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Abstract

Several theories have been proposed to generalise the concept of
analytic continuation to holomorphic functions of the disc for which the
circle is a natural boundary. Elaborating on Breuer-Simon’s work on
right limits of power series, Baladi-Marmi-Sauzin recently introduced
the notion of renascent right limit and rri-continuation.

We discuss a few examples and consider particularly the classical
example of Poincaré simple pole series in this light. These functions
are represented in the disc as series of infinitely many simple poles
located on the circle; they appear for instance in small divisor problems
in dynamics. We prove that any such function admits a unique rrl-
continuation, which coincides with the function obtained outside the
disc by summing the simple pole expansion.

1 Introduction

When one is given a function g holomorphic in the unit disc D, one can ask
whether ¢ is related in some way to a holomorphic function defined outside
the disc. A first answer to the question comes from Weierstrafy’s notion of
analytic continuation. Given a point A on the unit circle, if there exists
a neighbourhood V' and a holomorphic function on V' whose restriction to
V' NDis g, then we say that A is a regular point and the restriction of g to
the outer part of V' is an analytic continuation. If there is no regular point
on the unit circle, then we say that the unit circle is a natural boundary
for g, but is it the end of the story?

It is the purpose of “generalised analytic continuation” to investigate
this situation and suggest other ways in which an outer function can be
related to the inner function g. The reader is referred to the monograph
[RS02] for a panorama of various theories which have been proposed to go
beyond Weierstrafi’s point of view on analytic continuation.

This paper deals with a particular case of generalised analytic continu-
ation, called rri-continuation, which was put forward in the recent article
[BMS12]. This notion is based on the right limits introduced in [BS11] as a
tool unifying various classical criteria to detect a natural boundary. In the
first part of the article, we review the definition of rrl-continuation, illustrate



it on examples and discuss ways in which it can be useful in the theory of
dynamical systems.

In the second part, we apply the theory to the classical situation, first
considered by Poincaré in 1883, where ¢(z) is defined for |z| < 1 as a series of
simple poles Y Z_pe'fgn , where the points €l are dense on the unit circle and
the nonzero complex numbers p,, form an absolutely convergent series. For
such a function the unit circle is a natural boundary in the classical sense;
however, there is a natural candidate for the outer function, namely the sum
h(z) of the simple pole series for |z| > 1. We shall prove (Theorem 3.4) that
every simple pole series g(z) inside the disc has a unique rrl-continuation,
which coincides with the outer function A(z).

2 Continuation by renascent right limits and dy-
namical examples

2.1 Preliminaries

We are interested in holomorphic functions defined in the unit disc by power
series of the form

9(2) = 3t (21)
k=0

with a bounded sequence of coefficients {ay }ren. Our aim is to investigate
the possibility of defining ‘generalised analytic continuations’ for |z| > 1
even when the unit circle is a natural boundary. We shall even accept what
is called a strong natural boundary in [BS11]:

Definition 2.1 ([BS11]). A function g(z) holomorphic in the unit disc is said
to have a strong natural boundary on the unit circle if, for every nonempty
interval (wy,ws),
w2
sup / lg(re)| dw = oo. (2.2)
0<r<1 Jwy

Clearly, if the unit circle is a strong natural boundary for g, then the
unit circle is a natural boundary in the usual sense, since the function is not
even bounded in any sector {re® | r € (0,1), w € (w1, w2)} (as would be the
case if there were a regular point on the unit circle).

The article [BS11] provides a remarkable criterium to detect strong nat-
ural boundaries (Theorem 2.5 below), based on the notion of right limit that
we now recall.

Definition 2.2 ([BS11]). (i) Let a = {ax}ren be a sequence in a topolog-
ical space E. A right limit of a is any two-sided sequence b = {b, }nez
of E for which there exists an increasing sequence of positive integers



{kj }]21 such that

lim ayyk; = b, for every n € Z. (2.3)
j—00

(ii) Let g be a holomorphic function of the unit disc. We say that b is a
right limit of g if the sequence a formed by the Taylor coefficients at
the origin, ay == g(k)(O)/k:!, is bounded and b is a right limit of a.

In view of (2.3), each b, must be an accumulation point of a. When E
is a compact metric space, every sequence g admits right limits; given £ € Z
and ¢ accumulation point of a, one can always find a right limit b such that
by = ¢ (see e.g. [BMS12, Lemma 2.1}).

In the case of a function g with bounded Taylor coefficients, each right
limit gives rise to two generating series which will play an important role
when investigating the boundary behaviour of g:

Definition 2.3. Given a two-sided bounded sequence of complex numbers
b = {by, }nez, we define the inner and outer functions associated with b as

g (2) = Z bp 2", zeD,
B n>0

g, (2) = — anz", z € E,
N n<0

where D = {2 € C | |z| < 1} is the unit disc and E = {2 € C | |2] >
1} U{oo} is a disc centred at oo in the Riemann sphere C.

Definition 2.4 ([BS11]). Given an arc J of the unit circle, b = {b,}nez
is said to be reflectionless on J if g;r has an analytical continuation in
a neighbourhood U of J in C and this analytical continuation coincides
with g~ on U NE.

(This terminology, introduced in [BS11], comes from the spectral theory
of Jacobi matrices, it is not related to the Schwarz reflection principle.)

