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Modeling protein-mediated morphology in biomembranes

Ashutosh Agrawal · David J. Steigman

Abstract The equilibrium theory for lipid membranes is
used to describe the structure of nuclear pores and the mem-
brane shapes accompanying endocytosis. The commonly
used variant of the theory contains a fixed parameter called
the spontaneous curvature which accounts for asymmetry in
the bending response of the membrane. This is replaced here
by a variable distribution of spontaneous curvature represen-
ting the influence of attached proteins. The required adjust-
ments to the standard theory are described and the resulting
model is applied to the study of membrane morphology at the
cites of protein-assisted nuclear pore formation and endocy-
tosis.

Keywords Biomembranes · Shape equation · Variable
spontaneous curvature

1 Introduction

Lipid bilayers are fundamental components of cell struc-
tures that strongly influence cell function. Bilayers are com-
posed of transversely oriented lipid molecules containing
hydrophilic head groups and hydrophobic tails (Ou-Yang et
al. 1999). These groups are arranged in opposing orienta-
tions that effectively shield the tail groups from the surroun-
ding aqueous solution. Relative misalignment of the lipids
entails an energetic cost which manifests itself as flexural
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stiffness of the film, while the bilayer is otherwise fluid-like
in its response. Further, bilayers are naturally symmetric with
respect to a midsurface and so lack a natural orientation. Kim
et al. (1998) have demonstrated that proteins play a princi-
pal role in the morphology of lipid bilayers in which they are
embedded. In particular, these authors have shown that trans-
membrane proteins which are roughly conical in shape, with
the vertex lying to one side of the membrane, induce mem-
brane bending as a consequence of local protein-membrane
interactions. These interactions effectively break the natural
bilayer symmetry, producing a natural curvature of the mem-
brane over patches of surface containing many similar pro-
teins. We propose a model for bilayers containing such a high
areal density of proteins that they may be effectively regar-
ded as being continuously distributed over the membrane sur-
face. Here, the natural curvature induced on the local scale
is modeled in terms of the so-called spontaneous curvature,
a parameter that is well known in the mathematical theory of
membrane equilibria (Helfrich 1973; Ou-Yang et al. 1999). In
the conventional theory the spontaneous curvature is a fixed
parameter. However, we assume the spontaneous curvature
to vary spatially over the surface in a manner that reflects the
influence of the proteins. Thus, we suppose the spontaneous
curvature to be a function of protein type and areal concen-
tration; the greater the concentration of a particular type, the
greater the magnitude of spontaneous curvature. The sign of
the spontaneous curvature reflects the orientation of proteins
relative to the surface normal. Such a dependence has yet to
be quantified precisely. A plausible assumption is that spon-
taneous curvature is proportional to protein concentration,
with the sign of the constant of proportionality being that of
the natural curvature induced by local protein geometry.

The model is illustrated by computing membrane shapes
in two examples of protein-mediated morphology. In the
first, membrane shape in the vicinity of an isolated nuclear
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pore is studied. These shapes resemble the interior sectors of
axisymmetric tori connected to parallel planes at their apices.
Nuclear pores play a central role in the structure and func-
tion of the cell nucleus (Boal 2002). In the second example,
the shape of the membrane in the process of protein-assisted
endocytosis is predicted. Typically, endocytosis entails the
creation of a bud on the membrane which facilitates encap-
sulation and transport of various substances into and out of
the cell. Often, this process is assisted by attached proteins
such as clathrin which self-assemble to form a coating on one
side of the membrane. This structure is not attached directly
to the membrane, but rather to discrete transmembrane recep-
tors which maintain congruence of the coat and membrane
while leaving the underlying membrane structure undistur-
bed (Boal 2002). The protein coat induces a natural curvature
in the membrane but does not affect it flexural stiffness or its
fluidity in the two-dimensional sense.

