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Convection and total variation flow

Francois Bouchut' David Doyen'and Robert Eymard"
Université Paris-Est

Abstract

We deal with a nonlinear hyperbolic scalar conservation law, regularised by the total variation flow operator (or 1-
Laplacian). We give an entropy weak formulation, for which we prove the existence and the uniqueness of the solution.
The existence result is established using the convergence of a numerical approximation (a splitting scheme where the hy-
perbolic flow is treated with finite volumes and the total variation flow with finite elements). Some numerical simulations
are also presented.

Keywords: Bingham fluid, hyperbolic scalar conservation law, total variation flow, 1-Laplacian, entropy for-
mulation, finite volumes, finite elements

1 Introduction

A Bingham fluid, also called rigid viscoplastic fluid, is a material that behaves as a rigid solid below a certain
stress yield and as a viscous fluid above this yield; a familiar example of such a material is the tooth paste. For
a d-dimensional Bingham fluid, the relation between the stress tensor o, seen as a d X d matrix, the pressure p
and the velocity u is

D(u)
o =—pli+ g~ +vD(u), (1)
ID(u)|r
where g and v are positive constants, I is the d x d identity matrix, D(u) is the d x d matrix such that
D(u)i; := 3(du; + 0ju;), and | - |p denotes the Frobenius matrix norm. The term g% enforces the

plastic behaviour, g being the plasticity yield, while the term vD(u) enforces the viscous behaviour, v being the
viscosity parameter. The mathematical analysis of Bingham fluid flows dates back to the work of [13], where
the problems are formulated as variational inequalities in Sobolev spaces. The numerical approximation of a
Bingham fluid flow is usually treated with finite element techniques; we refer to [11] for a recent review.

When the viscosity becomes negligible (v = 0), the analytical and numerical framework described above is no
longer suitable — let us mention however an existence result in 2D obtained by [26]. Although the study of
inviscid Bingham fluids has been initiated in [5] with the case of an unsteady flow without convection term, the
presence of a nonlinear convection term is naturally issued from the inertial term in the momentum conservation
equation. Unfortunately, the study of this problem seems to be out of reach in the actual state of the art, and
we only consider here a simplified model of unsteady Bingham flow with convection. This simplified model is
scalar and consists in seeking u : R? x (0,T) — R such that

Oyu + div F(z, t,u) — div (Sgn(Vu)) = 0, on RYx (0,T), (2)
w(z,0) = uini(z), on R4, (3)

where d € N*, F : R? x (0,7) x R — R? is divergence-free with respect to the space variables and uiy; is a
given function from R? to R. We denote by Sgn the vector sign function, which is a set-valued map from R? to
P(RY) such that
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where | - | denotes the euclidean norm in R?. In equation (2), the term div F' describes the convection in the
fluid regime, while the term div (Sgn(Vu)) enforces the plastic behaviour (the plasticity yield is taken equal to
1 for simplicity).

Problem (2)-(3) is considered in this work under the following hypotheses, denoted by Hypotheses (HC) in the
following.

(HC1) For a given T > 0, we define Qr := R? x (0,7).

(HC2) The initial datum wu;y; is assumed to belong to L' (R4) N L>°(R%). The essential infimum and supremum
of u;y; are denoted by ag and by, respectively.

(HC3) The flux function F' € CY(Qr x R,R?) is assumed to be divergence-free with respect to the space
variables, that is

d

div, F(x, t,u) Z

=0, V(x,t,u) € Qr x R. (4)

Furthermore, g is assumed to be locally Lipschitz continuous and such that, for all compact set K C R,

|g—5’ < Ck a.e. on Q7 x K, where Ck is a constant depending on K.

Problem (2)-(3) can be viewed as a nonlinear hyperbolic scalar conservation law regularised by the total variation
flow operator (or the 1-Laplacian). For nonlinear hyperbolic conservation laws, it is well known that the standard
weak formulation fails to ensure the uniqueness of the solution and must be replaced by an entropy formulation;
see, e.g., [22] or [27]. With some types of regularisation, as for instance the viscous regularisation, the uniqueness
is recovered. That is not the case with the total variation flow regularisation, which has no spatial smoothing
effect and does not prevent the formation of shocks.

Nonlinear hyperbolic problems are usually approximated with finite volumes [16, 23, 25]. Unfortunately, finite
volumes are not suitable for the approximation of the total variation flow: indeed, if a sequence (uy)gen of
piece-wise constant functions converges to u in L', the total variation of u; does not converge in general to the
total variation of u (see [3] for an example). The total variation flow must be approximated in W !-conforming
discrete spaces, such as P; finite element spaces [2, 20, 21]. Numerical schemes combining finite volumes and
finite element schemes have already been considered for scalar conservation laws with a diffusion term [19] and
for degenerate parabolic equations [18].

In the present article, we first give an entropy formulation for Problem (2)-(3) and prove the uniqueness of the
entropy solution using the doubling variable technique. Note that our entropy formulation of the total variation
term is similar to the one developed in [4] to study the total variation flow with L{ . initial data (without
hyperbolic term).

The existence of the entropy solution follows from the convergence of a numerical approximation, based on a
splitting scheme. The hyperbolic flow is treated with finite volumes and the total variation flow is treated with
Py finite elements. The finite volume mesh is built as a dual mesh of the finite element mesh, which makes
simple the interpolation step between the two meshes. For the hyperbolic step (or finite volume step), we choose
an explicit time discretisation for sake of simplicity. For the total variation flow step (or finite element step),
we are led to define an implicit scheme accounting for the nonregularity of the total variation flow operator.
To guarantee the maximum principle, which is essential for the stability of the scheme, we use a nonobtuse
finite element mesh. A parabolic regularisation term had to be included in this step in order to control the
convergence of the scheme.

The convergence proof of the numerical approximation relies on the Kolmogorov-Riesz compactness theorem,
which provides us with the strong convergence in L, (R¢ x (0, 7)) of the discrete solutions. It requires uniform
estimates on the space and time translates of the discrete solutions. To establish these estimates, the total
variation term is crucial. For scalar conservation laws without total variation flow regularisation, these estimates
are not true and the convergence study of the numerical approximations must be carried out with other tools
[10, 8, 16].

The article is organised as follows. In section 2, the concept of entropy solution for Problem (2)-(3) is defined
and its uniqueness is proved. Section 3 describes the numerical approximation and its first properties (well-
posedness, maximum principle). A priori estimates on the discrete solutions are provided in Section 4 and a
discrete entropy formulation is established in Section 5. The convergence of the numerical approximation (and
thus the existence of an entropy solution) is finally proved in Section 6 using the results of the two previous
sections. In the last section, some numerical simulations in 1D and 2D are presented.

loc
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2 Entropy formulation for nonlinear hyperbolic equation with total variation flow

2.1 Functions with bounded variation

Let us first recall basic properties concerning the functions with bounded variation. For a comprehensive
presentation, we refer to [1], [15] or [31].

e Let  be an open subset of R?. The total variation of a function u € L'((2) is defined by
TVaq(u) := sup {/Qu dive da; ¢ € CH(R?) with ||@]| L0y < 1} .
In particular, the total variation of a function u € W11(Q) is equal to
TVo(u) = /Q IVl da.

The space of functions over ) with bounded variation, denoted by BV (€2), is the set of functions u € L*()
such that T'Vq(u) < 400. Equipped with the norm || - || gy (o) := || - [|z1(0) + TVa(:), the space BV (Q) is
a (nonreflexive) Banach space.

e The distributional derivative of u € BV (), denoted by Du, is the vector Radon measure such that
/ u divpde = —/ ¢ Du, Vo € CLQ,RY).
Q Q

e The norm of the vector measure Du is denoted by |Dul. It is a positive Radon measure and there is a
measurable function h : R — R?, with |h(z)| = 1 for all z € R, such that Du = h|Dul.

e The norm of Du is linked to the total variation by the identity |Du|(2) = TVq(u).

e The total variation is lower semi-continuous relatively to the convergence in L{ .. In other words, if

(ug)ken is a sequence in BV (Q) converging to u in Li, (£2), then

lim inf [Dug|(2) > [Dul(2).
k— o0

o If u e BV(Q) and f € CY(R), then f(u) € BV (Q).

e The space L*(0,T; BV (Q)) is the set of measurable functions u : (0,T) — BV (£2) such that fOT lu(®)|| v (o) dt <

+00. Equipped with the norm [ - ||z1(0,7;Bv () = fOT | - l|Bv(q)dt, it is a (nonreflexive) Banach space.
For more information on functions valued in Banach spaces, we refer for instance to [28, Chapter III].

2.2 Definition of entropy solutions

In the usual entropy formulations of scalar conservation laws, the admissible entropies are the C' convex
functions or the so-called Kruzhkov entropies. Let us recall that the Kruzhkov entropies are the functions |- —x|
with ¥ € R, the corresponding entropy fluxes being the functions F(-Tk) — F(-Lk), where aTb denotes the
maximum of @ and b and a_Lb denotes the minimum of a and b.

The entropy formulation of the problem (2)-(3), owing to the term div Sgn(Vu), requires more regular entropies.

