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We study the dynamical regimes that emerge from the strong coupling between two Chua’s circuits with
parameters mismatch. For the region around the perfect synchronous state we show how to combine parameter
diversity and coupling in order to robustly and precisely target a desired regime. This target process allows us
to obtain regimes that may lie outside parameter ranges accessible for any isolated circuit. The results are
obtained by following a recently developed theoretical technique, the order parameter expansion, and are
verified both by numerical simulations and on electronic circuits. The theoretical results indicate that the same
predictable change in the collective dynamics can be obtained for large populations of strongly coupled circuits
with parameter mismatches.

DOI: 10.1103/PhysRevE.73.036203 PACS number�s�: 05.45.Gg, 07.50.Ek

I. INTRODUCTION

One of the most important features of interacting oscillat-
ing units is the possibility for their motions to entrain each
other and evolve in synchronicity. The phenomenon of syn-
chronization is a universal feature underlying the collective
behavior of populations of dynamical systems and its impor-
tance has been recognized in many different fields �1–3�. In
particular, a great deal of attention has been devoted to glo-
bally coupled dynamical systems as a model for a variety of
physical �4�, chemical �5,6�, and biological systems �7,8�.

Even if several theoretical approaches assume that popu-
lations are composed of identical units, real systems display
an unavoidable diversity among the individual oscillators,
e.g., a mismatch in their parameters. The effect of such a
diversity might hinder synchronization and yields an inco-
herent regime if the coupling is too weak. The main feature
of incoherence is that the motions of the individual systems
are largely independent of each others. The collective dy-
namics, then, is either stationary on average �for an infinite

number of elements� or displays fluctuations that scale with
the population size. When the coupling strength is increased,
some or all of the population elements synchronize and, as a
result, oscillations start to be detected at a macroscopic level.
The transition to collective oscillations is typically accompa-
nied by rather complex regimes, such as clustering �9�, par-
tial synchronization �10�, phase synchronization �11�, etc.
For even stronger coupling, complete synchronous regimes,
characterized by a high degree of coherency within the popu-
lation, develops. This means that all the population elements
share the same kind of dynamics, apart from small differ-
ences due to the microscopic diversity, and this dynamics
reflects at the macroscopic level.

Despite the numerous theoretical advances in the analysis
of globally coupled dynamical systems, the experimental
verification has been revealed to be extremely difficult. The
Kuramoto transition from incoherence to the locked state is
in this sense a good example �12�. It dates back to 1975 and
is one of the best known and general results in synchroniza-
tion theory. However, to our best knowledge, it has been
quantitatively verified only once in experiments and required
the implementation of an ad hoc system �13�. Two main
problems are encountered in experiments. One is the diffi-
culty in controlling or measuring the parameter variability in
the system. The second one is related to the global coupling,
that occurs seldom in nature and is instead a limit case of
local coupling with large correlation length. These experi-
mental limitations are especially relevant for regimes close
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to incoherence, that is very fragile with respect to changes in
the microscopic properties, as well as to finite-size effects.

In order to avoid these problems associated with incoher-
ence, in this paper we focus instead on globally coupled
systems close to the synchronous state. As was recently
shown, such coherent states do not strongly depend on the
population size �14,15�. This fact is very interesting from the
experimental viewpoint, since the collective behavior can be
studied in systems of only two elements and the results ex-
tended to larger populations. Moreover, the coherent dynam-
ics can be described by a set of low-dimensional equations
with only few parameters. Transitions among different re-
gimes correspond to bifurcations involving a small number
of degrees of freedom and parameters, thus having the ad-
vantage of being very robust to changes in the microscopic
features of the population.

As an application of such theoretical results, we study the
strong coupling regimes of two Chua’s circuits. Chua’s cir-
cuits offer an intermediate step between theory and applica-
tions. They can be modeled with a simple set of nonlinear
equations, thus allowing the use of analytical methods and
quick numerical simulations. At the same time they can be
easily implemented in hardware. Even if they constitute a
rather controlled experimental system, a verification of the-
oretical results faces a test on its robustness with respect to
�i� noise fluctuations in states and parameter values, �ii� con-
straints in the accessible parameter precision and ranges, and
�iii� small functional mismatches between model and imple-
mentation.