In principle, a model of the kind envisaged should account
for the dynamic two-way coupling between protein distribu-
tion/concentration and membrane shape. We foresee a fra-
mework that accounts for the diffusion of protein species
coupled to membrane shape via, for example, an evolving
distribution of spontaneous curvature. Such a model might
have the potential to offer insights into the morphologies of
protein-rich structures such as the endoplasmic reticulum. As
a preliminary step in the development of such a framework,
the simpler one-way coupling problem of finding the equili-
brium shapes of membranes in the presence of an assigned
spontaneous curvature distribution is solved in the present
paper. For this purpose we adapt the general theory of lipid
membranes, regarded as fluid surfaces with bending elasticity
(Steigmann 1999a). This theory accommodates a completely
general dependence of membrane free energy on the mean
and Gaussian curvatures of the surface and accommodates
non-uniform properties.

Section 2 contains a summary of the model of biomem-
branes from the viewpoint of elastic shell theory. The essen-
tial difference between biomembranes and conventional
shells is the material symmetry underlying the dependence
of the relevant free-energy function on the strain and curva-
ture. A framework for extending the conventional concept
of fluidity from three-dimensional continua to surfaces with
bending and stretching resistance has been developed in
Steigmann (1999a). This yields the theory of biomembranes,
traditionally based on variational arguments (Ou-Yang et al.
1999), directly from the balance and constitutive equations
of nonlinear shell theory (Steigmann 1999a,b). To connect
this approach to that adopted in the literature, we outline the
variational derivation of the model in Sect. 3. This generalizes
the conventional development to non-uniform biomembranes
and accommodates non-uniform spontaneous curvature as a
special case. In Sect. 4 we specialize the model to describe
surfaces of revolution. This specialization yields ordinary

differential equations amenable to simple analysis. These are
used in Sects. 5 and 6, respectively, to predict the equilibrium
shape of an isolated nuclear pore and of an isolated bud for-
med during endocytosis.

2 Equilibrium equations for biomembranes

We denote the membrane surface by ω. Position on this sur-
face, relative to a specified origin, is described in parametric
form by the function r(θµ), where θµ; µ = 1, 2, are sur-
face coordinates. Here and henceforth Greek indices range
over {1, 2} and, if repeated, are summed over that range. We
assume familiarity with tensor notation and with the concepts
of contra- and co-variance (Kreyszig 1959). Subscripts pre-
ceded by commas indicate partial derivatives with respect to
the coordinates, while those preceded by semicolons indi-
cate covariant derivatives. The surface coordinates induce
the basis aα = r,α for the tangent plane to ω at the point
with coordinates θµ. The induced metric is aαβ = aα · aβ,
and is assumed to be positive definite. A dual basis on the
tangent plane is then given by aα = aαβaβ, where (aαβ) =
(aαβ)−1. The orientation of the surface is defined locally by
the unit-normal field n = a1 × a2/ |a1 × a2| , and its local
curvature by the covariant surface-tensor field

bαβ = n · r,αβ = −aα · n,β . (1)

If ν and t are orthonormal vectors on the tangent plane, then
the normal curvatures and the twist on these axes are given
respectively by

κν = bαβν
ανβ, κt = bαβ tαtβ and τ = bαβν

αtβ. (2)

Let a = det(aαβ), and let A be the value of a on a fixed
reference surface �. If the coordinates θµ are conceived of
as being convected with the deformation from � to ω, then
the local ratio, J, of material area after deformation to that
before is J = √

a/A. If ρ and ρ0 are the areal mass densities
(mass per unit surface area) on ω and �, respectively, then

J = ρ0/ρ. (3)

Mass is conserved, as we assume here, if and only ifρ0,when
expressed as a function of θµ and time, is independent of the
latter; i.e., ρ0 = ρ0(θ

µ).

