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SPECTRAL ESTIMATES ON THE SPHERE

JEAN DOLBEAULT, MARIA J. ESTEBAN, AND ARI LAPTEV

ABSTRACT. In this article we establish optimal estimates for the first eigenvalue of Schrédinger operators
on the d-dimensional unit sphere. These estimates depend on LP norms of the potential, or of its inverse,
and are equivalent to interpolation inequalities on the sphere. We also characterize a semi-classical
asymptotic regime and discuss how our estimates on the sphere differ from those on the Euclidean space.

1. INTRODUCTION

Let A be the Laplace-Beltrami operator on the unit d-dimensional sphere S%. Our first result is
concerned with the sharp estimate of the first negative eigenvalue A\; = A;(—A — V) of the Schrodinger
operator —A — V on S? (with potential —V') in terms of LP-norms of V.

The literature on spectral estimates for the negative eigenvalues of Schrodinger operators on manifolds
is limited. We can quote two papers of P. Federbusch and O.S. Rothaus, [16] [33], which establish a
link between logarithmic Sobolev inequalities and the ground state energy of Schrodinger operators. The
Rozenbljum-Lieb-Cwikel inequality (case v = 0 with standard notations: see below) on manifolds has been
studied in [25] Section 5]; we may also refer to [26] for the semi-classical regime, and to [24], BI] for more
recent results in this direction. In two articles (see [20, 2I]) on Lieb-Thirring type inequalities (also see
[241 131] for other results on manifolds), A. Ilyin considers Schrédinger operators on unit spheres restricted
to the space of functions orthogonal to constants and uses the original method of E. Lieb and W. Thirring
in [27]. The exclusion of the zero mode of the Laplace-Beltrami operator results in semi-classical estimates
similar to those for negative eigenvalues of Schrodinger operators in Euclidean spaces.

The results in this paper are somewhat complementary. We show that if the LP-norm of V' is smaller
than an explicit value, then the first eigenvalue A\; (—A —V') cannot satisfy the semi-classical inequality and
thus it is impossible to obtain standard Lieb-Thirring type inequalities for the whole negative spectrum.
However, we show that if the LP-norm of the potential is large then the first eigenvalue behaves semi-
classically and the best constant in the inequality asymptotically coincides with the best constants Li, d
of the corresponding inequality in the Euclidean space of same dimension (see below). In this regime the
first eigenfunction is concentrated around some point on S¢ and can be identified with an eigenfunction
of the Schrédinger operator on the tangent space, up to a small error. In Appendix [A] we illustrate the
transition between the small LP-norm regime and the asymptotic, semi-classical regime by numerically
computing the optimal estimates for the eigenvalue A\;(—A — V') in terms of the norms ||[V|[y»(ga)-

In order to formulate our first theorem let us introduce the measure dw induced by Lebesgue’s measure
on S¢ C R and the uniform probability measure do = dw/|S?| with [S?| = w(S?). We shall denote by
[[la(sey the quantity [|ullyee) = ( fgu [u|? do)'/? for any ¢ > 0 (hence including in the case ¢ € (0,1),
for which ||-||pq(say is not anymore a norm, but only a quasi-norm). Because of the normalization of do,
when making comparisons with corresponding results in the Euclidean space, we will need the constant

_2
Kga =S

The well-known optimal constant L,ly7 4 in the one bound state Keller-Lieb-Thirring inequality is defined as
follows: for any function ¢ on R?, if A;(—A — ¢) denotes the lowest negative eigenvalue of the Schrodinger
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operator —A — ¢ (with potential —¢) when it exists, and 0 otherwise, we have

1) AP <L, [ o1 ae

provided vy > 0ifd >3,y >0ifd =2, and v > 1/2 if d = 1. Notice that only the positive part ¢4 of ¢ is

involved in the right-hand side of the above inequality. Assuming that v > 1—d/2 if d = 1 or 2, we shall
consider the exponents

2y +d q
_LrTe d p=_—-21 — bt
dytd—2 M PT L RT0Ty
which are therefore such that 2 < ¢ = % < 2% with 2* := 24 if d > 3, and ¢ = 2p1 € (2,400) if

d—

d =1 or 2. To simplify notations, we adopt the convention 2* := oo if d = 1 or 2. It is also convenient to

introduce the notation )
i =—-d(d—-2).
0= d(d-2)
In Section [2] we shall prove the following result.

Theorem 1. Letd > 1, p € (max{l,d/Z},—i—oo), Then there exists a convex increasing function « :
RT — RT with a(p) = p for any p € [0, g (p—1)] and a(p) > p for any p € (g (p— 1), +00), such that

(2) A=A =V)| < allVlLe(sa))
for any nonnegative V € LP(S?). Moreover, for large values of i, we have
_d
()’ ™F =Ly 4 4 (Kgap) (1+0(1)).

The estimate is optimal in the sense that there exists a nonnegative function V- such that pn = ||V ||1»(sa)
and | A1 (—A = V)| = a(p) for any p € (£ (p—1),+00). If p < 4 (p—1), equality in is achieved by
constant potentials.

If p=4d/2 and d > 3, then is satisfied with a(u) = p only for p € [0,0n]. If d =p =1, then
is also satisfied for some nonnegative, convex function a on R such that p < a(p) < p+ 72 u? for any
€ (0,400), equality in is achieved and a(p) = 7% (1 +o(1)) as p — +oo.

Since A\1(—A — V) is nonpositive for any nonnegative, nontrivial V', inequality is a lower estimate.
We have indeed found that

0> M(—A=V)>—a(|[VLesa) -
If V' changes sign, the above inequality still holds if V is replaced by the positive part V. of V', provided
the lowest eigenvalue is negative. We can then write

(3) M(=A=V)|[<a(IVillrgey) YV eLP(S?).

The expression of L}% 4 is not explicit (except in the case d = 1: see [27, p. 290]) but can be given in terms
of an optimal constant in some Gagliardo-Nirenberg-Sobolev inequality (see [27], and (9)-(10) below in
Section . In case d = p = 1, notice that L1/2 1 = 1/2 (see Appendix b and Keo,1 = 27 so that our
formula in the asymptotic regime p — 400 is consistent with the other cases.

The reader is invited to check that Theorem [I] can be reformulated in a more standard language of

spectral theory as follows. We recall that v = p — d/2 and that dw is the standard measure induced on
the unit sphere S% by Lebesgue’s measure on R4+1,

Corollary 2. Let d > 1 and consider a nonnegative function V. For p=|V|| large, we have

L7 (s4)
(4) M (-A-V)["SLL, / VItE dw

s
if either v > max{0,1 — d/2} orv=1/2 and d = 1. However, if u = ||V]||
then we have

(5) A (—A — V)P+E < / v+ d
sd

L’Y+%(Sd) S id(Q’y—l—d— 2)7

for any v > max{0,1 — d/2} and this estimate is optimal.
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Here the notation f < g as p — 400 means that f < ¢(u) g with lim,_,o c(p) = 1. The limit case
v = max{0,1 — d/2} in is covered by approximations. We may also notice that optimality in is
achieved by constant potentials. Let us give some details.

If we consider a sequence of constant functions (V},),en uniformly converging towards 0, for instance
V., = 1/n, then we get that
M(=A -V,

+4 = 1o
n—)oo de Vr;y 2 dw

which clearly forbids the possibility of an inequality of the same type as (4 for small values of fsd VI+E dw.
This is however compatible with the results of A. Ilyin in dimension d = 2. In [2I, Theorem 2.1}, the
author states that if P is the orthogonal projection defined by Pu := u — sz u dw, then the negative
eigenvalues A\, (P (—A — V) P) satisfy the semi-classical inequality

ENM@GA*VNNSSéjﬂM~

k

Another way of seeing that inequalities like are incompatible with small potentials is based on the
following observation. Inequality shows that

A=A — V)| < (/§ v2dw)1/2

if the L2-norm of V is smaller than 1. Since such an inequality is sharp, the semi-classical Lieb-Thirring
inequalities for the Schrodinger operator on the sphere S? are therefore impossible for small potentials and
can be achieved only in a semi-classical asymptotic regime, that is, when the norm [|V[|2(g2) is large.

