ﬁb(—tA)va(m(Rh%),EJ/Q) du(z)
)

1) ~
S e bt e, e, )

,1/2
~ [t ¢(_tA)B||fy(L2(R+7%;H)VE.fl/z)'

Here, step (1) follows from Proposition 2.8 (2). The implied constants are indepen-
dent of ¢ and ¢ under the normalisation as stated in the proposition. O

Remark 3.3. The only step in the proof where we made use of the boundedness
of the functional calculus is the Rademacher interpolation argument. For all other
parts, y-sectoriality of angle less than 7 is sufficient. However, one actually needs
only the continuous embedding

(L E), L E-))y, = L% Ey,)
instead of an equality. As in Proposition 2.9 this boils down to having the em-
bedding for the underlying Banach spaces (F, E,1>1/2 — E_I/Q. An inspection of
the proof of [14, Theorems 4.1 and 7.4] shows that the latter embedding does not
require the full power of the boundedness of the functional calculus but merely a
(discrete dyadic) square function estimate of the form

su enp(28 A .’L‘H < ||z
2 [P ewet al)e] 5 o

for some ¢ € H§®(Xy) for 6 € (0,7), where A* denotes the part of A* in E¥ =
D(A*) NR(A*) (the closures are taken in the strong topology of E*). These ‘dual’
square function estimates match the hypothesis in Le Merdy’s theorem on the Weiss
conjecture [18, Theorem 4.1] in the sense that Le Merdy treats observation oper-
ators and requires upper square function estimates for A whereas we treat control
operators and therefore need ‘dual’ square function estimates. The construction of
A* instead of A* is needed when non-reflexive Banach spaces are considered. On
reflexive spaces one has A*=A* and the explained duality with Le Merdy’s result
is more apparent.

In the next lemma, fdenotes the Laplace transform of a function f.

Lemma 3.4 (Laplace transforms). For all f € L*(Ry, 4 H), the function Lf(t) :=
tf(t) belongs to L2(R, %; H) and

HLfHL2(R+,%;H) < Hf||L2(R+,%;H)'

Proof. By the Cauchy-Schwarz inequality,

o ~ dt o > 2 dt
2 2 77 —st b
PRI A VA IOT
<[] 1r@le sy

o Jo t
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o0 o0 o0 d
=it aas = [ S o

As a consequence, the mapping L : f — Lf is a contraction on L?(R,, %;H).

By the Kalton—-Weis extension theorem, L extends to a linear contraction on the

space y(L*(R,, %; H), E), for any Banach space E.

Proof of the equivalences (a) < (b) < (c¢) of Theorem 1.1. (a) = (b): By assump-
tion, t — S(t) B belongs to v(L?(Ry; H), E). It follows that ¢ — n(—tA)B belongs
to v(L*(R4, %;H),E',l/z)7 with 7(z) = 22 exp(—z). The Laplace transform of
t (tz)l/2 exp(—tz) equals A — 1/2\/%21/2 (A+z)~"2. Hence, by [17, Lemma 9.12] or
by using the Phillips calculus (see [9]),

VA=A = ) BB = [ M) Bso B
0
or, equivalently,
Vov/m(—A/N) 2 (1 — A/N) "B = )\/ e Mn(—tA)B dt.
0

By Lemma 3.4 and the remark following it, we obtain that A ~— (—A/A)72(1 —
A/N)~"2B belongs to v(L2(R., . H),E_y,). Upon substituting 1/\ = y we find
that 12— (—A)B belongs to y(L?(Ry, %5 H), E_y,) with ¢/(2) = 22 /(1 + 2).
Now (b) follows as an application of Proposition 3.2.

(b) = (c): From Proposition 3.2 we get that ¢ — (—tA)l/z(l —tA)~!B belongs
to y(LA(Ry, %;H),E_%), or equivalently, that ¢ — t/2(1 — tA)~'B belongs to
Y(L?(Ry, %; H), E). Substituting ¢ = 1/s we obtain that s sh(s — A)~'B
belongs to v(L?(Ry., %; H), E).