The fundamental differential equations of equilibrium are
the shape equation (Ou-Yang et al. 1999; Steigmann 1999a)
and an equation restricting the variation of the surface tension
with surface coordinates. These are (Steigmann 1999a)

p = 
( 1
2ρFH )+ (ρFK );αβ b̃αβ + 2Hρ(ρFρ + K FK )

+ρ(2H2 − K )FH (4)

and

(ρ2 Fρ),α + ρ(FK K,α + FH H,α) = 0, (5)
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respectively, in which 
(·) = (·);αβaαβ is the surface
Laplacian, also known as the Beltrami operator,

b̃αβ = 2Haαβ − bαβ (6)

is the cofactor of the curvature, F(ρ, H, K ; θµ) is the free
energy per unit mass,

H = 1
2 (κν + κt ), K = κνκt − τ 2, (7)

respectively, are the mean and Gaussian curvatures of the
surface, and p is the net lateral pressure on the surface in the
direction of its orientation n. The subscripts ρ, H, K refer
to partial derivatives of the energy with respect to the indi-
cated variables. Equations (4) and (5) together constitute the
generalization of the well known shape equation (Ou-Yang
et al. 1999) to films with non-uniform properties (Steigmann
1999a).

The list {ρ, H, K } of independent variables in the free-
energy function is dictated by material symmetry require-
ments pertaining to the fluid-like response characteristic of
biomembranes. The underlying concept is developed fully in
(Steigmann 1999a).

It is well known that it is energetically favorable for mem-
branes to preserve surface area as they deform (Evans and
Skalak 1980). To account for this, we impose J = 1 as a
local constraint and replace F by

F(ρ, H, K ; θµ) = F̄(H, K ; θµ)− γ̄ (θµ)J, (8)

where F̄ is a constitutive function for the film and γ̄ is a
constitutively-indeterminate Lagrange-multiplier field. The
latter takes whatever values that may be required by the equa-
tions of equilibrium and any subsidiary conditions. To justify
(8) we appeal to a rigorous treatment of constraints in shells
(Steigmann 1999b) which subsumes the present framework.
Further, we have used the constraint to equate ρ with ρ0(θ

µ)

and absorbed the latter function into the explicit coordinate
dependence appearing in F̄ . The equivalent expression

F(ρ, H, K ; θµ) = F̄(H, K ; θµ)− γ (θµ)/ρ, (9)

where γ = ρ0γ̄ , is preferred here as it yields the formula γ =
ρ2 Fρ and hence the interpretation of the Lagrange-multiplier
field γ as the surface pressure; −γ then corresponds to the
surface tension.

The free energy per unit area of the film is

W (H, K ; θµ) = ρ0(θ
µ)F̄(H, K ; θµ), (10)

and we define

− λ = γ + W. (11)

In terms of these, Eqs. (4) and (5) reduce respectively to

p = 
( 1
2 WH )+ (WK );αβ b̃αβ + WH (2H2 − K )

+2H(K WK − W )− 2λH (12)

and

λ,α = −∂W/∂θα, (13)

where ∂W/∂θα is the derivative with respect to θα at fixed
values of H and K .This vanishes in uniform films, and arises
from the explicit dependence of W on the coordinates in the
case of a non-uniform film. In the former case Eq. (12), with
λ = const., is the conventional form of the shape equation. It
is interesting that the adjustment required for the extension
of the theory to non-uniform films is limited simply to the
addition of (13). The variational derivation of these equations
is discussed in Sect. 3.

In the present work we consider a simple extension of the
Helfrich (1973) model to the case of non-uniform sponta-
neous curvature. Thus,

W = k(H − C)2, (14)

where k(> 0) is the (constant) bending modulus and C(θα)
is the (variable) spontaneous curvature. Here we assume the
function C(θα) to be assigned. In a more general treatment,
which we do not pursue here, C(θα) would evolve in accor-
dance with the coupled interplay between membrane shape
and the distribution and concentration of proteins.