Theorem 2.5 (Breuer—Simon, [BS11]). Let g be holomorphic in D with
bounded Taylor coefficients at 0.

(i) Consider a nonempty interval (w1, ws) and the corresponding arc of the
unit circle J = {e“|w € (w1,wq) }, and assume that (2.2) is violated.
Then every right limit of g is reflectionless on J.

(ii) If b = {bp}nez and b = {by}nez are two distinct right limits of g and
if there exists N € 7 such that either b, = b, for alln > N or b, = b,
for allm < N, then the unit circle is a strong natural boundary for g.



2.2 The rrl-continuable functions

Breuer—Simon’s work motivated the following

Definition 2.6 ([BMS12]). (i) A renascent right limit of a sequence a in
a topological space is any right limit b = {b,, } ez of a such that b,, = a,,
for all n > 0.

(ii) An rri-continuable function is a holomorphic function g which admits
a renascent right limit b; then ggr = g in D and the function g,”, which
is holomorphic in E and vanishes at oo, is said to be an rrl-continuation

of g.

(iii) An rrl-continuable function g is said to be wuniquely rri-continuable if
it has a unique rrl-continuation; in the opposite case, it is said to be
polygenous.

Here is the motivation behind these definitions:
Proposition 2.7. Let g be an rri-continuable function. Then

(i) either there is an arc of the unit circle through which g admits analytic
continuation; then g is uniquely rri-continuable and all the analytic
continuations of g through arcs of the unit circle match and coincide
with the rri-continuation of g,

(ii) or the unit circle is a strong natural boundary for g.

If g is polygenous, then the unit circle is a strong natural boundary
for g.

Proof. Suppose that b is a renascent right-limit of g. If there exists an arc J
in the neighbourhood of which g = g; admits an analytic continuation,
then Theorem 2.5(i) implies that this continuation coincides with the rrl-
continuation g, in E. If on the contrary there is no analytic continuation
for g across any arc of the unit circle, then the given renascent right limit
is not reflectionless on any arc and the unit circle must be a strong natural
boundary.

The last statement follows from Theorem 2.5(ii). O

Example 2.8. In the case of a preperiodic sequence, g(z) = > 72, ap 2"
with ap = ap4, for all £ > m, one checks easily that there is no renascent
right limit unless m = 0, i.e. the sequence is periodic, in which case g(z) =
(ap+a1z+- - +ap—12P71) /(1 — 2P) is rational and uniquely rrl-continuable.

More generally, any rational function which is reqular on the Riemann
sphere minus the unit circle and whose poles are simple is uniquely rri-
continuable; this follows from Theorem 3.4 below (we shall see that one can



even afford for an infinite set of poles on the unit circle—of course the func-
tion is then no longer rational). Notice that we restrict ourselves to simple
poles because we consider only the case of bounded Taylor coefficients.

We emphasize that a holomorphic function g with bounded Taylor co-
efficients may have no rrl-continuation at all, independently of whether the
unit circle is a natural boundary or not. For instance, if the sequence of
Taylor coefficients of g at the origin tends to 0, then the only right limit
of g is b, = 0 and ¢ cannot be rrl-continuable unless ¢g(z) = 0; the previous
example also shows that no nonzero polynomial is rrl-continuable.

Observe also that if two holomorphic functions of D differ by a function h
which is holomorphic in a disc {|z| < R} with R > 1, then they have the
same right limits; for instance, for any such h, the function h(z) + (1 — 2)~1
has only one right limit, the constant sequence b, = 1, but only when
h(z) = 0 is this right limit a renascent one.

When an rrl-continuable function g has a natural boundary on the unit
circle, we may still think of the rrl-continuations of g as being somewhat
“connected” to g and consider them as a kind of generalised analytic contin-
uation, and the case of a unique rrl-continuation may then be particularly
interesting.

Notice that even with the usual analytic continuation it may happen
that, for a given g € (D), there are several arcs through which analytic
continuation is possible but leads to different results. Think e.g. of (1 —
z)l/ 21+ z)l/ 2. However, in view of Proposition 2.7, such examples are not
rrl-continuable.

2.3 Power series related to dynamical systems

A first interesting class of power series which arises in connection with dy-
namical systems is as follows:

Definition 2.9. Let F be a metric space and T: F — E be a continuous
map. Given v € F, we consider its orbit {7y = T%(7)};>0. Then, for any
bounded function ¢: E — C, we say that the sequence

ar, = o(T*(7)), k>0

is generated by the dynamical system T (in that situation ¢ is called an
observable).

To determine the right limits of the power series "7, ¢ (T%(7))z*, one
may try to determine first the right limits of the orbit {T%(v)} itself (and
then to exploit continuity or discontinuity properties of the observable ¢).
The following result is a generalisation of a lemma proved in [BMS12].

Lemma 2.10. The right limits of the orbit {o(T*(v)) x>0 are ezactly the
full orbits* of T which are contained in the w-limit set w(y,T).

Li.e. the two-sided sequences {Zn}nez of E such that xn41 =T (x,) for alln € Z



Proof. Adapt the argument given in [BMS12, Lemma 2.4] for the case where
{7k} is dense in E. O

One finds in [BMS12, Theorem 2] an example of such a sequence aj =
@(Tk(w)) which has uncountably many renascent right limits: the corre-
sponding generating series is highly polygenous (in that example the ob-
servable ¢ is continuous but the dynamics T is a non-invertible map of a
compact interval of R; the non-invertibility helps construct a huge set of full
orbits).