Our second main result is concerned with the estimates from below for the first eigenvalue of Schrodinger
operators with positive potentials. In this case, by analogy with , it is convenient to introduce the
constant Ll_% 4 With v > d/2 which is the optimal constant in the inequality:

(6) (-4 +0) ”<Lud/ 4 da,

where ¢ is any positive potential on R? and A\;(—A + ¢) denotes the lowest positive eigenvalue if it exists,
or +o0o otherwise. Inequality @ is less standard than : we refer to [15, Theorem 12] for a statement
and a proof. As in Theorem [I} we shall also introduce exponents p and ¢ such that

2y —d q d

and p=——=v——,

=2
E PO 2 ¢ 2

so that p (resp. ¢ = 1%) takes arbitrary values in (0, +00) (resp. (0,2)). With these notations, we have
the counterpart of Theorem [1]in the case of positive potentials.

Theorem 3. Let d > 1, p € (0,400). There exists a concave increasing function v : RT™ — RY with

v(B) = B for any B € [0.4(p+1)] if p > 1, v(B) < B for any B > 0 and v(B) < B for any B €
(4 (p+1),+00), such that

(7) M(=A+W) 2 v(B) with =W g
for any positive potential W such that W~ € LP(S%). Moreover, for large values of 3, we have
_(prd _
v(B)" P SLY Ly, (Rga )7

The estimate @ is optimal in the sense that there exists a nonnegative potential W such that f~' =
W= Le ey and A (=A+W) = v(B) for any positive 5 and p. If § < g (p+1) and p > 1, equality in
is achieved by constant potentials.

Again the expression of Lt +,d 18 not explicit when d > 2 but can be given in terms of an optimal
constant in some Gagliardo- Nlrenberg—Sobolev inequality (see [15], and (| . . ) below in Section |4 '

We can rewrite Theorem |3|in terms of v = p + d/2 and explicit integrals involving W.
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Corollary 4. Let d > 1 and vy > d/2. For 3 = ||W’1H_W17¢(Sd) large, we have
2

(M(—A+W)) 7<L1wl/ We dw.

However, ify> %+ 1 and if B = |W~ 1”1:”1**(5(1) < 1d(2y—d+2), then we have

M=A+W)T < [ Wi dw,
sd

and this estimate is optimal.

This paper is organized as follows. Section [2] contains various results on interpolation inequalities; the
most important one for our purpose is stated in Lemma [5] Theorem [T} Corollary [2] and various spectral
estimates for Schrédinger operators with negative potentials are established in Section [3] Section [4] deals
with the case of positive potentials and contains the proofs of Theorem [3] and Corollary [ Section [5] is
devoted to the threshold case (¢ = 2, that is, p, ¥ — 400) of exponential estimates for eigenvalues or, in
terms of interpolation inequalities, to logarithmic Sobolev inequalities. Finally numerical and technical
results have been collected in two appendices.

2. INTERPOLATION INEQUALITIES AND CONSEQUENCES FOR NEGATIVE POTENTIALS

2.1. Inequalities in the Euclidean space. Let us start by some considerations on inequalities in the
FEuclidean space, which play a crucial role in the semi-classical regime

We recall that we denote by 2* the Sobolev critical exponent =% if d > 3 and consider Sobolev’s
inequality on R%, d > 3,
(8) [olF2 gay < SallVullaey Vv e DM(RY)

where Sy is the optimal constant and D*2(R9) is the Beppo-Levi space obtained by completion of smooth
compacty supported functions with respect to the norm v + [|[Vol|2(gay. See Appendix for details
and comments on the expression of Sy.

Assume now that d > 1 and recall that 2* = 400 if d = 1 or 2. In the subcritical case, that is,
€ (2,2%), let
IVlIEagay + [01F2 gy

m
veH! (R4)\{0} 19114 (gay

Kq,d

be the optimal constant in the Gagliardo-Nirenberg-Sobolev inequality
(9) Kq.a ||U||ia (R4) = ||VUHL2(Rd) + ||U||L2(Rd) Vo e H' (RY).

The optimal constant L,1% 4 in the one bound state Keller-Lieb-Thirring inequality is such that

_ d 2y +d
P : @ —
(10) Lv a = (Kg,a) with p=v+ 50 4 S rd_2

See Appendix for a proof and references, and [27] for a detailed discussion. Also see [27, Appendix A.
Numerical studies, by J.F. Barnes| for numerical values of K 4.
We shall also define the exponent
q—2
2¢

which plays an important role in the scale invariant form of the Gagliardo-Nirenberg-Sobolev interpolation
inequalities associated to K, 4: see Appendix [B.] for details.
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2.2. Interpolation inequalities on the sphere. Using the inverse stereographic projection (see Ap-
pendix [B.3)), it is possible to relate interpolation inequalities on R? with interpolation inequalities on S?.
In this section we consider the case of the sphere. Notice that «, = d/(q — 2) when ¢ = 2* =2d/(d — 2),
d > 3.

Lemma 5. Let ¢ € (2,2%). Then there exists a concave increasing function p : RT — RT with the
following properties

pla) = a VQE[OW%‘ZQ} and plo) < « Vaé(ﬁri-oo)»

K
ula) = 2.d (1=0 (I+0(1) as a— +4oo,
Kq,d
such that
(11) IVullEagey + ellullfagey > p(e) lullfogs ¥YueH(ST).

If d > 3 and q = 2*, the inequality also holds for any o > 0 with p(a) = min {a, a}.

The remainder of this section is mostly devoted to the proof of Lemma A fundamental tool is a
rigidity result proved by M.-F. Bidaut-Véron and L. Véron in [0, Theorem 6.1] for ¢ > 2, which goes as
follows. Any positive solution of

(12) —~ Aft+af=fr!

has a unique solution f = a'/(¢=2) for any 0 < a < d/(qg — 2). A straightforward consequence of this
rigidity result is the following interpolation inequality (see [9, Corollary 6.2]):

2/q
(13) / |Vu|? do > 4 (/ || da) —/ lul? do| YueHY (S do).
sd q—2 sd sd

Inequality holds for any ¢ € [1,2) U (2,2*] if d > 3 and for any ¢ € [1,2) U (2,00) if d =1 or 2. An
alternative proof of has been established in [5] for ¢ > 2 using previous results by E. Lieb in [28] and
the Funk-Hecke formula (see [I7, [19]). The whole range p € [1,2) U (2,2*) was covered in the case of the
ultraspherical operator in [7,8]. Also see [4], 23] for the carré du champ method, and [14] for an elementary
proof. Inequality is tight as defined by D. Bakry in [3, Section 2], in the sense that equality is achieved
only by constants.

Remark 6. Inequality 1s equivalent to

(q - 2) ||Vu||i2(sd)

mn
wel S0} [[ullf o gay — Nullf2 gy

Although we will not make use of them in this paper, we may notice that the following properties hold true:

(i) If g < 2%, the above infimum is not achieved in H'(S?)\ {0} but

(q - 2) HVUsHiz(Sd)

lim =d
e04 HUEHiq(Sd) - ”ueniz(gd)
if uc := 1+ e, where ¢ is a non-trivial eigenfunction of the Laplace-Beltrami operator corre-

sponding the first nonzero eigenvalue (see below Section .

