N

N
N

HAL

open science

Convection and total variation flow

Francois Bouchut, David Doyen, Robert Eymard

» To cite this version:

Francois Bouchut, David Doyen, Robert Eymard. Convection and total variation flow. IMA Journal

of Numerical Analysis, 2014, 34 (3), pp.1037-1071. 10.1093 /imanum/drt039 . hal-00770644v5

HAL Id: hal-00770644
https://hal.science/hal-00770644v5

Submitted on 2 Nov 2016

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00770644v5
https://hal.archives-ouvertes.fr

Convection and total variation flow

Francois Bouchut' David Doyen'and Robert Eymard"
Université Paris-Est

Abstract

The flow of a Bingham fluid with inertial terms is simplified into a nonlinear hyperbolic scalar conservation law, regularised
by the total variation flow operator (or 1-Laplacian). We give an entropy weak formulation, for which we prove the
existence and the uniqueness of the solution. The existence result is established using the convergence of a numerical
approximation (a splitting scheme where the hyperbolic flow is treated with finite volumes and the total variation flow
with finite elements). Some numerical simulations are also presented.

Keywords: Bingham fluid, hyperbolic scalar conservation law, total variation flow, 1-Laplacian, entropy for-
mulation, finite volumes, finite elements

1 Introduction

A Bingham fluid, also called rigid viscoplastic fluid, is a material that behaves as a rigid solid below a certain
yield stress and as a viscous fluid above this yield; a familiar example of such a material is the tooth paste. For
a d-dimensional Bingham fluid, the relation between the stress tensor o, seen as a d X d matrix, the pressure p
and the velocity u is W
D(u
o= pId+g|D(u)\F +2vD(u), (1)
where g and v are positive constants, I is the d x d identity matrix, D(u) is the d x d matrix such that
D(u);; := 3(d;uj + 8;u;), and | - |p denotes the Frobenius matrix norm. The term g% enforces the plastic
behaviour, g being the plasticity yield stress, while the term vD(u) enforces the viscous behaviour, v being the
viscosity parameter. The mathematical analysis of Bingham fluid flows dates back to the work of [13], where
the problems are formulated as variational inequalities in Sobolev spaces. The numerical approximation of a
Bingham fluid flow is usually treated with finite element techniques; we refer to [11] for a recent review.
When the viscosity becomes negligible (v = 0), the analytical and numerical framework described above is
no longer suitable — let us mention however an existence result in 2D obtained by [25]. Although the study
of inviscid Bingham fluids has been initiated in [5] with the case of an unsteady flow without convection
term, the presence of a nonlinear convection term is naturally issued from the inertial term in the momentum
conservation equation. Unfortunately, the study of this problem seems to be out of reach in the actual state
of the art. Therefore, we consider here a simplified model of unsteady Bingham flow with convection. This
simplified model is scalar and consists in seeking u : R? x (0,7) — R and X : R? x (0,7) — R? such that

Opu + div F(z,t,u) — divA =0 and X € Sgn(Vu), on Qr:=RYx(0,T), (2)
u(x,0) = upi(x), on R% (3)
where d € N*, T > 0 is given, F' : R? x (0,T) x R — R? is divergence-free with respect to the space variables
and uiy; is a given function from R? to R. We denote by Sgn the vector sign function, which is the set-valued
map from R? to P(R?) defined by
Al <1 ifpu=0

xeS
€ gn(u)ﬁ{/\zﬁ if 40,
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where | - | denotes the euclidean norm in R9.

In equation (2), the term div F' describes the convection in the fluid regime, while the term div (Sgn(Vu))
enforces the plastic behaviour (the plasticity yield is taken equal to 1 for simplicity). Problem (2)-(3) is
considered in this work under the following hypotheses, denoted by Hypotheses (HC) in this paper.

(HC1) The initial datum wu;y; is assumed to belong to L'(R%) N L>(R%). The essential infimum and supremum
of ujy; are denoted by ag and by, respectively.

(HC2) The flux function F € C1(Qr x R,R%) is assumed to be divergence-free with respect to the space
variables, that is

d
E;
7295 (z,t,u) =0, Vo = (2;)i=1, a4 € R VYt €[0,T], Yu € R. (4)

i=1
Furthermore, g—i is assumed to be locally Lipschitz continuous and such that, for all compact set K C R,

’g—f’ < Ck a.e. on Qr x K, where Ck is a constant depending on K.

Problem (2)-(3) can be viewed as a nonlinear hyperbolic scalar conservation law regularised by the total variation
flow operator (or the 1-Laplacian). For nonlinear hyperbolic conservation laws, it is well known that the standard
weak formulation fails to ensure the uniqueness of the solution and must be replaced by an entropy formulation;
see, e.g., [21] or [26]. With some types of regularisation, as for instance the viscous regularisation, the uniqueness
is recovered. That is not the case with the total variation flow regularisation, which has no spatial smoothing
effect and does not prevent the formation of shocks.

Nonlinear hyperbolic problems are usually approximated with finite volumes [15, 22, 24]. Unfortunately, finite
volumes are not suitable for the approximation of the total variation flow: indeed, if a sequence (ug)gen of
piece-wise constant functions converges to u in L', the total variation of u; does not converge in general to the
total variation of u (see [3] for an example). The total variation flow must be approximated in W1!-conforming
discrete spaces, such as Pj finite element spaces [2, 19, 20]. Numerical schemes combining finite volumes and
finite element schemes have already been considered for scalar conservation laws with a diffusion term [18] and
for degenerate parabolic equations [17].

In the present article, we first give an entropy formulation for Problem (2)-(3) and prove the uniqueness of the
entropy solution using the doubling variable technique. Note that our entropy formulation of the total variation
term is similar to the one developed in [4] to study the total variation flow with L] _ initial data (without
hyperbolic term).

The existence of the entropy solution follows from the convergence of a numerical approximation, based on a
splitting scheme. The hyperbolic flow is treated with finite volumes and the total variation flow is treated with
P; finite elements. The finite volume mesh is built as a dual mesh of the finite element mesh, which makes
simple the interpolation step between the two meshes. For the hyperbolic step (or finite volume step), we choose
an explicit time discretisation for sake of simplicity. For the total variation flow step (or finite element step),
we are led to define an implicit scheme accounting for the nonregularity of the total variation flow operator. To
guarantee the maximum principle, which is essential for the stability of the scheme, we use a nonobtuse finite
element mesh. A small parabolic regularisation term had to be included in this step; the magnitude of this
term is controlled by some function (h), where h is the size of the mesh, for proving, using entropies, the lower
semi-continuity of the bounded variation norm of the discrete solution (see the use of this term in (81)).

The convergence proof of the numerical approximation relies on the Kolmogorov-Riesz compactness theorem,
which provides us with the strong convergence in L{ _(RY x (0,7)) of the discrete solutions. It requires uniform
estimates on the space and time translates of the discrete solutions. To establish these estimates, the total
variation term is crucial. For scalar conservation laws without total variation flow regularisation, these estimates
are not true and the convergence study of the numerical approximations must be carried out with other tools
[10, 8, 15].

The article is organised as follows. In section 2, the concept of entropy solution for Problem (2)-(3) is defined
and its uniqueness is proved. Section 3 describes the numerical approximation and its first properties (well-
posedness, maximum principle). A priori estimates on the discrete solutions are provided in Section 4 and a
discrete entropy formulation is established in Section 5. The convergence of the numerical approximation (and
thus the existence of an entropy solution) is finally proved in Section 6 using the results of the two previous
sections. In the last section, some numerical simulations in 1D and 2D are presented.
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2 Entropy formulation for nonlinear hyperbolic equation with total variation flow

2.1 Functions with bounded variation

Let us first recall basic properties concerning the functions with bounded variation. For a comprehensive
presentation, we refer to [1], [14] or [30].

e Let  be an open subset of R?. The total variation of a function u € L'((2) is defined by
TVaq(u) := sup {/Qu dive da; ¢ € CH(R?) with ||@]| L0y < 1} .
In particular, the total variation of a function u € W11(Q) is equal to
TVo(u) = /Q IVl da.

The space of functions over ) with bounded variation, denoted by BV (€2), is the set of functions u € L*()
such that T'Vq(u) < 400. Equipped with the norm || - || gy (o) := || - [|z1(0) + TVa(:), the space BV (Q) is
a (nonreflexive) Banach space.

e The distributional derivative of u € BV (), denoted by Du, is the vector Radon measure such that
/ u divpde = —/ ¢ Du, Vo € CLQ,RY).
Q Q

e The norm of the vector measure Du is denoted by |Dul. It is a positive Radon measure and there is a
measurable function h : R — R?, with |h(z)| = 1 for all z € R, such that Du = h|Dul.

e The norm of Du is linked to the total variation by the identity |Du|(2) = TVq(u).

e The total variation is lower semi-continuous relatively to the convergence in L{ .. In other words, if
(ug)ken is a sequence in BV (Q) converging to u in Li, (£2), then

lim inf [Dug|(2) > [Dul(2).
k— o0

o If u e BV(Q) and f € CY(R), then f(u) € BV (Q).

e The space L*(0,T; BV (Q)) is the set of measurable functions u : (0,T) — BV (£2) such that fOT lu(®)|| v (o) dt <

+00. Equipped with the norm [ - ||z1(0,7;Bv () = fOT | - l|Bv(q)dt, it is a (nonreflexive) Banach space.
For more information on functions valued in Banach spaces, we refer for instance to [27, Chapter III].

2.2 Definition of entropy solutions

In the usual entropy formulations of scalar conservation laws, the admissible entropies are the C' convex
functions or the so-called Kruzhkov entropies. Let us recall that the Kruzhkov entropies are the functions |- —x|
with k € R, the corresponding entropy fluxes being the functions F (- V k) — F(- A k), where a V b denotes the
maximum of a and b and a A b denotes the minimum of a and b.

The entropy formulation of the problem (2)-(3), owing to the term div Sgn(Vu), requires more regular entropies.

