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NORMAL FAMILIES OF MEROMORPHIC MAPPINGS
OF SEVERAL COMPLEX VARIABLES FOR MOVING
HYPERSURFACES IN A COMPLEX PROJECTIVE
SPACE

GERD DETHLOFF AND DO DUC THAI AND PHAM NGUYEN THU TRANG

ABSTRACT. The main aim of this article is to give sufficient con-
ditions for a family of meromorphic mappings of a domain D in
C"™ into PY(C) to be meromorphically normal if they satisfy only
some very weak conditions with respect to moving hypersurfaces in
PV (C), namely that their intersections with these moving hyper-
surfaces, which may moreover depend on the meromorphic maps,
are in some sense uniform. Our results generalize and complete
previous results in this area, especially the works of Fujimoto [4],
Tu [21], [22], Tu-Li [23], Mai-Thai-Trang [8] and the recent work
of Quang-Tan [12].

1. INTRODUCTION.

(Classically, a family F of holomorphic functions on a domain D C C
is said to be (holomorphically) normal if every sequence in F contains
a subsequence which converges uniformly on every compact subset of
D to a holomorphic map from D into P.

In 1957 Lehto and Virtanen [7] introduced the concept of normal
meromorphic functions in connection with the study of boundary be-
haviour of meromorphic functions of one complex variable. Since then
normal families of holomorphic maps have been studied intensively, re-
sulting in an extensive development in the one complex variable context
and in generalizations to the several complex variables setting (see [24],
5], [6], [1] and the references cited in [24] and [6]).

The first ideas and results on normal families of meromorphic map-
pings of several complex variables were introduced by Rutishauser [13]

and Stoll [16].

The research of the authors is partially supported by a NAFOSTED grant of
Vietnam (Grant No. 101.01.38.09).
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The notion of a meromorphically normal family into the N-dimen-
sional complex projective space was introduced by H. Fujimoto [4] (see
subsection 2.5 below for the definition of these concepts). Also in [4], he
gave some sufficient conditions for a family of meromorphic mappings
of a domain D in C" into PY(C) to be meromorphically normal. In
2002, Z. Tu [22] considered meromorphically normal families of mero-
morphic mappings of a domain D in C" into PV (C) for hyperplanes.
Generalizing the above results of Fujimoto and Tu, in 2005, Thai-Mai-
Trang [8] gave a sufficient condition for the meromorphic normality of
a family of meromorphic mappings of a domain D in C" into PV (C) for
fixed hypersurfaces (see section 2 below for the necessary definitions,
in particular subsection 2.3 for the definition of D(...)):

Theorem A. ([8, Theorem A]) Let F be a family of meromorphic
mappings of a domain D in C" into PY(C). Suppose that for each
f € F, there exist ¢ > 2N + 1 hypersurfaces Hi(f), Ha(f), ..., Hy(f) in
PN (C) with

inf{D(H\(f),.... Hy(f)); f € F} >0 and f(D) ¢ Hi(f) (1 <i < N+1),

where q is independent of f, but the hypersurfaces H;(f) may depend
on f, such that the following two conditions are satisfied:

i) For any fized compact subset K of D, the 2(n — 1)-dimensional
Lebesque areas of f~Y(H;(f)) N K (1 < i < N + 1) with counting
multiplicities are bounded above for all f in F.

i1) There exists a closed subset S of D with A**71(S) =0 such that
for any fized compact subset K of D — S, the 2(n — 1)-dimensional
Lebesque areas of f~'(H;(f)) N K (N +2 < i < q) with counting
multiplicities are bounded above for all f in F.

Then F is a meromorphically normal family on D.

Recently, motivated by the investigation of Value Distribution The-
ory for moving hyperplanes (for example Ru and Stoll [14], [15], Stoll
[17], and Thai-Quang [18], [19]), the study of the normality of families
of meromorphic mappings of a domain D in C" into PV (C) for moving
hyperplanes or hypersurfaces has started. While a substantial amount
of information has been amassed concerning the normality of families of
meromorphic mappings for fixed targets through the years, the present
knowledge of this problem for moving targets has remained extremely
meagre. There are only a few such results in some restricted situations
(see [23], [12]). For instance, we recall a recent result of Quang-Tan
[12] which is the best result available at present and which generalizes
Theorem 2.2 of Tu-Li [23]:
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Theorem B. (see [12, Theorem 1.4]) Let F be a family of meromorphic
mappings of a domain D C C" into PN(C), and let Qy,---,Q, (¢ >
2N +1) be g moving hypersurfaces in PN (C) in (weakly) general position
such that

i) For any fized compact subset K of D, the 2(n — 1)-dimensional
Lebesgue areas of f~HQ;)NK (1 < j < N+1) counting multiplicities
are uniformly bounded above for all f in F.

ii) There exists a thin analytic subset S of D such that for any fized
compact subset K of D, the 2(n — 1)-dimensional Lebesgque areas of
FHQ;) N (K —8) (N+2 < j < q) regardless of multiplicities are
uniformly bounded above for all f in F.

Then F 1s a meromorphically normal family on D.

We would like to emphasize that, in Theorem B, the ¢ moving hy-
persurfaces Q1, - ,Q, in PY(C) are independent on f € F (i.e. they
are common for all f € F.) Thus, the following question arised na-
turally at this point: Does Theorem A hold for moving hypersurfaces
Hi(f), Ha(f), ..., H,(f) which may depend on f € F? The main aim of
this article is to give an affirmative answer to this question. Namely,
we prove the following result which generalizes both Theorem A and
Theorem B:

Theorem 1.1. Let F be a family of meromorphic mappings of a do-
main D in C" into PN(C). Suppose that for each f € F, there erist
q > 2N + 1 moving hypersurfaces Hi(f), Ha(f), ..., Hy(f) in PN(C)
such that the following three conditions are satisfied:

i) For each 1 < k < q, the coefficients of the homogeneous polyno-
mials Qr(f) which define the Hy(f) are bounded above uniformly for
all f in F on compact subsets of D, and for any sequence {fP)} C F,
there exists z € D (which may depend on the sequence) such that

infpen{ D(Q1(f7), ... Qg(fP))(2)} > 0.

i1) For any fixed compact subset K of D, the 2(n — 1)-dimensional
Lebesgue areas of f~(H;(f))NK (1 < i < N+1) counting multiplicities
are bounded above for all f in F (in particular f(D) ¢ H;(f) (1 <i <
N +1)).

ii) There exists a closed subset S of D with A*"7'(S) = 0 such
that for any fized compact subset K of D — S, the 2(n— 1)-dimensional
Lebesgue areas of f~(H;(f))NK (N+2 < i < q) ignoring multiplicities
are bounded above for all f in F.
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Then F 1is a meromorphically normal family on D.

In the special case of a family of holomorphic mappings, we get with
the same proof methods:

Theorem 1.2. Let F be a family of holomorphic mappings of a domain
D in C" into PN(C). Suppose that for each f € F, there ewist q¢ >
2N + 1 moving hypersurfaces Hy(f), Ha(f), ..., H,(f) in P¥(C) such
that the following three conditions are satisfied:

i) For each 1 < k < q, the coefficients of the homogeneous polyno-
mials Q(f) which define the Hy(f) are bounded above uniformly for
all f in F on compact subsets of D, and for any sequence {f®} C F,
there exists z € D (which may depend on the sequence} such that

infpeN{D(Ql (f(p))7 ’Qq( } >0.

i) f(D)NH(f)=0 (1<i<N+1) forany f € F .

ii) There erists a closed subset S of D with A**~'(S) = 0 such
that for any fixed compact subset K of D — S, the 2(n — 1)-dimensional
Lebesgue areas of f~H(H;(f))NK (N+2 < i < q) ignoring multiplicities
are bounded above for all f in F.

Then F is a holomorphically normal family on D.

Remark 1.1. There are several ezamples in Tu [22] showing that the
conditions in 1), it) and iit) in Theorem 1.1 and Theorem 1.2 cannot
be omitted.

We also generalise several results of Tu [21], [22]
not to take into account at all the components of f~
order:

, [23] which allow
'(Hi(f)) of high

The following theorem generalizes Theorem 2.1 of Tu-Li [23] from
the case of moving hyperplanes which are independant of f to moving
hypersurfaces which may depend on f (in fact observe that for mov-
ing hyperplanes the condition Hi,--- , H, in S({T;},) is satisfied by
taking Ty, ..., Ty any (fixed or moving) N + 1 hyperplanes in general
position).

Theorem 1.3. Let F be a family of holomorphic mappings of a do-
main D in C" into PN ((C) Let ¢ = 2N + 1 be a positive integer. Let
my, -+ ,mg be positive intergers or oo such that

q
N

> (1-a) >Nt
m;

j=1
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Suppose that for each f € F, there exist N + 1 moving hypersurfaces
Ty (f), oo Ty (f) in PN (C) of common degree and there exist ¢ mov-
ing hypersurfaces Hy(f), -, Hq(f) in S{T;(f)}Y,) such that the
following conditions are satisfied:

i) For each 0 < i < N, the coefficients of the homogeneous polyno-
mials P;(f) which define the T;(f) are bounded above uniformly for all
f in F on compact subsets of D, and for all 1 < j < q, the coeffi-
cients by;(f) of the linear combinations of the Pi(f), i =0,..., N which
define the homogeneous polynomials Q;(f) which define the H;(f) are
bounded above uniformly for all f in F on compact subsets of D, and
for any fixed z € D,

inf {D(Qi(f)Qu(f))(2): feF}>o0.

ii) f intersects H; (f) with multiplicity at least m; for each1 < j <gq
(see subsection 2.6 for the necessary definitions).