Proceeding with the expression (14) for the energy density,
we find that (13) reduces to

λ,α = 2k(H − C)∂C/∂θα, (15)

while the shape equation (12) becomes

k
(H − C)+ 2k(H − C)(2H 2 − K )− 2k H(H − C)2

= p + 2λH. (16)

In the remainder of this work we impose p = 0. This is
motivated by empirical observations, pertaining to the sys-
tems studied here, indicating that the membrane is sensibly
flat (so that H and K vanish) over substantial portions of its
area where the protein coat density is negligible (and hence
where C vanishes). Equation (16) implies that the pressure
vanishes in these portions; and thus, if uniform, everywhere
on the film. More generally, a solution to (15) and (16) is
then furnished by H(θµ) = C(θµ) and λ(θµ) = 0. If a
corresponding surface exists, it achieves the global infimum,
namely zero, of the energy

E = k
∫

ω

[H − C(θµ)]2da, (17)

and is thus optimal in the sense that any compactly supported
displacement is necessarily accompanied by a non-negative
change of energy. Existence is contingent on the consis-
tency of the condition H(θµ) = C(θµ) with the Gauss and
Mainardi-Codazzi equations of differential geometry
(Kreyszig 1959) and with operative boundary data.
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3 Variational approach

The equilibrium equations (12) and (13) follow directly from
the balance laws and constitutive equations for a fluid film
with bending resistance (Jenkins 1977a; Steigmann 1999a,b).
In contrast, in the procedure adopted universally in the lite-
rature, the shape equation is derived as the Euler equation
associated with the variational problem of minimizing the
energy of a uniform film under appropriate side conditions
(Ou-Yang et al. 1999). A recent derivation of this kind, exten-
ding the argument from a commonly imposed global area
constraint to the local version assumed here, has been pre-
sented in Steigmann et al. (2003). This too is restricted to
films with properties that are uniform in the sense that the
energy density W on ω does not depend explicitly on the
coordinates. In particular, (12) emerges as the Euler equa-
tion associated with normal variations (variations in position
parallel to n) of the energy functional

E =
∫

ω

W (H, K )da. (18)

In Steigmann et al. (2003) the pressure p appearing in (12) is
a (constant) Lagrange multiplier enforcing a global constraint
on the volume enclosed by the film, considered there to be
a closed surface. However, typically the concern is with cir-
cumstances in which the volume-to-area ratio adjusts in res-
ponse to changes in temperature or osmotic pressure. Because
area is conserved, it then follows that volume is not, implying
that p is a property of the system and thus not a Lagrange
multiplier. In such circumstances (12) and (13) remain valid,
but, in general, an associated energy functional may not exist.
In any event we impose p = 0 for the reason discussed in
the previous section.

Thus, to extend the procedure adopted in the literature to
the present problem, it is of interest to outline the variational
derivation of Eqs. (12) and (13) for the case of non-uniform
film properties. To this end we compute the variation Ė of the
energy induced by a variation u(θα) = ṙ of the equilibrium
position field r(θα). Special roles are played here by the
tangential and normal variations, uα and u respectively, in
the general expression

u = uαaα + un. (19)

To allow for the present constraint on area, we consider the
augmented energy functional

E =
∫

�

[J W (H, K ; θα)− µ(θα)(J − 1)]dA, (20)

whereµ is a Lagrange multiplier field. The variation induced
by u is

Ė =
∫

ω

[Ẇ + (W − µ) J̇/J ]da, (21)

where

Ẇ = WH Ḣ + WK K̇ . (22)

We note that, while the augmented functional may be consi-
dered to depend on both the position and Lagrange multiplier,
regarded as independent fields, variation with respect to the
latter merely returns the constraint and so need not be made
explicit.

For tangential variations, formulae developed in
Steigmann et al. (2003) yield

J̇/J = uα;α, Ḣ = uαH,α and K̇ = uαK,α, (23)

wherein J, H and K are equilibrium fields. These furnish

(W − µ) J̇/J = [(W − µ)uα];α − uα(W − µ),α, (24)

which may be combined with (22), (23)2,3 and Stokes’ theo-
rem to obtain

Ė =
∫

ω

uα(WH H,α + WK K,α − W,α + µ,α)da

+
∫

∂ω

(W − µ)uαναds, (25)

where να are the covariant components of the exterior unit
normal to the edge ∂ω, lying in the tangent plane of ω, as
it is traversed in the direction of increasing arclength s. The
associated Euler equation is equivalent to the vanishing of the
parenthetical term in the first integral. To explore its impli-
cations, we compute

W,α = WH H,α + WK K,α + ∂W/∂θα, (26)

where, as in (13), the partial derivative on the right is due to
the explicit coordinate dependence in the function W . This
arises from the non-uniformity of the film properties in the
present context. Accordingly, the relevant Euler equation is
expressible in the form µ,α = ∂W/∂θα, and is seen, on
identification of µ with −λ, to be identical to (13).