Section II derives the equations for the macroscopic dy-
namics of an interacting population �of any size� in the co-
herent regime. This representation allows us to infer on the
dynamical regimes of the experimental system. We then pro-
vide two examples of comparison between theoretical pre-
diction and experimental results. In Sec. III we show how the
parameter mismatch can be used to drive both the mean field
and the individual circuits to regimes that are different from
the uncoupled dynamics. In Sec. IV we consider the case in
which the individual elements differ for the time scale of
their motion, and focus in particular on the regime of oscil-
lator death, where parameter diversity induces a suppression
of the individual and collective oscillations. Finally, Sec. V is
devoted to the discussion of the results and to their possible
applications.

II. ORDER PARAMETER EXPANSION OF MUTUALLY
COUPLED CHUA’S CIRCUITS

The order parameter expansion �14–16� is a useful tech-
nique for studying regimes that bifurcate from the perfectly
synchronous state in populations of globally and strongly
coupled elements when the parameter mismatch is increased.
This approach also describes the changes in coherent behav-
ior that take place in diverse populations when the coupling
is modified. Let us here review the main results by consid-
ering a set of equations of the form

ẋj = f�xj,pj� + K�X − xj�, j = 1,2, . . . ,N , �1�

where pj is a parameter different in every individual system
and the dynamics of each element f j�xj�= f�xj , pj�, is defined

by the smooth function f j :Rn→Rn. All the elements are
coupled to the the mean field of the population X= �xj�
through the coupling function K�X−xj� that, as we will see
later, for the case of the electronic coupling we use, can be
taken as a linear diagonal operator �in fact, a more general
system can be considered, see Refs. �15,16� for details.� The
basic idea of the method is to obtain an effective equation of
motion for the mean field variable X, valid when all the
elements evolve in time close to X. This is done by consid-
ering regimes that are perturbations of the perfectly synchro-
nous state, defined as xj =X , " j. Under this assumption, Eq.
�1� can be expanded into the individual deviations from the
mean field � j =xj −X and from the mean parameter � j = pj
− p0, where p0= �p�. By averaging Eq. �1� over the popula-
tion, one gets, at first order, the following approximated
equation for the mean field:

Ẋ = F�X,p0� + Dx,pF�X,p0�W ,
�2�

Ẇ = �2DpF�X,p0� + �DxF�X,p0� − K�W ,

where W= ���� is a second macroscopic variable or shape
order parameter, p0 is the average parameter value, and �2 is
the standard deviation of the parameter distribution. The de-
rivative operators are defined as follows: Dx=� /�x, Dp
=� /�p, and Dx,p=�2 /�x�p. In addition to being low dimen-
sional, such equation has the advantage of having a clear
physical meaning: the mean field behaves similar to the av-
erage element, perturbed by the macroscopic variable W
= ���� that quantifies the mismatch in phase and parameter
space. The macroscopic regimes appear as an unfolding of

the perfectly locked state Ẋ=F�X , p0� and are controlled by
the parameter K and �2. Such equation holds when the dis-
placements from the mean field � j are small, and thus, op-
erationally, when the coupling is sufficiently strong com-
pared with the parameter mismatch. Another important
consideration is that Eq. �2� does not depend on the popula-
tion size. Consequently, the results we obtain for two Chua’s
circuits can be readily generalized to larger arrays.

Let us now apply Eq. �2� to the case of two mutually
coupled Chua’s circuits. The configuration of the circuits that
we study is shown in Fig. 1. The equations are easily written
in terms of the voltages v1 and v2 �at point 1 and 2, respec-
tively� and the current I across the inductance �point 3�, the
first circuit is described by

v̇1
1 =

1

C1
1R1

v1
2 −

G1
a − G1

b

2C1
1 ��v1

1 + B1
p� − �v1

1 − B1
p��

−
1

C1
1	G1

b +
1

R1

v1

1 +
1

C1
1R1

k �v1
1 − v2

1� ,

�3�

v̇1
2 =

1

C1
2 I1 +

1

C1
2R1

�v1
1 − v1

2� +
1

C1
2R2

k �v1
2 − v2

2� ,
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İ1 = −
r1

b

L1
I1 −

1

L1
v1

2,

where Rk
1,2 are the two coupling resistors. These resistors will

be used as bifurcation parameters. The other internal param-
eters are displayed in the caption of Fig. 1. Unless explicitly
stated otherwise, these are the values that will be used in the
next sections. The second circuit has an equivalent equation,
with lower index 2 instead. Before proceeding with the
analysis, it is worth mentioning that the mutual coupling Eq.
�3� term can be recast in the form of a global coupling term,
so that the correspondence with Eq. �2� is readily established.
The dependence on the mean field becomes apparent by writ-
ing