Then F is a holomorphically normal family on D.

The following theorem generalizes Theorem 1 of Tu [22] from the
case of fixed hyperplanes to moving hypersurfaces (in fact observe that
for hyperplanes the condition H(f),---, H,(f) in g({ﬂ(f) ) is sat-
isfied by taking To(f), ..., Tn(f) any N + 1 hyperplanes in general po-
sition).

Theorem 1.4. Let F be a family of meromorphic mappings of a do-
main D in C" into PN (C) Let ¢ > 2N + 1 be a positive integer.
Suppose that for each f € F, there exist N + 1 moving hypersurfaces
Ty (f), o Ty (f) in PV (C) of common degree and there exist ¢ mov-
ing hypersurfaces Hy(f), -, Hy(f) in S{T;(f)}Y,) such that the

following conditions are satisfied:

i) For each 0 < i < N, the coefficients of the homogeneous polyno-
mials P;(f) which define the T;(f) are bounded above uniformly for all
f i F on compact subsets of D, and for all 1 < j < q, the coeffi-
cients b;;(f) of the linear combinations of the Pi(f), i =0,..., N which
define the homogeneous polynomials Q;(f) which define the H;(f) are
bounded above uniformly for all f in F on compact subsets of D, and
for any sequence {f®} C F, there exists = € D (which may depend on
the sequence) such that

infpen{ D(Q1(fP), .., Qq(F")(2)} > 0.
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i1) For any fized compact K of D, the 2(n—1)-dimensional Lebesgue
areas of {1 (Hk(f)) NK (1 <k < N+ 1) counting multiplicities are
bounded above for all f € F (in particular f(D) ¢ Hy (f) (1 <k<
N +1)).

i1i) There exists a closed subset S of D with A**~1(S) = 0 such that

for any fized compact subset K of D — S, the 2(n — 1)-dimensional
Lebesgue areas of

{z € Suppy(f7 Hk(f))‘l/(f, Hk(f))(z) < mk} NK (N+2<k<q)

ignoring multiplicities for all f € F are bounded above, where {my}{_ .,
are fized positive intergers or oo with

1 g—(N+1)
I
mi. N

k=N-+2

Then F 1is a meromorphically normal family on D.

The following theorem generalizes Theorem 1 of Tu [21] from the
case of fixed hyperplanes to moving hypersurfaces.

Theorem 1.5. Let F be a family of holomorphic mappings of a do-
main D i C" into ]P’N((C). Let ¢ = 2N + 1 be a positive integer.
Suppose that for each f € F, there exist N + 1 moving hypersurfaces
T (f), oo Ty (f) in PN (C) of common degree and there exist ¢ mov-
ing hypersurfaces Hy (f),--- ,Hq(f) in S({Ti(f)}gig) such that the
following conditions are satisfied:

i) For each 0 < i < N, the coefficients of the homogeneous polyno-
mials P;(f) which define the T;(f) are bounded above uniformly for all
f in F on compact subsets of D, and for all 1 < j < q, the coeffi-
cients b;j(f) of the linear combinations of the P;(f), i =0, ..., N which
define the homogeneous polynomials Q;(f) which define the H;(f) are
bounded above uniformly for all f in F on compact subsets of D, and
for any sequence {fP)} C F, there exists z € D (which may depend on
the sequence) such that

in fuen{ D(QuP), .. Qu(FP))(2)} > 0

i) f(D)YNH(f)=0 (1<i<N+1) forany f € F.

iii) There exists a closed subset S of D with A>*~1(S) = 0 such that
for any fized compact subset K of D — S, the 2(n — 1)-dimensional
Lebesgue areas of

{z € Suppv(f, Hy(f))|v(f, Hi(f))(2) <mu} N K (N+2<k<q)
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ignoring multiplicities for all f in F are bounded above, where {my,}{_ .,
are fized positive intergers and may be oo with

q p—
Z i<q (N—I—l)
Mg

N

k=N+2

Then F is a holomorphically normal family on D.

Let us finally give some comments on our proof methods:

The proofs of Theorem 1.1 and Theorem 1.2 are obtained by gen-
eralizing ideas, which have been used by Thai-Mai-Trang [8] to prove
Theorem A, to moving targets, which presents several highly non-trivial
technical difficulties. Among others, for a sequence of moving targets
H(f®) which at the same time may depend of the meromorphic maps
f® . D — PN (C), obtaining a subsequence which converges locally
uniformly on D is much more difficult than for fixed targets (among
others we cannot normalize the coefficients to have norm equal to 1
everywhere like for fixed targets). This is obtained in Lemma 3.6, after
having proved in Lemma 3.5 that the condition D(Q1,...,Qq) > d > 0
forces a uniform bound, only in terms of 9§, on the degrees of the @,
1 < i < ¢ (in fact the latter result fixes also a gap in [8] even for the
case of fixed targets).

The proofs of Theorem 1.3, Theorem 1.4 and Theorem 1.5 are ob-
tained by combining methods used by Tu [21], [22] and Tu-Li [23] with
the methods which we developed to prove our first two theorems. How-
ever, in order to apply the technics which Tu and Tu-Li used for the
case of hyperplanes, we still need that for every meromorphic map
f® D — PY(C), the Qi (f®)), ..., Qq(fP) are still in a linear system
given by N + 1 such maps Py(f®), ..., Py(f®). The Lemmas 3.11 to
Lemma 3.14 adapt our technics to this situation (for example Lemma
3.14 is an adaptation of our Lemma 3.6)

2. BASIC NOTIONS.

2.1. Meromorphic mappings. Let A be a non-empty open subset
of a domain D in C" such that S = D — A is an analytic set in D.
Let f: A — PY(C) be a holomorphic mapping. Let U be a non-empty
connected open subset of D. A holomorphic mapping f % 0 from U
into CN*1 is said to be a representation of f on U if f(z) = p(f(2))
for all z € UN A — f71(0), where p : CN*! — {0} — PN(C) is the
canonical projection. A holomorphic mapping f : A — PN(C) is said
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to be a meromorphic mapping from D into PV (C) if for each z € D,

there exists a representation of f on some neighborhood of z in D.

2.2. Admissible representations. Let f be a meromorphic mapping
of a domain D in C" into PY(C). Then for any a € D, f always has

an admissible representation f(z) = (fo(2), fi(2), -+, fn(2)) on some
neighborhood U of a in D, which means that each f;(z) is a holomorphic
function on U and f(2) = (fo(2) : fi(z) : -+ : fn(z)) outside the
analytic set I(f) := {z € U : fo(z) = fi(z) = ... = fn(2) = 0} of

codimension > 2.

2.3. Moving hypersurfaces in general position. Let D be a do-
main in C". Denote by Hp the ring of all holomorphic functions

on D, and Hplwo, - ,wn]| the set of all homogeneous polynomials
Q € Hplwo, - ,wn]| such that the coefficients of @) are not all iden-
tically zero. Each element of Hplwy, - - ,wy] is said to be a moving

hypersurface in PV (C).

Let @ be a moving hypersurface of degree d > 1. Denote by Q(z)
the homogeneous polynomial over CN¥*! obtained by evaluating the
coefficients of () in a specific point z € D. We remark that for generic
z € D this is a non-zero homogenous polynomial with coefficients in C.
The hypersurface H given by H(z) := {w € CN*1: Q(z)(w) = 0} (for
generic z € D) is also called to be a moving hypersuface in PV (C) which
is defined by . In this article, we identify ) with H if no confusion
arises.

We say that moving hypersurfaces {Q;}_, of degree d; (¢ > N+1)
in PY(C) are located in (weakly) general position if there exists z € D
such that for any 1 < jo < --- < jny < ¢, the system of equations

{ Q;.(2)(wo, -+ ,wn) =0

0<i<N

has only the trivial solution w = (0, cee 0) in CN*!. This is equivalent
to

Q@) =TI it (@u@@) -+ ) >0

where Q;(z)(w) = Zm:dj ajr(z).w! and [|w|| = (Z |wj|2)1/2.
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2.4. Divisors. Let D be a domain in C" and f a non-identically zero
holomorphic function on D. For a point a = (ay,as,...,a,) € D we
expand f as a compactly convergent series

on a neighborhood of a, where P,, is either identically zero or a homo-
geneous polynomial of degree m. The number

vy(a) := min{m; P,,(u) # 0}

is said to be the zero multiplicity of f at a. By definition, a divisor on
D is an integer-valued function v on D such that for every a € D there
are holomorphic functions g(z)(# 0) and h(z)(# 0) on a neighborhood
U of a with v(z) = v4(2) — vu(2) on U. We define the support of the
divisor v on D by

Supp v:={z € D :v(z) # 0}
We denote DT (D) = {v : a non-negative divisor on D}.