(c) = (b): By substituting ¢ = 1/s the assumption implies that s s s/2(1 —
sA)~'B belongs to v(L*(Ry, %; H), E), or equivalently, that s — (fsA)l/Q(l -
sA)~!B belongs to v(L*(Ry, 4 H), E'_1/2). Then by the y-multiplier lemma (using
that the operators (1 — 514)_1/27 s > 0, are y-bounded by Proposition 2.6), we obtain
that assumption (c) of Proposition 3.2 is satisfied.

(b) = (a): By Proposition 3.2, ¢ — (—tA)”2 exp(tA)B = (—tA)”2S(t)B belongs
to y(L3(Ry, %; H),E_y,). This is equivalent to saying that ¢ — S(t) B belongs to
VI (Rs; H), B). O

Remark 3.5. The following direct proof of the implication (a) = (b) of Theorem 1.1,
suggested to us by Mark Veraar, avoids the use of Rademacher interpolation.

Without loss of generality we may assume that H is separable. Let (hy)n>1 be
an orthonormal basis of H and let P, denote the orthogonal projection onto the
span of hi,...,h,. Let C,, = AR(%, A), so that C,x — x strongly for all z € E
(see [17, Proposition 9.4]). Set By, := Cy,, BP,. By the v-convergence lemma [23,
Proposition 2.4] it suffices to prove the

||(_A)_1/2anH'y(H,E) 5 HS(')anH'y(LQ(Hh;H),E)v (32)
with implied constant independent of m and n. The idea is to extend the action
of the semigroup S from FE to y(H, E) by putting S(h ® z) := h ® S(t)z. The
generator of this extended semigroup, Iy ® A, belongs to S(v(H, E)) and has a
bounded H*°-calculus of angle < 7. Hence, by Proposition 2.8 and property («),

“(_A)7/23m7t||’y(H,E) = ”(_A) /2R(i A)BPnH'y(H7E)

m’

~ [[(—tA) /25(')[14/23(%»A)Bpn]||7(L2(R+,%),7(H,E))
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= I15C)Bmally(z2 @) Aca,2))
~ ||S(')an||7(L2(R+;H),E)-
This proves (3.2).
For the proofs of the implications (b) = (d) = (c) of Theorem 1.1 we need some

further preparations.
An interval in Ry will be called dyadic (with respect to the measure 4) if it is

of the form [2%/2" 2(:+1)/2") with M € N and k € Z.
Lemma 3.6. Let —A € S(E) be y-sectorial, let F C 7Z be a finite subset, and let

I,, n € F, be dyadic intervals. For any choice of the numbers s,,t, € I, we have
the equivalence

H Z %SZZR(sn, A)B‘
ner

1
- Wt R(t,, A B‘
L2(Q;v(H,E)) H nEZF’y ( ) L2(2s57(H,E))

with constants independent of the set F, the intervals I, and the choice of s,,ty,.

1 1 1 1
Proof. First note that, since I,, is dyadic, |57/L2 + tf\ < 4max{s/f7t/f}.
We have, using the resolvent identity, the y-boundedness of the operators t R(t, A)
for t > 0, and the contraction principle,

| 3" (sl Rsn A) = t)2 Ritn, ) B
ner

tn — Sn 1
<[ 32 s R sa, A R(ta, A)B|
neF tn Sn

L2(v(H,E))

L2 (Qy(H,E))

SZZ — tZQ 1
+ H Z ’)/ntth#R(tn,A)B‘
ner n

L2 (Qy(H,E))

< || 2wt Rita, 4)B|
neklF

L2(Qy(H,E))’
By the triangle inequality in L?(Q;~v(H, E)) it then follows that

1/2R A)B <H tl/QRt AB‘
H T;,ynsn (STH ) LQ(QV'Y(HyE)) ~ T;’Yn n ( ns )

The converse inequality is obtained by reversing the roles of s,, and t,. U

L2(Qiv(H,E))

Lemma 3.7. Let f: X9 — H be a bounded analytic function and suppose that, for
some 0 < n < 0, the functions t — f(e*"t) belong to L?(R., %; H). Then

Do IFEMIE < oo

nez

Proof. Since f is continuous we may suppose that H is separable. By expanding
the values of f with respect to an orthonormal basis in H, it suffices to prove the
lemma for the case when H equals the scalar field.