Under normal variations we have (Steigmann et al. 2003)

J̇/J = −2Hu, 2Ḣ = 
u + u(4H 2 − 2K ) and

K̇ = 2K Hu + (b̃αβu,α);β. (27)
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With some effort these lead to (Steigmann et al. 2003)

Ė =
∫

ω

u[
( 1
2 WH )+ (WK );βα b̃βα + WH (2H2 − K )

+2K H WK − 2H(W − µ)]da

+
∫

∂ω

[ 1
2 WHν

αu,α − 1
2 (WH ),αν

αu + WK b̃αβνβu,α

−(WK ),α b̃αβνβu
]
ds. (28)

The relevant Euler equation is given by the vanishing of the
bracketed term in the first integral. This is seen, in the case
p = 0 and again upon identification of µ with −λ, to be
identical to the shape equation (12). The integrals over ∂ω
in (25) and (28) are absent in closed films without boundary.
We defer discussion of these terms to Sects. 5 and 6.

It has been shown by Agrawal and Steigmann (2008) that
a necessary condition for an equilibrium state to be energy
minimizing is

1
4 WH H + ςWH K + ς2WK K > 0 (29)

at all points of the film, where

ς = b̃αβbαbβ, (30)

and the bβ are arbitrary subject to the normalization condition
aαβbαbβ = 1. Thus, ς is bounded between the largest and
smallest eigenvalues of the cofactor of the curvature on the
equilibrium surface. These bounds coincide, by virtue of (6),
with the principal curvatures on the film. In principle, inequa-
lity (29) is a restriction on energy minimizers. However, for
the quadratic energy density considered here, it effectively
reduces to a constitutive inequality. To see this, we substi-
tute (14) and find that (29) reduces to the requirement k > 0,
which justifies the assumption made in connection with (14).
This inequality does not entail any restriction on the state of
the film. Accordingly, if it holds in an energy-minimizing
state, then it holds in all states, and, in that sense, imposes
a restriction of a constitutive nature; that is, a restriction on
the function W .

4 Surfaces of revolution

We consider axisymmetric surfaces parameterized by meri-
dional arclength s and azimuthal angle θ. Let r(s) be the
radius from the axis of symmetry and z(s) be the elevation
above a base plane (see Fig. 1). Meridians and parallels of
latitude are the curves on which θ and s, respectively, are
constant. We select surface coordinates θ1 = s and θ2 = θ ,
and identify the vector ν of (2) with the unit tangent to a meri-
dian. Further, because s measures arclength along meridians,
we have

(r ′)2 + (z′)2 = 1, (31)

Fig. 1 Meridian of a surface of revolution

where, here and henceforth, ()′ = d()/ds. This implies that

r ′(s) = cosψ and z′(s) = sinψ, (32)

where ψ(s) is the angle made by ν with the radial direction.
The metric and dual metric are (aαβ) = diag(1, r2)

and (aαβ) = diag(1, r−2), respectively, and the covariant
components of curvature are (bαβ) = diag(ψ ′, r sinψ)
(Agrawal and Steigmann 2008). Combining these with (1),
(2) and (32), we derive

κν = ψ ′, κt = r−1 sinψ and τ = 0. (33)

The sum of the normal curvatures is twice the mean curvature
H(s). This furnishes the differential equation

rψ ′ = 2r H − sinψ. (34)

Their product is the Gaussian curvature K (s); thus,

K = H2 − (H − r−1 sinψ)2. (35)