Let f be a meromorphic mapping from a domain D into P¥ ((C)

For each homogeneous polynomial @ € Hplwo, - ,wn], we define the

divisor V(f, Q) on D as follows: For each a € D, let f = (fo, e ,fN)
be an admissible representation of f in a neighborhood U of a. Then
we put

V(f? Q) (a) := VQ(f)(a’)a

where Q(f) := Q(fo, e ,fN).

Let H be a moving hypersurface which is defined by the homoge-
neous polynomial Q) € Hp [wo, - -+ ,wn], and f be a meromorphic map-
ping of D into PV (C). As above we define the divisor v(f, H)(z) :=
V( f Q) (2). Obviously, Suppv(f, H) is either an empty set or a pure

(n — 1)—dimensional analytic set in D if f(D) ¢ H (i.e., Q(f) # 0 on
U). We define v(f, H) = oo on D and Suppv(f, H) = D if f(D) C H.
Sometimes we identify f~'(H) with the divisor v(f, H) on D. We can
rewrite v(f, H) as the formal sum v(f, H) = > n;X;, where X; are

i€l
the irreducible components of Suppv(f, H) and n; are the constants
v(f, H)(z) on X; N Reg(Supp v(f, H)), where Reg( ) denotes the set of

all the regular points.

We say that the meromorphic mapping f intersects H with multi-
plicity at least m on D if v(f, H)(z) > m for all z € Supp v(f, H) and
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in particular that f intersects H with multiplicity oo on D if f(D) C H
or f(D)NH = .

2.5. Meromorphically normal families. Let D be a domain in C".

i) (See [1]) Let F be a family of holomorphic mappings of D into a com-
pact complex manifold M. F is said to be a (holomorphically) normal
family on D if any sequence in F contains a subsequence which con-
verges uniformly on compact subsets of D to a holomorphic mapping
of D into M.

ii) (See [4]) A sequence {f®} of meromorphic mappings from D into
PN(C) is said to converge meromorphically on D to a meromorphic
mapping f if and only if, for any z € D, each f® has an admissible
representation

F = (G )

on some fixed neighborhood U of z such that { fz-(p ) }o2, converges uni-
formly on compact subsets of U to a holomorphic function f; (0 <
i < N) on U with the property that f = (fo : fi : ... : fx) is a
representation of f on U (not necessarily an admissible one ! ).

iii) (See [4]) Let F be a family of meromorphic mappings of D into
PN(C). F is said to be a meromorphically normal family on D if any
sequence in F has a meromorphically convergent subsequence on D.

iv) (See [16]) Let {v;} be a sequence of non-negative divisors on D.
It is said to converge to a non-negative divisor v on D if and only if
any a € D has a neighborhood U such that there exist holomorphic
functions h;(# 0) and h(# 0) on U such that v; = vp,,, v = v, and {h;}
converges compactly to h on U.

v) (See [16]) Let {A;} be a sequence of closed subsets of D. It is said
to converge to a closed subset A of D if and only if A coincides with
the set of all z such that every neighborhood U of z intersects A; for
all but finitely many ¢ and, simultaneously, with the set of all z such
that every U intersects A; for infinitely many .

2.6. Other notations. Let Fy,---, Py be N 4+ 1 homogeneous poly-
nomials of common degree in Clwo, - - - ,wy]. Denote by S({P;}Y,) the

N
set of all homogeneous polynomials @ = > b; P; (b; € C).
i=0
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Let {Q; = Z bjiPi}j—, be q (¢ = N + 1) homogeneous polynomials
in S({P}Y, ) We say that {Q;}7_, are located in general position in

S({P}IY,) if

V1<jo<- - <jn<g det (bjki)0<k,i<N # 0.

Let Ty, - - - , T be hypersurfaces in PV (C) of common degree, where
T; is defined by the (not zero) polynomial P; (0 < ¢ < N). Denote by
S({T:}Y,) the set of all hypersurfaces in PN (C) which are defined by
Q € S({P}Y,) with Q not zero.

Let I%,- -+, Px be N + 1 homogeneous polynomials of common de-
gree in Hplwo, -+ ,wy]. Denote by S({P;}1¥,) the set of all homoge-
N

neous not identically zero polynomials @ = > b;P; (b; € Hp).
i=0

Let Ty, - -+, Ty be moving hypersurfaces in PV ((C) of common de-
gree, where T; is defined by the (not identically zero) polynomial P; (0 <

i < N). Denote by S ({T;}X,) the set of all moving hypersurfaces in
PV (C) which are defined by @ € g({f’z}f\io)

Denote by Hol(X,Y) the set of all holomorphic mappings from a
complex space X to a complex space Y.

For each x € C" and R > 0, we set B(z,R) = {z € C": ||z —z|| <
R} and B(R) = B(0, R).

Let A%(S) denote the real d-dimensional Hausdorff measure of S C
C™. For a formal Z-linear combination X = Zie ; niX; of analytic sub-
sets X; C C" and for a subset E C C", we call ., ; AYX;NE) (resp.
> e iA(X;NE)), the d-dimensional Lebesgue area of X NE ignoring
multiplicities (resp. with counting multiplicities).

Finally we list some facts on Hausdorff measures for later use which
can for example be found in the book of Chirka [2].

Lemma 2.1. ([2, p.351f. and p.299f.]) Let B := B(z,R) C C" and
S C B a closed subset with A**71(S) = 0. Let h: B — C be a holo-
morphic function, h # 0, and S; := SU{h = 0}. Let 2o € B. Then we
have :

a) For almost every complex line [ := {zy + z - u, z € C} passing
through zg, we have A'(S;N1) = 0.
b) Let rq := dist(z9, dB) and, for every r €]0, o[, C, := {z9+7r-€"

6 € [0,2n] } C . If A*(S;N1) = 0 then the subset of the r such that
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C, N Sy # 0 is nowhere dense in the interval |0, rol.

Corollary 2.2. With the notations of Lemma 2.1 the set B\ 5 is
pathwise connected.

Proof. This is an immediate consequence of Lemma 2.1 and of the fact
that B\ S; C B is an open subset. O

3. LEMMAS.

Lemma 3.1. ([16, Theorem 2.24]) A sequence {v;} of non-negative
divisors on a domain D in C" is normal in the sense of the convergence
of divisors on D if and only if the 2(n — 1)-dimensional Lebesque areas
of vyNE (i > 1) with counting multiplicities are bounded above for any
fixed compact set E of D.

Lemma 3.2. ([16, Theorem 4.10]) If a sequence {v;} converges to v in
D*(B(R)), then {supp v;} converges to supp v (in the sense of closed
subsets of D).

Lemma 3.3. ([16, Proposition 4.12]) Let {N;} be a sequence of pure
(n — 1)-dimensional analytic subsets of a domain D in C". If the
2(n — 1)-dimensional Lebesgue areas of N; N K ignoring multiplicities
(1 = 1,2,...) are bounded above for any fized compact subset K of D,

then {N;} is normal in the sense of the convergence of closed subsets
mn D.

Lemma 3.4. ([16, Proposition 4.11]) Let {N;} be a sequence of pure
(n—1)-dimensional analytic subsets of a domain D in C". Assume that
the 2(n—1)-dimensional Lebesque areas of N;,NK ignoring multiplicities
(1 =1,2,--+) are bounded above for any fixed compact subset K of D
and {N;} converges to N as a sequence of closed subsets of D. Then
N s either empty or a pure (n — 1)-dimensional analytic subset of D.

Lemma 3.5. Let natural numbers N and ¢ > N + 1 be fixed. Then for
each § > 0, there exists M(0) = M (0, N,q) > 0 such that the following
is satisfied:

For any homogeneous polynomials Q1, - -+ , Q, on CN T with complex
coefficients with norms bounded above by 1 such that D(Ql, e ,Qq) >
d, we have max{deg @Qy,--- ,deg Q,} < M(0).

Proof. First of all, we make the three following remarks.
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i) Let Q(w) be a homogeneous polynomial on CN*! such that
QW) =) aw”,
|a|=d
where |a,| < 1. Then
Q) < D fwol™ -+ Jwn|™ < (d+ DN,
|a|=d
when |wy| <rVO0<k<N.
We set

1 d
M, = su d—l—lN“(—) )
0 deZIJ)r( ) vN +1
1

d
—) = (, it implies that My < 4o00.
N +1

ii) Let Qo,---,Qn be homogeneous polynomials on C¥*1 such that
the norms of their complex coefficients are bounded above by 1 and
D(Qq,--+,Qn) > 0. We choose w® = (1/y/N +1,--- ,1/v/N+1) €
CN*L. Then ||w®|| = 1. By (i), we have

Since lim (d+ 1)N+1 (

d—400

_ 1z
i) Since lim (1 — 2)* = 1 we have e(lT“”) < 1 for = big enough.
T—00
Therefore,
1 e(1—2)"\" (22 4 1)N+!
lim (22 + D1 — =) = lim (1—3) (@"+1) = 0.
T—00 €T T—00 2 (%)x

We now come back to the proof of Lemma 3.5, and we consider the
following two cases.