Definition 2.1: Under Hypotheses (HC), an admissible entropy is a convex Lipschitz continuous function 7 €
C>(R). The corresponding entropy flux is the locally Lipschitz continuous function ® € C°(Qr x R, R%) such
that

1

v oF 1M oF 1
oo t) = 5 [ oGt g [ 0GR d G O @) ta0) 1 (o) Pl b))

and thus 22 (z,t,u) = ' (u)2E (2, ¢, w).
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Remark 2.2 (Consistency with Kruzhkov entropy pairs): The definition of the entropy flux could be done up to
any divergence free function. Definition 2.1 is such that, if 5 converges in some sense to the Kruzhkov entropy
| - —k| for ap < k < by, then ® converges to F(z,t,-Tk) — F(z,t,-Lk). Indeed, for n € C*(R), we have the
identity

bo
wa) =5 [ )l el
+ %((U'(ao) +1'(bo))z +n(ao0) —n'(ao)ao +n(bo) —n'(bo)bo),  Vz € [ao,bo], (5)
and we have as well
bo "(a !
b(z,t,u) := %/ 0" (k) (F(z,t,uTk) — F(x,t,ulk)) dx + MF(Q?,LU). (6)

Since the flux function F is divergence-free with respect to the space variables, the entropy flux is divergence-free
as well.

Definition 2.3: Under Hypotheses (HC), a function u € L>(Q7) N L(0,T; BV (R?)) is said to be an entropy
solution of (2)-(3) if there exists A € L>®(Q7)%, with |A\| < 1 almost everywhere on Qr, such that, for all
admissible entropy-entropy flux pairs (7, ®) in the sense of Definition 2.1 and all nonnegative test functions

pE C::)O(QT)a

/ (n(u)@t@ + (P, t,u) — Ay (u)) - V(p) dadt — /Q ©| D (u)]|dt + /Rd N(uini(x))e(x,0) de > 0.  (7)

T

Since 7’ is in C*(R), the function n’(u) is in L'(0,T; BV (RY)). Therefore, the term Jor | D[y (w)]|dt is
meaningful. The function A, which is not necessarily unique, is called a multiplier by analogy with a Lagrange
multiplier.

2.3 Formal derivation of the entropy formulation

In order to enlighten the link between the strong formulation and the entropy formulation, we present below
a formal derivation of the entropy formulation by the vanishing viscosity method. Let us consider a viscous
regularisation of the equation (2):

Opue + div F(z, t,ue) — div Sgn(Vu,) — eAue = 0, (8)

where € is a positive constant. One can justify that this problem is well-posed and, owing to the term
div Sgn(Vu,), we can expect that u. tends to u in L%OC(QT) when € — 0. For a given admissible entropy-
entropy flux pairs (1, ®) in the sense of Definition 2.1, multiplying (8) by n’(u.), we find

On(ue) + div (<I>(x, t,ue) — Sgn(VuE)n’(ue)) + V1 (ue) - Sgn(Vue) — eAn(ue) + € 0" (ue)|[Vue> = 0. (9)
The entropy 71 being convex, we have
V' (ue) - Sen(Vue) = 0" (ue) Vue - Sgn(Vue) > 0,

whence
V' (ue) - Sgn(Vue) = [V (ue)].

Still by convexity of 1, we have
e n’(ue)|Vue* > 0.

Let us now multiply (9) by a nonnegative test function ¢ € C°(Qr) and integrate over Qr. We thus obtain

| (i + (@0t ) = Sgn( Vo' (w0) - Vo = 97/ () dadt + | n(usus(a)pl,0) do > 0. (10)

T Rd

Since ue — w in L{ (Qr), it follows from the semi-continuity of the total variation that

i inf / Vi ()| dadt > / | Dl (w))|dt.
Qr QT

e—0
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Since the family {Sgn(Vu,)}eso is bounded, there exists A € L>(Qr)? such that, up to a subsequence,
Sen(Vue) — X weakly-* in L= (Qr ).

Finally, letting e — 0 in (10), we obtain (7).

2.4 Existence and uniqueness

Theorem 2.4: Under Hypotheses (HC), there exists one and only one entropy solution of (2)-(3) in the sense of
Definition 2.3.

Proof The existence of an entropy solution is proved by the convergence of a numerical approximation; see
Theorem 6.2 below. To prove the uniqueness, we use the doubling variable technique.

Step 1. Let u be an entropy solution and A, a corresponding multiplier. We consider the entropy n(- — k),
where n € C*°(R) is an even convex function and k € R. Let @, be the corresponding entropy flux. Then, by
definition of an entropy solution, for all nonnegative test functions ¢ € C°(Qr),

/ (n(u(m,t) — k)0 + (Pr(z, t,u(z, t) — Au(z, )0 (u(z, t) — K)) - Vmgo) dzdt

T

- / @ | Dol (u(a, t) — w)][dt + / Nusmi(@) — R)p(2,0)de > 0. (11)

T Rd

Let v be another entropy solution and A, a corresponding multiplier. Since 1 is an even function, n(- — k) =
n(k—-) and (- — k) = —n/(k — -). Then, denoting by y and s the space and time variables, for all nonnegative
test functions p € C°(Qr),

| (00 = o900+ (@l5,000:8)) + Xl (5 = 0(3:5)) - Vi) s

T

- / o | Dyl (5 — v(y, )] + / D(usmi(y) — K)(y,0) dy > 0. (12)

T R4

Step 2. We now introduce well-chosen test functions. Let {p.}e~o be a family of mollifiers in R? such that
supp pe C B(0,€) and {pc}eso be a family of mollifiers in R such that supp pe C [—¢€,0]. Let » > 0, 7 > 0, and
1 € CP(R,RT). We define ¢ : Qr x Qr — R* such that

¢(aj7t’yv 3) = ¢(t),0»,«(.13 - y)ﬁT(t - 8)7 V(x,t,y, S) € QT X QT~ (13)

We take k = v(y, s) and ¢ = ¢(-,+,y,s) in (11). Next, integrating with respect to y and s over Qr, and noticing
that ¢(x,0,y,s) =0 for all s > 0, we obtain

/Q 0 (n(u(m,t) —v(y, )0 + (@v(y’s) (z,t,u(z,t)) — Aoz, )0 (u(z, t) — v(y, s))) . qub) dadtdyds
[ oDl (ulat) ~ ol )] dedyds > 0. (11
QT XQT

Similarly, taking k = u(x,t) and ¢ = ¢(x,t,-,-) in (12), then integrating with respect to x and ¢ over Qr, we
obtain

/Q 0 (77(“($7 t) - ’U(y, 3))as¢ + ((Pu(:c,t) (y7 S, U(y7 S)) + )‘v(y7 5)77/(“(55’ t) - v(y, 8))) ’ vy¢) dxdtdyds

- / ¢ |Dy[n' (w(z, t) — v(y, s))]|dsdzdt —|—/ N(wini(y) — w(z, t))d(x, t,y,0)dydzdt > 0. (15)
QrXQr RixQr

Adding the above relations (14) and (15), we find

A+ A+ A3+ A+ As + Ag + A7 >0,



3 Numerical approximation 6

where

A m / n(u(z, ) — v(y, )06 + 0,0) dadtdyds,
QT xQr

Ay m / By (2, U, 1)) - Vypbddzdtdyds,
QT xQr

A3 = / (I)u(w,t) (yv S, U(ya 3)) ' quzﬁdxdtdyds,
QT XQT

A4 = / ()‘u(xa t) — Ay (y’ 3))77/(71(5”’ t) - v(y, S)) ’ (VIQS + Vy¢) dxdtdyd&
QrxQr

)\v(y7 8)7’/(’11;(.’1}, t) - ’U(yv 5)) : Vm(bdxdtdyds - /Q o ¢ ‘Dw[n/(u(‘xa t) - U(ya 5))” dtdydsa

&
i
S—

QrXQr

&
i
S—

M@ O (ul, ) = vy, )) - V6 dadtdyds — / 6| Dy (ule,t) — vly, s))]| dsdadt,

QT xQr QT XQT

Ay = / (umi(y) — ulz, £)é(z, t,y,0) dydedt.
]RdXQT

Step 3. We now remark that we can get rid of A4, A5 and Ag, the terms arising from the total variation. The
term A4 vanishes owing to identity V¢ + V¢ = 0. The term As is nonpositive. Indeed, integrating by parts
with respect to x the first term of As, we obtain

As = / o (y, 8)¢ D[ (u(z, t) — v(y, s))]dtdyds — / b |Da:[T]/(U(x, £ — oy, S))” didyds.  (16)
@rxQr QT xXQr

Since | A\, (y, )| < 1 for all (y, s) € @7, we deduce that A5 < 0. With the same argument, we prove that Ag < 0.
Step 4. The resulting equation is now

Ay + Ay + A3+ A7 > 0. (17)
Let s € R. Consider the sequence of entropies (7)ken+ such that n,(x — k) := \/1/k + (x — k)2. This sequence
of entropies converges uniformly to the Kruzhkov entropy |- —«|, and the entropy flux converges as well to

the Kruzhkov entropy flux. Passing to the limit in (17) with this sequence of entropies, we obtain, thanks to
Remark 2.2,
Ao + Azo + Azo + A70 > 0, (18)

where
Ay = / lu(z, t) — v(y, s)|(Orp + 0s¢) dedtdyds,
Agg = /Q 0 [F(z,t,u(z,t) To(y, s)) — F(z,t,u(z, t) Lo(y, s))] - V¢ dedtdyds,
7 XQr
Agp = /Q 0 [F(y,s,v(y,s)Tu(z,t)) — F(y, s,v(y, s) Lu(x,t))] - V¢ dedtdyds,
TXQr
Azg = /RdeT |tini(y) — u(z, t)|o(z, t,y,0) dydadt.