By considering g(z) = f(exp(z)), we may reformulate the problem on the strip
Sop={z € C: |Imz| < 0}. The objective is then to show that if the restriction of
a bounded analytic function g on Sy to the lines Im z = 47 belongs to L?(R), then
> ez l9(nIn2)|? < co. The proof of this uses the following standard technique. By
the Poisson formula for the strip we have

sup ||9] {m ==c} ||, < 00
[¢l<n

and therefore g|g, € L?(S,). For 0 < § <7 consider the discs
Qn={2€C:|z—nln2| < d}, n €z,
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centred around n € Z. Taking ¢ small enough, the functions ¢,, = \Qn\_l/"‘lQn have
disjoint support and are hence orthonormal in L?(S,). By the mean value theorem
we obtain

1 . 2
Z|g(n1n2)|2:2"Q s g(erzy)dxdy‘
nez O™/ Qn

ne”Z

- #Z’/ g(z+iy)¢n(l”+iy)d:cdy‘2
nez ’ Sn

O

N

1 2
—lgls s,

This lemma can be restated as saying that the mapping f — (f(2"))nez is
bounded from the weighted Hardy space H*(X,,, u; H) to ¢2(H), where p is the im-
age on the sector 3, of the Lebesgue measure on the strip .5, under the exponential
mapping; note that Lebesgue measure on horizontal lines in the strip .S, is mapped
to the measure dt/t on rays emanating from the origin in the sector X,).

By the Kalton—Weis extension theorem, this mapping extends to a bounded
operator from v(H?*(%,, u; H), E) to y(¢*(H), E), for any Banach space E. This is
what will be needed below.

End of the proof of Theorem 1.1. We shall now prove the remaining implications
(b) = (d) = (¢).

We begin with the proof of (b) = (d). First of all, Lemma 3.1 implies that
R(t,A)B € ~v(H,E) for all t > 0. By the implication (b) = (c) applied to the
operators et? A for a sufficiently small § > 0 we find that the functions

ts tPR(t e* P A)B = ¥ t P R(te ¥ A)B

belong to y(L?(R, %;H),E). By Lemma 3.7 and the remark following it, we

obtain that the sequence (272R(2", A)B),cz belongs to v(¢?(H), E). But this is
the same as saying that (d) holds.

We turn to the proof of (d) = (c¢). Let S™M) denote the average of t"2R(t, A)
(with respect to dt/t) over the dyadic interval I\h) = [gn+m2™" ont(m+1)27")
Let ¢t — ontm2™™ po the left endpoint of the interval M) Then, writing
f; = |71‘ J; for the average over an interval I, we have

dt
SMp — ][ tPR(t, A B~
I t

— 1 (R AN — )R BT
I M

nm

(! A) — AR AN o (20D pOD_A)B

t
nm

= UM o (1) = R(t(MD), A)B).

Since t/t%%) € [1,2] on I,(%), the operators Uy(LJT\,/{) belong (up to a constant) to the
closure of the absolute convex hull of { AR(t, A), tR(t, A) : t > 0}. By ~-sectoriality
of A (which follows from Proposition 2.6) this family is y-bounded.