Case 1: ¢= N + 1.

Assume that such a constant M(d) = M (6, N, N + 1) does not exist.
Then there exist homogeneous polynomials ng), ..,QE\],) (7 = 1) with
coefficients being bounded above by 1 such that

inf {D(Qéj), SOV > 1} > 6> 0,
lim <max{deg@éj),~-- ,degQE{?}) = 00.

Jj—00

Without loss of generality we may assume that
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&gQ”—inO<i<k ¥ j>1, and
degQ(j )—>ooa8]—>oof0reachk+1<z<N

where £ is some integer such that 0 <k < N — 1.

Since deg QEJ) =d; V0<i<k, Vj>1, we may assume that, for each

0<i<k, {ng )} converges uniformly on compact subsets of CV*!
j>1

to either a homogeneous polynomial Q; of degree d; with coefficients
being bounded above by 1 or to the zero polynomial. Since 0 < k <
N — 1, we have

flf] {H; := Zero(Q;)} # 0.

i=0
Hence, there exists w(® € rk] H; with ||w®|| = 1. We now consider two
subcases. o

Subcase 1.1. Assume that r = max {\wéo)\, . |w](\(,))|} <1

+) If 0 <i <k, then

lim Q])( ) = 0.

j—)OO

+) If K+ 1 < i < N, then, by remark i), we have
QP ()] < (d7 + ¥,

Since lim d; U) = o0 and r < 1, it implies that
]*}OO

th ( 0y =0fork+1<i<N.

J—00

Therefore, we get

mm@’@)mewa_o

J—00 ]—)OO

This is a contradiction.

Subcase 1.2. Assume that max {|w(()0)|, . |w](\(,))|} =1.
We may assume that w® = (1,0,---,0). Set {w(j)}jz1 such that
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(4 _ 1 ) _ N ) I | 2 1
wo =1l— W = =Wy = gp Tm T ao
where dY¥) = min dl(j ).
k+1<i<N

+) If0 <i <k, then

lim Q" (W) = Qi(w?) = 0.
j—o0
+) Suppose that £+ 1 <7 < N.

Since lim d¥) = oo, there exists j, such that:
j—o0

max{|w(()])|,.., |w](\],)|} = |w((f)| =1- \/;(7) = r; for any j > jo.

By remark i) and i), for each £+ 1 <1i < N, we have

0 (0] < (g Nl L\
Y (w gl 1 —
QP @9 < (@ + 1)1 - —=)
. 1 ;
< (dY + 1)V - —)dE]) — 0 as j — oo.

Ja

1
This is a contradiction by the same argument as above.

Case 2: ¢ > N + 1.
By remark i) we have

5<D(Q17~>Qq) - H D(Qj07"7QjN> SCD(QjO7"7QjN>

1<jo<..<jin<q
for any set {jo, .., jn} C {1,..,q}, where C is a constant which depends
only on N and gq.
By Case 1, we have

max {deg Qj,, - ,deg @, } < M(§/C,N,N +1)

for any set {jo,..,jn} C {1,..,q} . So if we define
M(,N,q) :==M(6/C,N,N +1)
(this is well defined since C' only depends on N and ¢), then we have

max {deg Q1,--- ,degQ,} < M (6, N,q).
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Lemma 3.6. Let natural numbers N and q > N + 1 be fived. Let
H,ip’ (1< k<gq, p=1) be moving hypersurfaces in PV (C) such that
the following conditions are satisfied:

i) For each 1 < k < q, p > 1, the coefficients of the homogeneous

polynomials Q;”’ which define the H,gp) are bounded above uniformly for
all p > 1 on compact subsets of D,

ii) there exists zg € D such that
infoen{D(QY,....QP)(20)} > 6 > 0.

Then, we have:

a) There exists a subsequence {j,} C N such that for 1 < k < g,
,(fp) converge uniformly on compact subsets of D to not identically
zero homogenous polynomials Q) (meaning that the Q,(f”) and @y are

homogenous polynomaials in ﬁD[U)Q, - wy| of the same degree, and
all their coefficients converge uniformly on compact subsets of D).
Moreover we have that D(Ql, e ,Qq) (z0) > & > 0, the hypersurfaces
Q1(20), -+, Qq(20) are located in general position and the moving hy-
persurfaces Q1(2),- -+ ,Q,(2) are located in (weakly) general position.

b) There exists a subsequence {j,} C N and r =r(d) > 0 such that

: A 5
inf{D(ngp), e ,Qéjp))(z)‘p > 1} > 7 Vz € B(z,7).

Proof. Let d,(f’ ) = deg Q,(f ) be the degree of the non identically vanishing
homogenous polynomial Q,(Cp ) (1<k<gq,p>=1). Then we have

Q)W) = Y ami(2)w,

_4®
[1|=d,"

where I = (i1, ..,in41), [I| =41 + -+ + in41 and agyr(2) are holomor-
phic functions which are bounded above uniformly for all p > 1 on
compact subsets of D. Since the coefficients of the polynomials Q,(CJ”)
are bounded above uniformly for all p > 1 on compact subsets of D,
there exists ¢ > 0 such that |ax,r(20)] < ¢ for all k,p, . Define ho-

mogenous polynomials

~ 1
V()W) = - ()W)
Then the Q,(gp ) (z)(w) satisfy the condition
infoen{D@QY, ...; QP (20)} > 6 >0, (3.1)
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- 2( Nt )
with 6 := (1) s By Lemma 3.5, we have

max{deg Q" (0), -+ , deg Q¥ (z0)} < M(3).

Since by equation (3.1) none of the homogenous polynomials Q,(f ) (z0) (1 <
k < q,p = 1) can be the zero polynomial, we get that

max{deg QP (2), -+ ,deg Q) ()} < M(3)

for all z € D. So if again

Q)W) = > apr(2)

_g®
[1|=d;’

after passing to a subsequence {j,} C N (which we denote for simplicity

again by {p} C N), we can assume that d,(f) =d for 1 <k <gq. Soif
we still multiply by ¢, we get

D) = Y amr(z)wh.

[T|=d,

Now, since the ay,(z) are locally bounded uniformly for all p > 1
on D, by using Montel’s theorem and a standard diagonal argument
with respect to an exaustion of D with compact subsets, after passing
to a subsequence {j,} C N (which we denote for simplicity again by
{r} C N), we also can assume that {az,(2)};2, converges uniformly
on compact subsets of D to ayy for each k, I. Denote by

QW = 3 aul)e
|1|=d,

Then
D(Qr Q) (20) > liminf D(QY, -+, Q) (20) > 6 >0, (3.2)

hence, the hypersurfaces Q1(20), - -, Qq(20) are located in general po-
sition and so the moving hypersurfaces Q1(z), - -, Q4(2) are located in
(weakly) general position (and in particular all the Q1(z), ..., Q,(2) are
not identically zero), which proves a).

Moreover, by equation (3.2), there exists r = r(J) such that

D(Ql, e ,Qq)(z) > g, Vz € B(zo,7).
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Since {Q,(gp )} converges uniformly on compact subsets of D to Q)i, after
shrinking r a bit if necessary, there exists M such that

q

J
D( gp)77Q(p))(z)>Zv VZEB(ZOaT)7 p>M7
which proves b). O

Lemma 3.7. Let {f®} be a sequence of meromorphic mappings of
a domain D in C" into PN(C) and let S be a closed subset of D with
A*=1(8) = 0. Suppose that { f®®} meromorphically converges on D—S
to a meromorphic mapping f of D — S into PV (C). Suppose that, for
each [P, there exist N+1 moving hypersurfaces Hy(f®)),--- | Hy,1 (f®)
in PN (C), where the moving hypersurfaces H;(f®) may depend on f®),
such that the following three conditions are satisfied:

i) For each 1 < k < N + 1, the coefficients of homogeneous poly-
nomial Qu(f®)) which define Hy(f®) for all f® are bounded above
uniformly for all p > 1 on compact subsets of D.

ii) There exists zy € D such that

nf{D(Qi(F?), -, Qusa (F7)) (20)|p > 1} > 0.

iii) The 2(n—1)-dimensional Lebesque areas of (f(p))*1 (Hk(f(p))) N
K (1<k<N+1, p=>=1) counting multiplicities are bounded above
for any fixed compact subset K of D.

Then we have:
a) {f®} has a meromorphically convergent subsequence on D.

b) If, moreover, {f®} is a sequence of holomorphic mappings of a
domain D in C" into PV (C) and condition iii) is sharpened to

fPOD)NH(fP)=0(1<k<N+1, p>1),

then {f(p)} has a subsequence which converges uniformly on compact
subsets of D to a holomorphic mapping of D to PV (C)

Proof. By Lemma 3.6 and conditions i) and ii), after passing to a sub-
sequence, we may assume that for 1 < k < N 4+ 1, Qr(f®) converge
uniformly on compact subsets of D to ()i, in particular they have com-
mon degree dj,. Moreover, Q1, ..., Qn1 are located in (weakly) general
position. Denote by Hy, ..., Hyy1 the corresponding moving hypersur-
faces.
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By Lemma 3.1 and condition iii), after passing to a subsequence, we
may assume that for every 1 < k < N + 1, the divisors

{v(f?, Hy(f®))} = (f(p))_l(Hk(f(p))) (p=1)
are convergent (in the sense of convergence of divisors in D).

