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This paper is intended to show the Schrodinger equation, within its structure, allows the manifestation of the wave function collapse within a very natural way of reasoning. In fact, as we will see, nothing new must be inserted to the classical quantum mechanics, viz., only the dialectics of the physical world must be interpreted under a correct manner. We know the nature of a physical system turns out to be quantical or classical, and, once under the validity of the Schrodinger equation to provide the evolution of this physical system, the dialectics, quantum or classical, mutually exclusive, must also be under context through the Schrodinger equation, issues within the main scope of this paper. We will show a classical measure, the obtention of a classical result, emerges from the structure of the Schrodinger equation, once one demands the possibility that, over a chronological domain, the system begins to provide a classical dialectic, showing the collapse may be understood from both: the structure of the Schrodinger equation as well as from the general solution to this equation. The general solution, even with a dialectical change of description, leads to the conservation of probability, obeying the Schrodinger equation. These issues will turn out to be a consequence of a general potential energy operator, obtained in this paper, including the possibility of the classical description of the physical system, including the possibility of interpretation of the collapse of the quantum mechanical state vector within the Schrodinger equation scope.

For the moment, we will be interested in an one particle physical system under a non-relativistic scope. We are interested in the general potential energy operator for this physical system, V (x, t), such that the Schrodinger equation in (1 + 1)-dimensions, in two classical spacetime dimensions:

i ∂ ∂t Ψ (x, t) = EΨ (x, t) = V (x, t) - 2 2m ∂ 2 ∂x 2 Ψ (x, t) , (1) 
becomes complete for a quantical or a classical characterization of the system represented by its wave function Ψ (x, t), where m is the [constant] mass of our physical system, ≡ h/ (2π), where h is the Planck constant, E is the total energy of our physical system, x a spatial location for our physical system at an instant t.

Considering the system such that a physical potential energy V p (x, t) that characterizes the interaction for the physical problem under consideration is known, in this case, one canonically writes:

V (x, t) ≡ V p (x, t) , (2) 
within the Schrodinger equation [within the Eq. ( 1)]. E.g., one canonically writes, if the physical problem is the one of a simply harmonic oscillator:

V (x, t) ≡ V p (x, t) = 1 2 mω 2 x 2 , (3) 
with nothing else related to this physical interaction, with nothing else related to a possible change of characterization of the physical system, e.g., when an observer turns out to describe the system under its own [classical] dialetic. For this, the axiomatic structure of the quantum mechanics counts with the Born rule.

There is a fundamental difference between a system that evolves under the Schrodinger equation with its quantical [say a q-dialectical] characterization ad infinitum, viz., such that:

V (x, t) ≡ V p (x, t) ∀ t ∈ (-∞, +∞) , (4) 
and a system that does not have such q-dialectical characterization ad infinitum, viz., such that:

V (x, t) ≡ V p (x, t) ∀ t ∈ (-∞, τ ) , (5) 
i.e., having got a classical [say a c-dialectical] characterization from t = τ :

V (x, t) = V c (x, t) ∀ t ∈ [τ, +∞) , (6) 
where V c (x, t) is unknown at our stage of reasoning.

V c (x, t) seems to require a quality to characterize the collapse of the wave function, once one has, from a collapsed state beginning at τ , a classical c-dialectic of characterization for the system. These dialectical characterizations turn out to be mutually exclusive, once the chronological domains for these characterizations are mutually exclusive, viz.:

for I q ≡ (-∞, τ ) , (7) and: 
for

I c ≡ [τ, +∞) , (8) 
one has got:

I q ∩ I c = (-∞, τ ) ∩ [τ, +∞) = ∅. (9) 
In relation to the chronological domain, once one is interested in the solution for the Eq. ( 1):

∀t ∈ R, (10) 
i.e.:

∀t ∈ I q ∪ I c , (11) 
one may write for the potential energy operator:

V (x, t) ≡ (1 -δ t t) V p (x, t) + δ t tV c (x, t) , (12) 
where:

δ t t = 0 ∀t ∈ I q ; ( 13 
)
δ t t = 1 ∀t ∈ I c , (14) 
where the intervals I q and I c were defined, respectively, by the Eqs. ( 7) and (8). The potential energy operator V q (x, t) is the one, as discussed above, one considers for the physical problem under consideration, e.g., the one given by the Eq. ( 3) for the simply harmonic oscillator, over the chronological domain I q ≡ (-∞, τ ). Here is instructive to assert one may consider a q-dialectic ad infinitum, i.e., I q = R: taking τ → +∞, avoiding a c-dialectic, viz., with I c = ∅. In this latter case [provided τ → +∞], the Eqs. ( 12), ( 13) and ( 14) lead to the Eq. ( 4), and the c-dialectic turns out to be void via the Schrodinger equation, being accomplished ad hoc, axiomatically, via Born rule. Otherwise, to have a c-dialectic ad infinitum, under the considerations we are developing here, i.e., to prescribe I c = R, it is sufficient to consider: τ → -∞, avoiding a q-dialectic, viz., with I q = ∅, for which the Eqs. (12), (13) and (14) lead to:

V (x, t) ≡ V c (x, t) ∀ t ∈ (-∞, +∞) , (15) 
and the q-dialectic turns out to be void via the Schrodinger equation, i.e., cannot be achieved via the axiomatic structure of quantum mechanics in the sense the quantum mechanical q-dialectic for the system emerging from the Schrodinger equation [via its solution] would be banned, so that the solution would be providing a c-dialectical solution ad infinitum; in other words: the system would be collapsed from the very beginning.

In virtue of these considerations, the position of the problem is the complete determination of the Eq. ( 12), for which one needs to determine V c (x, t). This done, we must turn back to the Eq. ( 1), to obtain its solution under the action of the complete potential energy operator given by the Eq. ( 12). These issues are to be considered in the next sections.

POSITION OF THE PROBLEM: Vc (x, t) ?

The potential energy operator to generate our cdialectic must be given by:

V c (x, t) ≡ [E -K] (x, t) , (16) 
as demanded by the Physics, where E is the constant mechanical energy of the system, being K its kinetic energy [operator]. Once the very nature of a system, essentially, even for a c-dialectically described, is quantum mechanical: albeit under a c-dialectical [observer's] perception, this perception, within the reasonings we are developing, is to arise as solution of the Eq. ( 1), provided the Eq. ( 12), from which one turns out to simply write:

V c (x, t) ≡ E + 2 2m ∂ 2 ∂x 2 . ( 17 
)
The Eq. ( 17) seems to have been obtained through an obvious reasoning, but there is subtle point that must be pointed out. In fact, the dynamics of the system, over the I c domain, is to be understood as:

i ∂ ∂t Ψ (x, t) = EΨ (x, t) = V c (x, t) - 2 2m ∂ 2 ∂x 2 Ψ (x, t) , (18) 
in virtue of the Eq. ( 1). The essential characteristic of a classical [Newtonian] description [of a c-dialectical one] of a system is the condition, theoretical and instrumentally verified:

• Classical conservative systems have got a constant [scalar] energy E.
Hence, a quantum mechanical operational cause, via the Hamiltonian operator:

q-dialectics i ∂ ∂t Ψ (x, t) ≡ q-dialectics V c - 2 2m ∂ ∂x 2 (x, t) Ψ (x, t) , (19) 
acting on the system Ψ (x, t), leads, under a chronological evolution starting at an instant τ , to a classical effect, viz.:

q-dialectics, Eq. ( 19), the cause

[ • • • ] = E c-dialectics, the effect Ψ (x, t) .
(20) The imposition of a necessary constant, a constant scalar, not an operator, for E, in virtue of the preceeding reasonings through the march that led to the the Eq. (20), characterizes E in the Eq. ( 17) as a classical quantity in the sense of its intrinsically classical [c-dialectic] dialectic. The Eq. (17) follows from the Eqs. ( 19) and (20). One should infer, from the Eq. ( 19), that the operator:

K ≡ - 2 2m ∂ ∂x 2 , (21) 
appearing in the Eq. ( 16), is essentially q-dialectical. Hence, since E is, in the context of V c (x, t) [Eq. ( 20)], c-dialectical:

• The potential energy operator V c (x, t) given by the Eq. ( 17) has not a purely quantum-mechanical dialectic.