For the free-energy function (14), the shape equation (16)
simplifies, in the absence of lateral pressure, to (see also
Agrawal and Steigmann 2008)

L ′ = 2r{H [k(H − C)2 + λ] − k(H − C)

×[H2 + (H − r−1 sinψ)2]}, (36)

where

L = 1
2r(WH )

′ = kr(H − C)′. (37)

We assume the spontaneous curvature to be an assigned func-
tion C(s) of the meridional arclength. The remaining equili-
brium equation (13), yields ∂λ/∂θ = 0 and

λ′ = 2k(H − C)C ′. (38)

The system to be solved thus consists of the six Eqs.
(32)1,2, (34), (36), (37) and (38), for the six unknowns r, z, ψ,
H, λ and L . Four of the boundary conditions are of the geo-
metric type. Thus,

r(0)=r0, ψ(0)=ψ0, z(0)= z0 and ψ(S)=ψS, (39)
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where the right-hand sides and the value of S are to be
specified. We append additional boundary conditions based
on equilibrium considerations. These derive from the fact,
explained in detail in (Agrawal and Steigmann 2008), that
the limits of the transverse shear force, per unit length of arc,
must vanish as the equator is approached whenever the latter
is a plane of reflection symmetry (see also Jenkins 1977b).
It must also vanish at a pole; that is, at a point of the mem-
brane lying on the axis of axisymmetry. In both cases this is
equivalent to the requirement

L = 0 (40)

at the appropriate value(s) of arclength. Because the pole
does not belong to the boundary when the film is regarded as
a two-dimensional surface, the latter condition does not arise
as a natural boundary condition in the formulation discussed
in Sect. 3. However, the pole does constitute a boundary in a
one-dimensional formulation based on the use of arclength
as independent variable. If the variational problem is rephra-
sed in this setting, then (40) emerges as a natural boundary
condition associated with the unrestrained variation of the
z-coordinate of the pole (Jenkins 1977b). Alternatively, it
may be derived from a direct analysis of the equilibrium of
a sector of the surface containing the pole, in the limit as the
size of the sector shrinks to zero (Agrawal and Steigmann
2008).

To non-dimensionalize the equations we introduce a posi-
tive constant H0 having the dimensions of curvature. The
dimensionless arclength, radius and height are

t = s H0, x = r H0 and y = zH0, (41)

respectively, and the dimensionless mean and spontaneous
curvatures are

H̄ = H/H0 and C̄ = C/H0. (42)

Equations (32) and (34) may be written

ẋ = cosψ, ẏ = sinψ and xψ̇ = 2x H̄ − sinψ, (43)

where ()· = H−1
0 ()′ is the derivative with respect to t.Finally,

Eqs. (36) and (38) may be reduced, respectively, to

(L̄)· =2x{H̄(W̄ +λ̄)−(H̄ −C̄)[H̄2+(H̄ −x−1 sinψ)2]},
(44)

and

(λ̄)· = 2(H̄ − C̄)(C̄)·, (45)

where

L̄ = (k H0)
−1L = x(H̄ − C̄)·, λ̄ = (k H2

0 )
−1λ (46)

and

W̄ = (k H2
0 )

−1W = (H̄ − C̄)2 (47)

is the dimensionless energy.

5 Nuclear pores

Nuclear pores mediate traffic into and out of the cell nucleus
and generate the two-leaf structure of the nuclear envelope.
They are accompanied by a local distribution of proteins
concentrated near the pore opening which appear to facilitate
pore formation (Drummond and Wilson 2002). To describe
an isolated nuclear pore, we assign a hypothetical sponta-
neous curvature distribution having the Gaussian form (see
Fig. 2)

C̄(t) = β exp(−αt2), (48)

where α and β are positive constants. Thus, the concentra-
tion of proteins, and hence the intensity of the spontaneous
curvature, is assumed to be greatest at the equatorial plane
where t = 0.