Step 5. The remaining of the proof is identical to the one of Lemma 5 in [8], since its starting point is precisely
(18). O

3 Numerical approximation

3.1 Notation and hypotheses

The finite element mesh, denoted by 7y, is a conforming simplicial mesh of R? of size h. In order to ensure
the maximum principle, each element of 7; is assumed to be nonobtuse; we recall that a simplex is said to be
nonobtuse if the angles between any two facets are less than or equal to 7/2. The family of the vertices of the
mesh is denoted by (x,)pen, and for any K € 7y, we denote by Vix C N the set of the d 4+ 1 indices of the
vertices of K, and by £k the set of the d + 1 faces of K.
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The finite volume mesh, denoted by Dy, is a polyhedral mesh of R? such that the interface between two cells
is a finite union of faces. The mesh Dy, is a dual mesh of 7}, in the sense that each cell of D), contains one and
only one node of 75,. The nodes of 7, and the corresponding cells of D;, are denoted by (x,)pen and (Qp)pen,
respectively. Let us introduce some additional notation about Dj: N, is the set containing the indices of the
neighbouring cells of @, & is the set of couples (p, ¢) such that @, and @, are neighbours, o, , is the interface
between two neighbour cells @, and @Qg, v} 4 is the unit normal vector to o, 4 pointing toward @4, m,, is the
measure of Qp, my 4 is the measure of oy, 4.

Remark 3.1: Since a square can be divided into two right triangles and a cube can be divided into six nonobtuse
tetrahedra, it is easy to build nonobtuse simplicial meshes of R? and R3. In fact, it is possible to generate
nonobtuse simplicial meshes on any polygonal or polyhedral domain; see [6] and references therein.

Remark 3.2: The dual mesh can be defined, for any d > 1, by the following procedure. For any p € N and any
K € T, with p € Vg, the set Q{f is defined as the set of all points z € K under the form x = ZQEVK AgTq, With

Y qevie A = Land Ay > Ag for all ¢ € Vi, and then define @, as the union of all QXK such that p € Vi. In R?,

for every triangle K € 7T; containing the node x,, a part of the boundary of fo is the union of the segments
joining the centre of gravity of K with the midpoint of the two edges of K incident to x,. This yields a closed
polygonal line which delimits a cell @, associated to xp.

Let us define the discrete functional spaces

Vi o= {0, € CO(Rd);ﬁh‘K is affine for each K € T},
M, = {v}, € Llloc(]Rd);@h‘Q is constant for each Q € Dy},
Ay = {pn € LO"(Rd’)d;Mh‘K is constant for each K € Tp}.

In our scheme, the multiplier X is approximated in A; and the velocity u is approximated simultaneously in V},
and in M. To handle easily this double discretisation, we define the discrete velocity as a collection of values
(up)pen, to which we associate the functions 4y, € Vj, and @), € M}, such that

up(zp) = up, and Up|Q, = Up Vp € N.

We now define
Xy = {vp € RY; VT, € LYRY) N L2(RY), 5, € L2(RY)}. (19)

Letting K € Tp, if we denote by {z, }pev, the vertices of K and by {¢,}pev, the corresponding Lagrange basis
function, we can write, for any up, v, € X,

Vi - Vip x = Z Z UpttgV Ppl i+ Vy| K-

PEVEK q€EVK

Using the fact that ZPGVK ¢px = 1, and thus ZPEVK Vo, x =0, the preceding equation can be rewritten as

Vin - Vi = > > gty = 0)Vép i - Vg i

PEVK q€VK
Exchanging the roles of p and ¢, we get
Vn k- Vg g = Z Z Up(vg — vp)V oy - Vg K-
PEVK q€EVK

Adding the two preceding relations provides

2V k- Viy i = — Z Z (up = uq)(Up — vg) Vop|k - Vgix,

PEVK qEVK

and therefore

/ Vo (x) - Vi (z)de = Z Z uq) (vp — vq) with T;; = —% /K Vop(x) - Vo (z)de. (20)

PEVK qEVK
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Since the simplex K is nonobtuse, we have the standard inequality (see for example [6])
Vopix - Vogx <0and Th >0, Vp,q € Vi,p # q. (21)
Let us observe that, for any uj, € RY, we have, denoting for a.e. z € R? by p(z) € N such that z € Q,,
for a.e. @ € RY, |Gn(2) — Un(2)| = |(z — Tpea) - Vn(x)| < b Viin(z)), (22)

which implies, if Vi, € L'(R?)4,
||ﬂh — 'Eh”Ll(Rd) < h”VﬁhHLl(Rd)d. (23)

For the finite volume step we need to define numerical fluxes between neighbour cells at each time step. The
numerical flux from the cell @, to the cell @, at time " is denoted by F}' . We require that the family of
numerical fluxes (F' ), ¢nen is admissible and consistent with the flux F' in the sense of the two definitions
below. The Godunov scheme [25, see, e.g.,] provides, for instance, such numerical fluxes.

Definition 3.3: A family of numerical fluxes (F},)p.¢.nen is said to be admissible if

o Il € C%([ag,bo)?, R) and there exists L > 0 such that, for all (p,q) € &, and for all n € {0,..., N — 1},
the function F}}, is Lipschitz continuous with the constant m,, ,L with respect to each of its variables.

e F', is monotone, i.e. nondecreasing with respect to its first variable and nonincreasing with respect to
its second variable,
e F7_is conservative, i.e. F" (u,v) = —F" (v,u) for all (u,v) € [ag, bo]?
P.q » 8 g\t P\ ) 0,70] -

Definition 3.4: Let F' be a flux function. A family of numerical fluxes (F},)p ¢,nen is said to be consistent with
Fif

n+1

By (u,u) = 5 /tn / F(z,t,u) - vp,q ds(x)dt, Yu € [ag, bo. (24)

The following lemma, which is a discrete version of the divergence theorem, will be used in several places in the
rest of the article.

Lemma 3.5: Let (F},)p,q,nen be a family of numerical fluxes consistent with a flux function F'. If F' is divergence-
free, then
VueR, Y Fpq(u,u)=0. (25)
qeEN,

Remark 3.6: The consistency hypothesis for the numerical fluxes could be slightly weakened (see, for instance
[8, Section 2.1]).

3.2 Description of the numerical scheme and well-posedness

We consider a family of discretisations (Fp 6 )n.s>0 — by discretisation, we mean a finite element mesh 75, a
finite volume mesh Dy, a time step &, a family of numerical fluxes (F}',)p,qnen. We assume that the following
hypotheses, denoted in the following by Hypotheses (HD), are satisfied uniformly by any element Fj, 5 of the

family.
HD1) There exists a > 0 such that m, > ah? and |0Q,| < Lh4~! for all p € N.
P p «@

(HD2) There exists a constant 8 such that diam(Q,) < Bh for all p € N, where diam(@Q),) is the diameter of
Qp-

(HD3) There exists p > 0 such that |K| > ph?, for all K € Tj.

HD4) There exists an admissible family of numerical fluxes (F nen in the sense of Definition 3.3, which
p,q9/P59,

is consistent with F' in the sense of Definition 3.4. The constant L in Definition 3.3 is assumed to be
independent of the discretisation.
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(HD5) The time interval [0,7] is divided into N equal intervals of length &, such that the following CFL
condition holds

1 m
& < — inf P 26
B 2L (p7Q)e£}L mp q ( )
The scheme for approximating (2)-(3) is given by:
e Initialisation of (u))nen such that @), € L>(R%) N L*(R?):
1
u) = — Uini (z)dz, Vp e N. (27)
my JQ,
e Finite volume step. Letting (u]})pen such that wy € L>(R%) N L' (RY), seek (up 4 )pEN such that uh+2 €
L>(R%) N LY(R?) and
n+2 _ n
L4+ > B (urup) =0, VpeN. (28)
q€EN,
e Finite element step. Seek (ut*, A7) € X}, x Ay, such that
ﬂn+1 n+§
/ %@de —|—/ ()\n+1 +6(h)V An+1) Vo, dx =0, Yu, € Xp, (29)
R o R
M e Sen(Vapth, (30)
where 6 € C°((0, +00)) is a positive function such that
h

lim 0(h) = lim —— = 0. (31)

h—0 h—0 e(h)

An example of such a function 6 is §(h) = hY with 0 <y < 1.

Remark 3.7: The explicit time discretisation of the hyperbolic step could be replaced by an implicit time dis-
cretisation. In this case, the CFL condition (26) on the time step would not be necessary.

For each discretisation Fj, &, we define the approximate solutions 4p s : Qr — R, 4ps @ Qr — R, and
An,e : Qr — R such that

Una(t) =ap™  ifte (),
pa(t) =a, ™ ifte (T,
Ao (t) = AT if e (e 1.

The proposition below proves that the scheme has at least one solution, which is unique with respect to the
velocity.