�v2
1 − v1

1� = �v2
1 + v1

1 − 2v1
1� = 2��v1� − v1

1� . �4�

The coupling constants are the multiplicative factors
1 / �C1Rk

1� and 1/ �C2Rk
2�. At this point, we recover Eq. �1� by

identifying xj with the vector �v j
1 ,v j

2 , Ij� and f j�xj� with the
equation for one uncoupled Chua circuit. The coupling ma-
trix is

K1 = �
1

C1
1Rk

1 0 0

0
1

C1
2Rk

2 0

0 0 0
� . �5�

In the case when the two circuits have identical capacities,
the coupling is symmetrical �a more relaxed assumption will
be presented in Sec. IV�. The explicit calculation of the re-
duced equations are given in the Appendix. With this formal-

ism, we are now ready to use Eq. �2� on some specific con-
dition and to study the collective regimes that emerge due to
the interplay of parameter mismatch and coupling.

III. STRONG MUTUAL COUPLING

Let us first address the case in which the mismatch be-
tween the two circuits is limited to the value of the internal
resistors R1,2, while the other internal parameters are kept
identical. The coupling resistors Rk

1,2 are chosen weak
enough to ensure that the coupling is strong and the regime
coherent. Under such strong coupling conditions, the collec-
tive dynamics will be qualitatively equal to the dynamics of
an “average oscillator.” This corresponds to a system of
equations identical to those of each single element, except
for the parameter on which diversity is imposed, that is in-
stead substituted by its average value. Intuitively, such prop-
erty of the macroscopic dynamics is due to the fact that,
when the coupling matrix is predominantly diagonal, the
shape parameter W remains small. This corresponds to the
situation in which the population is tightly packed around the
mean field. In the limit in which the coupling is infinitely
strong, W vanishes and in Eq. �2� we end up with the equa-
tion for an average oscillator.

Such a consideration has interesting implications in the
control of the collective behavior of populations of dynami-
cal systems, as well as in the detection of the microscopic
features in terms of purely macroscopic observations. In-
deed, the dynamics that is stabilized by coupling nonidenti-
cal circuits may not be attainable by any of them if un-
coupled. The collective regime is thus “coded” in the
diversity and coupling rather than in the internal features of
the individual circuits. Moreover, Eq. �2� allows a straight-

FIG. 1. Scheme of the two mu-
tually coupled Chua’s circuits.
The parameters are C1,2

1 =10.2 nF,
C1,2

2 =101.8 nF, L1,2=18.4 mH,
G1,2

a =−7.625�10−4, and G1,2
b

=4.12�10−4.
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forward identification of such a hidden collective behavior.
As a first application of the aforementioned theoretical

results, let us examine the case when both circuits operate in
a periodic regime. Figures 2�a� and 2�b� display the experi-
mentally measured attractors of the two uncoupled circuits,
of periods 3 and 4, respectively. Figure 2�c� shows that, as a
result of the coupling, both oscillators behave chaotically,
although the mismatch in the parameters has only minor ef-
fects on their individual dynamics. As predicted by Eq. �2�,
the regime obtained by strongly coupling the circuits is the
same one observed in an isolated circuit with the internal
resistor set to the averaged value �Fig. 2�d��.

The same idea can be used for stabilizing unstable peri-
odic orbits. Let us, for instance, consider the case in which
both circuits are chaotic, but their parameter values are lo-
cated, when the circuits are uncoupled, on the opposite side
of a periodic window. Figure 3 shows that once they are
coupled, both circuits get synchronized onto a period-three
orbit. The coupling thus results into the stabilization of an
unstable orbit embedded into the chaotic attractor.

The possibility of obtaining a qualitatively novel dynam-
ics by coupling two circuits with different internal param-
eters is robust with respect to changes in the coupling inten-
sity �also under differential modifications of the resistors� as
long as both coupling resistors are sufficiently weak, that is,
coupling is sufficiently strong. This robustness was con-
firmed by repeating the two experiments described above for
several values of the coupling resistors.