By a standard diagonal argument we may assume that D = B(R),
and that {f®} meromorphically converges on B(R) — S to a mero-
morphic mapping f : B(R) — S — P¥(C).

We prove that there exists ky € {1, ..., N + 1} such that f(D—S) ¢

Hy,, more precisely that for any representation f = (fy : ... : fn) of
f:D—S — PN(C) (admissible or not) we have Qg (fo, ..., fn) Z 0:
E={z¢€ D: fo(z2) = fi(z) = ... = fn(2) = 0} is a proper analytic

subset. Since Qq,...,Qn41 are located in (weakly) general position,
there exists z € D such that the system of equations

Qk(2)(wo, -+, wn) =0
I<k<N+1

has only the trivial solution w = (0,---,0) in C¥*. But since then
the same is true for the generic point z € D it is true in particular for
the generic point z € D — E. So for such point z there exists some

ke {1,..,N + 1} such that Qr(z)(fo(2),..., fn(2)) # 0. In order to

simplify notations, from now on we put:
QP = Qi (f?), Q 1= Qryy HY := Hy,(f¥)), H := Hy,, d := dy,.

Let z; be any point of S. By [16] Theorem 3.6, for any r (0 < r <
R = R — ||z1]||), we can choose holomorphic functions h” # 0 and h
2 0 on B(z1,r) such that v(f® H®) = v,,), v = v, for the limit v of
{v(f®, HP)Y} and {hP} converges uniformly on compact subsets of
B(z1,7) to h. Moreover, each f® has an admissible representation on
B(z,7)

FO = 1 1)

with suitable holomorphic functions fi(p) (0<i< N)on B(z,r).

Let z be a point in B(zy,7) — (S U {h = 0}). Choose a simply
connected relatively compact neighborhood W, of z in B(zy,7) — (S U
{h = 0}) such that there exists a sequence {u,(zp )} of nonvanishing
holomorphic functions on W, such that {ugp ) fi(p )} — fF(0< i<
N)yon W, and f = (f§ : ff : ... fi) on W,. It may be assumed
that »® (p > 1) has no zero on W,. We have QW (£ . ) =
v®hP) | where v is a nonvanishing holomorphic function on B(zy,7).
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This implies that Q® ( Uy ép), .. uz ) £ 0 on W., since Q¥ is a
homogeneous polynomial, and we have

QP (uP {7 P FO) = Qf s fir)

on W, since Q) converge uniformly on compact subsets of D to Q.
Since f(D—S) ¢ H, it implies that Q(f§, ..., f%) # 0 on W,, and hence

QUf§, - J&) # 0 on We.
We recall that the Q®, p > 1, and Q have common degree d. Since

QP () f”, ..y ul?) @Mm@w@uw~mﬂmWam

Q(p)(ugp)f , f ) ( ) o®) . h(p

it follows that (u,(zp)) . v(”) ) p) tends to Q(f§,..., fi) on W,. Since
P) £ 0 on B(z,r), v® = (k)4 where k™ is a nonvanishing holo-
morphic function on B(z,r). We have

(u(p))d . (k(p))d — (ugp) . k(p))d N Q(fg’h’fﬁf) on W.,.

Define F# such that

(Fz)d — Q(fOZ> 7f]<f)

h
Qfg, .- I
h

on W,.

We can do this because ) # 0 on W,. So (ugp> k®))d

u? @
(F#)4 on W, hence (T)d tends to 1 on W,. Therefore, there

exist infinite (or empty) subsets { N7 ;l;é of N such that

N is a disjoint union of sets N7 and

. k@)
{ F= _}pGNZ—>¢9—€ s foreach0<]<d_1
f(P) FZ fz
This implies that { }pE N o ) on W., where F? = 2 on ..
J

(p) a

Take a € B(z1,7) — (SU {h = 0}). Then {%}pew S o,
foreach 0 < j <d-—1. !
Take b € B(z1,7) — (S U{h = 0}) such that W, N W} # (). We will

(p) Fb
prove that{ )}peN =
j

loss of generahty we may assume that f§ # 0 on W,. Then fj # 0 on

-¢ for each 0 < j < d—1. Indeed, without
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W, for each x € B(z,7) — (SU{h = 0}). Hence Fy # 0 on W, for
each z € B(z,r) — (SU{h =0}).

Consider |Nf| = oo, where |.| denotes the cardinality of a set.
Assume that there exist NP, N3 such that for N = ]\TJ‘FFUV{7 and N :=

. - F?
N]‘?ONS we have |[N| = |N| = oo. Since {fo }peNch -

) on W, and
(p) Fo b Fa
{];Ep) }peNcNa - 5 0, on W,, we have e—f = e—j on W, N W. Similarly,
Fy _ Fy

7 = R on W, N W,. This is a contradiction. Thus every infinite
2 j

subset N7 intersects and only intersects infinitely with the subset Ng( i)
Moreover, [NfAN/ | < oo, where AAB = (A — B) U (B — A) for

a(4)
arbitrary sets A, B.

From this it follows that there exists a bijection a : {0, 1,...,d—1} —
{0,1,...,d — 1} such that

= 0 if and only if N} ;, =0,

if |[Nj'| = oo then |N;AN(Z(]-)| < 00.

(p) a
On the other hand, since {%}peN;ﬂNﬁ;(j) — 0—9 on W, and
J
(p) b Fa Fb
{k(P) }peNamNb( ;7 on Wy, we have =~ = —2 on W, N W,. This

a(4) J a(j)
0.
means that F¢ = F} - — on W, N'W, for each 0 < j < d — 1, and

Oa(j)
hence, ¢, := 7 ! is a constant independant of j, 0 < j < d — 1. It
a(j)
(p) Fb Rb
implies that {k:l(p }peN SOND ea(’j) = 0—; - ¢y on Wy, and hence,
f(p) Fb
{kj(p }pGN — — 0. + Cp O Wb

J

Applying this procedure a finite number of times, we have

{m}peNﬁ - @ " Caz
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on W, for each z € B(z1,7) — (S U {h = 0}) and for each 0 < j <
d—1. Indeed, by the assumption on the Hausdorff dimension of .S and
by Corollary 2.2, the open set B(z,7) — (S U {h = 0}) is pathwise
connected, and such a path between a and x, which is compact as the
image of a closed interval under a continuous map, can be covered by a
finite number of such neighborhoods W, with y € B(zy,7) — (SU{h =
0}). And since the limit is unique if it exists, it does not depend on

N 9.
the choice of the path. For p € N§ put fi(p) = fi(p) . k(_;) (0 <i<N).

Then f® = (f",...f¥) for allp € N¥ and 0 < j < d — 1 and
{fi(p) o2y — EF e, on W, for each 0 < i < N. Note that if W, N W, #
0 (x,y € B(z1,7) — (SU{h = 0})) then F¥ - ¢, = F! - ¢, for each
0<e<N.

Define the function F; : B(zy,7) — (SU{h = 0}) — C given by

Filw. = F7 - c,. Then {fi(p) o2y — Fyon B(z,7) — (SU{h = 0}) for
each 0 <3 < N.

We now prove that the sequence {f®}°2, meromorphically con-
verges on B(zy,r) to some meromorphic mapping F = (Fy, ..., Fy).
Indeed, let 2(% be any point of S; = SU{h = 0}. Since A?"~1(S;) = 0,
by Lemma 2.1 a) there exists a complex line [ () passing through 2
such that AY(S; Nio) = 0. Put lo = {#® +z-u: 2z € C}. Then by
Lemma 2.1 b) there exists R > 0 such that

Co={zP4+R-¢ u:0ec(0,2n]}

satisfying Cy C B(z1,7) and CoN.S; = (). By the maximum principle, it
implies that the sequence { £ (z(”)} converges. Put lim,_,o f7 () =
F;(2(9). This means that the mapping F; extends over B(zy,r) to the
mapping F;.

p=1
on compact subsets of B(z,r) to Fj(z). Indeed, assume that {z0)}
B(z1,7) converges to z(¥) € B(z,7). As above, there exists a circle
Co=1{2D+R-e% u:0¢c][0,2n] } C B(z,7) such that CoN S; = (.
Since Cy is a compact subset of B(z1,r) — S, there exists ¢y > 0 such
that

We now prove that the sequence { fi(p )(z) converges uniformly

V(Co,€0) = {z € C" : dist(z,Cp) < €0} € B(z1,7) — Si.

Consider the circles C; = {29 + R-e - u: 0 € [0,27] }. It is easy to
see that dist(Cy,C;j) = |29 — 2O|| — 0 as j — oo. Thus, without loss
of generality, we may assume that C; C V(Cy,€9) € B(#,7) — S1. By
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the hypothesis, Ve > 0, 3N = N(e) such that
sup{||f")(2) — Fy(2)|| : 2 € V(Co,€0), p > N} < e.