Example 2.11. The arithmetic example due to Hecke
o0
gu(z) =) {k0}F,  zeD, (2.4)
k=1

where € R\ Q and {-} denotes the fractional part, was shown to have a
strong natural boundary in [BS11]. This can be viewed as a series generated
by the translation z — x + 6 on R/Z for a discontinuous observable.

We shall see in Proposition 2.14 that gg(z) is uniquely rrl-continuable
and that 2 !gg(z) has exactly two rrl-continuations. Notice that, given
r € N* and g € 0(D) divisible by 2",

h is a rrl-continuation of ¢ = 27 "h(z) is a rrl-continuation of z7"g(z),

but the converse is not necessarily true.

Another class of examples arises from symbolic dynamics: if £ = |J;_; P
is a partition of the phase space in a finite number of sets, we can define the
piecewise constant observable

p(x) =c¢; forx e Py,

for some choice of constants ci,...,c¢,. Then, given a point x, the corre-
sponding sequence generated by a dynamical system 7T: F — E is called
itinerary of x:

itin(x) = {@(Tk(x)) }kzo‘

A powerful application is Milnor—Thurston’s kneading theory [MT88]. Let
T :[0,1] — [0,1] be a continuous, unimodal map, with 7'(0) = 7'(1) = 0
and a critical point ¢ € (0,1) which we assume non-periodic for simplicity;
we consider the piecewise constant observable ¢ which takes the value 1 on
[0,¢] and —1 on (¢, 1]. The kneading sequence {ej}r>o of T is defined to be
the itinerary of ¢. The kneading determinant is the power series

D(z) =1+ Zel et
k>1
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One of the applications of the kneading determinant is to find the topological
entropy of the map. Indeed, if s is the smallest real zero of D(z), then the
entropy of T' equals —log s ([MT88], Theorem 6.3).

Example 2.12. As an example, consider T'(z) := 2% + ¢ with ¢ the Feigen-
baum parameter (¢ = —1.401155189...). Then its kneading determinant is

known to be
o0

D(z) = 3 (=1,
n=0

where 7 := (01101001...) is the Thue-Morse sequence generated by the
substitution 0 — 01, 1 — 10, starting with 0. Notice that, by the defining
relation of 7, it is not hard to prove that

D(z) = H (1- sz)

m=0

(from which it follows that the entropy of T is 0). One can check that D(z)
has precisely two renascent right limits, hence the unit circle is a strong
natural boundary.

A thorough investigation of the applications to symbolic dynamics will
be the object of a forthcoming article.

2.4 A theorem about the series generated by a circle map

The following result is a variant of a theorem proved in [BS11] and used
there to show that Hecke’s example has a strong natural boundary on the
unit circle. It deals with the series generated by a dynamical system on the
circle, with a special kind of observable:

Theorem 2.13. Let T := R/Z. Suppose that f: T — T is a homeomorphism
and that z* € T is such that {f¥(x*)}ren is dense in T. Suppose that a
bounded function p: T — C is continuous on T\ A, where A C T has empty
interior, and that each point of A is a point of discontinuity for @ at which
right and left limits exist and ¢ is either right- or left-continuous. Let

9(2) ::Zgo(fk(x*))zk, z €D.
k=0
Then:
(i) If f¥(z*) ¢ A for all k > 0, then g is rril-continuable.
(ii) If fF(x*) & A for all k > 0 and there exists n < 0 such that f™(z*) €

A, then g has at least two different rril-continuations.



Proof. Let us use the notation
> * < *
Yi —Y, resp. Yy —Yy,
if {y;};>1 is a sequence and y* is a point in T for which there exist lifts §; and

y* in R such that lim;_, 7; = ¥* and, for j large enough, 7* < g; < §* + %,
resp. §* — % <y; <y*. We set

xy, = f"(z"), nez

and notice that, by the density of {zy}r>o in T, for every y* € T one can

find increasing integer s s (kYo and {k7 ) h that z,+ = y*
nd mcreasing immteger sequences Ji j>1 an Ji j>1 suc a ,iji Y.

Suppose first that f¥(z*) ¢ A for all k > 0. Let us choose an increasing
integer sequence {k;};>1 such that T, 5 2* with e standing for *>’, un-
less x* € A and ¢ is left-continuous at x*, in which case € stands for ‘<’.
Then, for every n € Z, wpyk; = f"(xk;) 2y f(z*) = x, with €, stand-
ing for ‘>’ or ‘<’ according as f" preserves or reverses orientation, and
b = limj 00 (T 1k;) exists by right- or left-continuity of ¢ at x,. Now,
for n > 0, we have x,, ¢ A, hence b, = p(z,); for n = 0, we also have
by = ¢(x0) even if xg = 2* € A thanks to our choice of {k;}; therefore we
have found a renascent right limit for {¢o(xg) }ren.