The interior equilibrium equations (44) and (45) are satis-
fied identically if H̄(t) = C̄(t) and λ̄(t) = 0. Clearly the
zero-shear-force condition (40) at the equator is then automa-
tically satisfied. Equations (43)1,2,3 constitute the remaining
system, which is integrated numerically using Matlab (ODE
solver ’bvp4c’) with ψ0 = π/2, z0 = 0 and ψ(T ) = 0,
where T = SH0. A sequence of values of T is chosen, cor-
responding to a succession of domains of increasing total
arclength. The sequence is terminated when the difference
between succeeding solutions is negligible on the domain
of the last-solved boundary-value problem. This effectively
models an unbounded domain, or, what is equivalent, an iso-
lated pore sufficiently removed from its neighbors such that
the effects of interaction may be ignored. Further, if ∂ω is
identified with the circle t = T, then the solution obtained is
such that the boundary terms in the expressions (25) and (28)
for the variation of the energy vanish identically for the consi-

Fig. 2 Spontaneous curvature distribution in the nuclear pore (α = 5.5
and β = −π/2)
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Fig. 3 Predicted shape of the nuclear pore

dered free-energy function. Accordingly, it is an equilibrium
state in the sense that it renders the total energy functional
stationary.

The solution is depicted in Fig. 3, which shows the shape of
the deformed meridian obtained by adjusting the parameters
in (48) (α = 5.5, β = −π/2) to fit physiological data on the
ratio of membrane height to pore diameter. The value of the
constant H0 may be adjusted to fit some feature of the meri-
dian, such as the equatorial pore radius r(0) = x(0)/H0, to
actual dimensions. We find that βH0 = −0.024 nm−1 yields
a pore radius of approximately 45 nm and height (distance
from the equatorial plane) of approximately 20 nm, in agree-
ment with observations on actual pores (Beck et al. 2004;
Margalit et al. 2005). The solution obtained has the mean
curvature equal everywhere to the spontaneous curvature and
is therefore energetically optimal.

6 Vesicle formation during endocytosis

The present model may also be used to simulate endocyto-
sis; i.e., the process of protein-assisted vesicle formation in

Fig. 4 Spontaneous curvature distribution in endocytosis (α = 20.0,
β = 2.0 and t0 = 1.3)

Fig. 5 Convergence of H̄(t) to C̄(t) with increasing T

lipid membranes. Here we model the stage from initiation
to bud formation prior to fission. In this process, a protein
coat such as clathrin (Alberts et al. 2002; Boal 2002) forms
on part of the membrane, inducing an essentially uniform
distribution of natural curvature over the coated region. This
is again modeled as a distribution of spontaneous curvature.
An appropriate function for this problem is (see Fig. 4)

C̄(t) = β
2 {1 − tanh[α(t − t0)]}. (49)

This models the abrupt transition of protein concentration
(Boal 2002) from a nearly constant value in the coated region
to zero in the uncoated region. The progression of endocy-
tosis is simulated by adjusting the parameter t0, with larger
values corresponding to more of the membrane being coated
and hence naturally curved.

The solution procedure is as described in the previous
section, except that the full set of Eqs. (43)–(47) is integrated
subject to the data

x(0) = 0, ψ(0) = 0, y(0) = 0 and L̄(0) = 0 (50)

at the pole (t = 0), together with

ψ(T ) = 0 and λ̄(T ) = 0. (51)
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Fig. 6 Vesicle shapes for T = 3.0 (solid line), T = 4.5 (dashed line),
and T = 6.0 (dashed-dot line)
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Fig. 7 a Shallow
clathrin-coated vesicle observed
by Perry and Gilbert (1979,
reproduced by permission of the
Company of Biologists), and
b present simulation obtained
with t0 = 0.3