Definition 2.1: Under Hypotheses (HC), an admissible entropy is a convex Lipschitz continuous function 7 €
C>(R). The corresponding entropy flux is the locally Lipschitz continuous function ® € C°(Qr x R, R%) such
that

[ oF 1M OF 1
O(z,t,u) = 5 /ao n/(s)%(x,us) ds + 5 /bo n/(s)%(m,t,s) ds + 3 (' (ao)F(x,t,a0) +n'(bo) F(x,t,by)) .

We then have g—i’(:ﬂ,t,u) = n’(u)‘g—i(m,t,u), and we remark that, since the flux function F' is divergence-free

with respect to the space variables, the entropy flux is divergence-free in the same sense as well.
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Remark 2.2 (Consistency with Kruzhkov entropy pairs): Definition 2.1 is such that, for n = |-—&| with ag < k < b,
then ®(x,t,-) = F(x,t,- V k) — F(z,t,- A k). This consistency property is used in the course of the proof of
the uniqueness theorem. Moreover, for any convex function n € C*°(R), letting ® be given by Definition 2.1,
integrate by parts in [ag,u] and [u, by] shows that the following relations hold for a.e. (z,t) € Qr:

I 1
nw) = 3 / 1" (s)lu— s|ds + 5((77/(610) +17'(bo))u +n(ao0) — n'(ao)ao +n(bo) — 1'(bo)bo),
O(z,t,u) = % /bo n"(s) (F(z,t,uVs) — F(x,t,uAs)) ds+ MF(LE,LU), Yu € [ag,bo]. (5)

ao
The following definition results from the computations of Section 2.3, by the vanishing viscosity method.

Definition 2.3 (Entropy solution): Under Hypotheses (HC), a function u € L>®(Q7) N L*(0,T; BV (R%)) is said
to be an entropy solution of (2)-(3) if there exists A € L>=(Qr)?, with || < 1 almost everywhere on Qr, such
that, for all admissible entropy-entropy flux pairs (1, ®) in the sense of Definition 2.1 and all nonnegative test
functions ¢ € C*(R? x [0,7T)),

/ (n(u)atap + (@(:r,t,u) — )‘77/(“)) . Vgo) dzdt — /Q ) ‘D[n’(u)”dt + /Rd N(uini (z))e(x,0) dz > 0. (6)

T

Since 7' is in C'(R), the function n'(u) is in L'(0,T; BV(R?)). Therefore, the term [, ¢ | D (u)]|dt is
meaningful. The function A, which is not necessarily unique, is called a multiplier by analogy with a Lagrange
multiplier.

2.3 Formal derivation of the entropy formulation

In order to enlighten the link between the strong formulation and the entropy formulation, we present below
a formal derivation of the entropy formulation by the vanishing viscosity method. Let us consider a viscous
regularisation of the equation (2). We assume that, for all e > 0, there exists (uc, Ac) with

Opue + div F(z, t,u.) — div A, — eAu, = 0 and A, € Sgn(Vu,). (7)

One can justify that this problem is well-posed and, owing to the term div A\, we can expect that u. tends to u
in L}, .(Qr) when e — 0. For a given admissible entropy-entropy flux pairs (7, ®) in the sense of Definition 2.1,
multiplying (7) by 7'(u.), we find

Opn(u) + v (@, tue) = A/ (u0)) + Vi (e) - Ae = () + € 1 ()| Ve = 0. (3)
The entropy 7 being convex, we have
V' (ue) - Ae = 1" (ue) Ve - Ae = 1" (ue)|Vue| = [V (u)].

Still by convexity of 1, we have
e ' (ue)|Vue|* > 0.

Let us now multiply (8) by a nonnegative test function ¢ € C°(R? x [0,T)) and integrate over Q7. We thus
obtain

| (w000 + (Bt = A (w) - T = (90 (w)l) dadt + [ n(una(a))o(e,0) dz 2 0. (9)

T Rd

Since ue — w in Li (Qr), it follows from the semi-continuity of the total variation that

€

liminf/ \Vn’(u6)|<pdxdt2/ @ | D[ (w)]]dt.
—0 Qr Qr

Since the family (Ac)eso is bounded, there exists A € L>(Qr)? such that, up to a subsequence,
Ae = X weakly-* in L=®(Qrp)<.

Finally, letting € — 0 in (9), we obtain (6).



2 Entropy formulation for nonlinear hyperbolic equation with total variation flow 5

2.4 Existence and uniqueness

Theorem 2.4: Under Hypotheses (HC), there exists one and only one entropy solution of (2)-(3) in the sense of
Definition 2.3.

Proof The existence of an entropy solution is proved by the convergence of a numerical approximation; see
Theorem 6.2 below. To prove the uniqueness, we use the doubling variable technique.

Step 1. Let u be an entropy solution and A, a corresponding multiplier. We consider the entropy n(- — k),
where 7 € C*°(R) is an even convex function and k£ € R. Let @, be the corresponding entropy flux. Then, by
definition of an entropy solution, for all nonnegative test functions ¢ € C*(R? x [0, T)),

| (n(uet) = )01+ (@t (o, 0) = Ao 0 (ulayt) = ) - Vo)

T

_ / @ | Dy (u(z, t) — k)]|dt —|—/ N(umi(x) — K)e(x,0)dz > 0. (10)
Qr R4

Let v be another entropy solution and A, a corresponding multiplier. Since 7 is an even function, n(- — k) =
n(k—-) and (- — k) = —n/(k — -). Then, denoting by y and s the space and time variables, for all nonnegative
test functions p € C°(Qr),

/ (77(% —0(y,9))0s 4+ (Pu(y, 5,0(y,5)) + Ao (y, )1 (K — v(y, ))) - Vyw) dyds

T

*/ @ | Dyl (k —v(y,s))]|dt + /Rd (uini(y) — K)e(y,0) dy > 0. (11)

T

Step 2. We now introduce well-chosen test functions. Let {p.}c~o be a family of mollifiers in R such that
supp p. C B(0,€) and {p.}e>0 be a family of mollifiers in R such that supp g C [—€,0]. Let » > 0, 7 > 0, and
€ CX(R,RT). We define ¢ : Qr x Qr — RT such that

¢(m,t,y, 8) = ¢(t)0r(l‘ - y)ﬁT(t - 5)7 V(x,t,y, S) € QT X QT~ (12)

We take k = v(y, s) and ¢ = ¢(+,+,y, s) in (10). Next, integrating with respect to y and s over Qr, and noticing
that ¢(z,0,y,s) = 0 for all s > 0, we obtain

/Q o (n(u(amt) —v(y, s))0:d + (@v(yys) (x,t,u(z,t) — Aoz, )0 (u(z, t) — v(y, s))) ~V$¢> dadtdyds
_ / | Daln’ (u(@,t) — v(y, 5))]| dtdyds > 0. (13)
QT *XQr

Similarly, taking x = u(x,t) and ¢ = ¢(z,t,-,-) in (11), then integrating with respect to # and t over Qr, we
obtain

/Q . (9, 1) = 05, )00 + (Puay (0, 5,005, 9)) + oy, ) (1) = v(y, 5))) - Vy6) dadtdyds

- / ¢ | Dyl (u(z, t) — v(y, s))]|dsdadt —|—/ N(uini(y) — u(x, t)é(z, t,y,0)dydzdt > 0. (14)
QT XQr

RIXQr
Adding the above relations (13) and (14), we find

A+ A+ A+ As+As+Ag + A7 >0,
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where

A= / n(u(z, 1) — v(y,5)) (6 + 0.0) dadtdyds,
QT XQr

Ay — / By (2, Uz, 1)) - Vypbddadtdyds,
QrXQr

A3 = / ‘I)u(w,t) (yv S, U(ya 3)) ' Vygbdxdtdyds,
QT xQr

A= [ 0wl t) = Ml o6 = ol 5)) - (V2 + ) docidyds,
QT XQr

AS = / )‘v(y7 S)T/(U(.’E, t) - ’U(y, S)) . Vﬂ:(bdxdtdyds - / ¢ ‘D .1? t) ,5))H dtdydsa
QrXQr QrXxQr

Ag = / Aoz, ) (u(z,t) — v(y, s)) - Vy¢ dadtdyds — / 1) |Dy[n’(u(x, t) —v(y,s |dsdzdt
QT XQr QrXQr

Ay = / umi(y) — u(e, £)é(x, t, 3, 0) dydzd.
RdXQT

Step 3. We now remark that we can get rid of A4, A5 and Ag, the terms arising from the total variation. The
term A4 vanishes owing to identity V ¢ + V,¢ = 0. The term As is nonpositive. Indeed, integrating by parts
with respect to x the first term of As, we obtain

TXQT

As =/ (Y, 8)¢ Do (u(z,t) — v(y, s))]dtdyds —/ ¢ | Daln (u(z,t) — v(y, s))]| dtdyds.  (15)
QT XQT Q

Since |Ay(y, )| < 1 for all (y, s) € Qr, we deduce that A5 < 0. With the same argument, we prove that Ag < 0.
Step 4. The resulting equation is now

A+ As + A3+ A7 > 0. (16)
Let k € R. Consider the sequence of entropies (7 )gen+ such that ng(x — k) := \/1/k + (z — k)2. This sequence
of entropies converges uniformly to the Kruzhkov entropy |- —k|, and the entropy flux converges as well to the

Kruzhkov entropy flux (see Remark 2.2). Passing to the limit in (16) with this sequence of entropies, we obtain,
A10 + A20 + A30 + A70 >0, (17)

where

A = / lu(z, t) — v(y, $)|(Org + 0s¢) dedtdyds,
QT xQr

AQO = / [F(JC, t, U(Z‘, t) N 'U(y, S)) - F(:Ca t, U(I7 t) A 'U(y, S))} : vw¢dzdtdydsa

Azg = / [F(y7 S, v(y, S) v ’U,(.T, t)) - F(y7 S, U(y7 S) A U(CE, t))] : vy(bdxdtdydsa
QT xQr

Aroi= [ Jualy) = ul D)6, t9.0) dydadt
RIXQr

Step 5. The remaining of the proof is identical to the one of Lemma 5 in [8], since its starting point is precisely
(17). O

3 Numerical approximation

3.1 Notation and hypotheses

The finite element mesh, denoted by Ty, is a conforming simplicial mesh of R? of size h: Ty, is a (necessarily
countable) set of disjoint open simplices such that | J KeT,, K =R% and h is the maximum value of the diameter
of all K € T;,. The mesh is conforming in the sense that, for two distinct elements K, L of 75, K N L is either
empty or a simplex included in an affine subset of R? with dimension strictly lower than d, whose vertices are
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simultaneously vertices of K and L. Therefore the set of the vertices of the mesh is countable as well, and
denoted by {z,, p € N}. In order to ensure the maximum principle, each element of 7, is assumed to be
nonobtuse; we recall that a simplex is said to be nonobtuse if the angles between any two facets are less than
or equal to 7/2. For any K € Tp, we denote by Vi C N the set of the d + 1 indices of the vertices of K, and
by €k the set of the d + 1 faces of K.