Suppose now that f*¥(z*) ¢ A for all k > 0 and that one can pick
¢ > 0 such that f~(z*) € A. Let us choose increasing integer sequences
{k;_}jZl and {k; };>1 such that Tyt EN x_y. For each n € Z, we have
Ty i &y x,, with €, depending on whether f" preserves or reverses
orientation, and b = lim; 00 (,, 4 +k]i) exists by right- or left-continuity

of ¢ at z,. For n > 0, ¢ is continuous at z,, thus b, = ¢(z,), but for
n = —¢ we have

b, = lim g(x) £ b, = lim (o)
T—>x_y T—rT_y
which means that we have two different renascent right limits. O

We now discuss the rrl-continuability of Hecke’s example.

Proposition 2.14. Let us fir 6 € R\ Q and denote the fractional part
function by {-}. Then the function gu(z) = S 5o, {k0}z" has a unique
rrl-continuation, which is

gp(2) == {n0}z"=gu(z"")+(1-2)"", zeB. (25
n<0



Moreover, the function 2 tgp(z) = Y peo{(k + 1)0}2* has ezactly two rrl-
continuations:

- Z{(n +1)0}2" = 2"tgp(2) and  — 2zt + 27 gg(2), (2.6)
n<0

and the unit circle is a strong natural boundary both for gy(z) and z~tgu(2).

Proof. Hecke’s example falls into Case (i) of Theorem 2.13: denoting by
m: R — T the canonical projection, we can define the homeomorphism f by
fom(Z) = (% + 6) and the discontinuous observable 1 by ¢ o 7(Z) =
i — |Z], then gu(z) = Y50 gapz” with ag = ¢t (f*(2*)) and z* = 7(0),
and A is reduced to {z*} in that case, with ¢ right-continuous.

Therefore, gy has at least one rrl-continuation. To show its uniqueness,
we observe that the canonical projection 7 is a continuous right inverse for
e : T — R; for every right limit b = {by, }nez of {ax}ren, this implies that
Yn = 7(b,) defines a right limit for {f*(2*)}ren, and the continuity of f
and f~! clearly implies y, = f™(yo); if b is a renascent right limit, then by =
0, hence yg = z* and y,, ¢ A for n € Z*, and b, = p*+ (yn) =t (f"(x*)) by
continuity of ¢ on T\ A. We thus obtain (2.5) (the representation of g
as gu(z71) + (1 — 2)7! stems from 7 € R\ Z = —{-3} ={3} - 1).

On the other hand, the function g(z) :== 2z~ tgn(z) falls into Case (ii) of
Theorem 2.13. Indeed, the only difference with the previous case is the initial
condition, z = m(#). Therefore, g has at least two rrl-continuations. By
Theorem 2.5(ii), it follows that the unit circle is a strong natural boundary
for g, and thus also for gy.

Arguing as above, we see that any renascent right limit of ¢ is of the form
b= {bp }nez with w(b,) = f™(x}); now w(b,) € T\ A only for n € Z\ {—1},
while 7(b—_1) = 7(0). Since b_; € [0,1], we conclude that there are only
two possibilities: b_1 = 0 or 1. Both cases are possible (if not there would
be only one renascent right limit), we thus find the two rrl-continuations
indicated in (2.6).

Notice that these functions can be written — >, o= (f"(27}))2", with a
function ¢~ : T — R defined by ¢~ o (%) = Z — [Z] which is left-continuous
at w(0) = f~(x}). O

Corollary 2.15. With the same assumptions and notations as in Proposi-
tion 2.14, defining

9~ (2) = Z{’y + K0} 25, zeD
k=0

for every v € R\ (Z + 0Z), one gets a unique rri-continuation for gm.:

Ia(2) ==Y {y+n0}" =gu (=) +2(1-2)" + {7}, (27
n<0

and the unit circle is a strong natural boundary.



Proof. The existence of the rrl-continuation is guaranteed by Theorem 2.13(i),
exactly as in the proof of Proposition 2.14. One finds that (2.7) is the only
possible rrl-continuation by following the same lines.

Since 0 is an accumulation point of the sequence {ak ={y+ k@}}keN,
we can find a right limit {b,, },ez such that by = 0. With the same notations
for 7, f and ¢T as in the proof of Proposition 2.14, since 7 is continuous,
it maps {b,} onto a right limit {y,} of the sequence {m(ay) = f*(w(v))},
which is necessarily of the form y,, = f"(yo) (because f is continuous). Since
yo = 7(0), the observable ¢ is continuous at each of the points y, with
n € Z*, hence {p™ (y,)} is a right limit of the sequence {p™ o 7(ax) = ax}.

We just obtained that {nf},cz is a right limit of gy,. By virtue of
Proposition 2.14, this right limit is not reflectionless on any arc, Theo-
rem 2.5(i) thus implies that the unit circle is a strong natural boundary. [

Remark 2.16. There is a relationship between the arithmetical properties
of 6 and the functions gy 4: for any 0 < v <2 <1,

72— k
9H,m (Z) — GH,y2 (Z) - 1— 2 = Z 0
keN (v1,7v2)

where N(71,72) is the set of the occurence times of the sequence {{k6}}, _
in [1—72,1—), that is N(y1,72) ={k €N | kO € [—y2,—71) + Z }.