(a)
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Fig. 8 a Intermediate shape of
clathrin-coated vesicle observed
by Perry and Gilbert (1979,
reproduced by permission of the
Company of Biologists), and
b present simulation obtained
with t0 = 0.8
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Fig. 9 a Final stage of
clathrin-coated vesicle prior to
fission, observed by Perry and
Gilbert (1979, reproduced by
permission of the Company of
Biologists), and b present
simulation obtained with
t0 = 1.3
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For sufficiently large T, the first of the latter two condi-
tions ensures that the slope of the meridian vanishes far
from the pole. The second ensures that the surface tension
also vanishes there, provided that the energy decays
to zero. This is intended to model a membrane that is
flat and in a state of ease at locations sufficiently remote
from the axis of symmetry; i.e., at sufficiently large T .
By this we mean that if ∂ω is identified with the circle
t = T , then the boundary terms in the expressions (25)
and (28) vanish for arbitrary variations, implying that
there are no forces or couples acting at the edge of the
membrane.

Integration of the full system is required in this case
because the condition that ψ vanish at t = T cannot be
achieved with H̄(t) = C̄(t) pointwise. For, H̄(t)would then
vanish at sufficiently large t and the associated region of the
surface would form part of a catenoid. In this region (43)1,3

can be integrated (Kreyszig 1959) to yield sinψ = c/x(t)
for some constant c, and this vanishes as x → ∞; i.e.,
as t → ∞. This in turn is consistent with the imposition
of (51)1, but only in the asymptotic sense, as T → ∞.

Accordingly, we expect our solution to approach the state
H̄(t) = C̄(t) asymptotically, for sufficiently large T . This
expectation is borne out by the computations, which indicate
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that maxt∈(0,T )
∣∣H̄(t)− C̄(t)

∣∣ decays to zero as T increases
(see Fig. 5). This in turn implies that the edge asymptoti-
cally approaches a state of ease in the sense described above.
We also observe that the shape of the surface, as described
by {x(t), y(t)}, effectively converges as T increases. This
conclusion follows from Fig. 6, which depicts a sequence of
meridians for the parameter values α = 20.0, β = 2.0 and
t0 = 1.3.

Figures 7, 8 and 9 show photo-micrographs of endocy-
tosis (Perry and Gilbert 1979) alongside membrane shapes
computed from the present model using the same values of
α and β, but with t0 = 0.3, 0.8, 1.3 respectively, corres-
ponding to protein coats of successively increasing size. The
coated regions are the solid portions of the meridional curves.
The shapes shown correspond to T = 3.0. It is found that
βH0 = 0.0036 nm−1 yields a vesicle diameter of approxima-
tely 280 nm, which is the average observed in clathrin-coated
vesicles (Perry and Gilbert 1979).

We emphasize that the finite-domain (T < ∞) problem
furnishes a meaningful model of endocytosis in its own right.
However, the total energy associated with a particular fixed
domain asymptotically approaches the infimum of the energy,
associated with that domain, at large T . For finite T our solu-
tions are equilibrium states, but we do not know if they are
energetically optimal.

7 Conclusions

A quantitative model of protein-mediated morphology
has been developed on the basis of the conventional conti-
nuum theory of lipid membranes, extended to account
for non-uniform properties. This extension is needed to
accommodate the effects of non-uniformly distributed
proteins that interact with the bilayer in such a way as to
induce a variable natural, or spontaneous, curvature field.
The model accounts for protein type and distribution
indirectly through the spontaneous curvature. Solutions
obtained in the specialization to axisymmetry are found to
be robust in the sense of being energetically optimal rela-
tive to all competing configurations, not merely those that
preserve axisymmetry. Further, these yield quantitative infor-
mation for morphologies associated with nuclear pores and
endocytosis.

A drawback of the present work is that the distribution of
spontaneous curvature must be specified. In some circum-
stances it may be more natural to regard this distribution as
evolving with membrane shape rather than as specified data.
We envisage a model for the diffusion of densely distributed
proteins on curved surfaces. In that setting, the concentra-
tion of proteins would generate a distribution of spontaneous

curvature which would affect the local free-energy function
and consequent membrane shape via the equations of
equilibrium given here. In turn, shape would be expected
to influence the distribution of local protein concentration as
diffusion proceeds.
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