The finite volume mesh, denoted by Dy, is a polyhedral mesh of R? such that the interface between two cells
is a finite union of faces. The mesh Dy, is a dual mesh of 7}, in the sense that each cell of D), contains one and
only one node of 7. For any p € N, the cell of D;, containing the node x, is denoted by (),. We assume that

VpeN, Q, C U K.

KeT;, S.bt. pevi

Let us introduce some additional notation about Dj: N, is the set containing the indices of the neighbouring
cells of @, &, is the set of couples (p,q) such that @, and Q, are neighbours and p < ¢, 0, 4 is the interface
between two neighbour cells @, and @, v} 4 is the unit normal vector to o, ; pointing toward @, m,, is the
measure of @, my 4 is the measure of oy, 4.

Remark 3.1: Since a square can be divided into two right triangles and a cube can be divided into six nonobtuse
tetrahedra, it is easy to build nonobtuse simplicial meshes of R? and R?. In fact, it is possible to generate
nonobtuse simplicial meshes on any polygonal or polyhedral domain; see [6] and references therein.

Remark 3.2: The dual mesh can be defined, for any d > 1, by the following procedure. For any p € N and any
K € Ty, with p € Vg, the set fo is defined as the set of all points € K under the form =z = quvK AqTq, With

> gevi Ag = Land A, > A for all ¢ € Vi, and then define @, as the union of all QK such that p € Vi. In R?,

for every triangle K € 7}, containing the node x,, a part of the boundary of fo is the union of the segments
joining the centre of gravity of K with the midpoint of the two edges of K incident to x,. This yields a closed
polygonal line which delimits a cell @, associated to z,.

In our scheme, the unknown function is simultaneously reconstructed from the values vy, = (vp)pen at the vertices
using a continuous piecewise affine reconstruction denoted by vj, and using a piecewise constant reconstruction
denoted by vp,:

Yo, € RN, 5, € CO(R?) 5 ¢ is affine for each K € Ty, Op(zp) = vp, Vp €N,
Up € Lipe(RY) 5 Ty g, =vp, VpEN.

Letting K € Tp, if we denote by {z, }pev, the vertices of K and by {¢,}pev, the corresponding Lagrange basis
function, we can write, for any us, v, € RY,

Vi - Viup x = Z Z UpttgV Pp| i+ Vy| K-
PEVK q€EVK
Using the fact that ZPGVK ¢px = 1, and thus ZPEVK Vo, x =0, the preceding equation can be rewritten as
V@\h\K ~Vah|}< = Z Z Uq V¢p\K qu)tllK
PEVK q€EVK

Exchanging the roles of p and ¢, we get

Vo - Vi g = Z Z Up (Vg — Vp)Vop ik - Vg k-

PEVK qEVK

Adding the two preceding relations provides

2V - Vi == Y, > (up = g)(vp — v) Vo - Vg,
pPEVK qEVK
and therefore

/ Vop(x) - Vup(z)de = Z Z uq) (vp — vg) with T = —% /K Vop(z) - Vg (z)da. (18)

PEVK qEVK
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Since the simplex K is nonobtuse, we have the standard inequality (see for example [6])
Let us observe that, for any u;, € RY, we have, denoting for a.e. € R? by p(z) € N such that x € @,
for a.e. z € R, |y, (z) — ap(2)] = |(z — Tp(e)) - Vip(x)| < bV (x)], (20)
which implies, if V@, € L' (R9)?,
[@n = Un| L1 ey < RIIVR| L1 gaya- (21)
For the finite volume step, we need numerical fluxes F}', (uy, uy) between two neighbouring cells p and g at time

t", function of uy and uy, the respective approximations of the unknown function in @), and @, at time t". We

require that the family of numerical fluxes (F}',)p.4nen is admissible and consistent with the flux F in the sense

of the two definitions below. The Godunov scheme [24, see, e.g.,] provides, for instance, such numerical fluxes.

Definition 3.3: A family of numerical fluxes (F},)p.q.nen is said to be admissible if

o FJ', € C°(R?) and there exists L > 0 such that, for all p € N and ¢ € N}, and for all n € {0,..., N — 1},
the function F}}, is Lipschitz continuous with the constant m,, ,L with respect to each of its variables.

e F7, is monotone, in the sense that it is non-decreasing with respect to its first argument and non-increasing
with respect to its second argument,

e F', is conservative, i.e. FJ' (u,v) = —F}" (v,u) for all (u,v) € R?.

Definition 3.4: Let F' be a flux function. A family of numerical fluxes (F}';)p ¢.nen is said to be consistent with
Fif

tn+1

Fr.( F(z,t,u) - vpq dy(z)dt, Yu € R%, (22)

p’q
tn

Let us give two examples of consistent and admissible families of numerical fluxes:

e the Godunov numerical flux, defined by:

tn+1

uI<nglr<1v§/ / F(z,t,8) vpgdy(x)dt ifu<w

Fﬁq(“’ v) = trt
max —/ / (x,t,8) - vpq dy(z)dt if v <u,

v<s<u

e and the Rusanov numerical flux, defined, denoting by Lp a Lipschitz constant of F', by:

tn+1

Myp.qL
F} (u,v) &/ / ) Vp.q dy(x)dt + %F(u — ).

The following lemma, which is a discrete version of the divergence theorem, will be used below.

Lemma 3.5: Let (F}',)p.qnen be a family of numerical fluxes consistent with a flux function F* in the sense of
Definition 3.4. If F' is divergence-free, then

Yu € R, Z Fpq(u,u) = 0. (23)
qEN,

Proof Owing to (22) and to the divergence theorem, we have, for a given u € R,

tn+1

Zquuu /t"

qEN,

tn+1

F(z,t,u) vy, d (z,t,u
/ pqu tn 6:'51

which vanishes owing to the assumption that F is divergence-free. [J

) dzdt,

Remark 3.6: The consistency hypothesis for the numerical fluxes could be slightly weakened (see, for instance
[8, Section 2.1]).
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3.2 Description of the numerical scheme and well-posedness

We consider a family of discretisations (Fp e )n.s>0 — by discretisation, we mean a finite element mesh 75, a
finite volume mesh Dy, a time step &, a family of numerical fluxes (F}',)p,qnen. We assume that the following
hypotheses, denoted in the following by Hypotheses (HD), are satisfied uniformly by any element Fj, 5 of the

family.
(HD1) There exists a > 0 such that, for all p € N, m, > a h?, a |0Q,| < h?~!, and |K| > a h?, for all K € Tj,.

(HD2) There exists an admissible family of numerical fluxes (F}},)p.¢.nen in the sense of Definition 3.3, which
is consistent with F' in the sense of Definition 3.4. The constant L in Definition 3.3 is assumed to be

independent of the discretisation.

(HD3) The time interval [0,T] is divided into N equal intervals of length &, such that the following CFL

condition holds 2h
< — 24
=77 (24)

Note that, thanks to Hypothesis (HD1), the condition (24) implies that
mp

)
qu/\/p Mp,q

The scheme for approximating (2)-(3) is given by:

& < Vp € N. (25)

Sl

e Initialisation of (u))nen such that @j, € L>(R%) N L*(R?):

U, = — ; Uini (z)d, Vp € N. (26)
P

e Finite volume step. Letting (uy)pen such that uj, € L>*(RY) N LY(RY), seek (uy 2 )peN such that un+2 €
L®(R?) N LY(RY) and

1
n+§

" > By (upup) =0,  VpeN. (27)
qEN,

e Finite element step. Let 6 € C°((0,+00)) be a positive function such that

h
Y O(h) = lim 775 = O (28)

and let us define

Xy, = {vp € RY; Vo, € LY(RY) N L2(RY), 5, € L2(RY)}
Ap = {u, € L(RY)% pup, i is constant for each K € Ty}

Then the finite element step consists in seeking (u} ™', A}*t1) € Xj, x Aj, such that

—n—+1 7'”""%
/ %mdx + / (AP g(R)VartY) - Vo, do = 0, Yo, € X, (29)
R4 R4
APt e Sgn(Vapth). (30)

An example of such a function 6 is (h) = h” with 0 < v < 1. Note that, if d = 1, it is possible to let 8(h) =

Remark 3.7: The explicit time discretisation of the hyperbolic step could be replaced by an implicit time dis-
cretisation. In this case, the CFL condition (24) on the time step would not be necessary.
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For each discretisation Fj, s, we define the approximate solutions Up s : @r — R, TUps @ Qr — R, and
An,e 1 Qr — R such that
Upa(t) =apt  ifte (T,
Tna(t) =yt ifte (¢, T,
Aot ( ) = APt if e e (e .
The proposition below proves that the scheme has at least one solution, which is unique with respect to the
unknown wuy,.
Proposition 3.8: Let us assume Hypotheses (HC) and Hypotheses (HD). Then there exists at least one solution
1
to Scheme (26)-(30) such that @) € L°(R%) N L}(R?) and, for all n € N, w, 2, ui+! € L®°(R%) N L} (R?) and
1
(upt? )\ZH) € X x Aj. Moreover, ) and, for all n € N, ﬂz+2 and uzﬂ are unique and, for all p € N,

h
ao < ulTE < by and ap < u? < b
O—UP < 0p an ao_up_o.

Proof Thanks to (26), we get from Hypothesis (HC1) that
[kl L1 ey < luinill L1 @y,
and ag < ug < by for all p € N, which completes the proof that ) € L>(R%) N L!(R?).