3 Poincaré simple pole series and rrl-continuability

3.1 Poincaré simple pole series

The second half of this article is dedicated to what is probably the sim-
plest non-trivial situation in which one might wish to test the notion of
rrl-continuability. The main theorem is Theorem 3.4 below, which was an-
nounced without a proof in [BMS12, Appendix A.2].

We shall use the same notations as in Definition 2.3 for (/C\ZA, D and E. We
shall denote by S the unit circle, viewed as a subset of C C C.

Definition 3.1. Let ¢1(S,C) be the set of all functions p: S — C such that
the family {p()‘)}AeS is summable. Given p € ¢1(S,C), its support is the set
(finite or countably infinite)

suppp ={A €S| p(A) # 0} = {A1, Ap, ...}

and Z lp(N)] = Z |p(Am)| < co. We then define the Poincaré simple pole

Aes
series (PSP-series for short) associated with p as the function

SDIBED A4 ST (3.1)
AES
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and the inner and outer PSP-series by

S(p)T =2B(p)p € OD),  (p)” =X(p)g € O(E).

We say that the outer PSP-series X (p)~ is associated with the inner PSP-
series M(p)™.

Since the series (3.1) converges normally on every compact subset of
C \ supp p, the functions E(p)i are holomorphic respectively on D and E.

Our terminology is motivated by Poincaré’s article [Po83] (see also [P092]),
where he studies this kind of series; assuming that the support of p is dense
in S, Poincaré proves that the unit circle is a natural boundary for ¥(p)* and
he discusses the relationship between the two functions. Later Borel, Wolff
and Denjoy studied such series, considering also more general distributions
of poles A (not restricted to lie on S).

The subclass of PSP-series (p) with supp p contained in the set of roots
of unity was studied in [MS03] for dynamical reasons, in relation with small
divisor problems.

Notice that one might be tempted to enlarge considerably the frame-
work by considering series of rational functions which are regular in C \'S
rather than series of simple poles. However one must be aware that such
an expansion may represent a constant function in ID and another constant
function in E, a phenomenon which certainly does not fit with our intuition
of what generalized analytic continuation should be (see [P092], [RS02]).

The class of inner PSP-series is an interesting class of functions for which
we shall prove unique rrl-continuability. It clearly contains the rational
functions which are regular on C \ S and whose poles are simple, but we are
more interested in the case where S is a natural boundary.

Any inner PSP-series uniquely determines the associated outer PSP-
series, because p and thus X(p)~ are uniquely determined by X(p)*:

Lemma 3.2. Suppose that p € (*(S,C). Then

p(\) =lim(z — A\) B(p) " (2) as z — X\ radially
for every A\ € S. Hence the map p € £1(S,C) — X(p)* € O(D) is injective.
Proof. Given \* € S, we can write

(= N)S)* )~ ) = Y pNITS,  zeD.
AEN*

*

For each A # \*, we have z € [0,\*] = || < 1 and 23~ — 0 as z — A",
whence the result follows by dominated convergence. O

11



Remark 3.3. In fact, one even has

p(N) = lim (= = ) T(p)F(z),  A€S,
PRLSY
where ‘ lim ’ denotes nontangential limit.
PRESY
Lemma 3.2 shows that, if A\ € supp p, the function ¥(p)™ is not bounded
on the ray [0, A], hence A is necessarily a singular point of the function. This
entails a dichotomy:

(a) either supp p is not dense in S; then C\supp p is connected and S\supp p
is a countable union of open arcs of the unit circle, in the neighbourhood
of which Y(p) is holomorphic; we can thus view X(p)* and X(p)~ as the
analytic continuation of each other through any of these arcs;

(b) or suppp is dense in the unit circle, D and E are the two connected

components of @\supp p= @\S and the unit circle is a natural boundary
for both ¥(p)™ and X(p)~.

In the latter case, one may still study the convergence of (3.1) on the unit
circle (by restricting oneself to z € S “sufficiently far” from supp p) and try to
“connect” the functions X(p)™ and ¥(p)~ by a property of Borel-monogenic
regularity. We shall return to these questions later (Proposition 3.7).

Our main theorem about inner PSP-series is in term of the notion of
generalized analytic continuation discussed in Section 2: the outer PSP-
series is the unique rrl-continuation of the inner PSP-series with which it is
associated.

Theorem 3.4. Let g € O(D) be an inner PSP-series. Then g is uniquely
rri-continuable and its rril-continuation is the associated outer PSP-series.

The proof will be given in Sections 4.1 and 4.2. Together with Proposi-
tion 2.7, this immediately yields

Corollary 3.5. Assume that the unit circle is a natural boundary for an
inner PSP-series g (i.e. the support of the corresponding p € (*(S,C) is
dense in'S). Then the unit circle is a strong natural boundary for g.

3.2 An example

Here is an example which is reminiscent of Hecke’s example:

Proposition 3.6. Let p: R — C be continuous and 1-periodic and assume
that the sequence (¢(j))jez of its Fourier coefficients is absolutely conver-
gent:

Y19 < oe. (3.2)

JET
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Then, for any 6 € R\ Q, the sum of the convergent power series

gt(2) = Z w(nd)z", zeD (3.3)

n>0

is an inner PSP-series, with associated outer PSP-series given by

g (2) =— Z w(nd)z", z € E. (3.4)

n<0

Moreover, if ¢ is not a trigonometric polynomial, then the unit circle is a
strong natural boundary for g*.