(ii) If ¢ = 2*, d > 3, there are non-trivial optimal functions for , due to the conformal invariance.
Alternatively, these solutions can be constructed from the family of Aubin-Talenti optimal functions
for Sobolev’s inequality, using the inverse stereographic projection.

(iii) If & > e and q = 2%, d > 3, there are no optimal functions for , since otherwise a — p(a)
would not be constant on (au,a): see Propositionl] below.
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2.3. Properties of the function « — p(«) in the subcritical case. Assume that ¢ € (2,2*). For any

a >0,

consider

HVUH%ﬁ(gd) ta ||“Hi2(gd)

Qulu] :== Vu e HY (S do).

Hu”iq(sd)

It is a standard result of the calculus of variations that

inf Qalu] := p(a)
u € HY(SY, do)
Joa lul? do =1

is achieved by a minimizer v € H'(S?%, do) which solves the Euler-Lagrange equations

(14)

Indeed

— Au+au—pla)u?™ =0.

we know that there is a Lagrange multiplier associated to the constraint fsd |u|? do = 1, and

multiplying by v and integrating on S, we can identify it with (). As a corollary, we have shown
that holds. The fact that the Lagrange multiplier can be identified so easily is a consequence of the
fact that all terms in are two-homogeneous.

We can now list some basic properties of the function o +— p(a).

(1)

3)

For any a > 0, u(«) is positive, since the infimum is achieved by a nonnegative function u and
u = 0 is incompatible with the constraint fsd |u|? do = 1. By taking a constant test function, we
see that p(a) < a, for all @ > 0. The function a — p(a) is monotone nondecreasing since for a
given u € HY(S?,do) \ {0}, the function a — Q,[u] is monotone increasing. It is actually strictly
monotone. Indeed if pu(ay) = p(az) with @y < ag, then one can notice that Qg [us] < p(aq)
if ug is a minimizer of Q,, satisfying the constraint de |uz|? do = 1, which provides an obvious
contradiction.

We have

wa)=a Vae (O, q%} )

Indeed, if u is a solution of (14)), then f = () @=2) 4 solves and is therefore a constant
function if @ < d/(¢ — 2) according to [9, Theorem 6.1], and so is u as well. Because of the
normalization constraint |[u[|«gey = 1, we get that u = 1, which proves the statement.
On the contrary, we have
d
o) <a Va> —-

Let us prove this. Let ¢ be a non-trivial eigenfunction of the Laplace-Beltrami operator corre-
sponding the first nonzero eigenvalue:

—Ap=dyp.

If z = (21,22,...74, 2) are cartesian coordinates of x € R¥*! so that S? ¢ R¥*! is characterized
by the condition Z?Zl 2? + 22 = 1, then a simple choice of such a function ¢ is ¢(z) = 2. By
orthogonality with respect to the constants, we know that fsd ¢ do = 0. We may now Taylor
expand Q, around u = 1 by considering © = 1+ ¢ as € — 0 and obtain that

(d+a)e? [ool? do+

wla) < Qul+eyp] =
(@) [ ] (s 11 42l dO_)Q/q

:a+[d+a(2—q)]e2/gd|<p|2 do + o(g?).

By taking e small enough, we get u(a) < « for all &« > d/(q—2). Optimizing on the value of € > 0
(not necessarily small) provides an interesting test function: see Section
The function « — u(a) is concave, because it is the minimum of a family of affine functions.
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2.4. More estimates on the function o — p(a). We first consider the critical case ¢ = 2*, d > 3.
As in the subcritical case ¢ < 2%, we have u(a) = a for @ < a*. For o > o, the function a — p(a) is
constant:

Proposition 7. With the notations of Lemmal[3, if d > 3 and q = 2%, then
d

wla) =a, Ya>a,=—— 2 fd(d 2).

Proof. Consider the Aubin-Talenti optimal functions for Sobolev’s inequality and more specifically, let us

choose the functions .
—2

ve(z) = (w)i VzeRY, Ve>o0,

which are such that |[ve||p2+ (rey = [|[v1| 2+ (ray is independent of e. With standard notations (see Appen-

dix|B.3)), let N € S? be the North Pole. Using the stereographic projection ¥, i.e. for the functions defined
for any y € S?\ {N} by

welo) = (E52) T (o) with = 2(0).

we find that [ucl|y2+ ey = [Jv1]|p 2+ rae) for any € > 0, so that

2
HV%HLZ(W) +(a =) fpalvel? (1+|x\2) dzx

K2*.d ||’U€ Hiz* (R9)
where we have used the fact that kg« ¢ Sq = 1/, (see Appendix B.4)) and

50 . d—2 pd—1 ) 00 1 d—2 gd—1
(d,€) /0 <£2+r2> 227 7° /o <1+32> (T+ezs?e @

One can check that lim._,o, §(d,e) = 0 since

o(d,e)

Hvllliz*(Rd)

H(O‘) < Qa[us] = =, +4 |Sd|17% (O& — Oz*)

9 0 sd*l ) +oo ds )
6(d,€) SE /0 W(is if d25 and 5(d,€) S 5CdA m if d:301"4,
with ¢3 = 1 and ¢4 = 3/3/16. O

The next step is devoted to a lower estimate for the function o — p(«) in the subcritical case, which
shows that limy—s 1o () = 400 in contrast with the critical case.

Proposition 8. With the notations of Lemma@ if d >3 and q € (2,2%), then for any a > «, we have

a>pla)>ala'™’,

with ¥ = d%. For every s € (2,2%) if d > 3, or every s € (2,+00) if d =1 or 2, such that s > q, we
also have that

a>ple) > (%) ',

s—2
for any o > d/(s —2) and 0 = 0(s,q,d) := 28:33.

Proof. The first case can be seen as a limit case of the second one as s — 2* and ¢ = 6(2*,¢,d). Using
Holder’s inequality, we can estimate ||u||rqse) by

lullia@ay < lulfe o) lullpz g

and get the result using

0 1-6
IVullfagay + o lullfsgay IVullf 250y + e lullf sa 6
Qa[u]2< L L2( L2(8%) L2(8%) Z(ﬁ) al=?

| ||u||i2(sd)

Proposition 9. With the notations of Lemma@ for every q € (2,2*) we have

. K
hmsupaﬂ_l,u(a) < Zad
a—+o0 Rq,d
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Proof. Let v be an optimal function for K, 4 and define for any = € R? the function
v (z) ==v (2Va —as z)

with o, = 1 d(d - 2) and & > o, so that

/ |Vou|? de =227 (a — 04*)1_g / |Vo|? dz,
R4 R¢

d—(d—2)¢ v _ _oyg
/ ol () de=2"P(a a7t / ol (1+ 7)™ o
Rd Rd "

(|z|22+1)(d—2)/2

Now we observe that the function u,(y) := va(z), where y = X ~1(z) and X is the stereo-

graphic projection (see Appendix [B.3), is such that
2
1 S |Vl da+ (00— ) [ loal? () da

Ko T@2F 17
! [ s oot () ]

Passing to the limit as o — 400, we get

Qa [ua] =

lim |U|q (1 + 4(0‘7_'2(1 ))fdJr(d*Q)% dx :/ ‘1}|q dr
Rd : R

a—r 400

by Lebesgue’s theorem of dominated convergence. The limit also holds with ¢ replaced by 2. This proves
that

K
Qalta] = (a0 — a*)17%+% (q’d + 0(1)) as a — 400
Kq.d
which concludes the proof because ¥ = d (¢ — 2)/(2q). O

2.5. The semi-classical regime: behavior of the function o — u(a) as @ — +oo. Assume that
q € (2,2%). If we combine the results of Propositions [8] and @ we know that u(a) ~ o'~ as a — +o0 if
d>3.If d =1 or 2, we know that lim,_, 1o t(@) = +00 with a growth at least equivalent to /9~ with
€ > 0, arbitrarily small, according to Proposition |8 and at most equivalent to o'~ by Proposition @ To
complete the proof of Lemma [5} it remains to determine the precise behavior of u(a) as a — +o0.