For any n € N, we get from Propositions 3.9 and 3.11, assuming uy € L>°(R?) N L' (R?) with ap < uy < by for

n+i . n+i . e
all p € N, that Eh+2 € L*(RY) N LY(R?) with ag < up+2 < by for all p € N. Using Proposition 3.12, we get
the existence of (u} ™' \'') € X}, x Ay, such that (30) holds, and we get that u}'*" is unique. Tt now suffices
to apply Proposition 3.14, for obtaining that @t € L= (R?) N L}(R?) with ag < uptt <o for all p e N. O

Let us now state and prove the propositions used in the proof of the preceding result. We have first the following
result.

Proposition 3.9: Let us assume Hypotheses (HC) and Hypotheses (HD). Let n € N, k € R and a family (uj)pen
1
be given such that ag < uy < b for all p € N. Let (uz+2 )pen be given by (27). Then there holds

1 o
uz+2 VESuyVE—— Z Fy (up VE,ug V k), Vp €N, (31)
My '
qeEN,
1 o
u2+2 NE > Uy Nk — — Z E)(up Ak ug AK), Vp €N, (32)
mp '
qEN,
1
up”* =l u — r| F7 (uV ki, u” V F (u" Ak,u Ak)) <0, Vp €N 33
my 5 +62N(p7q(up Kyug V K) — Fp (uy A K, ug H))_ , VpeN. (33)
q P

1
Consequently ag < ug+2 < bg for all p € N.

Proof The proof of this proposition is done in [8, Lemma 3] or [15, Lemma 27.1]. We recall it since it is very
brief. We consider the function H,' : RF#Np — R, defined by

n & n
Hp (CL, (bq)qENp) =04 — Z Fp,q(aabq)'
Myp qeEN,

We observe that, for any a’ > a, there holds

oL qu/\/P Mp,q
myp

H;L(a/, (bq)qENp) - H;L(av (bq)qENp) > (a/ - a)(l - ) >0,

thanks to Definition 3.3 of admissible fluxes and to condition (25) implied by (24). Therefore the function
nal
Hp is non-decreasing with respect to all its arguments. Noticing that x = H,'(k, (k)sen,) and up+2 =

1
Hp (uy, (ug)gen;, ), we get that k < Hp(up V K, (uy V K)gen;,) and uz+2 < HJ(upy V K, (ug V K)gen;,), which
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implies (31). The proof of (32) is similar, and (33) is obtained by the difference between (31) and (32).

Letting k = bp in (31) and using (23) on one hand, letting x = ag in (32) on the other hand complete the proof
1

that ag < uZJr? < by for all p e N. I

We then deduce the following result.

Proposition 3.10: Let us assume Hypotheses (HC) and Hypotheses (HD). Let (n, ®) be an entropy-entropy flux
pair in the sense of Definition 2.1, and let n € N be given. Then, the family (®? ), 4.nen of admissible numerical
fluxes defined by

pa)

e 2T o), (3)

bo
B (00) =5 [0 0) (v ey V) = Fy(a Aoy ) di+

ao

1
is consistent with ® in the sense of Definition 3.4, and is such that, if uZJrz € RY is obtained from up € RN by
(27) with ag < uy < by, for all p € N, then

(7
mpn( D ) + Z o7 (ur,up) <0, vn € {0,..,N -1}, VpeN. (35)
geEN,

Furthermore, there is a constant L', depending only on L, 1, ag and by, such that, for all (p,q) € &, and for
all n € {0,...,N — 1}, the function ®} , is Lipschitz continuous with respect of each of its variables with the
constant mp7qL’

q

and ’U,Z+% belong to [ag, bg], which enables -to use
q With F.

Proof Thanks to Proposition 3.9, we have that all values u;,
relations (5). The con51stency of @ with ® is a consequence of (5) and of the consistency of F,
Multiplying (33) by n”’(x) and integrating on & € [ag, bp] implies (35), owing to (5) and (34). O

From the above result, we get the following one.

P

Proposition 3.11: Let us assume Hypotheses (HC) and Hypotheses (HD). Assume that, for a given n € N,
ap < uy < by for all p € N and wj, € L'(R9). Then for all entropy 7 in the sense of Definition 2.1 such that
1(0) = 0 and 7'(0) = 0,

@ @e < [ o), (30)

R4
and consequently

_n+i _ _nt+i _
[, 2 |21 wey < @ || L1 (rey and [, 22 ay < [T || 2 (Ray- (37)

Proof We get, from (35) and applying Lemma 3.5,

my + > (@), (up,up) — @2 (0,0) <0, Vne{0,..N—1}, VpeN,
qeEN,

For € > 0, we multiply the preceding inequality by & exp(—e|x,|) and we sum the result on p € N. We get

Zmp n+2 —n(uy)) exp(—e|zp|) +Z Z uys ) = B4(0,0)) exp(—zlzy|) < 0

p€eEN PEN geN,
Defining, for any (p, q) € &, the point z,q = %(xp + :Eq) and using the property @)  (u,v) = —®p (v, u) for all
(u,v) € [ag,bo]* (which therefore implies ®} (ur, ul) — @5 (0,0) + @7 (ul, uy) — (I>" »(0,0) = 0), we get

((I)Z,q( P, (0,0)) exp(—e|zp|) + ((I)Z»p( o (0,0)) exp(—elzq]) = Apg + A4

P’ q) q’ p) qp?
with
A;Lq = ( P, q(u]muq) (bg,q(oa O)) (G‘Xp(—6|$p|) - exp(_€|IPQ|))'

Hence the two preceding relations imply

S mp(n(upt2) — ) exp(—eley)) + 3 3 AL, <

pEN pENgEN,
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Observing that Proposition 3.10 implies
(@54 (uy s ug) — @5 4(0,0)] < L'mypg(|ugy | + |ug ),

we get, using | exp(—e|z,|) — exp(—e|zpq|)| < ellay| — |2pgl| < e3|zp — 74, that
L/
Apg 2 Qmpq(‘“ | + [ugl)eh
This leads to
Zmpn eXp( elap|) < Zmpn p) exp(—elzy|) +5*Z Z mpgh(luy| + [ug]).

pEN peEN pEN gEN,,

*Z > mpgh(lup] +lug) =0 D mpghlupl = lup] [0Qylh,

pEN geEN,, pEN geEN, peEN

Since we have

we can write, using Hypothesis (HD1),

L/
Zmpn )exp(—elzp|) < Zmpn 5$ Zmp|ug|.

pEN peN peN

Letting e — 0, we get by monotonous convergence (recall that thanks to the hypothesis 7} € L*(R%), we also
have n(wy) € L'(R?) and n(s) > 1(0) = 0),

S mpn(up ) <3 mpn(ul)

pEN p€eEN

which concludes the proof of (36).
Letting 7 tend to n(s) = |s| and letting n(s) = s2 allow for concluding (37).
O
1
The proposition below proves that the finite element step is well-posed, provided that EZ+§ € L?(R%), which

holds if @, 4 € L= (R%) N L'(R?), and gives a variational characterisation of u}**,

Proposition 3.12: Let us assume Hypotheses (HC) and Hypotheses (HD). Let n € N be given and let us assume

that uh+2 € L2(R%). Then, equations (29)-(30) admit a solution (u} ™', A\*!) € X} x Ay. Furthermore, u)*
is unique and is the minimiser of the functional J;}H Xy =R deﬁned by

T (o) = % 9 (m - uﬁ%)z da + /Rd(wah\ + %e(h)wahﬁ) da. (38)
Proof We remark that, defining the following norm on the Banach space X},
lvnllx, = [Uall2ay + I VORI L1 Ry + | VUL L2 (RAY s
we obtain that the stricly convex function J,:‘H is such that

hIIl J,ZH_l(’Uh) = +4-00.

[lvn ]l x,;, —o0

Hence J,?Jr reaches its unique minimum value at some point u"Jrl € Xj. Let us prove that this point is
characterised by (29)-(30).

Let us first assume that there exists (u)t', A1) € Xj, x Ay, solution to (29)-(30). Writing, for any wy, € Xp,
TP (wy) = TP (uptt 4 vy) with v, = wp, — u) T, we have using (29)

1

Tetwn) = P ) = o

1
Eh(m)de—i—A—F/ —0(h)| VR (z)dz,
R4 R4 2
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with
A= / (IV @ +5n) (2)| — [Van(x)| = Ay (2) - VOu(2))de

= > IKIV@ + 00| = (VAR ) sl = A - (Vo) ).

KeTh
Recall that, if (V@ ')k # 0, then A = % and otherwise that |\ < 1.
| K
Using that for any a,b € R? with a # 0, we have |a +b| — |a| — W >0, and |b] — N b >0,
we get A > 0, which proves that J;' ™ (wp,) — JP ™ (u) ) > O, and therefore that J;'™! reaches its minimum
value at u”“.

Reciprocally, let us assume that J;;‘H reaches its minimum value at some point uh+ € Xj. Let us prove that

there exists \/"" € Ay, such that (29)-(30) holds. We denote by T"H ={K € Tp, (Vu;*") |k = 0}, and we
define the linear form EZH : Xp — R by

v’\n+1

1 1
n+1 T —n+1 —n+35\ -~ /\n+1 P~
Ly (vp) == 5 | <uh -, ) opdx + /{va"“;eo} 7|Vu"+1\ Vupdz + H(h) V - Vop, dz.

For a given € € R with € # 0 and for any v, € X}, we write that

J}?;H-l( n+1 4 5'Uh) J;ﬂ-l(uzﬁ-l) > 0.