By the maximum principle, we have lim sup,_, 19 (20— Fy(:0)|| =
0. This implies that the sequence { fi(p ) o1 converges uniformly on com-

pact subsets of B(z;,7) to F;. This finishes the proof of part a) of the
lemma.

In order to prove part b), we first remark that it suffices to prove
that {f®} has a subsequence which converges locally uniformly on D
to a holomorphic mapping f of D to PV ((C), that means that after
passing to a subsequence we have:

Let z; be any point of D. Then there exists » > 0 and, for each f® a
holomorphic representation on B(zy,7)

fO = A 1)

with suitable holomorphic functions fi(p ) (0 <i < N) without common
zeros on B(zy,r), such that {fi(p)} — fi (0 < i < N) uniformly on
B(z1,r) and f = (fo: f1:...: fn) is a holomorphic map on B(zy,r),
that means the f; (0 < i < N) are without common zeros on B(zy,7).

By part a) we know that {f®} has a subsequence which converges
meromorphically on D to a meromorphic mapping f of D to PV ((C),
that means that after passing to a subsequence we have:

Let 2 be any point of D. Then there exists » > 0 and, for each f®
an admissible representation on B(z,7)

fO = (" A7 )

with suitable holomorphic functions fi(p ) (0 <i< N)on B(z,r), such
that {fi(p)} — fi (0 < i < N) uniformly on B(zy,7) and f = (fo :
fi : ...t fny) is a meromorphic map on B(z1,7). Observing that the
admissible representations of the holomorphic maps f® = ( fép ) fl(p )

o J(\f )) are automatically without common zeros, the only thing which
remains to be proved is that under the conditions of part b) we have

E={z€ B(z1,7): folz) = fi(z) = ... = fn(2) =0} = 0.

We also recall that by the proof of part a) we have that: There exists
ko € {1,...,N + 1} such that Q®) = @y, (f®), p > 1 converge uni-
formly on compact subsets of D to @ = Qy,, and f(D — S) ¢ Hy,,
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more precisely that for any representation f = (fy : ... : fy) of the
meromorphic map f : D — PN(C) (admissible or not) we have
Q(fo, -, fn) Z0. (3.3)

Now we can end the proof with an easy application of Hurwitz’s
theorem: By the condition of b) we have that for all p > 1,

QS e S3) # 0
on B(z1,r). And we also have that

QP (£, s 1) = Q(fos s )

uniformly on compact subsets of B(z1,7). By equation (3.3) and the
Hurwitz’s theorem we get that Q(fo, ..., fn) # 0 on B(z1,7). But since
(@ is a homogenous polynomial this implies that

E={z€ B(2,7): fo(2) = fi(2) = ... = fn(2) =0} = 0.
U

We remark that the following corollary of part a) of the previous
lemma generalizes the Proposition 3.5 in [2].

Corollary 3.8. Let {f®)} be a sequence of meromorphic mappings
of a domain D in C" into PY(C) and let S be a closed subset of D
with A>"=1(S) = 0. Suppose that {fP)} meromorphically converges on
D — S to a meromorphic mapping f of D — S into PN(C). If there
exists a moving hypersurface H in PN (C) such that f(D—S) ¢ H and
{v(f®, H)} is a convergent sequence of divisors on D, then {f®} is
meromorphically convergent on D.

Lemma 3.9. ([20, Theorem 2.5]) Let F be a family of holomorphic
mappings of a domain D in C" onto PV (C) Then the family F is not
normal on D if and only if there exist a compact subset Ky C D and
sequences {f;} C F,{z} C Ko,{r;} € R withr; >0 and r; — 0T,
and {u;} C C™ which are unit vectors such that

9:(&) == fi(zi + rud),

where £ € C such that z; + ryw;€ € D, converges uniformly on compact
subsets of C to a nonconstant holomorphic map g of C to PN ((C)

Lemma 3.10. (See [10, Theorem 4’]) Suppose that ¢ = 2N + 1 hyper-
planes Hy, - -+ , H, are given in general position in PV ((C) and q positive
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intergers (may be co) my,--- ,m, are given such that

d N
Z(l——)>N+1.
m;

i=1
Then there does not exist a mnonconstant holomorphic mapping [ :
C — PV ((C) such that f intersects H; with multiplicity at least m; (1 <
j<q).

Lemma 3.11. Let Fy,---, Py be N + 1 homogeneous polynomials of
common degree in Clzg,--- ,xn]. Let {Q;}i-; (¢ = N +1) be homoge-
neous polynomials in S({P,}X,)) such that

D@ .Q)= [ f (\@m(w)\

1<jo<<Un<q
where Q;(w) = Zm:dj ajrw’.

Then {Q;}!_, are located in general position in S({P},) and

{P}N,, are located in general position in PN(C). (cf. Sec 2.3 and
2.6).
Proof. a) Suppose that {Qj}?zl are not located in general position in
S({P}Y,). Then there exist N + 1 polynomials in {Q;}?_; which are
not linearly independent. Without loss of generality we may assume
that

N
Qni1 =Y b;Q; (b € C).

Then "
X ={weC"Qi(w) =" =Qnw) =Qns+1(w) =0}
={w e C"Q(w) = - = Qn(w) =0}

is an analytic subset in CV*!. Since dimX > 1, there exists wy # 0 in
CN*! such that

Ql(wo) == QN(WO) = QN+1(WO) =0.
Moreover, since {Q;}_, are all homogenous polynomials, we may as-
sume that ||wp|| = 1. Thus, we have

|Q1(wo)* + -+ + [Qu4a(wo)]* =0,
and, hence,
D(Q1,--Qq) = 0.

This is a contradiction.
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b) Suppose that { P, }¥, are not located in general position in PV (C).
Then there exists wg # 0 in CV*! such that

Therefore, we have Qj(wp) = 0 for any 1 < j < ¢, and thus again
D(Qh . --Qq) =0.
This is a contradiction. U
Lemma 3.12. Let f = (fo: - : fn) : C — ]P’N((C) be a holomorphic
mapping and {P;}Y, be N + 1 homogeneous polynomials in general
position of common degree in Clwy, -+ ,wy]. Assume that
F=(F::F,):PY(C) — PY(C)

1s the mapping defined by
Fi(w) = Pj(w), (0 <i < N).

Then, F(f) is a constant map if only if f is a constant map.

Proof. Since {P;}Y,, are N + 1 homogeneous polynomials in general
position of common degree in Cwy, - - - ,wy], F'is a morphism. Suppose
that F(f) = a, where a = (ag : -+ : a,) € PY(C). We have f(C) C
F~'(a). Suppose that dimF~'(a) > 1. Take H any hyperplane in
PN(C) with a ¢ H. Then F~'(H) is a hypersurface in P (C) since
the { P}, are in general position, so in particular they are not linearly
dependant. By Bezout’s theorem there exists a point wy € F~(a) N
F~!(H). Hence, a = F(wy) € H. This is a contradiction. Therefore,
dimF~(a) = 0, so F~!(a) is a finite set. Since f is continuous and
f(C) € F~Y(a), it must be a constant map. O

Lemma 3.13. Let Py, ---, Py be N + 1 homogeneous polynomials of
common degree in Clwy, - -+ ,wy] and {Q;}i_, (¢ = 2N + 1) be homo-
geneous polynomials in S({P;}1,) such that

D(Q1,-++,Q,) > 0.

Assume that my, - - -, m, are positive intergers (may be co) such that

q

N
3 (1 - _) SN
m;
7j=1
Then there does not exist a nonconstant holomorphic mapping

f:C—PY(C)
such that f intersects Q; with multiplicity at least m; (1 < j < gq).
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Proof. Suppose that f : C — PV ((C) is a holomorphic mapping such
that f intersects @; with multiplicity at least m; (1 <14 < ¢). For each
1 <1 < q, we define

and

Hj = {(JJ < (CN+1

N
Z bj,-wi = O} .
=0

Let f: (f(), cee fN) be an admissible representation of f on C (i.e. the
fo, -+, fn have no common zeros), and denote F' = (P, (f) c...: Py (f))
By Lemma 3.11, {P;}X are in general position in PV (C) and {Q;}1_,
are located in general position in S({P;},). This means that the
hyperplanes { H; }gzl are located in general position in PV ((C) Since f
intersects (); with multiplicity at least m; and

Qj(f) = (Zb]ZP’L)(f) = ijl(PZ(f)) )

F also intersects H; with multiplicity at least m; (1 < j < ¢). By
Lemma 3.10, F' is a constant map, and by Lemma 3.12, f is a constant
map, too. 0

Lemma 3.14. Let natural numbers N and ¢ = N + 1 be fized. Let
Ti(p) (0 <i < N, p=>1) be moving hypersurfaces in PV (C) of common
degree dP) and H](p) € g({ﬂ(p)}f\io) (1<j<gq, p=1) such that the
following conditions are satisfied:

i) For each 0 < i < N, the coefficients of the homogeneous polynomi-
als Pi(p) which define the Tz-(p) are bounded above uniformly for allp > 1
on compact subsets of D, and for all 1 < j < q, the coefficients bl(;))(z)
of the linear combinations of the Pz-(p), 1 =20,..., N which define the ho-
mogeneous polynomials Qgp) = Zﬁio bg)Pi(p) which define the H](p) are
bounded above uniformly for all p > 1 on compact subsets of D.

ii) There exists zo € D such that
infoen{ D(QY, ... QW) (%)} > 0.
Then, we have:
a) There exists a subsequence {j,} C N such that for 0 < i < N,

Pi(jp) converge uniformly on compact subsets of D to not identically
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zero homogenous polynomials P; (meaning that the Pl-(jp) and P; are

homogenous polynomials in Hplwo, - - ,wn]| of the same degree d, and
all their coefficients converge uniformly on compact subsets of D), and

the bgp) convergent uniformly on compact subsets of D to b;; € Hp for
all0<i< N, 1<75<q.

b) The Qy”) = Zi]\io bl(-j:p)Pi(jp) converge, for all0 <i < N,;1 <5 <gq,
uniformly on compact subsets of D to Q; = S bijP; € g({Pi}f\io),
and we have

D(Q1,--+,Qq)(20) > 0.