Proposition 10. With the notations of Lemma@ for every q € (2,2%), with 9 = dqQ;q2 we have

K
ula) = —ad a1 +0(1)) as a— +oo.
Rq,d

Proof. Suppose by contradiction that there is a positive constant n and a sequence (o, )nen such that
limy, 4 o0 @y = +00 and

15 li V=1 () <
(15) Jm o™ plan) < Fod
Consider a sequence (un)nen of functions in H'(S?) such that Qq, [un] = p(on) and |lup||rase) = 1 for
any n € N. From , we know that

K
a unl oy < Qo fua] = ) < @k ? (54 =) (1 0(1)) a5 > o0
q,

that is

timsup @ 2o o0y < 24—

n—+oo q,
The normalization |[tun/rese) = 1 for any n € N and the limit lim, ;1 [|tn[l12(gey = 0 mean that the
sequence (u,)nen concentrates: there exists a sequence (y;);en of points in S? (eventually finite) and
two sequences of positive numbers (¢;)ien and (i, )inen such that lim, 1007, = 0, ZienG = 1 and
denB(y”i’n) |u;n|?do = ¢ + o(1), where u;,, € HY(S), w;,, = u, on SN B(y;,7.,) and supp u;,, C

S*N B(yi,274.,). Here o(1) means that uniformly with respect to i, the remainder term converges towards
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0 as n — +00. A computation similar to those of the proof of Proposition [0} we can blow up each function

U, and prove
(an _a*)ﬂ—l/ (
Sd

Let us choose an integer N such that (Ei]\ilg)z/q >1— g~ Then we find that

K
2) dazﬁ’dﬁ/q—i—o(l) Vi.

2K,
9—1 2 2 Kad v ~2/4 Kgd (¢N - \2/a Ked 1
(o — o) g (IVun? + an [un|?) do > o LG (1) 2 o (Z0G)" +o(1) 2 Td_§+0(1)a
d q, q, q,
a contradiction with . O

For details on the behavior of K, 4 as ¢ varies, see Proposition Collecting all results of this section,
this completes the proof of Lemma

3. SPECTRAL ESTIMATES FOR THE SCHRODINGER OPERATOR ON THE SPHERE

This section is devoted to the proof of Theorem As a consequence of the results of Lemma, [5] the
function o — p(«) is invertible, of inverse p — a(p), if d =1, 2 or d > 3 and ¢ < 2*, and we have the
inequality

(16) / Vul? do — (/ fuf? dcr) "> _a) [ uPde vueH'Sdo), VYu>o0.
Sd

Moreover, the function p — «(u) is monotone increasing, convex, satisfies a(p) = p for any p € (0, ﬁ]
and a(u) > p for any p > d/(q — 2).

Consider the Schrédinger operator —A — V for some function V' € LP(S%) and the corresponding energy

functional
Elu] = / |Vul|? do —/ V |ul? do .
Sd Sd
Let
M(—A=-V) = inf Elu].
u € HY(S?, do)
fsd |u|? do =1

By Holder’s inequality, we have
W= [V dr = [Vl Tl
with % + % = 1. From Section with g = ||V ||Le(se), we deduce
Elu] > —a(p) |ullf2gey YueH (S%do), VYV eLP(SY),
which amounts to a Keller-Lieb-Thirring inequality on the sphere , or equivalently

/ |Vu|? do —/ Vul* do + o (|Villese)) / lul? do >0 YueHY(SYdo), VYV eLP(S?).
Sd S Sd

Notice that this inequality contains simultaneously and , by optimizing either on u or on V.

Optimality in still needs to be proved. This can be done by taking an arbitrary u € (0,00) and
considering an optimal function for , for which we have

/|Vu|2d0— (/ u|? da> = /|u|2da

Because the above expression is homogeneous of degree two, there is no restriction to assume that
Jsa lu|? do =1 and, since the solution is optimal, it solves the Euler-Lagrange equation

—Au—Vu=ca(pu
with V = pu9=2, such that
1Villuo oy = pllullfifge = -
Hence such a function V realizes the equality in .
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Taking into account Lemma [5| and , this completes the proof of Theorem [I| in the general case.
The case d = 1 and v = 1/2 has to be treated specifically. Using u = 1 as a test function, we know that
M (=A = V)| < p = [ Vde. On the other hand consider v € H'(S') such that |lully 21y = 1. Since
H'(S') is embedded into C%1/2(S1), there exists x¢ € S! ~ [0,27) such that u(zo) = 1 and

x

@) -1 =2 [ Culy)l (y) dy = 2 [ iy

0 xo+2m
can be estimated by

€T

| Ju(@)? 1] < Q/E ()] [v' (y)] dy = 2/ lu(y)l [/ (y)| dy

o+2m

</ 7 ) o () dy < ( / 7 )2 dy / " |u'<y>2dy)

using the Cauchy-Schwarz inequality, that is
‘ |U(£L‘)|2 -1 | S 27 Hu/HL2(S1) N

1/2

1 2

7= fo " lu(y)* dy = 1 (recall that do is a probability

. 2m
since ||u’||%2(81) = 5= 5" |/ (y)|? dy and ||u||12;z(81) =
measure). Thus we get
lu(z)> <1+2m ' |L2(st) »
from which it follows that
M(=B = V) 2 o [Bagery — s (1 + 27 [ agan) = —p— 7 2.

This shows that p < a(u) < u+ 72 p?. By the Arzela-Ascoli theorem, the embedding of H!(S!) into
C%1/2(S!) is compact. When d = 1 and v = 1/2, the proof of the asymptotic behavior of a(u) as
i — +o0o can then be completed as in the other cases.

4. SPECTRAL INEQUALITIES IN THE CASE OF POSITIVE POTENTIALS

In this section we address the case of Schrédinger operators —A + W where W is a positive potential
on S% and we derive estimates from below for the first eigenvalue of such operators. In order to do so, we
first study interpolation inequalities in the Euclidean space R?, like those studied in Section 2| (for ¢ > 2).

For this purpose, let us define for ¢ € (0,2) the constant
||VU||i2(]Rd) + HU”iq(Rd)

m )
veH! (R4)\ {0} 101172 (gay

* Pp—

Kq7d .

)

that is the the optimal constant in the Gagliardo-Nirenberg-Sobolev inequality
(17) Ky lvlEe@ey < IVUlEegey + 01 amey Vo € HI(RY)
(with the convention that the r.h.s. is infinite if |v|? is not integrable).

The optimal constant Ll_%d in @ is such that

- 2y —d
1 L * v : _
(18) Lf"/}d = ( q,d) with q= 2 m .
See Appendix for a proof. Let us define the exponent
§:= 2 .
2d—q(d-2)

Lemma 11. Let g € (0,2) and d > 1. Then there exists a concave increasing function v : RT — R with
the following properties:

v(B)<B VB>0 and v(B)<p VBE (3%,+0),

v(B) =8 VﬂE[O,ﬁ] if g€l1,2), and ,312&”(;):1 if q€(0,1),

v(B) =K:y (kgaf)’ (1+0(1) as B — +oo,
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such that

(19) ||V“||i2(s@l) + 5 ||U||iq(sd) > v(p) HuHi?(Sd) VueH'Y(SY).

Proof. Inequality is obtained by minimizing the Lh.s. under the constraint [[ul|;>ge) = 1: there is a
minimizer which satisfies

—Au+Bul™ —v(Bu=0.