Assuming £ > 0, dividing the above equation by ¢ and letting e — 0, we get
EZ-H(’U}L) Jr/ ‘Vﬁﬂdx > 0.
{va;tt=0}
Assuming ¢ < 0, dividing the above equation by ¢ and letting e — 0, we get
LI+ (o) — / Von|dz < 0.
{vaptt=0}
Hence we get that

Von € Xn, L7 (0n) g/ O Vadz= S (K] Vol (39)
{Va;Jrl:O} KET}L"[)H

We consider the set E of all functions f from 7;?0+ ! R? which are bounded for the norm
Iflle =D K| |fxl
KeTrit

We observe that, defining F = {f € E, Juv, € X3, f = VUn}, the linear form B : F — R, such that
B(f) = L} (vp,) is well defined (since if V), = Vioy, on all K € Th’?a'l, then we get from (39) that £} (v,) =
L (wp,)) and continuous (again from (39), which proves that | B|# = SUP fe p\ {0} % < 1). Applying the
Hahn-Banach theorem, this linear form can be extended on E by a linear form, again denoted by B, with the
same norm (hence lower or equal to 1). Hence there exists (A1) KeTr it with

VieE, B(f)=- Y KN fie

KeTrt

and ||B||g = SUD e nitd N < 1. Therefore we have

Yo, € Xn, L3 (o) + Z |K| XjHt - (Vo) 1k =0,
KeTrit

n+41
which concludes, denoting A% = % if (V@ ™)k # 0, the proof that A\ *" € Ay, is such that (29)-(30)
holds. O
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Remark 3.13: Solving the saddle-point problem (29)-(30) or, which is equivalent, minimising the functional J ,:"H
is not an easy task. For instance, if one tries to minimise J}ZH (or more precisely a regularisation of J, ;L“Ll, since
J ,'ZH is nondifferentiable) with conventional algorithms, such as the gradient or Newton algorithms, one obtains
very slow convergences. Motivated by the applications in image denoising where this kind of problem arises,
specific algorithms have been developed since the 1990s. Let us mention in particular the lagged diffusivity
algorithm [29], saddle-point algorithms [9, 2] or semi-smooth Newton methods [23].

Proposition 3.14: Let us assume Hypotheses (HC) and Hypotheses (HD). Let n € N. Let n € C%(R) such that

n(0) =0, n'(0) = 0 and there exists M € R* with n”(s) € [0, M] for all s € R. Assume that u2+% € RY is such
that

1

Zmpn T2) < 0,

peEN

S () < S mn(upth). (40)

p€EN peN

Then

1 1
As a consequence, if ag < uz+2 < bg for all p € N, then ag < upt! < by for all p € N, and if ﬂZJr? € L'(RY)
then ;™! € L'(RY).

Proof We remark that vy, defined by v, = 7'(uf ™), is such that v, € X,. Indeed, there holds |v,| < Mlup ™|,
and, using (18)-(19), we have

vahHL2(Rd_ Z Z Z nH W/(UZH))Q

KeTn peEVK qEVK

2 K, n n+142 2| gantl)2
=M Z Z Z Tog (up™ —ug™)? = M?|| Vg™ [T

KeTh pEVK q€EVK

which implies v;, € Xj,. We now remark that, for any K € Tp,, if VﬂZﬁKl = 0, then upt! = u2*! for any
P, q € Vi, and therefore Vv, = 0. So one can write
)\ZlK V'U}L\K =0= Vuh‘K VUh|K

If VAZF%I # 0, we then have

1
+1 -~ +1 ~
Ak - Vg = WAn+1| uh\K Vh|k-

Up Kk

Hence, defining /%" 1 by a"“ =1if VAZTKl =0, and a"“ \le“\ otherwise, we get
h|K
[ o0t o va) - Vonde = 37 (T4 000) 30 3 TGt -t gt — () 2 0,
R KeTh PEVK ¢EVK

Hence we can write from (29)

1
> mp(untt =y (ui ) < 0.
peN

Applying n(b) — n(a) = 7'(a)(b—a) + 1" (c )(b 9 for ¢ between a and b, we get

n—i—l 77""2 n+l _ "+% 1/, n+1
§ myp(n § :mp up *)n (up ) <0,
peEN pEN

which concludes the proof of (40).

1
Then, assuming ug+2 < by for all p € N and letting 7(s) tend to sV by — by (this is possible since ui,; € L (R?)
implies ag < 0 < bg), we get that n(upt!) = 0, which shows that u2*! < by. The same reasoning holds,
letting n(s) tend to ag — s A ag, which bhOWb that u”‘|r1 > ap. Finally, letting 7(s) tend to |s|, we conclude that

aptt e LYRY). O



4 A priori estimates on the approximate solutions 15

4 A priori estimates on the approximate solutions

A L*>®(Qr) estimate on the family of approximate velocities (@n & )n,a>0 has already been proved in Proposition
3.8. The aim of this section is to establish additional estimates on (T s)n.&>0, namely a L'(0,T; BV (R%))
estimate, and L{ (Qr) estimates on the space and time translates. The estimates on the space and time
translates are deduced from the L(0,7; BV (R%)) estimate.

Remark 4.1: Hypothesis (HD1) implies that each cell of D}, has a finite number of neighbours (and this number
is bounded independently of Fj, &).

Remark 4.2: Throughout this section and the next one, C' denotes a generic constant independent of the dis-
cretisation Fy, .

4.1 L['(0,T; BV(RY) estimate
Proposition 4.3: Let us assume Hypotheses (HC) and Hypotheses (HD). Let u) € L°°(R%) N L' (R) and, for all

1
n €N, HZ+2,HZ+1 € L®(RY) N LY(RY) and (u) T, A\P) € Xj, x Ay, be a solution to Scheme (26)-(30). Then
there holds

N
1,
§||U}z,5t||2Loo(o,T;L2(Rd)) + z:l&/Rd |Vug|de < o ||uiniH%2(Rd)7 (41)
and
b 1
Z ¥ / o(h) |Vt 2 dw = 6(h Z #3S N T ut < il (42)
n=0 KE€ET, pEVK qEVK

Proof Owing to (37) in Proposition 3.11, we have

/ UZJF%(x)zdx < / ay(x)?da. (43)
R R
We test (29) with vy, = &u) ™" and, since A}t € Sgn(Va) ), we obtain

Zmpu;“ <ug+1 - u;”%) + &/ (IVay ™t + 0(h)|Va;tt?) dz = 0.
peN
This leads to
1 n+i 1, nyd —n ~n
> my, ( P St =) 2<u,,+2)2) + &/ (IVap™ |+ 0(h)| Vi ?) da =0,
peN

hence giving, thanks to (43)

1
> my ( uy " = 5 (u) ) + &/ (IVaRt + ()| Vag ™ ?) dz < 0. (44)
peN
Summing (44) over n € {0,...,m} for any m =1,..., N — 1 we obtain the inequality

1
Syl +Z&/ (V| + 6(h)|Vart?) de < Zmp . (45)

peN peN

We conclude the proof of the lemma since the above inequality holds for any m. O
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4.2 Time translate estimate

Proposition 4.4: Let us assume Hypotheses (HC) and Hypotheses (HD). Let u) € L°>°(R%) N L'(R¢) and, for all

n €N, uh—s_2 e L®(RY) N LY(RY) and (u) ™, AT € X, x Aj, be a solution to Scheme (26)-(30). For all
R > 0, there exists a constant C, independent of the family (F}, &)n,&>0, such that,

T—s
/ / g (@,t+5) — Tng(e,t)| dedt < Cy/s, Vs e [0,T]. (46)
0,R)

Proof 1. Let s € [0,T]. Using the Cauchy-Schwarz inequality, we have

1
T—s T—s 2
/ / [an.a(z,t+8) — Up,a(z, t)| dedt < C’RdT/ / (Up,o(x,t +5) — Hh’&(x,t))z dadt
0 B(0,R) 0 Rd

(47)
We define the function v : R — Z such that v(t) = n+1if t € (nd, (n+1)&] and the function x,(¢,s) : RxR —
{0,1} such that x,(¢,s) = 1if v(t) <n < v(t+s) and x, (¢, s) = 0 otherwise; so that

T—s T—s 2
/ / (s (st + 5) — g (0, £))? dadt = / / (7~ ®) dear
0 R4 0 Rd

T—s
”“*3) *”“)) (t,s) (@t —up) dedt. (48
- an 9 (" — ) dede. (45)

2. We denote 7 = 0 or 7 = s, and we multiply (27), for n > 1, by &u, Y(47) and sum over all peN:
n+3 v(t+r
Dm0 (i E ) 303w () - ) =0, (49)
peN pENgEN,,

Testing (29) with vy, = Jtu,VL(HT), we get:

> myuptn) (ugﬂ - u;‘+%) +a [ (rteva™ pemyvartt - val ) dz = o. (50)
peN Rd

Adding the above equalities (49) and (50), we find

Zmpu;(t-‘rT) (”Z+1 + &Zul/(t-‘ﬂ') Z ur, q ng(u;’ug))

pEN pEN qeEN,

o [ pttovadT gmyvaptt . vad Ty de = 0. (51)
]Rd

3. Let pe N, g € N, and K an element of 7, for which x, and x, are vertices. In view of (HD1) and (HD2),
forn>1,

’ Uy g ) = g (uy, u p)‘ < 2my g Lluy — ug| < 2my, th‘Vah|K| < Chd‘vah|}<| (52)

Therefore, owing to (HD1), to the finite number of neighbours in D, and to the L>° estimate stated in Proposition
3.8,

STt N (F (ulul) — Fr g (ul,ul)) | < c/d V| da. (53)
peEN qeEN, R
The property |)\Z+1| < 1 gives immediately

+ ~v(t+T1
)\Z L. Vuz( )(1.’17
Rd

< / VL) da. (54)
R
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From (51), (53) and (54), it follows

/ ) (@it —ap) de
Rd

4. Using the above estimate (55), we have

< CO& (/Rd(vah|+|va;““| ()(|VA”+1|2+IVﬁZ(HT)F))dw). (55)

< cz / &(A™ + BYH)Y dt,

duh(””) ZX t,s) (@™ —ay) dadt
n=1

R
with, foralln=1,..., N,
n __ ~n, e(h‘) ~n+12
A" = (V| + —=|Vu, ™' |%) dz
R 2

and

. S (-
B = [ (va|+ W) wag?) a
R

We then apply Lemma 4.5 below, which leads to

N
fu(t-i-T) n+1 —n n n
g n(t, — dadt| < C g a(A B™). 56
) 2 1)( s) uh) x <Cs ( + ) (56)

n=1

T—s

R

5. Recalling (41) and (42) which provide bounds on 25:1 &(A™ + B™), and collecting (48) and (56), we obtain
the desired estimate (46). O
Let us now state a lemma proved in [16, Lemma 4.6] and used in the preceding proof.