In addition to providing a way for driving the system to
specific regimes, the experiments also show that the math-
ematical limit of infinitely strong coupling is actually attain-
able, to a good approximation, even for experimentally fea-
sible resistance values. It is also important to remark that in

order to target a regime one only needs to know the bifurca-
tion diagram of an isolated circuit: this information can be
obtained experimentally and in principle does not require the
knowledge of the functional form of f .

IV. OSCILLATION DEATH IN CIRCUITS WITH TIME
SCALE MISMATCH

In this section we address changes in the collective re-
gimes due to modifications in the coupling intensity. In par-
ticular, we will provide an experimental realization of oscil-
lator death for coupled chaotic systems. In this regime the
dynamics of each population element is suppressed as a col-
lective effect, i.e., resulting from the interplay of coupling
and diversity. Oscillator death has been first described in
populations of limit cycle oscillators with direct �17,18� or
time-delayed coupling �19�. Recently, an order parameter ex-
pansion has been used to demonstrate that this regime may
arise under generic conditions in populations of globally
coupled element with time scale mismatch �15�. The equa-
tions for a population with time scale mismatch and global,
linear coupling can be written as

ẋj = � j f�xj� + K�X − xj�, j = 1,2, . . . ,N . �6�

This equation may be seen as a simple way for generalizing
the Kuramoto model, where the distributed parameter is the
natural frequency of the oscillators, to an individual dynam-
ics different from a limit cycle. The peculiar parameter de-

FIG. 2. Collective chaotic be-
havior as generated by coupling
two nonidentical circuits, each of
which is individually periodic. �a�
and �b� Uncoupled chaotic dy-
namics of the two circuits �R1

=1740 Ohm, R2=1644 Ohm�. �c�
Attractor of the first circuit after
the coupling is established. Being
the coupling strong �Rk

1,2

=200 Ohm�, the second circuit
behaves almost identically and for
this reason is not shown. �d� The
same behavior of the strongly
coupled circuits is predicted by a
single circuit with the internal re-
sistance set at �R1+R2� /2
=1692 Ohm.
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pendence of Eq. �6� is reflected in a simple form of the
reduced system

Ẋ = ���f�X� + JW ,
�7�

Ẇ = �2f�X� + ����J − K�W ,

where J is the Jacobian Dxf�x�.
Due to the multiplicative nature of the distributed param-

eter in Eq. �6�, any fixed point of f is also a fixed point for
the mean field. The stability of such a point, however, can
change due to the presence of the coupling and time scale
mismatch. With some algebra one finds that generic condi-
tions exist under which an unstable focus of f becomes at-
tracting for the population. Referring to Ref. �15� for the
details, here we just notice that, if the time scale mismatch is
sufficiently wide, this equilibrium is stabilized for “interme-
diate” values �i.e., large enough to avoid incoherence and
smaller than those where nonstationary coherent solutions
are present� of the coupling.

For the case of Chua circuits, one can see from Eq. �3�
that the time scale can be easily changed by tuning the ca-
pacitors C1, C2, and the inductance L. We modify the time
scale of one of the two circuits by making use of commer-
cially available capacitors and inductances, thus obtaining a
timescale mismatch of 14%. Both circuits, when uncoupled,
have similar chaotic dynamics �double scroll attractor� al-
though their time evolution takes place with different speed.

The bifurcation diagram of the reduced system Eq. �7� can
be numerically computed for an interval of coupling intensi-
ties comparable to that accessible in our experimental setup.
The diagram provides the coherent regimes of diffusively

coupled Chua circuits with time scale mismatch as a function
of the coupling strength. The standard deviation � of the
time scale distribution is set to 0.14. As expected from the
previous section, for a low value of the coupling resistors
�strong coupling�, the circuits are entrained on a chaotic at-
tractor indistinguishable from the uncoupled dynamics.
However, when the coupling is reduced a cascade of coher-
ent regimes bifurcates from the chaotic attractor and eventu-
ally the state of oscillator death is reached �Fig. 4�. Such
diagram is independent of the population as far as the cou-
pling is global and diffusive �15�.