Case q € (1,2). The proof is very similar to that of Lemma |5, so we leave it to the reader. Written for
the optimal value of v(3), inequality is optimal in the following sense:

(i) If0 < B < d/(2 — q), equality is achieved by constants. See [14] for rigidity results on S<.

(i) If B = d/(2 — q), the sequence (up)nen With u, := 1+ ¢ where ¢ is an eigenfunction of the
Laplace-Beltrami operator, is a minimizing sequence of the quotient to the L.h.s. of divided
by the r.h.s. which converges to the optimal value of v(8) = 8 = d/(2 — q), that is,

||vun|‘i2(sd) _d
im 5 — 5 =5
n—oo HunHL‘Z(gd) ||unHLq(§d) q

(iii) If B > d/(2 — q), there exists a non-constant positive function u € H'(S%) \ {0} such that equality

holds in .

Case q € (0,1]. In this case, since S? is compact, the case ¢ < 1 does not differ from the case ¢ € (1,2) as
far as the existence of v(f) is concerned. The only difference is that there is no known rigidity result for
q < 1. However we can prove that

lim @

=1.
B—0+ 3

Indeed, let us notice that v(8) < 8 (use constants as test functions). On the other hand, let ug = cg +vg
be a minimizer for v(f3) such that ¢z = [;,up do and, as a consequence, [, vs do = 0. Without
lo.g. v&;e can set [, |§5 +vgl? do = c% + Jea |vg|* do = 1. Using the Poincaré inequality, we know that
”VUB”L?(Sd) >d Hv»B”L?(Sd) and hence

dvslF2say + B lles +vslFagey < IVslIEasay + B llcs +vsllEasa = v(8) < B

which shows that limg_o, [[vgll2gey = 0 and limgo, cg = 1. As a consequence, |cg +v/3||iq(sd,) =
% (1+0(1)) as B — 04 and we obtain that

B(1+0(1)) = Bcj(1+0(1) <v(B),
which concludes the proof.

Asymptotic behavior of v(). Finally, the asymptotic behavior of v(3) when f is large can be investigated
using concentration-compactness methods similar to those used in the proofs of Propositions [§] [0] and
Details are left to the reader. O

Proof of Theorem[3 By Hoélder’s inequality we have
. q 2/q
ol = ([ WE OV ao) < e, [ W e
Using , we get

[ vaP o+ [ WiaP o= [ (9ul do e W lulaen = v (1015 ) [ do
Sd Sd Sd Sd

with p = ¢/(2 — ¢), which proves . Then Theorem (3|is an easy consequence of Lemma O
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5. THE THRESHOLD CASE: q¢ = 2

The limiting case ¢ = 2 in the interpolation inequality corresponds to the logarithmic Sobolev
inequality

2
/ |u|? log I | do < - |Vu|2 do Yuec HY(S?Y do)
Tl ) %= d

which has been studied, e.g., in [5, 12} [I1]. For earlier results on the sphere, see [16] B3], B0] and references
therein (in particular for the circle). Now, if we consider inequality , in the limiting case ¢ = 2 we
obtain the following interpolation inequality.

Lemma 12. For any p > max{l,d/2}, there exists a concave nondecreasing function & : (0,4+00) — R
with the properties

((a)=a Yae(0,a0) and &(a)<a YVa>a

for some ag € [% (p—1), gp], and

such that

2
Jul? [Vullf- sd
/ lu|? log (HU do + p log ( ) ||“||L2(Sd < pllulfs (say log [ 1+ Tl &%) Yu e HY(S?).

‘L2(§d) Hu”LZ(sd)

Proof. Consider Holder’s inequality: ||u

ety < Jlull?s 2(54) ”“”Lq(an) with 2 <r < gand 0 = = q . To

emphasize the dependence of § in r, we shall write § = 6(r). By taking the logarithm of both sides of the
inequality, we find that

1
flog/ | da< 10 / lu|? do —|— ()log/ |ul? do .
T sd

The 1nequahty becomes an equality when r = 2, so that we may differentiate at r = 2 and get, with
q= 5 <2 i.e p= 5, the logarithmic Holder inequality

ul? lullf
/ lu|? log _ 7 do <p ||u|\i2(gd) log uatiiCol Vu e HY(S?).
Sd ” HL2 (S%) H HL? (S%)

We may now use inequality ((11) to estimate

||UHIZJq(Sd) < « (1 n l ”Vu”%,Q(Sd))

||uHi2(§d) - /J(O[) ”uHiQ(Sd)

where = pu(a) is the constant which appears in Lemma Thus we get

192
L |u|210g<” - )do+plog( )l ey < Pl log< poen )

|L2 (sd ||U||L2 sd
) (8%)

which proves that the inequality

||VU||i2 sd
/ |u|210g<” || ol >da+plog5<a> lull?2sy < pllultzay log <a+”

|L2(Sd HUHLZ(Sd)

holds for some optimal constant £(«) > p(«), which is therefore concave and such that lim, ;400 &(a) =
+o00. This establishes . The fact that equality is achieved for every « > 0 follows from the method of
[13, Proposition 3.3].
Testing with constant functions, we find that (o) < « for any o > 0. On the other hand,
¢(a) > pla) = a for any a < q%‘lQ = 2 (p—1). Testing with u = 14 €, we find that (o) < « if
d
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By Proposition we know that &(a) > pu(a) ~ o'=? with ¢ = dqQ;q2 = % as a — +oo. As in the

proof of Propositions [0] and [L0] let us consider an optimal function u, for (20). Then we have

1 P
p log (5(5)) =p log <1 + - ||vua||i2(§d)) —/ [ug|? log [ug|* do ~ = ||Vua||iQ(Sd) —/ |ua|? log [uq|* do
« sd (&% sd

as a@ — +oo and u, concentrates at a single point like in the case ¢ > 2 so that, after a stereographic
projection which transforms u, into v,, the function v, is, up to higher order terms, optimal for the
Euclidean logarithmic Sobolev inequality

V112 2 gy

2
d
/Rdlvl%g< " )dm+ log(m & €*) |0][E2ga) < € IVOllEma)

which holds for any ¢ > 0 and any v € H*(R?). Here we have of course ¢ = p/a and find that
plog(g(a)) =4 log (m2e®)(140(1) as a— +oo,
which concludes the proof. O

Corollary 13. With the notations of Lemma[I3, for any o > 0 we have

/ P log [ 1) do 1 0 log (490) ula gy < [VulZagan, V€ HY(SY).
Tl segmy

Proof. This is a straightforward consequence of Lemma using the fact that log(1l 4+ x) < z for any
x> 0. O

As in the case ¢ # 2, Corollary provides some spectral estimates. Let v € H*(S?) be such that
lullr2(say = 1. A straightforward optimization with respect to an arbitrary function W shows that

inf [/ W |ul? do + p log (/ e Win d0>:| = —,u/ lu|? log |u|? do,
w sd Sd sd

with optimality case achieved by W such that

=
Jsae™W/ndo

Notice that, up to the addition of a constant, we can always assume that fsd ~W/k do = 1, which uniquely
determines the optimal W. Now, by Corollary E applied with p = «/p, we find that

/ |Vu|? da+/ W |u|? do > «a log (%a)) B (/ e~ PW/e do*) .
Sd Sd p Sd

This leads us to the following statement.

Corollary 14. Let d > 1. With the notations of Lemma[I3, we have the following estimate

1/p
o M(-A-W)ja @ (/ epW/adJ)
= &(a)

for any function W such that e~ ?W/ is integrable. This estimate is optimal in the sense that there exists
a nonnegative function W for which the inequality becomes an equality.