Lemma 4.5: Let T > 0, & € (0,T) and (a")nen be a family of non negative real values. Then, defining the
function v : R — Z such that v(t) =n+ 1 if t € (nd, (n + 1)d&]

T_s Vv t+6t v(T)
/ atdt <&y a"
n= V(t)Jrl n=1

and for any o € [0, &]
s v t+6t) v(T)

T—
/ a? o) g < & Z a”.

n= u(t)—i—l n=1

4.3 Space translate estimate

Proposition 4.6: Let us assume Hypotheses (HC) and Hypotheses (HD). Let u), € L°°(R%) N L' (R) and, for all

n €N, uh+2,*2+1 € L®(RY) N LY (R?) and (uj™, A7t!) € X3, x Ay, be a solution to Scheme (26)-(30). There
exists a constant C, independent of the family (Fj, & )n,8>0, such that

T
/ [un.a(z+y,t) —ap ez, t)| dedt < Clyl, Vy € RY. (57)
0o JRrd

and, for any R > 0, there exists C’, independent of the family (Fj, a)n 650,
T
/ / .5 (x +y,t) —ap (2, 1) dedt < C(|y| +20TR),  Vy € R% (58)
0,R)

Proof For a given element K € Tj, and a given couple of points (a,b) € R? x R?, we denote by xx(a,b) the
length of the segment [a, ))N K. In particular, if [a, b] does not intersect K, then x g (a,b) = 0. Let n € {1,..., N}
and (z,y) € RYxR?. By applying the mean value theorem on each element intersected by the segment [z, z +y],
we find the inequality
@4y - @] < Y xwelw 4y V] (59)
KeTn
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Next, an integration with respect to x yields
[ G )~ @) de < 3V [ v+ de. (60)
R KeTy,

For any K € T, the function z — xx(z,z + y) is bounded by min(h, |y|) and is zero outside a domain of
measure lower than h?~!(h + |y|). Therefore,

/ X (@, 2+ y) dz < b4 (h + [y[) min(h, [y]) < 2h7y], (61)
Rd
and
[ @+ ) - i) do < Clyl S KVl (62
R KeT,

Using the hypothesis (HD1), we obtain

> VR ] < c/ \Vap| da. (63)
KeTy,

Summing the above inequality (63) over {1,..., N}, and using (41), we find the desired estimate (57). We then
deduce (58) using (20). O

5 Entropy formulation for the approximate solutions

The aim of this section is to establish an entropy formulation, similar to (6), for the approximate solutions.
We first prove a discrete entropy inequality for the finite volume step (Proposition 3.10). Then, we take into
account the finite element step to obtain the complete discrete entropy formulation (Proposition 5.1). Error
terms occur in this formulation. Proposition 5.1 ensures that they tend to zero when the meshsize and the time
step tend to zero.

Proposition 5.1: Let us assume Hypotheses (HC) and Hypotheses (HD). Let u), € L°°(R%) N L'(R) and, for all

n €N, uh+2 aptt e LR N LYR?) and (uf ™ APH!) € X), x Ay, be a solution to Scheme (26)-(30). Let
(n,®) be an entropy entropy flux pair. Then, for all nonnegative test functions ¢ € C°(R¢ x [0,T)), there
holds

/ n(@n s )Orp dadt —|—/ O(z,t,up ) - Vododt — / 0 (o) An.s - Vo dadt

T T T

[ eV @)l dedt + [ n(@)ow,0)dotens 2 0. (61)
T R4

where ey, & satisfies

li =0.
h—>01,1§t1—>0 Ch.bt 0 (65)
Proof First step: proof of (64)
1. Let "tz € C=(R%,R,) be defined by e ti(z) = L ftn o(z,s)ds. We test (29) with the function
vt € X, such that optt = (u $+1)<p”+ (zp), for all peN. We get.
up ™! un+% 1 L 1 1 n+1 n+1
>y e e )+ [ 4V 0V dr =0 (66)

peN
Since 7 is convex,

1 1
(“3“ = “Zh) i (Wit > putt) —p(up ) WpeN,

and thus (66) leads to

5 m, !

peEN

n+1) n+%)

77(“17

o (2,) + / APVt 4 o) vart - vartt) de < . (67)
Rd
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Defining 9" 1 := n’(ﬂZ'H)cp"*%, the second term of (67) can be rewritten as
/ APt ovoptt de :/ Apttovgntt d:c+/ Aphov (optt =t de
Rd Rd Rd
:/ NPHLLY (f (@t Y)) o s dx+/ APt E g (@ "+1)dx+/ AEov (optt —omth) da. (68)
R4 R4
We have
[t v @) etide = [ @rnt vt de - / Vo @ . (69)
R4 Rd
The third term of (67) can be rewritten as
OV Vo de = 0(h) Y S T (up ) (o (un e E () (ug )" 2 ()
Rt KET;, pEVk q€Vi
with
n+3 n+1
n+1 n+1 n+1 n+1 4 2 (xp) + ' 2 (xq)
noon) Y T - ) -y S e )
KeTh pEVK q€EVK
un " L L ' (up™h) + ' (upth)
To=0(0) 3 D> > Tpalup™ —ug ™)@ i (wy) = "2 (@) . . (10)
KeTh pEVK q€EVK
Collecting (67), (68), (70) and (69), we obtain
71+1) n(u;H_Q) n+ 1 n+1 n+i 1/~n+1 ! (~n+1 n+x
> m, o)+ [ vy @ ok [ V@t s
pEN R4 R4
n ~ntl _=n ntl_n nad wrr gt ' (ugtt)
< [ N E ) da o) Y 3 Tyl = e ) = ) 5 .
Re pEN geN
(71)
Multiplying by & and summing over n € {0,..., N — 1}, we eventually find
n+1 n""% ¢ttt
(up ) 1/~
Z Z mpp(zp, t) dt + N (Wh,6) An,a - Vo dadt
n=0 peN L T
1 (1) (2
+ eIV (Un,a)| dedt < e, 5 + €5, (T2)
Qr
where
e, = Z 5 / AL (@) VT (2) — 90 (2) da (73)
and
N-1 n+1 n+1
2 u™ n n4 1 n+l n ( ) + n ( )
hoy = 22 W0 D D0 D Tluptt = et () — "R ()| 5 .M
n=0 KeTh pEVK q€EVK
2. Multiplying (35) by ¢} := ftn @(xp, s) ds, then adding to (72), we obtain
N-1 n+1
(up ™) — nluy
Yoy ) e+ 53w )
n=0 peN n=0 peN geN,
+/ n’(ah,&)Ah,&-wdde/ oIV (.5 )| dadt — efy, — ei), < 0. (75)
Qr Qr

= T1+T27
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Now, observing that, since ¢(-,t) = 0 for t > T, we have cpzl,v = 0 and therefore

— U(U;H_l) - TI(U" +1
ZZTmP@p_ ZZ Up ZU mp&(pp

n=0 peN n=0 peN peEN
we can rewrite (75) as

/ n(@n & )Orp dadt —|—/ O(z,t,up ) - Vododt — / 0 (U, )An,s - Vo dadt

T T T

—/ ¢|Vn’(@h,&)|dxdt+/ n(@y)p(z,0) dx+e(0) (1) 5 te () +e(3) —|—e(4) >0, (76)
R

T

where

(0) 1o 0

Dhi=> g [ ] et~ el 0)dndt, (1)
eN 0 Qp

fn+1

: n (T, t+ &) — (), t

e;j?ﬁt = Z 277 1 / / ( - 51 #(@p, 1) —atap(x,t)> daxdt, (78)
n=0 peN

653()% = —/Q CIJ(x t, Up, 5,5) Vpdzdt — Z Z Z (I)n 27 " Z (79)
T

n=0 peN geN,

Hence, setting
en = e + e+ €%+ + el (50
we obtain (64).

Second step: proof of (65)

Study of 621,2%‘ use of the vanishing viscous term

We define xx = 0 if ¢(x,t) =0 on K x [0,T) and 1 otherwise. We observe that, for a given n=0,..., N — 1,

/Rd A (@ =) de = ) AT /Kv(wﬂ—ﬁ;;“)m

KeTh

and we have

/Kv<~n+1 n+1 de — Z / ~n+1 6g+1(x)) d’y(:ﬂ).

c€€K

We use the fact that, for all f € C%(7) and for all x € o, we have |f(z) — (x)| < max,e, |D?f(x)|h?, denoting
by fh( ) the affine function equal to f at the vertices of the simplex o. We apply this inequality to the function
f(@) =" (z) = o (@t (= ))cp""‘%(x). Using that u}'t" is affine on ¢ with tangential gradient bounded by
|Vuh|K| we get, for all z € o, letting C2/ be a bound of |1/|, || and [”’] and Cf be a bound of @2, [V 2|
and |D2pntz|,

0" (@) = Ty (2)| < R2CYOS (Vg 1P + 2| Vg | + 1).

Since the above expression is integrated over o,we get

/dxg“ V(@ =) de < Y Y xkle|RPCICL (Va1 + 2V + 1),
R KeTho€lk
Multiplying by & and summing on n =0,..., N — 1, we obtain

) < Z &y > Xxlo|h?CYCS (|Vay i * + 2| Vil |+ 1).

n=0 KeTy, o€€k
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Owing to the geometrical hypotheses and to (42), we get

N-1
D& D > xxlolp?|Vayi? < Ch Z & Y K|Vt < (};)0. (81)
n=0

KeT), ce€k n=0 KeTy,

Besides, we have, thanks to (41),

Z &> xklolp?| Vi < Ch Z & 37 |K||Varl| < he.

n=0 KEeT, o€k n=0 KcT,

Finally
Z& S S xklolh? < CRT S xxelK| < CAT(jsupp(e)| + h),
=0 KT, o€lk KeTh

where supp(p) = {z € R, 3t € [0,T), ¢(z,t) # 0}. Hence each of the above terms tends to 0 with h thanks
to Hypotheses (HD), thus completing the proof that hm 65“)% =0.