Proof. Use the formula (4.2) for the Taylor coefficients at 0 of an inner PSP-
series and the coefficients at oo of the associated outer PSP-series: consider
the pairwise distinct points \; = e~ 230 i c 7. and define p: S — C by

p(Aj) = =X;0())

and p(A\) = 0 if X is not an integer power of e~27%; then p € ¢1(S,C) and
PO = X 676X = o(nd), hence g* = %(p)*. 0

In Hecke’s example, the observable ¢ violates condition (3.2) and is not
continuous. Still, the formula (2.5) that we obtained for its rrl-continuation
looks like an echo of (3.4).

3.3 Monogenic regularity

Let us return to the general case of a PSP-series ¥(p). We now wish to
analyze the relationship between the inner and the outer functions in terms
of regularity: at least for a certain class of p’s, the connection between them
can be reinforced. The reader is referred to [MS03] or [MS11] for the defini-
tion of the space of Borel monogenic functions .# ((K )5 (C) associated with
a monotonic non-decreasing sequence of compact subsets of the Riemann
sphere C and to [MS11] for the notion of #!-quasianalyticity.

Proposition 3.7. Let p € (X(S,C) with infinite support

suppp = {A1, A2, ...}

and assume that there exists o > 1 such that Y >, m7|p(Ay)] < .

Then there exists an increasing sequence (Kj) of compact subsets of C
such that K = J K has its complement contained in the unit circle and of
zero Haar measure, and such that the space of Borel monogenic functions
associated with (Kj),

///((Kj), C),

contains YX(p) and is ' -quasianalytic.

13



Proof. For each m > 1, let w,, € [0,1) be such that \,, = ™= For j > 1,
define

1

Jme

A?:z{w€R|Vm21,VN€Z, lw —wm — N| > }
and observe that the Lebesgue measure of [0, 1] \AER is less than 2((0)/j

(where ¢ denotes the Riemann zeta function). Proceed adapting [MS11,
sect. 5] (or [MS03, sect. 2.4-2.5]). O

The #'-quasianalyticity property means that any function g of the
space A ((K i), (C) is determined by its restriction to any subset of K which
has positive linear Hausdorff measure; in particular it is determined by its
inner restriction gjp. This yields a totally different way of recovering the
outer function g from the inner function. In view of Theorem 3.4, one may
wonder whether it is true that gy is the only rrl-continuation of gp for any
g€ M ((K)),C).

A particular case of Proposition 3.7 occurs in the case of the solution

m

> m—1 Gmgr— of the cohomological equation considered in [MS03] (with

m=1

the “multiplier” ¢ playing the role of the variable z of the present article).

4 Proof of Theorem 3.4

4.1 Existence of rrl-continuation by the outer function

Let p € £1(S,C), g == %(p)T, h := X(p)~. We must prove that h is an
rrl-continuation of g.

The Taylor expansion of g at the origin and the Taylor expansion of A
at oo are easily computed by expanding the geometric series ﬁ =-A"1(1-
A1) 7 = 2711 — Az71) 7! and permuting sums; one can write the result
as

9(2) = buz",  h(2) == ba2", (4.1)
n>0 n<0

bp == p(AMXT"! forneZ. (4.2)
AES

The problem is thus to find an unbounded integer sequence (k;);>1 such
that
lim by, 1y, = b, foreveryn eZ (4.3)
J—00

(indeed, from any such unbounded sequence, one can extract an increasing

sequence for which (4.3) still holds, showing that b = (b,,)nez is a right limit
of (bg)ken, with g = g; and h = g, ).

14



We have by, = =Y ,cs A% - p(A)A™""L. By the dominated conver-
gence theorem, if the sequence (k;);>1 satisfies

lim A\* =1 for each A € suppp (4.4)

Jj—0o0
then (4.3) holds. The problem thus reduces to find an unbounded integer
sequence (k;);>1 satisfying (4.4).
1st case

Assume that supp p is contained in the set of all roots of unity. Then
one can take k; = j!, since M' =1 for any j > order of \ as a root of unity.

2nd case

Assume that supp p is not contained in the set of all roots of unity. We
write supp p = {A1, A2,...}. For each j > 1, we set

Vi={e | 0<w<1/j}CS
and we consider the “cells”

. 2mily /j 2mila /j omils )i .
W51,€2,...,Z — 2l 1/]‘/j % @2mi 2/j‘/j X o--@ 7r1]/]vvj CcS

i
(where e2™4/7V; is short-hand for {e*™ | £,/j <w < (¢, +1)/j }) for each
integer j-tuple (¢1,02,...,4;) with 0 < £1,0s,...,4; < j — 1; these are j
cells which cover the torus S7. Now consider the j7 + 1 points

Ajm = (AT, ?,...,A;U)GSj, form=0,1,...,5.

/
J
such that Aj.,; and Aj,m;_ belong to the same cell Wy, 4, ¢ this means

that

Out of them, at least two belong to the same cell, we thus can find m; <m

m; m; 0 /s
>\r ],>\r J e e?ﬁlfr/_]‘/j

for all r =1,2,...,4. This implies

)\fj € V;, where k; = m. — m; (4.5)

J

for all » < j. Keeping r fixed but arbitrary, we thus get lim;_, )\fj = 1.