APPENDIX A. FURTHER ESTIMATES AND NUMERICAL RESULTS

A.1. A refined upper estimate. Let ¢ € (2,2*). For a > d/(q — 2), we can give an upper estimate of
the optimal constant u(«) in inequality (11) of Lemma Consider functions which depend only on z,
with the notations of Section Then ([L1)) is equivalent to an inequality that can be written as

1 2 1 2
o] o= P vdeata 1P vy

(f_11 | f|2 dVd) i
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where dvg is the probability measure defined by

r(5)
L)
See [14] for details. To get an estimate, it is enough to take a well chosen test function: consider f.(z) :=
1+ ep(z) and as in Section we can choose ¢(z) = z. Then one can optimize hy(e) = Fo[f:] with

respect to € € (0,1), and observe that fil |fL? v dyy = de? fil 2% dvg, so that h(g) can be written as

va(2)dz = dvg(2) := Z; v Pz with w(z):=1—2%, Zg:=+/7

a+ (d+ a)e? ! 22 dy
8): ( ) f_l dzu(a)

2/q
(et
When & — 0,4, we recover that ha(e) —a ~ [d—a(q—2)] &2 fi1 22 dvg < 0 if @ > d/(q — 2), but a better

estimate can be achieved simply by considering p (a) := inf.¢(0,1) ha(€) so that pu(a) < py (o) < . The
function a — p4 () can be computed explicitly (using hypergeometric functions) and is shown in Fig. 1.

A.2. Numerical results. In this section, we illustrate the various estimates obtained in this paper by
numerical computations done in the special case d = 3 and ¢ = 3. See Fig. 1 for the computation of
the curve a — p(a) and how it behaves compared to the theoretical estimates obtained in this paper.
We emphasize that our upper and lower estimates a — p4 («) bifurcate from the line 1 = « precisely at
a=d/(¢q—2)if g€ (2,2*) (and at « =d/(2—q) if ¢ € (1,2)). The curve corresponding to the asymptotic
regime is also plotted, but gives relevant information only as o — oo.

A -
14 g -~
L _ -’
! = p(c) e
[ . .~
— -’ Lo
12j — — — ‘LL = Masymp (a) ’,¢ """"
[ _ SRt
I w=px(a) Pl
10l g
- ’ '—'
| mm———— = Pl —_——
Iz L —
sk ,, "_¢ ——
Paitiad —_—
L0
P -—
e et 1}
Pt e L
61 o e
ST e
AT e
— 8 et
4 P e
B o
T
27//
R «
L L L L L L L ;
2 4 6 8 10 12 14

FIGURE 1. In the case q > 2, the optimal constant is given by u = « for a < d/(q—2) and
the curve p = p(a) for a > d/(qg—2). An upper estimate is given by the curve p = py ()
obtained by optimizing the function he(g) in terms of € € (0,1) while a lower estimate,

namely p = p_(a) = o &'~ has been established in Proposition @ The asymptotic
regime is governed by p(a) ~ Hagymp(®) = Kga /ﬁ;; at=? as a — +oo according to

Lemmal[3. The above plot shows the various curves in the special case d =3 and q¢ = 3.

The convergence towards the asymptotic regime is illustrated in Fig. 2 which shows the convergence of
p(@)/ prasymp (@) towards 1 as o — +oo in the special case d = 3 and ¢ = 3. In terms of spectral properties,
for large potentials, eigenvalues of the Schrodinger operator can be estimated according to Theorem
by the Euclidean Keller-Lieb-Thirring constant that has been numerically computed for instance in [27,
Appendix A. Numerical studies, by J.F. Barnes].
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0s|
I o = (1(@)/Hasymp (@)
06}
04l
02

10 20 30 40

gy o

FIGURE 2. The asymptotic regime corresponding to o — 400 has the interesting feature
that, up to a dependence in o*~Y and a normalization factor proportional to Kq,d» the
optimal constant p(a) behaves like the optimal constant in the Euclidean space, as has
been established in Proposition [10

APPENDIX B. CONSTANTS ON THE EUCLIDEAN SPACE

B.1. Scaling of the Gagliardo-Nirenberg-Sobolev inequality. Let ¢ > 2 and denote by Kgn(g) the
optimal constant in the Gagliardo-Nirenberg-Sobolev inequality, given by

2(1-9)

IV ull? 2 gy l1ullr2 gy —2

in with 9 =9(q,d) =d L=
u€H! (R9)\{0} Il ay 2q

An optimization of the quotient in the definition of K, 4, Which has been defined in Section [2| l allows to
relate this constant with Kgn(g). Indeed, if we optimize Nu] := [5. |[Vul? dz + [pq [u|* do under the
scaling A — uy (z) := A% u(\z), then we find that

Nuy] = AQ(l_ﬁ)/ |Vu|? dr + /\_M/ lu|? dx
Rd Rd

yo— ] 0 ullege
* 1— 49 ||Vu||L2(Rd) ’
_ —(1— 1-9
N[UA*] =1 s (1 — 19) (1 ||Vu||L2(Rd ||UHL2 Rd)) ,

thus proving that K, 4 can be computed in terms of Kgn(g) as

Kea=0""(1—9)" " Kan(q).

Kan(q) :=

achieves its minimum at

so that

B.2. Asymptotic regimes in Gagliardo-Nirenberg-Sobolev inequalities. Let ¢ > 2 and consider
the constant K, 4 as above. To handle the case of dimension d = 1, we may observe that for any smooth
compactly supported function v on R, we can write either

el =2 | [ ) '<>dy\s|u||i2(oo,$>+||u’||i2<m) VoeR

or +oo
22| [T a0y | < Wil + 1oy Vo ER
thus proving that

1
u(@)? < 5 (Nulleqey + 10/ law) Vo € R,
that is, the Agmon inequality
Hu”iZ(R) + ||u/||i2(R)

> 92,

HUH%OO(R)
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and hence Ko 1 > 2. Equality is achieved by the function u(x) = e~ 17l 2 € R, and we have shown that
Koo, = 2.
Proposition 15. Assume that ¢ > 2. For alld > 1,
q1—1>I£1+ Kq’d =1
and, for all d > 3,

lim K, ;=S
q—2* a.d d

where Sy is the best constant in inequality . Ifd =1, then limg 400 Kg1 = Koo 1.

Proof. For any v € H'(R?) and d > 3, we have

||VUH%,2(Rd) + ||UH%,2(Rd) ) ||VU||iz(Rd) B ||VU||iz(Rd)

= 9d

q—2* -

||v||iq(]Rd) q—=2" ||UHiq(]Rd) B HUHiz*(Rd)

thus proving that limg, o« K4 4 > S4. On the other hand, we may use the Aubin-Talenti function
(21) a(z) = (1+|z2)" = VaoeR
as test function for Ky 4 if d > 5, i.e.

— —2(1—v
o IVEES gy 1] g

Kpa <077 (1—9)~ 0= —
”UH La(Rd)

and observe that the right-hand side converges to Sq since lim,_,0- ¥(q,d) = 1. If d = 3 or 4, standard
additionnal truncations are needed. The case corresponding to ¢ — oo, d = 1 is dealt with as above.