Study of egfzst: proof that the viscous term is vanishing

Letting C, be a Lipschitz constant for ©" 2 and C a bound for 7/ (u 7+1) (this term remains bounded since 7/
is continuous and ag < u’“r1 < by, see Proposition 3.8), we get, thanks to the Cauchy-Schwarz inequality

N-1 r(,n+1 /(,n+1
& Z Z Z T;§|up“ _uqﬂ‘ "2 () — 9" (24)] - 2 .

n=0 Ke&T, peEVk q€EVK

1/2 1/2

Z& DD D Tl gty Z& SN N T ey — gl

n=0 K&cT, peVk q€VK n=0 KEeET;, pEVk q€VK

Thanks to the geometrical hypotheses and to (42), we get, multiplying by 0(h),

1/2
), < TC,(h) (Q(Oh)C’T(|supp(g0)|+h)> .

We get hm egu)st = 0 thanks to the hypotheses (HD).

Study of e
We observe that, for all z € @, and t € [0, &],

lp(2p,t) = p(x,0)| < h max [Vyp(z,t)] +d& max [Op(z,t)],
(z,t)EQT (z,t)eQT

hence

. 0)
lim e( =0.
0 0

Study of 623,3&

We have, for all z € Q,, and t € [t", ¢"T1],

t+0) — t
P(2p,t+ &) — (2, )—8t<p(;v7t) <h max |V.dp(z,t)| +& max |6t2t<p(:1c,t)|,
o (z,t)€QT (z,t)eQ
which proves that

lim ) =
e =0
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Study of 624,3&

Since we are using below the BV estimate (41), which only involves values n > 1, we define

Iy ::Z Z q)g’q(u app, I:= Z Z Z <I>" gop7

pEN gEN, n=1 peN geN,

ot T
—/ / O(z,t,ups) - Vodedt, I":= —/ / O(z,t,Up,a) - Ve dadt.
0 Rd St Rd

We then have e{*) = —Iy— I+ I3 + I*. We write, as in the proof of Proposition 3.11, again using the property
h,dt 0

e (u,v) = —®7 (v, u) for all (u,v) € [ag, bo]?,

= 3 (008 ) — 89,00 = 3 3 (85,08, ) — 85, 0,0))(} ~ 560+ ).

pEN gEN, pEN geN,,

and

We observe that Proposition 3.10 implies
|y g (i ug) = @ 4(0,0)] < L'mipg(Jup] + [ugl) < 2(bo — ao)L'myq,
and that

Y9 <dh max |Vo(z,t ,
|</7p ‘Pq|_ (z,t)eQT| o(, 1) Xpq

where we denote by xpq = 0 if ¢(z,t) =0 on (Q, U Q) x [0,T) and 1 otherwise. This leads to

[To| < (bo —aO)L& max |Vo(x,t)| E g XpgMpgh,
z,t)EQT
pENgEN,,

which leads, thanks to geometrical hypotheses (HD), to
[Ih] < C&.

We find as well that
[I5] < C&.

Let us now turn to the study of I — I*. From (3.5), it follows > . ®7 (u,u) =0 and thus

-1

I= Z P’ q q)pq(upvup))spg:-ll_[%
n=1 peN qENp
where
N— N-1
Z Z upug) = O (uy,up)) oy, Ip o= Z (Ppq(up ug) — ®p (ug, ug)) @5
=1 (p,q)€E n=1 (p,q)€€n
Applying the divergence theorem on each cell in the expression of I*, we find
N-1 gntl
I =— Z Z/ / O(z,t,uy) - vpgp(x,t) dy(z)dt
n=1 peN tn aQP
N—-1 gntl

I
1]
=

T

/ (<I>(x, t, u;L) Vp.q — Oz, t, ug) . prq) o(z,t) dy(z)dt

:Il _127



5 Entropy formulation for the approximate solutions 23

where
N—1 gl 1
I = Z Z / / (m o7 (up,ug) — @(x,t,uy) - I/p,q> oz, t) dy(z)dt,
o opq \Mp.q
N-1 gntl 1
jr / / (mcpgq(up,uq) (a1, ul) - yp,q) o, 1) dy(z)dt.
n=1 (p,q)€& ’ " Tra pa

We first rewrite I as

tn+1

Z(p);gh ug) — @y (uy, ) mp, / / o(z, t) dy(z)dt
+Z 2 / t"“/ ( pa(tp, Up) = ‘P(M»UZ)-vp,q>w(x7t)dv<w)dt.

n=1 (p,q)€En

Then, the consistency of the family {®} ,} with ® allows us to turn the above equation into

N— tn+1
Z > (@)~ o) [ e ar
n=1 (p, q)GEh pq
25n-¢—1 tn+1
+ Z Z / / (z,t,up) - vp, qétm / — (x,t)) dy(y)dsdy(z)dt.
n=1 (p,g)e&, " p,q Jtn
Hence we can now write I1 — I{ = Ay + By with
N— pntl
Z Z poa (U g ) — @y (g, uy) m . p(zp, t) — oz, t)) dy(z)dt,
n=1 ( )ES}L D,q Jt
tn+1
B = Z > / / (@, 1, up Vp,q&m / / = ¢y, s)) dy(y)dsdy(z)dt,
n=1 (p,q)€&n P

and similarly I — I = A + By with

N-1 gntl
toi= 3 S0 @)~ o, ) o [ [ el = e ) o,
n=1 (p,q)€En Pq
N-—-1 g+l gntl
Bs = <I>:L‘tu Y ,8))d dsd~y(x)dt.
: Z(;E/ / ( &m/ / ply,5)) d(y)dsdr (@)

From the mean value theorem and the uniform Lipschitz continuity of {®} }, we thus derive the estimates
|A1| S D, |A2| S D and |Bl — Bg‘ S D, with

N-1
C(h+a) Z Z &y g|uy — ug |-

n=1 (p,q)€&n

Using the finite number of neighbours in Dy, hypothesis (HD3), and estimate (41), we obtain the bound
N-1 N-1
T S - <0 S anivand<c Y d | waras<c. (s2)
n=1 (p,q)€€n n=1 KT n=1

Finally we deduce the estimate |I — I'*| < C'(h + &), which yields |e§f3§t| < C(h+ &).
O
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6 Convergence of the approximate solutions

The following lemma is used in the course of the proof of the convergence theorem.
Lemma 6.1: For all n € N, let u,, € L1(0,T; BV(R?)) be such that:

1. there exists C' > 0 such that foT TV (up(-,t))dt < C for all n € N,

2. there exists u € Ll (Qr) such that u, — u in L] _(Qr).
Then u € L*(0,T; BV (R?)) and

T
Vi € Cu(RY x [0,T), hmmf/ / (2, )| Dun (-, )|(dx)dt2/ / oz, Dul- 8)|(dr)dt.  (83)
n—oo Rd 0 ]Rd
Proof Since u,, — u in L],

LL (R?). Therefore,

loc

(Qr), up to a subsequence, for a.e. t € (0,T), we have that u,(-,t) = u(-,?) in

for a.e. t € (0,T), TV (u(-,t)) < lminf TV (u,(-,t)),
n—oo

where the quantities in the above inequality may be equal to +00. Integrating the above inequality and applying
Fatou’s lemma, we get

T T T
/ TV (u(-,t))dt < / lirginf TV (un (-, t)dt < lirr_1>inf TV (un(-,t))dt < C.

Therefore u € L'(0,T; BV (R?)). Including the weight ¢ in the definition of the total variation, the proof works

the same for getting (83).

(]

We may now state the convergence theorem.

Theorem 6.2: Let us assume Hypotheses (HC). Let (Fp, &, )ken be a sequence of discretisations which uniformly
satisfies the conditions (HD1)-(HD3) and whose meshsize and time step tend to zero. For any k € N, let
(T, oty ) eeN, (Uny, o, )ken and (An, &, Jken be a solution to Scheme (26)-(30). Then there exists u € L= (Qr) N
LY0,T; BV(RY)), and A € L>(Q7)?, with |A| < 1 almost everywhere on Qr, such that, up to a subsequence,

Uhy,dt, — w In L%OC(QT), Upy, o, — U in Llloc(QT), Ag.ste — A weakly- in L*°(Qr). (84)

Moreover, u is the unique entropy solution of (2)-(3), and the whole sequences (U, s, ) keNs (Uhy o, ) keN CONVErge
to u in the above sense.

Proof 1. The estimates (46) and (58) allow us to apply Kolmogorov theorem to the sequence (Up, s, )ken-
Thus, there exist u € L _(Qr) and a subsequence of (Fp, & )ken, again denoted by (Fn, s, )ken, such that
(Uny o, )en converges to u in Li (Qr). Applying (21) and (41), we get that Uy, &, — u in Ll _(Q7) as well.
Applying Lemma 6.1, we get that u € L>°(Q7) N L*(0,T; BV (R%)), since the sequence (i, &, )ken is uniformly
bounded in L>®(Qr) and L(0,T; BV (R%)).

2. As the sequence (Ap, &, )ken is bounded in L>°(Q7), there exists A € L°°(Q7)? such that, up to a subse-
quence, (A, &, )ken converges weakly-* to A in L>°(Qr). Furthermore, [A| < 1 almost everywhere on Qr, since
|)‘hk,5tk| <1lon Q7.

3. Let us now consider an entropy 1 and a test function ¢. Since the sequence (up, &, )ken is bounded and
converges to u in Li (Qr), we have

/ n(ﬁhky&k)é‘tgodxdtJr/ O(z,t,Up, &, ) - Ve dedt —

T T Qr

(n(u)atgo + O(x,t,u) - Vgo) dzdt.
Since p, &, — u in Li (Q7) and A\, &, — A weakly- in L>(Qr),

/ 0 (Uhy ot ) Ay, ity - Vo dtdz — 7' (u)\ - Vo dtdz.
T Qr
Again applying Lemma 6.1 to the family #/(up, o, ), we obtain

Jim inf / oIV (i, )| dtda > / o | Dl (w))] . (85)
k=+oo JQor Qr
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From (26), we get that ), — win; in L (R?), and thus

/]Rd n(@n)e(x,0) dr — y N(tini)p(z,0) da.