Therefore we have obtained (4.4) with the sequence (k;);>1 defined by (4.5).
Now this sequence cannot be bounded because, if it were, (4.4) would imply
that each element of supp p is a root of unity. This ends the first part of the
proof.
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4.2 Uniqueness of rrl-continuation
4.2.1 Reduction of the problem

Let p € £1(S,C), g == X(p)*, h == X(p)~. We must prove that any rrl-
continuation of g coincides with h. In fact we shall prove more: using the
notations (4.1)—(4.2) for the Taylor coefficients of g and h, we shall see that,
for any increasing sequence of positive integers {k;}, the property

lim by, 1y, =b, foreachn>0 (4.6)
j—o0
implies
lim A™% =1 for each \ € supp p. (4.7
j—o0

By the dominated convergence theorem, this will imply

lim by, 4x, = b, for each n <0. (4.8)
j—00

Indeed, recall that

by, = — Zp()\))\_"_l for n € Z,
A€ES

hence b1, = = \cs p(MA™ L A\7Fi will tend to b, also for negative n.
The implication (4.6) = (4.7) will follow from the

Proposition 4.1. The operator M : (1(S,C) — ¢>°(N) defined by
M(e)(n) ==Y a()A",  neN
€S
for every a € £X(S, C) is injective.

Proposition 4.1 implies the second part of Theorem 3.4. Suppose that (4.6)
holds for a sequence {k;}, i.e.

Zp()\))\_"_l AR Zp()\))\_"_l for each n > 0.
Aes V=

This assumption can be rewritten as

(Dn> Vr;) —— (Dn> X) for each n > 0, (4.9)

J—00

where the scalar products are intended in the Hilbert space H := ¢?(supp p, C)
and ¢, ¥Um, x € H are defined for any m € N by

¢m()\) _ |p(>\)|1/2€i9()\))\—m—1,
Ym(A) = [p(V)[2A™,

X = [pW)[2,
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for every A € supp p, with any #(\) € R such that p(\) = |p(A\)[e?™. Let
W denote the closure of the span of {¢,}}men in H. Since H?/)kj — XHH <
2[|x|| 77, we get, by dominated convergence,

(9,00,) = (6x) for cach g €W (4.10)
Now, suppose 3 € Wl. This means that 3 € £2(supp p, C) and

Zﬁ()\)&o()\))\" =0 foreachn >0
€S

(because ¢, (\) = ¢o(M)A™™). Setting a(N) == B(N)go()), we get a € £1(S, C)
such that M («) = 0, which implies &« = 0 by Proposition 4.1, hence g = 0.
Thus W is the whole H.

Given A € S, we define dy € H by 6,(X) = [p(\)[Y? if X = X and
I(A) =01if X # A. Then, (4.10) with ¢ = 0, reads

(@ tk;) = PN AT o Onx) = le(Al;

which is (4.7). As explained above, this implies (4.8) and the proof is com-
plete. U

4.2.2 Proof of Proposition 4.1

We first introduce some notation: given F' C S finite, we define the polyno-
mials

Pp(X) = H(X—,u), Qrr(X) = H (X —p) foreach X € F.
HEF REF\{A}

Observe that

Pp(X
Qrr(X) = Ppay (X) = ; (_ A) and Qy r(\) = Pp(\) for each \ € F.
(4.11)
Lemma 4.2. Let F be a finite subset of S and o € £*(S,C). Then
Ma)=0 = Z Orlp a,u for each X\ € F.
Qxr(A
HES\F
Proof. The assumption M («) = 0 implies that, for any @ € C[X],
> Qwaly) =
HeES
Choosing Q = Q) r, since @y (1) =0 for p € F'\ {\}, we get
Qxr(A + Y Qrln
HES\F
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This is already sufficient to conclude when the support of p is contained
in the set of roots of unity

=) B, T ={XES|N"=1} formeN".

m>1
Lemma 4.3. Let o € ¢*(S,C) with suppp C Z. Then
M(a)=0 = a=0.

Proof. Suppose suppa C Z and M (a) = 0 and fix A € Z. For every m > 1
such that A € %,,,, Lemma 4.2 implies

Qx 2, (
(M)-
uegj Qx jm(

But Py, (X)= X" —1 and, by (4.11),

m—1
Xm_1 Xm-
p X) = _ _ m—l—k‘Xk;
nitn (X) = 5 X -2 > ’

therefore Q» %, (A) = mA™" and |Qx 4, (1)| < m for every p € S, whence

Qx @m(l" ‘ < 1 and
Qx,%m (A

e[ < Y el

WES\Zm

By choosing m = j!, since the sequence {Z;};>1 exhausts #Z, we get a
sequence of inequalities in which the right-hand side tends to 0 as j tends
to oo, whence a(\) = 0. O

For the general case, the idea is to use Diophantine approximation to
enrich any finite subset of supp a so as to make it “close enough” to one of
the sets %Zp,. By “close enough”, we mean that Pr(X) is close to Py, (X) =
X™ — 1 in the following sense:

Definition 4.4. Let ¢ € (0,1). A finite subset F' of S is said to be e-balanced

' | Prx) - (xIFT - )| <

where |F| denotes the cardinality of F and |- ||;: C[X] — R* is defined by
llao +ar X + -+ aaX?|ly = lao| + las| + - + |aal.