Now we investigate the limit as ¢ — 2. For any v € H'(R?), we have
||VU||i2(Rd) + ||U||32(Rd) ) ||U||32(Rd)

m 5 > lim Ty =
=2+ HU”Lq(Rd) =24 ”UHLq(]Rd)

)

thus proving that lim,_,o, K44 > 1, and for any v € H(R?), the right-hand side in

2(1-9
va‘ %Q(Rd) H’U”Lg(Rd))

S T
La(R4)

converges to 1 as ¢ — 2. This completes the proof. (]

B.3. Stereographic projection. On S? C R4*!, we can introduce the coordinates y = (p¢,2) € R xR
such that p?> +22 =1, 2 € [-1,1], p > 0 and ¢ € S ! and consider the stereographic projection
¥ : SN\ {N} — R? defined by X(y) = x where, using the above notations, z = r ¢ withr = /(1 + 2) /(1 — 2)
for any z € [—1,1). In this setting the North Pole N corresponds to z = 1 (and is formally sent at infinity)
while the equator (corresponding to z = 0) is sent onto the unit sphere S¢~! € R?. Hence x € R? is such

that r = |z|, ¢ = é—‘, and we have the useful formulae
r?—1 ) 2 27
2= ———=1—-—— =
241 21 P

With these notations in hand, we can transform any function « on S into a function v on R? using

d—2

uly) = (5)7 o@) = (5T o(w) = (1-2)F v(a)

and a painful but straightforward computation shows that, with «, = i d(d-2),

/ |Vul? dw+a*/ |u|? dw:/ |Vo|? dz  and / lul? dw:/ [v]? (ﬁle)df(dfz)% dx .
s¢ s¢ RY s¢ R

As a consequence, Inequalities and are transformed respectively into

2

/ |Vol? dx—|—4(o¢—oz*)/ |U|2d7$ > p(a) ke / |v]4 (ig)di(diz)E dz ! Vo € DH2(RY)
Rd re (L4 [z[?)2 T e Lzl
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if ¢ € (2,2%) and o > ., and

/ |Vol|? dr + B Kqd [/
Rd Rd

if g € (1,2) and 8 > 0.

d—(d-2)% 14 di
q 2 2 1,2 d
it (wt) ™ ] 24w v [ bt vee D)

B.4. Sobolev’s inequality: expression of the constant and references. The proof that Sobolev’s
inequality becomes an equality if and only if u = @ given by up to a multiplication by a constant,
a translation and a scaling is due to T. Aubin and G. Talenti: see [2 [34]. However, G. Rosen in [32]
showed (by linearization) that the function given by is a local minimum when d = 3 and computed
the critical value.

Much earlier, G. Bliss in [I0] (also see [18]) established that, among radial functions, the following

inequality holds
2
([ piasv )" < Conn / VAP e dr
R

when r = £ — 1. With the change of variables f(z) = v (\x| B |> the inequality is changed into

d—2
([ 1t an) ™ < S v as
R4 (d—2)>"7 Jra

if p=2* and it is a straightforward consequence of [I0] that the equality is achieved with v = u.

According to the duplication formula (see for instance [1]) for the T' function, we know that
L) (z+ 1) =2""?%"/rT(22).
As a consequence, the best constant in Sobolev’s inequality can be written either as

4

5¢= d(d—2)[si/4d

where the surface of the d-dimensional unit sphere is given by S = 27 /T (%£L) (see for instance [f]),

or as
1 r) )
5= rd(d—2) (r(g))

according to [2] [T0] [32], [34]. This last expression can easily be recovered using the fact that optimality
in is achieved by @ defined in , while the first one, namely 1/S; = id(d — 2) Ka= 4, 1S an easy
consequence of the stereographic projection and the computations of Section with a = a, and ¢ = 2*.

B.5. A proof of . Assume that ¢ > 2 and let us relate the optimal constant L1 . 1n the one bound state
Keller-Lieb-Thirring inequality (1] . with the optlmal constant Kq,a in the Gaghardo—Nlrenberg—Sobolev
inequality @D In this case, recall that p = qf =+ 2 For any nonnegative function ¢ defined on R?
such that ||¢||rrre) = Kq,4, using Holder’s inequality we can write that

[ (962 = 6102 do = 190l asy = Bolloces) ol
for any v € H'(R?). Using (9)), namely
IVollf2may = Kga l0lFagmay = = 0] gay
this proves that
(22) M(-A—¢)| <1 Vo eLP(RY) suchthat ||¢]isme = Kga-

Next one can observe that inequality can be rephrased as

2 _ 2
Lfyyd = sup sup (Rv,¢])" with R[v,¢] = Jpa (@107 = |Vo|?) da

2p
$€LP(S?) veH! (R4)\ {0} 0112 2 ey 101172
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where p = v+ d/2 so that the exponent 21203 - 1s precisely the one for which we get the scaling invariance
of R. Indeed, with vy(z) := v(Ax) and ¢(x) := d(Az), we get that Rlvy, A2 5] = R[v, ¢] for any A > 0.
Hence we find that

AM(=A — A=A — /\2
sup R[’U,(l)} — ‘ 1( ¢)‘ _ sup R[’U,\,)\Q ¢/\] — | 1( d))\)‘
veHI EO\(0) lolT, e ) IR all72e,
and if we choose A such that
Aalle ey = Kg,a s
we obtain
M(=A-9) 1
Il K

using , which proves that L'lv, 0 < (Kga) P withp=~+ 5. Since optimality can be preserved at each
step, this actually proves (L0).
See [22, 27), [35] 86, 6], [15] for further details. In the Euclidean case, notice that the equivalence can be

extended to the case of systems on the one hand and to Lieb-Thirring inequalities on the other hand: see
[27, 29, [15].

B.6. A proof of (18). As in [I5], we can also relate L1 ' g and K, when ¢ = 2 7d+2 takes values
n (0,2). The method is similar to that of Appendix For any functlon v € HY(R?) such that v? is

integrable and any positive potential ¢ such that ¢! is in LP(RY) with p = ¢/(2 — q), we can use Holder’s

inequality as in the proof of Theorem [ and get

||U||iq(Rd)

Vo2 4+ ¢ |v]?) dz > | Vo2 pa) + ———— .
/]Rd (| | ¢| ‘ ) H HLQ(RC’) ||¢71||LP(]R'1)

Using (17), namely IVOllfgay + [01F 0 may = K all0]F2gay, this proves that
M(-A+¢)>K:, VoeLlP(RY) suchthat [|¢~|pome = 1.
Inequality @ can be rephrased as

_ Vol? +
L' 4= sup sup  (Rlv,¢])”"" with Rfv,¢] := Jpa (V0 + ¢ 0f?) du
T peLe(st) veH! R\ (0} [011E2 a

with v = p+ 2. The same scaling as in Appendix applies: with vy (z) := v(Az) and ¢x(z) := (A x),
we get that R[vx, A2 ] = R[v, ¢] for any A > 0 and hence

[/

L vd T (K;d) ’ ’
which completes the proof of .

Acknowledgements. J.D. and M.J.E. have been partially supported by ANR grants CBDif and NoNAP.
They thank the Mittag-Leffler Institute, where part of this research was carried out, for hospitality.

(© 2013 by the authors. This paper may be reproduced, in its entirety, for non-commercial purposes.

REFERENCES

[1] M. ABRAMOWITZ AND I. A. STEGUN, Handbook of mathematical functions with formulas, graphs, and mathematical ta-
bles, vol. 55 of National Bureau of Standards Applied Mathematics Series, U.S. Government Printing Office, Washington,
D.C., 1964.

[2] T. AUBIN, Problémes isopérimétriques et espaces de Sobolev, J. Differential Geometry, 11 (1976), pp. 573-598.

[3] D. BAKRY, Functional inequalities for Markov semigroups, in Probability measures on groups: recent directions and
trends, Tata Inst. Fund. Res., Mumbai, 2006, pp. 91-147.

[4] D. BAKRY AND M. LEDOUX, Sobolev inequalities and Myers’s diameter theorem for an abstract Markov generator, Duke
Math. J., 85 (1996), pp. 253-270.

[5] W. BECKNER, Sharp Sobolev inequalities on the sphere and the Moser-Trudinger inequality, Ann. of Math. (2), 138
(1993), pp. 213-242.