In particular the moving hypersurfaces Q1(z0),- -+ ,Qq(20) are located
in general position, and the moving hypersurfaces Q1(z), ..., Qq(z) are
located in (weakly) general position.

Proof. Since by our conditions on the coefficients of the Pi(p ) and on
the b

1]

als Qg-p ) of degree d® are locally bounded uniformly for all p > 1 on

compact subsets of D, all conditions of Lemma 3.6 are satisfied and we
get that after passing to a subsequence (which we denote for simplicity

for all 1 < j < q the coefficients of the homogenous polynomi-

again by {p} C N), that for 1 < j < g, Qgp ) converge uniformly on
compact subsets of D to not identically vanishing homogenous polyno-
mials (); (meaning that the Qgp ) and (; are homogenous polynomials

in ﬁD [wo, - - -, wn]| of the same degree d;, and all their coefficients con-
verge uniformly on compact subsets of D). Moreover (still by Lemma
3.6) we have that

D(Ql?"' 7Qq)(ZO) > 0,
so the hypersurfaces Q1(2), - - - , Q4(20) are located in general position,
and the moving hypersurfaces Q1(z), ..., Q,(2) are located in (weakly)

general position. Observe moreover that since all the Qg-p ), 1<5<q¢q

were of the same degree d®, we have d = d; independant of j for our
subsequence. Hence, we have, for all 0 <i¢ < N,p > 1:

PP (2)(w) =Y ayi(z)w!.

[|=d

Now, since the a;,/(z) and the bg)(z) are locally bounded uniformly
for all p > 1 on D, by using Montel’s theorem and a standard diag-
onal argument with respect to an exaustion of D with compact sub-
sets, after passing another time to a subsequence (which we denote for
simplicity again by {p} C N), we also can assume that {ar(z)}2,
converges uniformly on compact subsets of D to a;; for each 4, I, and
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that {bl(f )(z) o2 converges uniformly on compact subsets of D to b;;(2)
for each 7, 7. Denote by

Pi(2)(w) ==Y au(z)w".

|I|=d

Since the limit is unique, then we have Q); = Zi]\io bij P for 1 < j<gq
and in particular that none of the Py(2), ..., Py(z) is identically vanish-
ing (otherwise they could not be in (weakly) general position, which
contradicted to the general position of the Q1(z2p), ..., Q4(20): in fact,
if the P;(zp)(w) had a non-zero solution wy in common, so would the

Q;(20)(w)). Hence, Q; € g({Pi}fio), which completes the proof. [

4. PROOFS OF THE THEOREMS.

Proofs of Theorem 1.1 and Theorem 1.2. Let {f®} be a sequence
of meromorphic mappings in F. We have to prove that after passing to
a subsequence (which we denote again by {f®}), the sequence {f®}
converges meromorphically on D to a meromorphic mapping f. More-
over, under the stronger conditions of Theorem 1.2, we have to show
that {f®} converges uniformly on compact subsets of D to a holomor-

phic mapping f.

In order to simplify notation, we denote, for 1 < k < ¢,

QY = Qu(f®) and HY := Hy(f).

By Lemma 3.6, after passing to a subsequence, for all 1 < k < ¢, ;Cp)

converge uniformly on compact subsets of D to ()i, meaning that the

QP = QU )W) = 3 ami(2)w’ and Q= Qu(2)w) = > awr(2)w

||=dy |T|=dj,

are homogenous polynomials in H plwo, + -+ ,wn| of the same degree d,
and all their coefficients ay,; converge uniformly on compact subsets of
D to ayr. Moreover, @y, ..., Q) are located in (weakly) general position.

By condition ii) and Lemmas 3.1, 3.2, and by condition iii) and
Lemmas 3.3, 3.4, after passing to a subsequence, we may assume that
the sequence { ")} satisfies

lim (fP) Y (HP) =S (1 <k <N +1)

p—00
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as a sequence of closed subsets of D, where S, are either empty or pure
(n — 1)-dimensional analytic sets in D, and

lim (f®) 1 (HP) =5 =S, (N +2<k<q)

p—o0

as a sequence of closed subsets of D — S, where Sy are either empty or
pure (n — 1)-dimensional analytic sets in D — S.

Let T = (..,tgr,...) (1 < k < ¢ |I] <M :=max{dy,...,d;}) be a

family of variables. Set Qp = 3 tiw! € Z[T,w] (1 < k < ¢). For
[I|<M

cach subset L C {1,...,q} with |L| = n + 1, take Ry, is the resultant
of the Q) (k € L). Since {Qy},, are in (weakly) general position,
Ri(...,axs,...) Z 0 (where we put ax; = 0 for |I| # d). We set

S = {ZGD] Rp(-+ ,ags,--+) =0 for some L C {1,--- ¢}
with |L|:n+1}.

Let £ = (kLiJlSk U §) — S. Then F is either empty or a pure (n — 1)-
dimensional analytic set in D — S.

Fix any point z; in (D —S) — E. Choose a relatively compact neigh-

borhood U, of z; in (D—S)—E. Then {f(p)|U } C Hol(U.,,PY(C)).
#1
We now prove that the family {f® ’U } is a holomorphically normal
21
family. Indeed, suppose that the family {f (p)‘U } is not holomorphi-
21
cally normal. By Lemma 3.9, there exist a subsequence (again de-
noted by {f®| }2,) and By € U.,,{P,}32, C U, with P, = P,
21

{rp} € (0,+00) with 7, — 07 and {u,} C C", which are unit vectors,
such that g,(z) := f® (Pp + Tpupz) converges uniformly on compact
subsets of C to a nonconstant holomorphic map ¢ of C into PV ((C)
Then, there exist admissible representations ¢® = (g(()p I g](\?))
of ¢ and an admissible representation g = (go Do gN) of g
such that the {gz(p )} converge uniformly on compact subsets of C to
gi (0 < i < N) (observe that an admissible representation of a holo-
morphic map is automatically without common zeros). This implies

that Q" (P, + 1pup) (g((]p)(z), s gr(lp)(z)) converges uniformly on com-
pact subsets of C to Qk(PO) (go(z), ...,gN(z)), (1 <k <q). Thus, by
the Hurwitz’s theorem, one of the following two assertions holds:

1) Qr(Po)(g0(2), -, gn(2)) =0 0on C, ie. g(C) C Hp(Fp),



NORMAL FAMILIES OF MEROMORPHIC MAPPINGS 31

ii) Qr(Fo)(go(2), -, gn(2)) # 0 on C, ie. g(C) N Hy(Fy) = 0.
Denote by J the set of all indices k € {1,...,q} with g(C) C Hy(FP).
Set X = kﬂJHk(Po) if J# 0 and X = PN(C) if J = 0. Since C is

S

irreducible, there exists an irreducible component Z of X such that
g9(C) Cc Z - (k%_EJJHk(PO)). Since Py € U,,, it implies that {Hy(F)}{_,

are in general position in PY(C), meaning that
forall I C {1,...,q} with##I = N + 1, kﬂ]Hk(Po) =0. (4.1)
€
Put J¢ := {1,...,q} \ J and m := dimcZ. We claim that for the
hypersurfaces { H,(Pp)}xese in PV (C) we have
#J°>2m+1; forall ] C Jwith#[ =m+1, Zﬂ(kﬂIHk(Po)) =0.
c

(4.2)
In fact, if J =0, so X = PY(C), this holds since ¢ > 2N + 1 and by
(4.1). If J # 0, the key observation is that by (4.1) and by Bézout’s
theorem we have

foralll <[ <gq, forall] C{1,..,q} with#I =1, kﬂIHk(Po)
€
is of pure dimension dim¢ n Hy(Py) = max{N — [, -1} (4.3)
(S
(in particular all irreducible components of kﬂIH k(FPy) are of the same
(S

dimension), where dim¢ () = —1. From that we first get
m = dimcZ = dimg kﬁj Hy(Py) = max{N — #J,—1}.
€

Since g(C) C Z, so m > 0, we get

#T=N—m. (4.4)
Hence,

HI=q—H#IJ>2N+1)—(N—m)=N+m+1>2m+1.
Moreover, if I C J¢ with #1 = m + 1, then by (4.4)
#UIUJ)=(m+1)+(N—-—m)=N+1
and
Z0 kQIHk(PO) . kQJHk(PO) : kQIHk(PO) - ke?uJHk(PO) =0

where the last equality follows from (4.1). This proves (4.2) in the
case J # (). By (4.2) and by [3, Corollary 1] of Eremenko (or by the

more general [11, Theorem 7.3.4] of Noguchi-Winkelmann), we get that
Z — <ngHk<p0)) is complete hyperbolic and hyperbolically imbedded,

and hence ¢ is constant. This is a contradiction.
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Thus {f®} is a holomorphically normal family on U,,. By the
usual diagonal argument, we can find a subsequence (again denoted by
{£®1}) which converges uniformly on compact subsets of (D — S) — E
to a holomorphic mapping f of (D — S) — E into PV (C).