The resistances Rk
1=Rk

2=Rk of the coupled circuits can
now be tuned in order to target a specific collective regime,
according to the numerical characterization of the reduced
system. Figure 5 shows some of the emergent dynamics ex-
perimentally observed. The oscillation death regime appears
in the circuits for Rk slightly above 1.5 k� �not shown�.

V. CONCLUSIONS

Although the importance of emergent behavior in popula-
tions of nonidentical dynamical systems is widely recog-
nized, only a few experimental systems offer the necessary
degree of control for testing the theoretical results. Here, we
have proposed the implementation of a circuit aimed at mim-
icking the coherent behavior of populations with parameter
mismatch in the region of strong coupling. Theoretical re-
sults and numerical simulations suggest that this case is rep-
resentative of larger populations and constitute a tool for
addressing diversity-dependent coherent dynamics.

The experimental system we have used is composed by
two symmetrically coupled Chua circuits. The diversity in

FIG. 3. Stabilization of an un-
stable period-three orbit by cou-
pling of two nonidentical chaotic
circuits. �a� and �b� Uncoupled
chaotic dynamics of the two cir-
cuits �R1=1621, R2=1745 Ohm�.
�c� Attractor of the first circuit af-
ter the coupling �Rk

1,2=200 Ohm�
is established. As for Fig. 2, the
two circuit are strongly synchro-
nized and thus only one attractor
is shown. �d� The dynamics of the
coupled circuits can be predicted
by a single circuit with the inter-
nal resistance at the average value
�R1+R2� /2=1683 Ohm.
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their components introduces a mismatch in the internal pa-
rameters. We have shown that the average dynamics of such
coupled systems can be very different from the one observed
in the individual circuits when decoupled. The order param-
eter expansion developed for populations of strongly coupled
dynamical systems allowed us to predict such a collective

behavior based on the knowledge of the uncoupled dynam-
ics. By controlling the parameter mismatch, we can target
different dynamical regimes. For the Chua’s circuits, such
collective regimes can also be obtained by tuning the internal
resistor of an uncoupled circuit, but this is not at all a re-
quirement. On other systems the variability of uncoupled re-
gimes may be much more limited. For these cases, the inter-
play of strong coupling and parameter mismatch can be a
valuable technique for extending the dynamics outside the
region of the uncoupled regimes. The possibility of robustly
targeting a specific coherent regime can find a wide applica-
bility in populations of globally coupled nonidentical sys-
tems, the chaotic behavior of Chua circuits being just one
example of individual dynamics. As a second example of
diversity-induced qualitative changes of the collective be-
havior, we have addressed the case in which the circuits dif-
fer by their time scales and studied the oscillation death sce-
nario.

The coherency of the dynamics is not only the basic as-
sumption that allows us to analytically address the collective
regimes, but also guarantees that the results obtained for two
circuits can be extended to populations of many elements
with a comparable variance of the parameter diversity. The
robustness of strong coupling regimes to changes in the num-
ber of interacting circuits is confirmed by numerical simula-
tions. This shows indeed that the collective behavior is se-
lected according to the variance rather than from the actual
shape of the parameter distribution or the population size.
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APPENDIX

The equations approximating the average dynamics of a
population with time scale mismatch can be computed for
the Chua circuits that we have addressed in this paper start-
ing from Eq. �3�. The collective dynamics is described by a
system of six equations �three for the variables of the average
X= ��v1� , �v2� , �I�� and three for the shape parameter W�. This
can be compactly written as Eq. �6�, where f�X� is a vector of
components:

f�1� = −
Gb

C1 v1 +
v2 − v1

RC1 −
Ga − Gb

2C1 ��v1 + Bp� − �v1 − Bp�� ,

f�2� =
1

C2	I +
v1 − v2

R

 ,

f�3� = −
1

L
�Irb − v2� .

The coupling matrix K is

K = �
2

C1R1
k 0 0

0
2

C2R2
k 0

0 0 0
�

and the Jacobian matrix J is

J = �
j1,1

1

C1R
0

1

C2R
−

1

C2R

1

C2

0 −
1

L
−

rb

L

� ,

where

j1,1 = −
Gb

C1 +
1

RC1 +
Ga − Gb

2C1

��sgn�v1 + Bp� − sgn�v1 − Bp�� .
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