[6]

[36]

SPECTRAL ESTIMATES ON THE SPHERE 19

R. D. BENGURIA AND M. Loss, Connection between the Lieb-Thirring conjecture for Schrédinger operators and an
isoperimetric problem for ovals on the plane, in Partial differential equations and inverse problems, vol. 362 of Contemp.
Math., Amer. Math. Soc., Providence, RI, 2004, pp. 53-61.

A. BENTALEB AND S. FAHLAOUI, Integral inequalities related to the Tchebychev semigroup, Semigroup Forum, 79 (2009),
pp. 473-479.

, A family of integral inequalities on the circle S', Proc. Japan Acad. Ser. A Math. Sci., 86 (2010), pp. 55-59.
M.-F. BIDAUT-VERON AND L. VERON, Nonlinear elliptic equations on compact Riemannian manifolds and asymptotics
of Emden equations, Invent. Math., 106 (1991), pp. 489-539.

G. BLiss, An integral inequality, Journal of the London Mathematical Society, 1 (1930), p. 40.

C. BROUTTELANDE, The best-constant problem for a family of Gagliardo-Nirenberg inequalities on a compact Riemann-
tan manifold, Proc. Edinb. Math. Soc. (2), 46 (2003), pp. 117-146.

, On the second best constant in logarithmic Sobolev inequalities on complete Riemannian manifolds, Bull. Sci.
Math., 127 (2003), pp. 292-312.

J. DOLBEAULT AND M. J. ESTEBAN, Eztremal functions for Caffarelli-Kohn-Nirenberg and logarithmic Hardy inequali-
ties, Proceedings of the Royal Society of Edinburgh, Section: A Mathematics, 142 (2012), pp. 745-767.

J. DoLBEAULT, M. J. ESTEBAN, M. KOWALCZYK, AND M. Loss, Sharp interpolation inequalities on the sphere : new
methods and consequences, Chin. Ann. Math. Series B, 34 (2013), pp. 1-14.

J. DOLBEAULT, P. FELMER, M. L0ss, AND E. PATUREL, Lieb-Thirring type inequalities and Gagliardo-Nirenberg in-
equalities for systems, J. Funct. Anal., 238 (2006), pp. 193-220.

P. FEDERBUSH, Partially alternate derivation of a result of Nelson, Journal of Mathematical Physics, 10 (1969), pp. 50—
52.

P. FuNK, Beitrage zur Theorie der Kegelfunktionen, Math. Ann., 77 (1915), pp. 136-162.

G. H. HARDY AND J. E. LITTLEWOOD, Notes on the theory of series (zii): On certain inequalities connected with the
calculus of variations, Journal of the London Mathematical Society, s1-5 (1930), pp. 34-39.

E. HECKE, Uber orthogonal-invariante Integralgleichungen, Math. Ann., 78 (1917), pp. 398-404.

A. A. ILYIN, Lieb-Thirring inequalities on the N-sphere and in the plane, and some applications, Proc. London Math.
Soc. (3), 67 (1993), pp. 159-182.

A. A. ILYIN, Lieb-Thirring inequalities on some manifolds, J. Spectr. Theory, 2 (2012), pp. 57-78.

J. B. KELLER, Lower bounds and isoperimetric inequalities for eigenvalues of the Schrodinger equation, J. Mathematical
Phys., 2 (1961), pp. 262-266.

M. LEDOUX, The geometry of Markov diffusion generators, Ann. Fac. Sci. Toulouse Math. (6), 9 (2000), pp. 305-366.
Probability theory.

D. LEVIN, On some new spectral estimates for Schriodinger-like operators, Cent. Eur. J. Math., 4 (2006), pp. 123-137.
D. LEVIN AND M. SOLOMYAK, The Rozenblum-Lieb-Cwikel inequality for Markov generators, J. Anal. Math., 71 (1997),
pp. 173-193.

E. LiEB, Bounds on the eigenvalues of the Laplace and Schroedinger operators, Bull. Amer. Math. Soc., 82 (1976),
pp. 751-753.

E. LiIEB AND W. THIRRING, FE. Lieb, B. Simon, A. Wightman Eds., Princeton University Press, 1976, ch. Inequalities for
the moments of the eigenvalues of the Schrodinger Hamiltonian and their relation to Sobolev inequalities, pp. 269-303.
E. H. LiEB, Sharp constants in the Hardy-Littlewood-Sobolev and related inequalities, Ann. of Math. (2), 118 (1983),
pp. 349-374.

, On characteristic exponents in turbulence, Commun. Math. Phys., 92 (1984), pp. 473-480.

C. E. MUELLER AND F. B. WEISSLER, Hypercontractivity for the heat semigroup for ultraspherical polynomials and on
the n-sphere, J. Funct. Anal., 48 (1982), pp. 252-283.

E. M. OunaBAzZ AND C. POUPAUD, Remarks on the Cwikel-Lieb-Rozenblum and Lieb-Thirring estimates for Schrodinger
operators on Riemannian manifolds, Acta Appl. Math., 110 (2010), pp. 1449-1459.

G. ROSEN, Minimum value for c in the Sobolev inequality ||¢3|| < c¢||V¢||3, STAM J. Appl. Math., 21 (1971), pp. 30-32.
O. S. ROTHAUS, Logarithmic Sobolev inequalities and the spectrum of Schrédinger operators, J. Funct. Anal., 42 (1981),
pp. 110-120.

G. TALENTI, Best constant in Sobolev inequality, Ann. Mat. Pura Appl. (4), 110 (1976), pp. 353-372.

E. J. M. VELING, Lower bounds for the infimum of the spectrum of the Schridinger operator in RN and the Sobolev
inequalities, J. Inequal. Pure Appl. Math., 3 (2002), pp. Article 63, 22 pp. (electronic).

, Corrigendum on [35], J. Inequal. Pure Appl. Math., 4 (2003), pp. Article 109, 2 pp. (electronic).

J. DoOLBEAULT & M.J. ESTEBAN: CEREMADE CNRS UMR 7534, UNIVERSITE PARIS-DAUPHINE, PLACE DE LATTRE DE

TASSIGNY, 75775 PARIS CEDEX 16, FRANCE. E-mail addresses: dolbeaul@ceremade.dauphine.fr, esteban@ceremade.dauphine.fr

A. LAPTEV: DEPARTMENT OF MATHEMATICS, IMPERIAL COLLEGE LONDON, HUXLEY BUILDING, 180 QUEEN’S GATE, LON-

DON SW7 2A7Z, UK. E-mail address: a.laptev@imperial.ac.uk



	1. Introduction
	2. Interpolation inequalities and consequences for negative potentials
	2.1. Inequalities in the Euclidean space
	2.2. Interpolation inequalities on the sphere
	2.3. Properties of the function alpha mapsto mu(alpha)
	2.4. More estimates on the function alpha mapsto mu(alpha)
	2.5. The semi-classical regime: behavior of the function alpha mapsto mu(alpha) as alpha to infty

	3. Spectral estimates for the Schrödinger operator on the sphere
	4. Spectral inequalities in the case of positive potentials
	5. The threshold case: q=2
	Appendix A. Further estimates and numerical results
	A.1. A refined upper estimate
	A.2. Numerical results

	Appendix B. Constants on the Euclidean space
	B.1. Scaling of the Gagliardo-Nirenberg-Sobolev inequality
	B.2. Asymptotic regimes in Gagliardo-Nirenberg-Sobolev inequalities
	B.3. Stereographic projection
	B.4. Sobolev's inequality: expression of the constant and references
	B.5. A proof of Eq:KLT-GNS
	B.6. A proof of Eq:KLT-GNS2

	References