Proposition 3.8: Let us assume Hypotheses (HC) and Hypotheses (HD). Then there exists at least one solution
to Scheme (27)-(30) such that u) € L>°(R%) N L}(R?) and, for all n € N, uh+2 't e L*°(R%) N LY (R?) and
(uy ntl )\"‘H) € Xj, x Ay. Moreover, @) and, for all n € N, uh+% and uh are unique and, for all p € N,
aogup H < bo and ag < uy < by.
Proof Thanks to (27), we get from Hypothesis (HC2) that

@l ey < lltinill L1 me),
and ag < ug < by for all p € N, which completes the proof that u) € L>(R%) N L}(R?).
For any n € N, we get from Proposition 3.10, assuming uy € L>(R?) N L}(R?), that uh+2 € L=®(RY) N LY(RY)

with ag < up+2 < by for all p € N. Usmg Proposition 3.11, we get the existence of (uj -l )\”H) e Xpn x Ay,
such that (30) holds, and we get that u; ™" is unique. It now suffices to apply Prop051t10n 3.13, for obtaining
that @) ' € L”(Rd) N L' (R?) with ag g urtl < by forallp e N. O

Let us now state and prove the propositions used in the proof of the preceding result. We have first the following
result.
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Proposition 3.9: Let us assume Hypotheses (HC) and Hypotheses (HD). Let (1, ®) be an entropy-entropy flux
pair in the sense of Definition 2.1, and let n € N be given. Then, the family (®} ;) qnen of admissible numerical
fluxes defined by

n 1rhe n n 1’ (ao) +1'(bo) 1
oy (r,y) = 5/ n" (k) (prq(x"l’n, yTk) — Fp’q(xJ_/i,yJ_n)) dr + pryq(x, v), (32)

0

1
is consistent with ® in the sense of Definition 3.4, and is such that, if uZJrz € RY is obtained from up € RN by
(28) with ag < uy < by, for all p € N, then

my + > an <0, Vne{0,.,N—1}, VpeN. (33)
geEN,

Furthermore, there is a constant L', depending only on L, 1, ag and by, such that, for all (p,q) € &, and for
all n € {0,..., N — 1}, the function P, is Lipschitz continuous with respect of each of its variables with the
constant my, L'

Proof Consider first the Kruzhkov entropies, that are the functions | - —k|, with k € R. The corresponding
entropy fluxes are the functions F(-Tk) — F(-Lk). The derivation of the discrete entropy inequality involving
the Kruzhkov entropies for the finite volume scheme (28) is standard and can be found for instance in [8, Lemma
3] or [16, Lemma 27.1]. This inequality, which holds thanks to Hypothesis (HD5), reads

n+3 n
up 2 — K| —|u
mpl (|§t [y —|— E (upTr,uf Tk) — Fp (up Li,ul Lk)) <0, (34)
qeEN,

for all n € {0,..., N — 1} and p € N.
Using this identity, together with (5), (32) and (34), we deduce the inequality

n(UZ+2)— n(ul
m, + > ar <0. (35)
qeEN,

O
From the above result, we get the following one.

Proposition 3.10: Let us assume Hypotheses (HC) and Hypotheses (HD). Assume that, for a given n € N,
1 ntd

ag < upy < bo for all p € N and ujp € L'(R?). Then EZJ“" € LY(RY), ag < up+2 < by for all p € N, and for all

entropy 7 in the sense of Definition 2.1 such that 7(0) = 0 and 7(0) = 0,

[ ande < [ a@i)s, (36)
Rd R
Proof We get, from (33) and applying Lemma 3.5,

n+2
S
m,,n(p) n(uy +§ ) — d° (0,0) <0,  W¥ne{0,..,N—1}, VpeN,
geEN,

For € > 0, we multiply the preceding inequality by & exp(—e|x,|) and we sum the result on p € N. We get

3 my n+2 — () exp(—elzyl) + > N (@8, (ul,ull) — D% (0,0)) exp(—ela,|) < 0

p€eEN peEN geN,

Introducing, for any (p,q) € &, the point zp, = 5 (x, + 24) and the property ®7 (u,v) = —®7 (v,u) for all
(ua U) € [ao, bOPa we get

Sy F) = n(ug)) exp(—eley) + >0 D Ap, <

pEN pENgEN,
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with
Ap, = (Pp o (up, ug) — @5 (0,0)) (exp(—elp]) — exp(—¢|zpg|))-

Observing that Proposition 3.9 implies
@] 4 (1) — @54 (0,0)] < Limpg(ug | + |ug]),

we get that

Ap, > —iL’mpq(|up\ + |ug [)eh > —§CL’(mp|up| + mglug|)e.

This leads to

Sy ™)~ n(O) exp(—elryl) < 3 my(n(ug) — n(0)) exp(—elap) + 5oL S S Clmplug] +mqlu ).

pEN peN pENgEN,,

Since a simplex has d 4 1 faces, we get

> mp(n(up ™ *) = 0(0)) exp(—ely|) < > mp(nup) = 1(0)) + (d+1)eLC Y myluy)-

pEN peEN peEN

Letting € — 0, we get by monotonous convergence (recall that thanks to the hypothesis @} € L' (RY), we also
have n(u}) € L*(R?) and n(s) > 7(0) = 0),

S mpn(uy2) < 3 mpn(ul),

pEN peN
which concludes the proof of (36).
Letting 7 tend to n(s) = sTby — by, we get, since n(u;,”r%) —n(0) =0 for all p € N, that n(u;h%) —n(0) =0 for
all p € N, which shows that ug+% < by for all p € N. The same reasoning holds with 7(s) = ag — sLag, which
3 e LR,

n

1
shows that uZJrZ > ap. Finally, letting n tend to 7(s) = |s|, we conclude that @,
O
1
The proposition below proves that the finite element step is well-posed, provided that ﬂZJrz € L*(R%), which

1
holds if ﬂz+2 € L= (R%) N L'(R?), and gives a variational characterisation of u}**,

Proposition 3.11: Let us assume Hypotheses (HC) and Hypotheses (HD). Let n € N be given and let us assume

n 1 . . .
that ﬂh+2 € L2(R%). Then, equations (29)-(30) admit a solution (u} ™', A\*!) € X} x Ajy. Furthermore, u)*
is unique and is the minimiser of the functional J,’:H : X, — R defined by

it (o) -

_ ! AN 1 o
=08 e (vh—uh ) dx—f—/Rd(|Vvh\+ 29(h)|Vvh| ) da. (37)

Proof We remark that, defining the following norm on the Banach space X},
lvrllx,, = nllL2®ey + (VORI L1 (Ray + IVUR L2 (RaY,
we obtain that the stricly convex function J ,:H'l is such that

lim  JP (vy) = +oo.
lvrllx, —o0

Hence J,?H reaches its unique minimum value at some point uZH € Xj. Let us prove that this point is
characterised by (29)-(30).

Let us first assume that there exists (ut, A1) € Xj, x Ay, solution to (29)-(30). Writing, for any wy, € Xp,,
TP (wy) = TP (w4 vp) with v, = wp, — uj T, we have using (29)
1

1 ~
TP wp) = TP () = % Jo Tp(x)?de + A+ /Rd 50(h)|Vvh(gc)|2dac,
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with

4= /(\V( i T+ 0n) ()] = (V@) = Ay (@) - Vu(2))de

= > (V@ + ) x| = (VAR | = A (VOn) ).
KeT

Recall that, if (VA"H)“{ # 0, then )\"H % and otherwise that \)\”+1| <1.
K

Using that for any a,b € R? with a # 0, we have |a + b| — |a| — W >0, and |b] — N b >0,

we get A > 0, which proves that J;' " (wp,) — JP T (u) ) > 0, and therefore that J;'™! reaches its minimum
value at u”“.

Reciprocally, let us assume that J "1 reaches its minimum value at some point u"Jrl € Xj. Let us prove that
there exists A" € Ay, such that (29) (30) holds. We denote by 7’"+1 ={K € 771, (Vap™) g = 0}, and we

define the linear form ,CZ"H : Xp — R by

1 et vt
L () = < (ﬂ"“—ﬂ 2)@ dx+/ — A Vopdz +0(h) [ Vapt' . Vi, da.
h ( h) & Rd h h h Vﬂ"+1750 |vun+1‘ h ( ) RA h
For a given € € R with € # 0 and for any v, € X}, we write that
J}?+1( n+1 + E’Uh) J:+1(uz+l) > 0.
Assuming ¢ > 0, dividing the above equation by ¢ and letting € — 0, we get
L (vp) —|—/ |V |dz > 0.
vaptt=0
Assuming ¢ < 0, dividing the above equation by ¢ and letting ¢ — 0, we get
LI+ (o) — / V5n|dz < 0.
vaptt=0
h
Hence we get that
Von € Xn, L0 (0n)] < / V= Y K] [Vl (38)
vaptt=o

KeT !
We consider the set E of all functions f from Th"a' ! 5 R which are bounded for the norm

Ifle= > IKlIfxl.