By Lemma 3.7 a), {f®} has a meromorphically convergent subse-
quence (again denoted by {f®}) on D — S and again by Lemma 3.7
a), {f®} has a meromorphically convergent subsequence on D. Then
F is a meromorphically normal family on D. The proof of Theorem
1.1 is completed.

Under the additional conditions of Theorem 1.2 by Lemma 3.7 b),
{ £} has a subsequence which converges uniformly on compact subsets
of D to a holomorphic mapping of D to PV (C) The proof of Theorem
1.2 is completed. O

Proof of Theorem 1.3. Suppose that F is not normal on D. Then,
by Lemma 3.9, there exists a subsequence denoted by {f®} C F and
20 € D, {z};2, C D with 2, — 2z, {rp} C (0,+0c0) with r, — 0F
and {u,} C C", which are unit vectors, such that ¢@ (&) := f®)(z, +
Tpupﬁ) converges uniformly on compact subsets of C to a nonconstant
holomorphic map g of C into PV (C).

By condition i) of the theorem and by Lemma 3.14 there exists
a subsequence (which we denote again by {p} C N) such that for
0<t< N, Pi(p )= Pi(f®) converge uniformly on compact subsets of
D to P;, and the bg-) ) = bi;(f (P)) converge uniformly on compact subsets
of D to by forall 0 < i < N, 1 < j < g and that the Q¥ := Q;(f®) =
SN bg-’)Pi(p ) converge, for all 0 < i < N, 1<j<q uniformly on
compact subsets of D to Q; := Zfio b P € S({P}Y,), and that we
have, for any fixed z = 2y € D,

D(Ql, e ,Qq)(z) > 0(z) >0

(in particular the moving hypersurfaces Q1(z),--- ,@Q,(2) are located
in (pointwise) general position). We finally recall that with writing
both variables z € D and w € PV (C), we thus have that

PP (2)(w) = Pi(2)(w); QY (2)(w) = Q;(2)(w); b (2) — by(2)
uniformly on compact subsets in the variable z € D.

For any fixed & € C, there exists a ball B(&y,7) in C and an index
i such that g(B(&,r0)) C {w € PY(C) : w; # 0}. Without loss
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of generality we may assume i = 0. Therefore, there exist admissible
representations

§PE) = (1,67(€), - 9P ()

g(g) - (1agl(§)> e agN(S))
of g® and g on B(&, 7).

Because of the convergence of {g®} on B(&, o), {9’} converges
uniformly on compact subsets of B(&y, rg) to g; foreach 1 <i < N. This

implies that Qgp ) (2p + rpupé) (9% (€)) converges uniformly on compact

subsets of C to Q;(z0)(g(£)) and Pi(p) (2p + rpup) (9P (€)) converges
uniformly on compact subsets of C to P;(20) (9(€)).

By Hurwitz’s theorem, there exists a positive integer Ny such that
Qg-p) (2p + Tpupé) (ﬁ(p) (€)) and Q;(20) (9(£)) have the same number of
zeros with counting multiplicities on B(&y, 1) for each p > Ny. Since
the map ¢® of B(&y,7r) into PV ((C) intersects Qgp ) with multiplicity
at least mj, it implies that any zero § of @Q; (zo) (Ei(f )) has multiplicity
at least m;. Hence, g intersects ();(zo) with multiplicity at least m; for
each 1 <5 <q.

Since we have that (), --- , @), are in g({PL}f\LO) and

D(Ql, e ,Qq)(z) > 0 for any z € D,

we have in particular that Q1(z0), - -+ , Qq(20) are in S({P;(z0) },) and

D(Q1,-+ ,Qq)(20) > 0.

Thus, by Lemma 3.13, g is a constant mapping of C into PV ((C) This
is a contradiction. O

Proofs of Theorem 1.4 and Theorem 1.5. Let {f®} be a sequence
of meromorphic mappings in F. We have to prove that after passing to

a subsequence (which we denote again by {f®}), the sequence {f®}
converges meromorphically on D to a meromorphic mapping f. More-
over, under the stronger conditions of Theorem 1.5, we have to show
that { f®} converges uniformly on compact subsets of D to a holomor-
phic mapping f.

By condition i) of the theorems and by Lemma 3.14 there exists a
subsequence (which we denote again by {f®}) such that for 0 < i <
N, Pl-(p ) = P;(f®) are homogenous polynomials of the same degree
d and converge uniformly on compact subsets of D to P;, and the
bg) = b (f (P)) converge uniformly on compact subsets of D to b;; for
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all 0 <i < N, 1<j<qand that the Q) := Q;(f®) = SN o' PP
converge, for all 0 <4 < N, 1 < j < ¢, uniformly on compact subsets
of D to Q; := Y. b P € S({P}Y,), and that we have

D(Q1, -+, Qq)(20) > 0.

In particular, the moving hypersurfaces Q1(zo), - - , Q4(20) are located
in general position, and the moving hypersurfaces Q1(z2), ..., Q4(2) are
located in (weakly) general position.

By condition ii) of Theorem 1.4 and Lemmas 3.1, 3.2, and by con-
dition iii) of the theorems and Lemmas 3.3, 3.4, after passing to a
subsequence, we may assume that the sequence {f®} satisfies

lim (fO) 1 (HP) =S, (1 < k<N +1)

p—0o0
as a sequence of closed subsets of D, where Sy, are either empty or pure
(n — 1)-dimensional analytic sets in D, and

lim {Z € Suppv(f® H(p))} (f®», H ))(2) < mk}—Sz S (N+2 <k <q)

p—0o0

as a sequence of closed subsets of D — S, where Sy are either empty or
pure (n — 1)-dimensional analytic sets in D — S.

Let T' = (..., tkr,...) (1 < k < q,|I| = d) be a family of variables. Set

Qv = 3 tuw! € Z[T,w] (1 < k < q). For each subset L C {1,...,q}
=

with |L| = n + 1, take Ry is the resultant of the Q; (k € L). Since

{Qr} e, are in (weakly) general position, Ri(...,arr,...) # 0 (where we
put ax; = 0 for |I| # d). We set

S = {ZGD] Rp(-+ ,ags,--+) =0 for some L C {1,--- ¢}
with |L|—n+1}.

Let £ = <k@15k US)—S. Then E is either empty or a pure (n — 1)-
dimensional analytic set in D — S.

Fix any point z; in (D — S) — E. Choose a relatively compact neigh-
borhood U, of z in (D—S)—E. Then {f®| } c Hol(U.,,PY(C)).
z1

We now prove that the family {f® ’U } is a holomorphically normal
#1
family. For this it is sufficient to observe that the family { f®) ‘U } now
z1

satisfies all conditions of Theorem 1.3: In fact there exists /Ny such that
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for p > Ny, {f(p)‘U } does not intersect H,gp) for 1 <k < N+1, and
21

{f@) !U } intersects H,E,p) of order at least my, for N+2 < k < ¢, and for
21

all z € U,,, we have D(Ql, e ,Qq)(z) > 0. So if we still put m; = oo

for 1 < k < N + 1, the conditions of Theorem 1.3 are satisfied, and

so the family { f(p)‘U } is a holomorphically normal family. By the
21

usual diagonal argument, we can find a subsequence (again denoted by
{£®1}) which converges uniformly on compact subsets of (D — S) — E
to a holomorphic mapping f of (D — S) — E into PV (C).

By Lemma 3.7 a), {f®} has a meromorphically convergent subse-
quence (again denoted by {f®}) on D — S and again by Lemma 3.7
a), {f®} has a meromorphically convergent subsequence on D. Then
F is a meromorphically normal family on D. The proof of Theorem
1.4 is completed.

Under the additional conditions of Theorem 1.5 by Lemma 3.7 b),
{f (p)} has a subsequence which converges uniformly on compact subsets
of D to a holomorphic mapping of D to PV ((C) The proof of Theorem
1.5 is completed. U
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