Finally, using the above limits and Proposition 5.1, we can pass to the limit in (64) and find

/ (n(U)atsoJr (®(x,t,u) — My’ (u)) -Vw) dxdt—/ <P|D[’7'(U)Hdt+/ 1(tini)p(,0) dz > 0,
Qr Qr Rd

which proves that u is the entropy solution. Owing to the uniqueness of the entropy solution (proved in Section
1.4), we conclude that, in fact, the whole sequence (up, &, )ken converges to u. O

Remark 6.3: In the present article, we have proposed a finite volume-finite element approximation of a simplified
scalar model of inviscid Bingham flow and proved its convergence. The convergence analysis relies on L™ (Qr)
and L'(0,T; BV (R?)) estimates of the discrete solution. The L>(Qr) estimate is obtained by a maximum
principle in both the hyperbolic flow step and the total variation flow step.

The extension of the finite volume-finite element approximation to the vector-valued inviscid Bingham flow is
quite straightforward. We refer to [22] for the finite volume approximation of hyperbolic systems and [7, 5] for
the approximation of the vectorial total variation flow. However, the convergence analysis in this case seems out
of reach. The difficulties do not come from the vectorial total variation flow: the BV estimate is still valid and,
although there is no longer a maximum principle, a L> estimate can still be proven [5]. On the contrary, most
of the tools used to prove the convergence of a finite volume approximation of a nonlinear hyperbolic scalar
equation (maximum principle, L> estimate, weak BV estimates) are no longer valid in the vectorial case.

7 Numerical examples

To illustrate the behaviour of the numerical scheme, simulations are performed on two examples: a one-
dimensional problem where the flux function F' describes a Burgers flow (we use Scilab for these simulations)
and a two-dimensional problem where the flux function F describes a mere advection (we use FreeFem++
for these simulations). We numerically solve the two-dimensional problem posed on R? by considering periodic
boundary conditions. Since in this case, an analytical solution is known, a quantitative study of the convergence
is provided. In both cases, we do not implement the additional term in 8(h), which allows for keeping a compact
support for the approximation of u in the numerical tests.

7.1 Burgers flow and total variation flow in 1D

We consider the equation
1
atu + iaT(uz) - gar Sgn(aTU) = 07 (Ia t) € ]R X (07 T)7 (86)

with ¢ = 5-107*. The initial datum is a bump (see Figure 1, left). The computational domain is taken large
enough for the solution not to touch the boundary in the course of the simulation. The finite element and finite
volume meshes, of size h, are staggered. The finite volume step is advanced using the Godunov scheme [24, see,
e.g.,], which is stable under the CFL condition sup,, |uy |0t < %h, for all n € {0,..., N — 1}. As in the previous
test case, the finite element step is solved using the lagged diffusivity algorithm

The numerical simulation is performed with h = 0.002, & = 0.001, ¢ = 10~® and 20 iterations at each time step
for the lagged diffusivity algorithm. In Figure 1, the computed solution is represented at different times. As
in a Burgers flow (without total variation flow), a shock wave forms at the right end, while a rarefaction wave
forms at the left end. The main difference introduced by the total variation flow is the progressive clipping of
the solution.

7.2 Advection and total variation flow in 2D

We consider the problem

O + ¢ 0u + ¢y, 0yu — g div Sgn(Vu) =0, (z,y,t) € R? x (0,T), (87)
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Fig. 1. Burgers flow and total variation flow. Numerical solution at times ¢t = 0, ¢ = 0.05, and ¢ = 0.15.
where c., ¢y, and g are constants. The initial condition is
2
u(x,y,()) = 1D0($ay)7 (l',y) € R ) (88)

where 1p, denotes the indicator function of Dy, the disk of radius r¢ centred at point (zg,yo). It is possible
to determine the exact solution to this problem. Indeed, for some bounded sets S of finite perimeter in R?,
including disks, it is proved in [4] that the solution of

Opu — div Sgn(Vu) = 0,
U(Z‘,y,O) = ]-S(mvy)a

(z,y,t) € R* x (0,7),
(z,y) € R?,

is the function u : (z,y,t) — (1—105|/|S|t)" 1s(z,y). The proof can be easily adapted to deal with the
advection and the exact solution of (87)-(88) is found to be

2gt

+
w: (x,y,t) — (1 - > 1py(z — cat,y — cyt).
To

The numerical simulations use the following parameters: (zo,y0) = (0.3,0.3), 7o = 0.2, ¢, = 0.8, ¢, = 0.2,
g = 0.03. To mimick the space R2, square domains with periodic boundary conditions are used for both the
finite volume step and the finite element step. The finite element domain, denoted by §2, is meshed with squares
of size h divided into two triangles. The finite volume domain, slightly larger than the finite element domain,
is meshed with square cells of size h, centred at each node of the finite element mesh. Such a pair of meshes is
represented in Figure 2. The advection step is solved using the so-called corner-transport upwind scheme [24,

Fig. 2: Example of meshes used for the two-dimensional simulations. The finite element mesh is in solid line
and the finite volume mesh is in dashed line.

see, e.g.,], which is slightly more accurate than the standard upwind scheme. This scheme is stable under the
CFL condition & < min ( h

[

%) The finite element step is solved using the lagged diffusivity algorithm, whose
principle is recalled in Appendix A.

Remark 7.1: The corner-transport upwind scheme does not fit exactly into the theoretical framework defined in
Section 3.1 since there is a numerical flux between the cells that touch at corner. However, the well-posedness
and convergence results remain valid (the proofs can be readily adapted).
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h relative error
0.02 0.618
0.01 0.5099

0.005 0.4403

Tab. 1: Relative error between the discrete and exact solutions in L!-norm.

The first simulation is performed with © = (0,1) x (0,1), h = 0.01, CFL= 1, € = 10~% and 20 iterations at
each time step for the lagged diffusivity algorithm. The numerical solution, represented at different times in
Figure 3, is in good agreement with the exact solution: the contours are sharp and the support is little deformed.
Interestingly, the total variation minimisation in the finite element step limits the diffusion due to the finite
volume scheme; see Figure 4. Table 1 collects the relative error between the exact solution and the discrete
solution in L'-norm for various meshsizes (keeping a CFL equal to 1). Precisely, the relative error is given by
the expression

|uP" — tUn &l L1 (@ (0,7))

[wPe|| L1 (ax (0,1))

where uP°" is the periodic version of v and the norms are computed with a second-order accurate quadrature
formula. The results show, as expected, a decrease of the error when the mesh becomes finer. The computed
convergence rate is clearly sublinear (0.28 between the first mesh and the second mesh, 0.21 between the second
mesh and the third mesh). It is probably due to the discontinuity in the solution. Indeed, the optimal L*-norm
convergence rate for a monotone scheme applied to a linear advection problem with discontinuous data is only
O(h2) [28]. The convergence rate for the total variation minimisation with finite elements seems also to be
sublinear in the case of a discontinuous source term (the best L2-norm convergence rate proved in the literature

is O(hs) [2)).

oo

Fig. 3: Advection and total variation flow. Numerical solution at times t = 0, t = 0.5, ¢t = 1, ¢ = 1.5. The mesh
is warped according to the value of the solution and the color scale goes from blue (0) to red (1).

™
\

Fig. 4: Numerical solution of the advection and total variation flow (left) and numerical solution of the advection
without total variation flow (right) at time ¢ = 1.5. The color scale goes from blue (0) to red (1). The
black circle indicates the support of the exact solution.

Remark 7.2: The regularisation parameter € is taken very small and the number of iterations is relatively large
in order to make negligible the error due to the lagged diffusivity algorithm. It is actually possible to choose a
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larger regularisation parameter (and thus a smaller number of iterations) without deteriorating the convergence
rate of the finite element step. We refer to [20] for the scaling law relating the meshsize to the regularisation
parameter.
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A Lagged diffusivity algorithm

The lagged diffusivity algorithm is a simple and efficient algorithm for solving the discrete total variation
minimisation problem [29, 12]. Under the notation of Section 3.1, consider the minimisation over Y}, of the
functional Jj : Y, — R, defined by

1 5
Jn(vn) :=/ (55 @n (@) = 2(2))* + [VOn(2)]) da,
where z;, € RY is such that z;, € L2(R?), & > 0 are given and where
Y, = {vn, € RY; Vo, € LY(RY), 7, € L*(RY)}.

The lagged diffusivity algorithm replaces the nondifferentiable functional .J;, by the regularised functional Jj :
Y;, — R, defined by

Jr(vg) == /]Rd(%(ﬁh( ) = Zn(2))? 4+ Ve(@)? + |Vou(x)[2) da

where €(z) € L'(R?) is a small positive function on R?. Then the respective minimisers uj, and u§ are the
respective solutions of the following variational inequalities:

/Rd(%(ﬂh(x) = Zn(2)) (n(x) = un(z)) + |Vou(z)| — [Vun(2)]) dz = 0, Yo, € Yy,

and

/ (%(ﬂ (z) — Zn(2) (On(x) — 5 (x) + Ve(x)2 + |Vou(x) 2 - \/e(x)2+|va;(x)\2)dx >0, Yo, € Yy,

Letting vy = uh in the first one and v;, = uy, in the second one, adding the resulting equations, using |V ()] —
Ve()? + [V, (z)]? <0, we obtain

/<_%<m(>_uh 24 V/e@)? + [Van(@)2 — |Van()]) dz > 0.
Rd

We now use

Ya,b>0, Va2 +b2 <a-+b.

We get

@ [ oyt [ i) - wi (o)

which proves that , tends to uy, in L?(R?) as € — 0 in L'(R%). We now remark that the minimiser u§ of J5
is also solution of the variational problem

L a1 — 21 ) V@) V(@)
LG ) + T

The preceding problem is then computed with a fixed-point algorithm. The algorithm is initialised with u;,

zp. At the iteration k + 1, the approximate solution “51 Dy

)d:Z? =0, Yo, € Y),.

() _

is computed by solving the linear diffusion problem
Vel (@) - V()
Ve@)? +1va (@)?

The diffusivity field in the above diffusion problem depends on uglk), whence the name lagged diffusivity.

)dw =0, Yu, € Y}.

LG @ =@ +