KT

We observe that, defining F = {f € E, Juv, € X3, f = Vp}, the linear form B : F — R, such that
B(f) = L} (vp,) is well defined (since if V), = Vioy, on all K € 7;:’10“, then we get from (38) that £ (vy) =
L (wp,)) and continuous (again from (38)). Applying the Hahn-Banach theorem, this linear form can be
prolonged on E by a linear form, again denoted by B, with the same norm. Hence there exists (/\’;'(H) KeTr it

with [\ < 1 for all K € 7,3 and
VfEE, B(fy=— Y |KI NS S
KeT's!
Therefore we have
Yy, € Xha L:Z+1(vh) + Z |K| )‘TIL(+1 : (vah)w( = Oa
KeTp !
n+41
which concludes, denoting A% = % if (V@ ™)k # 0, the proof that A\ *" € Ay, is such that (29)-(30)
IS
holds. O
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Remark 3.12: Solving the saddle-point problem (29)-(30) or, which is equivalent, minimising the functional J ,:"H
is not an easy task. For instance, if one tries to minimise J}ZH (or more precisely a regularisation of J, ;L“Ll, since
J ,'ZH is nondifferentiable) with conventional algorithms, such as the gradient or Newton algorithms, one obtains
very slow convergences. Motivated by the applications in image denoising where this kind of problem arises,
specific algorithms have been developed since the 1990s. Let us mention in particular the lagged diffusivity
algorithm [30], saddle-point algorithms [9, 2] or semi-smooth Newton methods [24].

Proposition 3.13: Let us assume Hypotheses (HC) and Hypotheses (HD). Let n € N. Let n € C%(R) such that

n(0) =0, n'(0) = 0 and there exists M € R* with n”(s) € [0, M] for all s € R. Assume that u2+% € RY is such
that

1

Zmpn T2) < 0,

peEN

S () < S mn(upth). (39)

p€EN peN

Then

1 1
As a consequence, if ag < uz+2 < bg for all p € N, then ag < upt! < by for all p € N, and if ﬂZJr? € L'(RY)
then ;™! € L'(RY).

Proof We remark that vy, defined by v, = 7'(uf ™), is such that v, € X,. Indeed, there holds |v,| < Mlup ™|,
and, using (20)-(21), we have

VO lIToye = D D D Tog' (™) =n(ug™ N2 < M? Y7 Y 3 (g —ugt™)? = |[Va o gy,

KeTn pEVK q€EVK KeTn pEVK qEVK
which implies v, € Xj. We now remark that, for any K € Ty, if Vﬂz‘}l = 0, then u;}“ = ug“ for any
P, q € Vi, and therefore Vvj, i = 0. So one can write
1 on ~ntl o

AZ;{ . V’Uh\K =0= Vuz";( . Vvh|K.
If VAZr}(l # 0, we then have

n+1 ~

/\h|K Vi = WAn+1| “}L\K V-
Up K
Hence, defining o' by ot = 1 if Vﬂz‘}l =0, and ot = ‘vfnﬂ‘ otherwise, we get
Uh| K
[0t 0 a) - Vande = 3 (@3 4 000) 3030 Tt -t gt — () 2 0,
R KET, PEVK q€VK

Hence we can write from (30)

1
> mp(uptt —up ) (uptt) < 0.
peN

Applying n(b) —n(a) = n'(a)(b—a) + n"(c)% for ¢ between a and b, we get

1 1
> mp(n(uptt) = nup ) <> mp (= uy )y (uptt) <0,
peN pEN

which concludes the proof of (39).

We then conclude in the same way as the finite volume explicit step. Then assuming u;HE < by for all p € N
and letting 7 tend to n(s) = sTby — by, we get that n(up™') = 0, which shows that uj*" < by. The same
reasoning holds with 7n(s) = agp — sLag, which shows that u"Jrl > ap. Finally, letting n tend to n(s) = |s|, we

conclude that @t € L'(R?). O
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4 A priori estimates on the approximate solutions

A L*>®(Qr) estimate on the family of approximate velocities (@n & )n,a>0 has already been proved in Proposition
3.8. The aim of this section is to establish additional estimates on (T s)n.&>0, namely a L'(0,T; BV (R%))
estimate, and L{ (Qr) estimates on the space and time translates. The estimates on the space and time
translates are deduced from the L(0,7; BV (R%)) estimate.

Remark 4.1: Hypotheses (HD1) and (HD2) imply that each cell of Dj, has a finite number of neighbours (and
this number is bounded independently of F, & ).

Remark 4.2: Throughout this section and the next one, C' denotes a generic constant independent of the dis-
cretisation Fy, .

4.1 L['(0,T; BV(RY) estimate
Proposition 4.3: Let us assume Hypotheses (HC) and Hypotheses (HD). Let u) € L°°(R%) N L'(R) and, for all

1
n €N, HZ+2,HZ+1 € L®(RY) N LYRY) and (ut, A\ T) € Xj, x Ay, be a solution to Scheme (27)-(30). Then
there holds

N
1,
§||U}z,5t||2Loo(o,T;L2(Rd)) + z:l&/Rd |Vug|de < o ||uiniH%2(Rd)7 (40)
and
b 1
Z ¥ / o(h) |Vt 2 dw = 6(h Z #3S  T ut < e (4)
n=0 KE€ET, pEVK qEVK

Proof Thanks to Proposition 3.10, letting n(s) = s2, we have

/ 72 (2)2dx < / al(z)2da. (42)
R4 Rd

We test (29) with vy, = &) "" and, since A\ ™' € Sgn(Vu} ™), we obtain
S mpuptt () / (IVap*| + 6(h)|Vap ' ?) du = 0.
peN
This leads to
n+1 1 n+l "+% 2 - n+2 & ‘7An+1 9 ‘7An+1 d -0
Sy (G + S - - St ) 4 VBT +0mIvET ) de =0,
peN
hence giving, thanks to (42)
> my ( un ™) > + &/ (IVap | + o(h)|Vaytt?) da < 0. (43)
peEN
Summing (43) over n € {0,...,m} for any m =1,..., N — 1 we obtain the inequality
1 ~ 5
5 S mpup +Z&/ (V| + 0V P) de < 3 my s () (14)
peEN pEN

We conclude the proof of the lemma since the above inequality holds for any m. O
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4.2 Time translate estimate

Proposition 4.4: Let us assume Hypotheses (HC) and Hypotheses (HD). Let u) € L°>°(R%) N L'(R¢) and, for all

n €N, uh—s_2 e L®(RY) N LY(RY) and (u) ™, AT € X, x Ay, be a solution to Scheme (27)-(30). For all
R > 0, there exists a constant C, independent of the family (F}, &)n,&>0, such that,

T—s
/ / g (@,t+5) — Tng(e,t)| dedt < Cy/s, Vs e [0,T]. (45)
0,R)

Proof 1. Let s € [0,T]. Using the Cauchy-Schwarz inequality, we have

1
T—s T—s 2
/ / [an.a(z,t+8) — Up,a(z, t)| dedt < C’RdT/ / (Up,o(x,t +5) — Hh’&(x,t))z dadt
0 B(0,R) 0 Rd

(46)
We define the function v : R — Z such that v(t) = n+1if t € (nd, (n+1)&] and the function x,(¢,s) : RxR —
{0,1} such that x,(¢,s) = 1if v(t) <n < v(t+s) and x, (¢, s) = 0 otherwise; so that

T—s T—s 2
/ / (s (st + 5) — g (0, £))? dadt = / / (7~ ®) dear
0 R4 0 Rd

T—s
”“*3) *”“)) (t,s) (@t —ap) dedt. (47
- an 9 ("t — ) dede. (47)

2. We denote 7 = 0 or 7 = s, and we multiply (28), for n > 1, by & u, Y(47) and sum over all peN:
n+3 v(t+r
Dm0 (i E ) 303w () - ) =0, (43)
pEN peEN gEN,,

We test (29) with v, = &AV(HT

> myuptn) (ugﬂ - u;‘+%) +a [ ertova pemyvartt . vart ) de = o. (49)
peEN R¢

Adding the above equalities (48) and (49), we find

Zmpu;(t-‘rT) (”Z+1 + &Zul/(t-‘ﬂ') Z ur, q ng(u;’ug))

pEN pEN qeEN,

o [ pttovadT pgmyvartt . vad Yy de = 0. (50)
]Rd

3. Let pe N, g € N, and K an element of 7, for which x, and x, are vertices. In view of (HD1) and (HD4),
forn>1,

’ Uy g ) = g (uy, u p)‘ < 2my g Lluy — ug| < 2my, th‘Vah|K| < Chd‘vah|}<| (51)

Therefore, owing to (HD3) and the finite number of neighbours in D,

S up N (Fy i ug) = Fp (u, un)) SC/RdIVﬂhldw (52)

pEN qEN,

The property [\ | <1 gives immediately

n ~v(t+T)
/Rd Apttova, T da

< / Va7 da, (53)
Rd'
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From (50), (52) and (53), it follows

—v(t+7T) (—n+1 _ —n
/Rd u, (uh uh) dx

4. Using the above estimate (54), we have

Vi ~v(t+1 o(h ~n ~v(t+T1
< C&(/R (vap) + 19+ 2 goq +1|2+|Vuh“+>|2>>dw). (54)

T—s

HT) Z Xn(t,s) (@t —ay ) dadt
n=1

< CZ/ An +Bu(t+7—))d

Rd

with, foralln=1,..., N,
n __ -~ e(h) ~n+12
A" = (IVuy | + —=|Vup ™ |7) dz
Rd 2
and olh
B :/ (vap| + 2% \varp) de
R 2
We then apply [17, Lemma 4.6], which leads to

N
711 t+'r) n+1 —n n n
n t — dadt| < C a(A B™). 55
, nE 1 Xn(t,s) uh) zdt| < Cs E (A" 4+ B™) (55)

n=1

T—s

R

5. Recalling (40) and (41) which provide bounds on ZnN:1 &(A™ + B™), and collecting (47) and (55), we obtain
the desired estimate (45). O