Fix a finite set ' C Z. Then,

oM _1
1on @ S<M>BH



18

JAMIL ABREU, BERNHARD HAAK, AND JAN VAN NEERVEN

oM _q
q
~ 1,00 ®Sym BH
VZ:F mzzzo Tim V(L2 (R4, 8) 1 (H, )
( ) 1 21\/1_1
2
= - §(M) B’
oM, neZF 7;) it nm L2 (Q(H.E))
D1 ' (MY o4 (M)
~ 2M/2 7; mZ::O Y ( nm ) ( nm ) L2(Quy(H,E))
@ 1 211 )
~ m2 P R(2. A B)
2M/2 Z Z g ( ) L2(Q;7(H,E))
neF m=0
(5) 2]\/171
= 1.0 @2PRE2" A BH
’neZF Z:o Tim @ DB ems ey
= || X 11, @2 R, A)B
neF Y(L2(Ry, %) ~(H,E))
6 n
& | > w2 R, A)B|
ner L2(Qy(H,E))

with implicit constants independent of F' and M. In this computation, (1) follows
from property (@); (2), (5), (6) from the identity (2.1) along with the fact that the

dyadic interval I3 has dt/t-measure ~ 2~M; Estimate (3) follows from the ~-

boundedness of the operators UT(L%); and (4) from Lemma 3.6 applied to the points
$,=2" and tod) in I, = [2", 27F1).

By the y-Fatou lemma (see (2.3)), the above estimate implies (c). O
REFERENCES
(1] Z. Brzezniak and J.M.A.M. van Neerven. Stochastic convolution in separable Banach spaces

2]
3]

[4]

(10]
(11]
(12]

(13]

and the stochastic linear Cauchy problem. Studia Math., 143(1):43-74, 2000.

P. Clément, B. de Pagter, F.A. Sukochev, and H. Witvliet. Schauder decompositions and
multiplier theorems. Studia Math., 138(2):135-163, 2000.

M. Cowling, I. Doust, A. McIntosh, and A. Yagi. Banach space operators with a bounded
H®° functional calculus. J. Austral. Math. Soc. Ser. A, 60(1):51-89, 1996.

G. Da Prato and J. Zabczyk. Ergodicity for infinite-dimensional systems, volume 229 of
London Mathematical Society Lecture Note Series. Cambridge University Press, Cambridge,
1996.

R. Denk, M. Hieber, and J. Priiss. R-boundedness, Fourier multipliers and problems of elliptic
and parabolic type. Mem. Amer. Math. Soc., 166(788), 2003.

K.-J. Engel and R. Nagel. One-parameter semigroups for linear evolution equations, volume
194 of Graduate Texts in Mathematics. Springer-Verlag, New York, 2000.

B. Goldys and J.M.A.M. van Neerven. Transition semigroups of Banach space-valued
Ornstein-Uhlenbeck processes. Acta Appl. Math., 76(3):283-330, 2003.

B.H. Haak and J.M.A.M. van Neerven. Uniformly v-radonifying families of operators and the
stochastic Weiss conjecture. Operators and Matrices, 6(4):767-792, 2012.

M.H.A. Haase. The functional calculus for sectorial operators, volume 169 of Operator The-
ory: Advances and Applications. Birkhduser Verlag, Basel, 2006.

B. Jacob and J.R. Partington. The Weiss conjecture on admissibility of observation operators
for contraction semigroups. Integral Eq. Operator Th., 40(2):231-243, 2001.

B. Jacob, J.R. Partington, and S. Pott. Admissible and weakly admissible observation oper-
ators for the right shift semigroup. Proc. Edinb. Math. Soc. (2), 45(2):353-362, 2002.

B. Jacob and H.J. Zwart. Counterexamples concerning observation operators for Cp-
semigroups. STAM J. Control Optim., 43(1):137-153, 2004.

N. J. Kalton and L. Weis. The H-calculus and sums of closed operators. Math. Ann.,
321(2):319-345, 2001.



THE STOCHASTIC WEISS CONJECTURE 19

[14] N.J. Kalton, P.C. Kunstmann, and L. Weis. Perturbation and interpolation theorems for the
H>—calculus with applications to differential operators. Math. Ann., 336:747-801, 2006.

[15] N.J. Kalton and L. Weis. The H°-calculus and square function estimates. In preparation.

[16] P.C. Kunstmann and L. Weis. Perturbation theorems for maximal Lj-regularity. Ann. Scuola
Norm. Sup. Pisa Cl. Sci. (4), 30(2):415-435, 2001.