Lemma 4.5. Suppose that F' C S has finite cardinality m > 1. Let A € F'.
Then

(i) one has [|Qxr|; < m|Prl;;
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(ii) if moreover F is e-balanced for a given ¢ € (0,1), then

max|Qar()] < m(2+¢) and [ Qrr(N] = m(1—2).

Proof. We can write Pp(X) = ag + a1 X + -+ + 4, X™ with a,, = 1 and
Q)\,F(X) = bo +0 X+ 4+ bm_lefl.
(i) The identity Pp(X) = (X — A)Qx,r(X) implies
apg — —)\bo
a1 = —Abi1 + by

m—1 = _)‘bm—l + bm—2-

This entails |bg| < |ag| and |bg| < |ak| + |bg—1| for k. =1,...,m — 1, whence
|bi| < lag| + -+ 4 |ax| < ||Pp||; for k=0,...,m — 1, and finally ||Qx ||, <
ml|| Pp|;-

(ii) The e-balancedness assumption reads
lag — 1| + a1 + - - + |am—1| < e. (4.12)

On the one hand, we have || Pr|[; < || X™ — 1||;4+¢& = 2+4¢, hence maxs|Qy | <
1QxFll; < m(2+4€) by (i). On the other hand, by (4.11), Qx r(A) = Pp(\) =
mA™L 4 Zzn;f kapA\F~1 and (4.12) implies that (kaj kak)\k_l‘ < me,
whence the conclusion follows. O

Now, by adapting the proof of Lemma 4.3, we get

Lemma 4.6. Let ¢ € (0,1). Let a € ¢X(S,C) with suppa C U F;, where
Jj=1
{Fj}j>1 is an increasing sequence of e-balanced subsets of S. Then

M(a)=0 = a=0.

Proof. Suppose M (a) =0 and fix A € Z. For every j > 1 such that A € Fj,
Lemma 4.2 implies

and Lemma 4.5(ii) then yields

ol < 2553 Jagu)l

HES\F;

The right-hand side tends to 0 as j tends to oo, therefore a(\) = 0. O
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Now, the following Diophantine approximation result will be sufficient
to conclude:

Lemma 4.7. For any finite subset G of S there exists a finite subset H of S
such that GU H is %—balanced.

Proof of Lemma 4.7. Let us write X = 2™?(N) with ()\) € R for each \ € G.
Let m := |G|. For each integer M > 1, Dirichlet’s theorem ([Ca57], Thm
VI) yields integers N and {p(A)} e such that 1 < N < M and

p(N) 1
— < .
‘6()\) N ‘ < N for each A € G
We shall see that .

H — %N \ {627r1p()\)/N})\€G

satisfies the required properties provided M is large enough.

Let F := G U H: this set is obtained from the set of all Nth order
roots of unity by replacing those of the form ¢>™PN/N by the corresponding
e?m0(N) - Choosing M > 2™, we ensure that |F| = N (because for p # p/,

‘pﬁl —%| > & cannot be < W) and there is a bijection £: Zy — F
such that

peH) = &) =p

pet (@) =  &(u) = Asuch that p = >N/,

We can set d(u) == u — &(p), so that

pe(H) = o) =0,
2w

pe (@) = 0l < 17

We want ||Pp — Pg, ||, < 3. We have

PrX)= ] X—¢w)= ] G +X—n)= Y oxPayx(X)

HEXAN HEXN KCZ%Zn

with the notation dx = H d(p) for any subset K of Zy. Of course oy = 1
pnek
and K ¢ ¢ Y(G) = 6k = 0, hence

Pr(X) =Pz (X)= Y 0xPayx(X) (4.13)

0£KCE—L(G)
Let K C £71(G) with |[K| =k > 1. On the one hand, |§x| < (W)k
On the other hand, Lemma 4.5(i) says that || Pp ¢,y H1 < |L|||Prl; by induc-
tion on k, this yields || Pz\ k||, < N(N —1)-- (N —k+1)||Pgy |, <2NF,
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whence HéKP%vN\KHl < 2( 2 )k < 282mM™ * gince there are at most 2™

M1l/m M1l/m
choices for K as a subset of {71(G), (4.13) then yields ||Pr — Pg, ||, <
2m+1%, which is < % for M large enough. O

End of the proof of Proposition 4.1. Suppose a € ¢1(S,C) and M(a) = 0.

Since supp a is countable, we can find a sequence {F} };>1 of finite subsets

of S such that suppa C U FJ* We proceed by induction to construct an
Jj=1

increasing sequence {Fj};>1 of %—balanced subsets of S such that

Fy C Fy, for each k € N*. (4.14)

For j = 1, Lemma 4.7 yields a finite H; C S such that F} = F}" U H; is
%—balanced. For j > 1, assuming to have already defined %—balanced subsets
Fy C --- C Fj_; such that (4.14) holds for k£ = 1,...,j — 1, we applpy
Lemma 4.7 with G = Fj_y U F}: this yields a finite H; C S such that
Fj=F;_1U Fj* UH; is %—balanced.

The inclusion suppa C U F; with such a sequence {F}};>1 implies

Jj=1

a = 0, by virtue of Lemma 4.6. O
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