4.3 Space translate estimate

Proposition 4.5: Let us assume Hypotheses (HC) and Hypotheses (HD). Let u) € L°>°(R%) N L'(RY) and, for all

neN u +2 Tt e LR N LY (RY) and (u) ™, A1) € X, x Ay, be a solution to Scheme (27)-(30). There
exists a constant C, independent of the family (Fj, & )n,&>0, such that

T
/ [un.a(z+y,t) —ap ez, t)| dedt < Clyl, Yy € R%. (56)
0o Jre

and, for any R > 0, there exists C’, independent of the family (Fj, a)n 60,
T
/ / .5 (x +y,t) — Ups (2, 1) dedt < C(|y| + 20T RR), Yy € R (57)
0,R)

Proof For a given element K € Tj, and a given couple of points (a,b) € R? x R? we denote by xx(a,b) the
length of the segment [a, b)N K. In particular, if [a, b] does not intersect K, then x(a,b) = 0. Let n € {1,..., N’}
and (z,y) € RYxR%. By applying the mean value theorem on each element intersected by the segment [z, z+y],
we find the inequality

ap(z+y) —p(@)] < > xx(@z+9)|Vay gl (58)
KeTn

Next, an integration with respect to x yields
[ i)~ @@l de < 3 (Vi [ (oo +y)de (59)
KeTh

For any K € T, the function = — xx(z,z + y) is bounded by min(h, |y|) and is zero outside a domain of
measure lower than h?~!(h 4+ |y|). Therefore,

/ X (@, + ) da < WP (h + [y]) min(h, ly]) < 2]y, (60)
Rd

and

/ @@ +y) — T @) dr < Clyl 3 hvaR . (61)
KE,Y-}L
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Using the hypothesis (HD3), we obtain

/ > VR ] < C/Rd \Vay| da. (62)

KeTn

Summing the above inequality (62) over {1,..., N}, and using (40), we find the desired estimate (56). We then
deduce (57) using (22). O

5 Entropy formulation for the approximate solutions

The aim of this section is to establish an entropy formulation, similar to (7), for the approximate solutions. We
first prove a discrete entropy inequality for the finite volume step (Proposition 3.9). Then, we take into account
the finite element step to obtain the complete discrete entropy formulation (Proposition 5.1). Error terms occur
in this formulation. Proposition 5.1 ensures that they tend to zero when the meshsize and the time step tend
to zero.

Proposition 5.1: Let us assume Hypotheses (HC) and Hypotheses (HD). Let u) € L°°(R%) N L'(R¢) and, for all

n 1 .
n €N, Hthz e LR N LYRY) and (uf ™ APt € X, x Ay, be a solution to Scheme (27)-(30). Let
(n, ®) be an entropy-entropy flux pair. Then, for all nonnegative test functions ¢ € C°(Qr),

/ n(Gp,5)Opp dadt —|—/ O(z,t, Up,) - Vedadt — / 0 (o) An,a - Vo dadt

T T T

- / oIV (G g)| dardt + / D(E0)@(2,0) Az + eh g + g+ €hy +eh gty tely >0, (63)

T R4

where ei,&? e%h&, e%ﬁ“ e‘i’;&, 627&, and 62,&7 defined by the relations (72), (76), (78), (79), (73), and (74),
respectively, satisfy

, im (lep 5l + le ol +1€h &l + lenal +1eh sl + e &) = 0. (64)
—0,5t—0

Proof First step: proof of (63)

1. Let ¢ € C®(RYRL). We set vl = n/(u ™). We test (29) with the function v} ™' € Vj, such that
onth =/ (unt (), for all p € N. We get:

—u
> my e (up T () + / At Vot  o(h)vap - Vot da = 0. (65)
R4
Since 7 is convex,

and thus (65) leads to

(uptt) - n<u§3+2> pbl bl 1t
Zmp Y(zp) + [ O Vot 4 o(h)Vaptt - Vot de < 0. (66)
peN R4

The second term of (66) can be rewritten as

M vt de = AL thide + [ APV (ot = o™ da
R4 Rd R4
= /Rd ALV (o (@) ¢ da +/ A vy (@) da + » AV (pth — o™t da. (67)
We have
[ v @)ede= [ @t v@ el = [ i@ s (09
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The third term of (66) can be rewritten as

[ omvatvtia—om 33 Y i
Rd

KeTh pEVK q€EVK

with

T=om) Y S S TR — a0 () — o (u

KeTn pEVK q€EVK

n+1

q

o Y Y Y T

KeTh pEVK q€EVK

Collecting (66), (67), (69) and (68), we obtain

ntl
n+1) 77(“ +2)
> m, ™
peEN
< )\n-‘rl v n+l n+1 d 9 T n+l
< L (11 vy x+ ZZ pal U

peN geN

Taking 1 = ¢(-,t) in the above inequality, then integrating on (¢",¢"*!) and summing over n € {0, ...,

we eventually find

ZZ ) <u;‘*%> /

n

gt

n=0 peN T
b [ ol (@)l dodt < chg + chp el
Qr
where -
el g = / inf IV (0 (Un.a)p — vp)| dadt,
’ vh€Vh JRd
t7L+l
ey &= Z / /]Rd M (@) - V(i (z,t) — o™ (2, 1)) dadt,
and
= ' (up ™)+ (ugt)

Ga= 2 [ 00 X X Y T - el t) -

n=0""" KeTn peEVK q€VK

tn+1

2. Multiplying (33) by ¢} :=

P
Z Z p—% + Z Z Z @) q(up, ug)

n=0 peN n=0 pGN qe./\/

+ / n/(a}h&)/\h@ -Vpdxdt + / (,0|V’I7/(ﬂh75t)| dzdt — e}, &

Qr

where

n+1 nJr%
R RICE

n=0 peN

Now, observing that

/T N(Up,a)Opp dxdt = Z Z w /t / (2, ") dadt — Z n(ug)/ o(z,0)dz

peN Q:ﬁ

n=0 peN

n+1)(

n+1
q

ug ™ ()

p

)

)(W(p) —

P(xp) + ¥(xq)

2

¥(xq))

— (x4

(g, 1)l

mypp(zp, t) dt + / 0 (Un,o) Ao - Vo dadt

>0

gt ()

() / AL Ty (@) de + / IV @) da

)+ (gt

2

fQ o(x, s) dads, then adding to (71), we obtain

dt.
2

5 6 2
—€na —€na — Cha <0,

N —

(70)

1},
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we can rewrite (75) as

/ N(Gp, 5 )Opp dadt +/ O(x,t, Up,5) - Vedadt — / 0 (Un,o) An,a - Vo dadt

T T T

- /Q AV () dadt + 3 n(u /Q (@, 0)dz+ ey + el g+ el gyt ey telately >0, (77)
peEN 4

where

tn+1

n+1
eh &= Z Z </ / z, ") dadt — <pp> , (78)
n=0 peN

eﬁy& = —/ O(z,t, Up,) - Veodrdt — Z Z Z Oy (uy,ug )y (79)

n=0 peN Mp qeEN,

Second step: proof of (64)
1. Study of e!

Setting w(t) := n'(un(¢))p(t), we can write e}h& = fOT infy, ev;, [w(t) — vnlwi(re) dt, where | - [yy1.1(gay denotes
the semi-norm of the Sobolev space W11 (R%). The gradient of w(t) is

Vw(t) =1/ (@n(t))Ve(t) + ()" (@n () Vin(t).
Therefore, using Proposition 3.8 and (40), we obtain
lw(t)|w11 ey < C,

where the constant C' depends only on 7, ¢, ag, and by. Then, the family of meshes being shape-regular
(hypothesis (HD3)), a standard approximation result [14, see, e.g.,] ensures that

fm inf Jw(t) = vnlwrage),

and thus

2. Study of e and €3

Since 7 is C! and the discrete velocity is bounded between ag and by, we have

N—-1 ¢+l
+
25l < 305 (i) — n(up ) / / Voo, t)] dedt
n=0 peN
N-1 )
<C Z Zmp&\ugﬂ —up e,
n=0 peN

Employing the same arguments as in the proof of Proposition 4.4, we can derive the estimate

N—-1 N
S Yl - <

n=0 peN

Hence |ej 5| < Cd. Similarly, [e} 5| < Cdt.

3. Study of e*
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Set
1=y Sy gy ad I - [ et Vidsd,
7=0 pen P geN, T

so that eh & = —1+1I". From (3.5), it follows > . @7 ,(u,u) =0 and thus

I_ZZ Z up,ug) — By (up,up)) op = I + I,

n=0 peN pqu

where
. X N-1 ]

Li=30 30 (@ () = @ () o, D=0 Y (R () — @ (g ) @]
n=0 (p,q)ecp ? n=0 (p,q)egp !