[17] P.C. Kunstmann and L. Weis. Maximal Lp-regularity for parabolic equations, Fourier mul-
tiplier theorems and H°°-functional calculus. In Functional Analytic Methods for Evolution
FEquations, volume 1855 of Lecture Notes in Math., pages 65—-311. Springer, Berlin, 2004.

[18] C. Le Merdy. The Weiss conjecture for bounded analytic semigroups. J. London Math. Soc.
(2), 67(3):715-738, 2003.

[19] C. Le Merdy. On square functions associated to sectorial operators. Bull. Soc. Math. France,
132(1):137-156, 2004.

[20] C. Le Merdy. H* Functional calculus and square function estimates for Ritt operators.
arXiv:1202.0768, 2012.

[21] A. Mclntosh. Operators which have an Ho functional calculus. In Miniconference on operator
theory and partial differential equations (North Ryde, 1986), volume 14 of Proc. Centre Math.
Anal. Austral. Nat. Univ., pages 210-231. Austral. Nat. Univ., Canberra, 1986.

[22] J.M.A.M. van Neerven. y-Radonifying operators—a survey. In The AMSI-ANU Workshop
on Spectral Theory and Harmonic Analysis, volume 44 of Proc. Centre Math. Appl. Austral.
Nat. Univ., pages 1-61. Austral. Nat. Univ., Canberra, 2010.

[23] J.M.A.M. van Neerven, M.C. Veraar, and L. Weis. Stochastic integration in UMD Banach
spaces. Ann. Probab., 35(4):1438-1478, 2007.

[24] J.M.A.M. van Neerven and L. Weis. Stochastic integration of functions with values in a
Banach space. Studia Math., 166(2):131-170, 2005.

[25] J.M.A.M. van Neerven and L. Weis. Invariant measures for the linear stochastic Cauchy
problem and R-boundedness of the resolvent. J. Evolution Equ., 6(2):205-228, 2006.

[26] J.M.A.M. van Neerven and L. Weis. Stochastic integration of operator-valued functions with
respect to Banach space-valued Brownian motion. Potential Anal., 29(1):65-88, 2008.

[27] G. Pisier. Some results on Banach spaces without local unconditional structure. Compositio
Math., 37(1):3-19, 1978.

[28] L. Weis. Operator-valued Fourier multiplier theorems and maximal Lp-regularity. Math.
Ann., 319(4):735-758, 2001.

[29] G. Weiss. Two conjectures on the admissibility of control operators. In Estimation and Con-
trol of Distributed Parameter Systems (Vorau, 1990), volume 100 of Internat. Ser. Numer.
Math., pages 367-378. Birkh&user, Basel, 1991.

[30] H. Zwart, B. Jacob, and O. Staffans. Weak admissibility does not imply admissibility for
analytic semigroups. Systems Control Lett., 48(3-4):341-350, 2003.

INSTITUTO DE MATEMATICA, EsTATISTICA E COMPUTACAO CIENTIFICA, UNIVERSIDADE ESTAD-
UAL DE CAMPINAS, RUA SERGIO BUARQUE DE HOLANDA, 651, CAMPINAS SP, BRAZIL
E-mail address: jamil@ime.unicamp.br

INSTITUT DE MATHEMATIQUES DE BORDEAUX, UNIVERSITE BORDEAUX 1, 351, COURS DE LA
LIBERATION, F-33405 TALENCE CEDEX, FRANCE
E-mail address: bernhard.haak@math.u-bordeauxl.fr

DELFT INSTITUTE OF APPLIED MATHEMATICS, DELFT UNIVERSITY OF TECHNOLOGY, P.O. Box
5031, 2600 GA DEeLFT, THE NETHERLANDS
E-mail address: J.M.A.M.vanNeerven@TUDelft.nl



	1. Introduction
	2. Preliminaries
	2.1. Property ()
	2.2. -Boundedness
	2.3. -Radonifying operators
	2.4. Stochastic integration
	2.5. Existence, uniqueness and invariant measures
	2.6. Sectorial operators and H-calculus
	2.7. Rademacher interpolation

	3. Proof of Theorem 1.1
	References