I =— Z Z/ / Yoty ) - Vp (7, t) dydt
el

-y ¥ / / ) g = R0, 10) - vyg) @0, ) dydl

n=0 (p,q)€&p
:I1 _12

where

0) — @(v, t,uy) - Vp)q) (7, t) dvydt,

~
=%
I
MZ
L
\
° =
t
\
/—\
5 —
KA
=3
P
<
S
<
=}

( n ) — Byt ul) - ) (7. 1) drt.
Mp.q

I;N;/

Let us now estimate |I; — I7|. We first rewrite I as

tn+1

Z o (B, ug) = @p  (up,up) mm i t) dtdy

"0(pq)687?
71+1
Yy / / < ") - @(v,s,u;‘)~Vp,q><p(%t)dtdv-

n=0 (p,q)€E&}

Then, the consistency of the family {®} ,} with ® allows us to turn the above equation into

gntt
Z Z p’ q) (I);L,q( D p m . / dtdfy
n=0 (p,q)€&p p,q Jt
gl ) -
+Z Z / / ( Uup)  Vpg = ——0p o (u, up ) / / o(7,t) — p(&, s) dsd€ | dtdy.
0 ! mp’q Armp,q
n=0 (p,q)€&y

Hence

R gt

L-IT = Z Z (U uy) — @5 (uy, ) &Qmpmpq/ / / / ,s) dtdedsdy

n=0 (p,q)€€&}

+Z Z /Wl/ ( (U uy) — @y, t,uy) - up,q) Sy . ( ttn“/ o(y,t) — (&, )dsd§> dtdy.

n=0 (p,q)€&}
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From the mean value theorem and the uniform Lipschitz continuity of {@;‘, q}, we thus derive the estimate

N-1 N-1
L= <Ch+a) | Y > dmpglup —uf|+ > Y dh+d)my,
n=0 (p,q)€&} n=0 (p,q)€€p

Using the finite number of neighbours in Dy, hypothesis (HD5), and estimate (40), we obtain the bound

N—-1 N-—1 N—1
S wmpur—w <0y Y andvag, <oy &/ V| dz < C. (80)
n=0 Rd

n=0 (p7q)€5;f n=0 KeTy,

Using (HD1) and (HD5), we also obtain

N-1
Z Z d(h+ d&)mp,q < C. (81)

n=0 (p,q)€&}

Finally we deduce the estimate |I; — I7| < C(h + &). The term I — I3 can be treated similarly, which yields
lep 5| < C(h+ ).

4. Study of &°

We let, for t € [t",¢" 1] 1 = (-, t). Defining yx = 0 if ¢»(x) = 0 on K and 1 otherwise, we observe that

/ APt (U"H — UZH) dx = Z XA / \Y% (v"+1 — UZH) dz,
R¢ KeTh K

and we have

[yt —gtya= 5 [ - 0o

oelk g

We use the fact that, for all f € C?(7) and for all x € o, we have |f(z) — fr(z)| < max,c, |[D?f(z)|h?, denoting
by fn(x) the affine function equal to f at the vertices of the simplex o. Moreover, UZH is affine on o with

tangential gradient bounded by |VuZTKI| We then get, for all z € o, letting Cy be a bound of |1/, |n”| and |n|

and C¥ be a bound of ¥, |V¢| and |D2y|,
[ (™)) = (f (up ™)) (@)| < WECTCY (IVup 1P + 2|V i+ 1).

Since the above expression is integrated over o,we get

/Rd AV (T —opty de < YN ko R CECY (I + 2|Vl + 1),
KeThoelk

Thanks to the geometrical hypotheses and to (41), we get

h
21, n+12 n+12
E E xxlolh |Vuh|K| <Ch E \K||Vuh|K| < mc

KeTh o€€k KeTn

Besides, we have, thanks to (40),

YD xxlolh® |Vl < Ch Y K| Vujiil] < hC.
KeTy 0€€k KeTy,

Finally
> > xxlolh® <Ch Y xk|K| < Chlsuppy|.

KeT, 0€€xk KeTn
Hence each of the above terms tends to 0 with A thanks to Hypotheses (HD).
5. Study of €
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We again let, for t € [t",t" 1], ¢ = p(-,t). Letting Cy be a Lipschitz constant for 1, and C a bound for
n’(u;”rl), we get, thanks to the Cauchy-Schwarz inequality

(0 m+1 + 1(nm+1
SN Tt ey - g )

KeT, pEVK qEVK

1/2

<TO [ 30 3 > mip™ —ugt™? Y ST N Tl — oy

KeTr pEVK qEVK KeTh pEVEK qEVK

Thanks to the geometrical hypotheses and to (41), we get

1(,n+1 r(, n+1 . C 1/2
oY S T Tl = te) vl D) <Gos0m (s )

KeTn peEVK qEVK

which tends to 0 with h thanks to the hypotheses (HD).
d

6 Convergence of the approximate solutions

The convergence proof follows a fairly standard path. We consider a sequence of discretisations (Fn, o, )keN
whose meshsize and time step tend to zero. In addition, we assume that (Fp, &, )ken satisfies uniformly the
conditions (HD1)-(HD5) and that the sequence of initial conditions (@}, )xen converges to uip; in L'(R?). There
is no difficulty to build such a sequence of discretisations. The approximate solutions on (Fy, s, )ken are denoted
by (@n, 5, )ken, (Uhy,o)ken and (An, &, )ken-

In a first step (Proposition 6.1), we extract converging subsequences from the sequences (@n, s, )keNs (Why o, ) keN
and (A, &, ke, using compactness arguments, notably the Kolmogorov-Riesz theorem. We then pass to the
limit in the discrete entropy formulation (63) to deduce the convergence of (Up, s, )ken toward the entropy
solution (Theorem 6.2). We can conclude to the convergence of the whole sequence (U, s, )ken by uniqueness
of the entropy solution.

Proposition 6.1: Let us assume Hypotheses (HC) and Hypotheses (HD). Let @), € L>(R%) N L!(R?) and, for all
n €N, HZ+§,EZ+1 € L®(RY) N LYR?) and (u)t, A1) € Xj, x Ay, be a solution to Scheme (27)-(30). Then
there exists u € L>(Q7) N L*(0,T; BV (RY)), and A € L>(Q7)?, with |A\| < 1 almost everywhere on Qr, such
that, up to a subsequence,

Uhy,dt, = w ID L%OC(QT), Uhy,dt, — W ID Llloc(QT), A.aty — A weakly- in L*°(Qr). (82)

Proof 1. The estimates (45) and (56) allow us to apply Kolmogorov theorem to the sequence (Up, s, )ken-
Thus, there exists u € L'(Qr) such that, up to a subsequence, (U, &, )ren converges to u in Ll (Qr). Apply-
ing (23) and (40), we get that up, &, — u in L _(Qr) as well. Furthermore, u € L>(Qr) N L*(0,T; BV(R%)),
since the sequence (Tp, &, )ken is uniformly bounded in L (Qr) and L*(0,T; BV (R%)).

2. As the sequence (Ap, &, )ken is bounded in L>(Q7), there exists A € L°°(Q7)? such that, up to a subse-
quence, (An, &, )ken converges weakly-* to A in L>°(Qr). Furthermore, [A| < 1 almost everywhere on Qr, since
|)\hka&k| <1on QT- [l

Theorem 6.2: Let us assume Hypotheses (HC) and Hypotheses (HD). Let @) € L>(R%) N L'(R?) and, for all
1

n €N, EZ+2,EZ+1 € L®RY) N LY (R?) and (u) ™, \!) € Xj, x Aj, be a solution to Scheme (27)-(30). Let

u € L>®(Qr) N LY(0,T; BV(RY)), and A € L>(Q7)?, with |A| < 1 almost everywhere on Qr, such that, up to

a subsequence, the convergences (82) hold. Then wu is the entropy solution of (2)-(3).

Proof Fix an entropy n and a test function ¢. Let (@n, ) )keNs (Uhy,o,)ken and (An, o, )ken denote the
subsequences extracted in Proposition 6.1, and u and A denote their limits. The sequence (@p, &, )ken 1S
bounded and converges in Li. .(Qr), therefore

/ n(ﬂhm&k)aﬁpdxdt—k/ O (z,t, Up, o, ) - Ve dedt —

T T Qr

(n(u)atgo + O(x,t,u) - Vgp) dzxdt.
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Since p, 5, — w in Li (Q7) and A\, &, — A weakly- in L>(Qr),

/ 0 (Uhy ot ) Ay, ity - Vi dtdz — 7' (u)\ - Vo dtda.
Qr Qr

By lower semi-continuity of the total variation relatively to the L' convergence, we obtain

tin inf [ oIV @) dtde > [ Dl ()]
QT

k—+oo T

From (27), we get that ﬁ%k — Uiy in LY(RY), and thus

/ n(@)e(z,0)dz = [ n(um)e(z, 0) dr.
Rd Rd

Finally, using the above limits and Proposition 5.1, we can pass to the limit in (63) and find

/ (n(u)atgo + (P(z, t,u) — Ay (u)) - V(p) dzdt — / @ | D[y’ (w)]|dt +/ N(uini)(z,0) dz > 0,
T Qr Rd
which proves that u is the entropy solution. Owing to the uniqueness of the entropy solution (proved in Section
1.4), we conclude that, in fact, the whole sequence (U, &, )ren converges to u. O

Remark 6.3: In the present article, we have proposed a finite volume-finite element approximation of a simplified
scalar model of inviscid Bingham flow and proved its convergence. The convergence analysis relies on L™ (Q7)
and L'(0,T; BV (R?)) estimates of the discrete solution. The L>(Qr) estimate is obtained by a maximum
principle in both the hyperbolic flow step and the total variation flow step.

The extension of the finite volume-finite element approximation to the vector-valued inviscid Bingham flow is
quite straightforward. We refer to [23] for the finite volume approximation of hyperbolic systems and [7, 5] for
the approximation of the vectorial total variation flow. However, the convergence analysis in this case seems out
of reach. The difficulties do not come from the vectorial total variation flow: the BV estimate is still valid and,
although there is no longer a maximum principle, a L> estimate can still be proven [5]. On the contrary, most
of the tools used to prove the convergence of a finite volume approximation of a nonlinear hyperbolic scalar
equation (maximum principle, L™ estimate, weak BV estimates) are no longer valid in the vectorial case.

7 Numerical examples

To illustrate the behaviour of the numerical scheme, simulations are performed on two examples: a one-
dimensional problem where the flux function F' describes a Burgers flow (we use Scilab for these simulations)
and a two-dimensional problem where the flux function F' describes a mere advection (we use FreeFem++
for these simulations). We numerically solve the two-dimensional problem posed on R? by considering periodic
boundary conditions. Since in this case, an analytical solution is known, a quantitative study of the convergence
is provided. In both cases, we do not implement the additional term in 8(h), which allows for keeping a compact
support for the approximation of u in the numerical tests.

7.1 Burgers flow and total variation flow in 1D

We consider the equation
1
Opu + iax(uQ) — g9, Sgn(0,u) =0, (z,t) e R x (0,7), (83)

with ¢ = 5-10~*. The initial datum is a bump (see Figure 1, left). The computational domain is taken large
enough for the solution not to touch the boundary in the course of the simulation. The finite element and finite
volume meshes, of size h, are staggered. The finite volume step is advanced using the Godunov scheme [25, see,
e.g.,], which is stable under the CFL condition sup,, |uy |0 < %h, for all n € {0,..., N — 1}. As in the previous
test case, the finite element step is solved using the lagged diffusivity algorithm

The numerical simulation is performed with A = 0.002, & = 0.001, ¢ = 10~® and 20 iterations at each time step
for the lagged diffusivity algorithm. In Figure 1, the computed solution is represented at different times. As
in a Burgers flow (without total variation flow), a shock wave forms at the right end, while a rarefaction wave
forms at the left end. The main difference introduced by the total variation flow is the progressive clipping of
the solution.
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Fig. 1. Burgers flow and total variation flow. Numerical solution at times ¢t = 0, ¢ = 0.05, and ¢ = 0.15.

7.2 Advection and total variation flow in 2D

We consider the problem
Ot + ¢z 0zu + cyOyu — g div Sgn(Vu) =0, (z,y,t) € R? x (0,7T), (84)
where c,, ¢, and g are constants. The initial condition is

u(z,y,0) = 1p,(z,y), (z,y) € R?, (85)

where 1p, denotes the indicator function of Dy, the disk of radius r¢ centred at point (zg,yo). It is possible
to determine the exact solution to this problem. Indeed, for some bounded sets S of finite perimeter in R?,
including disks, it is proved in [4] that the solution of

Oyu — div Sgn(Vu) = 0, (z,y,t) € R? x (0,T),
u(z,y,0) = ls(z,y), (z,y) € R?,

is the function u : (z,y,t) — (1 —|dS|/|S|t)" 1s(x,y). The proof can be easily adapted to deal with the
advection and the exact solution of (84)-(85) is found to be

+
w: (x,y,t) — (1 — igot> 1py(z — cat,y — cyt).
The numerical simulations use the following parameters: (xg,y0) = (0.3,0.3), 7o = 0.2, ¢, = 0.8, ¢, = 0.2,
g = 0.03. To mimick the space R?, square domains with periodic boundary conditions are used for both the
finite volume step and the finite element step. The finite element domain, denoted by {2, is meshed with squares
of size h divided into two triangles. The finite volume domain, slightly larger than the finite element domain,
is meshed with square cells of size h, centred at each node of the finite element mesh. Such a pair of meshes is
represented in Figure 2. The advection step is solved using the so-called corner-transport upwind scheme [25,

Fig. 2: Example of meshes used for the two-dimensional simulations. The finite element mesh is in solid line
and the finite volume mesh is in dashed line.

see, e.g.,], which is slightly more accurate than the standard upwind scheme. This scheme is stable under the

CFL condition & < min ( h %) The finite element step is solved using the lagged diffusivity algorithm, whose

[

principle is recalled in Appendix A.
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Remark 7.1: The corner-transport upwind scheme does not fit exactly into the theoretical framework defined in
Section 3.1 since there is a numerical flux between the cells that touch at corner. However, the well-posedness
and convergence results remain valid (the proofs can be readily adapted).

The first simulation is performed with © = (0,1) x (0,1), h = 0.01, CFL= 1, € = 10~% and 20 iterations at
each time step for the lagged diffusivity algorithm. The numerical solution, represented at different times in
Figure 3, is in good agreement with the exact solution: the contours are sharp and the support is little deformed.
Interestingly, the total variation minimisation in the finite element step limits the diffusion due to the finite
volume scheme; see Figure 4. Table 1 collects the relative error between the exact solution and the discrete
solution in L'-norm for various meshsizes (keeping a CFL equal to 1). Precisely, the relative error is given by
the expression

|uP" — tUn &l L1 (2 (0,7))

[[uPer{| L1 (ax (0,1))

where uP°" is the periodic version of v and the norms are computed with a second-order accurate quadrature
formula. The results show, as expected, a decrease of the error when the mesh becomes finer. The computed
convergence rate is clearly sublinear (0.28 between the first mesh and the second mesh, 0.21 between the second
mesh and the third mesh). It is probably due to the discontinuity in the solution. Indeed, the optimal L'-norm
convergence rate for a monotone scheme applied to a linear advection problem with discontinuous data is only
O(hz) [29]. The convergence rate for the total variation minimisation with finite elements seems also to be
sublinear in the case of a discontinuous source term (the best L2-norm convergence rate proved in the literature

is O(hs) [2]).

S

Fig. 3: Advection and total variation flow. Numerical solution at times ¢ = 0, t = 0.5, ¢t = 1, ¢ = 1.5. The mesh
is warped according to the value of the solution and the color scale goes from blue (0) to red (1).

™
\

Fig. 4: Numerical solution of the advection and total variation flow (left) and numerical solution of the advection
without total variation flow (right) at time ¢ = 1.5. The color scale goes from blue (0) to red (1). The
black circle indicates the support of the exact solution.

Remark 7.2: The regularisation parameter € is taken very small and the number of iterations is relatively large
in order to make negligible the error due to the lagged diffusivity algorithm. It is actually possible to choose a
larger regularisation parameter (and thus a smaller number of iterations) without deteriorating the convergence
rate of the finite element step. We refer to [21] for the scaling law relating the meshsize to the regularisation
parameter.
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h relative error
0.02 0.618
0.01 0.5099

0.005 0.4403

Tab. 1: Relative error between the discrete and exact solutions in L!-norm.
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A Lagged diffusivity algorithm

The lagged diffusivity algorithm is a simple and efficient algorithm for solving the discrete total variation
minimisation problem [30, 12]. Under the notation of Section 3.1, consider the minimisation over Y}, of the
functional Jj : Y, — R, defined by

1 5
Jn(vn) :=/ (55 @n (@) = 2(2))* + [VOn(2)]) da,
where z;, € RY is such that z;, € L2(R?), & > 0 are given and where
Y, = {vn, € RY; Vo, € LY(RY), 7, € L*(RY)}.

The lagged diffusivity algorithm replaces the nondifferentiable functional .J;, by the regularised functional Jj :
Y;, — R, defined by

Jr(vg) == /]Rd(%(ﬁh( ) = Zn(2))? 4+ Ve(@)? + |Vou(x)[2) da

where €(z) € L'(R?) is a small positive function on R?. Then the respective minimisers uj, and u§ are the
respective solutions of the following variational inequalities:

/Rd(%(ﬂh(x) = Zn(2)) (n(x) = un(z)) + |Vou(z)| — [Vun(2)]) dz = 0, Yo, € Yy,

and

/ (%(ﬂ (z) — Zn(2) (On(x) — 5 (x) + Ve(x)2 + |Vou(x) 2 - \/e(x)2+|va;(x)\2)dx >0, Yo, € Yy,

Letting vy = uh in the first one and v;, = uy, in the second one, adding the resulting equations, using |V ()] —
Ve()? + [V, (z)]? <0, we obtain

/<_%<m(>_uh 24 V/e@)? + [Van(@)2 — |Van()]) dz > 0.
Rd

We now use

Ya,b>0, Va2 +b2 <a-+b.

We get

@ [ oyt [ i) - wi (o)

which proves that , tends to uy, in L?(R?) as € — 0 in L'(R%). We now remark that the minimiser u§ of J5
is also solution of the variational problem

L) o)+ e Tl
LG ) + T
(0)

The preceding problem is then computed with a fixed-point algorithm. The algorithm is intialized with u;’ = zj.

At the iteration k 4+ 1, the approximate solution ugkﬂ)

)d:Z? =0, Yo, € Y),.

is computed by solving the linear diffusion problem
Vel (@) - V()
Vetw? + Vel @)

The diffusivity field in the above diffusion problem depends on uglk), whence the name lagged diffusivity.

)dw =0, Yu, € Y}.

LG @ =@ +