We will see this requisite will lead to a necessary reduction of the state vector, will consequently destroy the q-dialectical characteristic of superposition for the system Ψ (x, t) to a localized Ψ (x, t) over the chronological domain I c . To a better understanding of the essential difference in defining E as essentially constant, not an operator, consider, e.g., for purposes of brevity and clarity, a case in which the potential energy does not depend on t. For the general solution of the Eq. ( 1), with V (x, t) ≡ V p (x), with the initial and boundary conditions for the physical problem properly condidered, one reaches:

Ψ (x, t) = ∀k a k e -iE k t/ φ k (x) , (22) 
with: E k being the k-eigenvalue of i ∂/∂t operating on its respective k-eigenvector Ψ k (x, t), φ k (x) being the [orthonormalized] k-eigenvector of the time independent Schrodinger equation [we will be back to these issues later; for now, the Eq. ( 1) and the Eq. ( 22) are sufficient for the argument we are raising here], a k being the k-coefficient:

a k = ∞ -∞ φ * k (x) Ψ (x, 0) dx (23) = ∞ -∞ φ * k (x)   ∀p a p φ p (x)   dx = ∀p a p ∞ -∞ φ * k (x) φ p (x) dx = ∀p a p δ p k = a k , (24) 
where the initial condition reads:

Ψ (x, 0) = ∀k a k φ k (x) . ( 25 
)
The Eq. ( 22) may be written:

Ψ (x, t) = ∀k a k Ψ k (x, t) , (26) 
i.e., as a superposition of [orthonormalized] eigenstates:

Ψ k (x, t) = e -iE k t/ φ k (x) , (27) 
eigenstates of the operator i ∂/∂t. The eigenvalue problem:

i ∂ ∂t Ψ k (x, t) = E k Ψ k (x, t) , (28) 
is fully obeyed, for E k constant, as one may verify from the Eq. ( 27):

i ∂ ∂t Ψ k (x, t) = i ∂ ∂t e -iE k t/ φ k (x) = i φ k (x) ∂ ∂t e -iE k t/ = i φ k (x) e -iE k t/ -i E k = E k e -iE k t/ φ k (x) = E k Ψ k (x, t) . (29) 
But, once under superposition, a necessary property of q-dialectic, the eigenvalue problem:

i ∂ ∂t Ψ (x, t) = EΨ (x, t) , (30) 
with E constant, not an operator, does not hold, once a pure quantum mechanical state written as a superposition of the energy operator eigenstates, as in the Eq. ( 22), has not got a defined energy. In fact, from the Eqs. ( 22) and (30):

i ∂ ∂t Ψ (x, t) = i ∂ ∂t ∀k a k e -iE k t/ φ k (x) = i ∀k a k φ k (x) ∂ ∂t e -iE k t/ = i ∀k a k e -iE k t/ φ k (x) -i E k = ∀k E k a k e -iE k t/ φ k (x) ! = EΨ (x, t) = E ∀k a k e -iE k t/ φ k (x) . (31) 
with E being a constant (not an operator).

The right-hand side of the Eq. ( 31) is a necessary condition for a c-dialectical description for the system, as one infers from our considerations leading to the Eq. (20). Thus, the q-dialectic is incompatible with the c-dialectic, mutually exclusive, the first chronologically holding over I q , the latter over I c , as discussed before. Hence, the march that led us to the obtention of the Eqs. ( 16), (17) and (18), as well as its subsequent considerations, to define the c-dialectical potential energy operator V c (x, t), is not a triviality. Concluding this section, we have got our problem in position: with the obtention we have got carried out through this section for the c-dialectical description of the system Ψ (x, t) at any instant t ∈ I c via the potential energy operator V c (x, t) acting on Ψ (x, t) over I c :

V c (x, t) ≡ E + 2 2m ∂ 2 ∂x 2 , E constant (not an operator),
(32) the complete potential energy operator for the entire chronology R = I q ∪ I c of the system, Eq. ( 12), reads:

V (x, t) = (1 -δ t t) V p (x, t) + δ t t E + 2 2m ∂ 2 ∂x 2 . (33)
Now, with the Eq. (33), we are in position to solve the Eq. ( 1), the Schrodinger equation, an issue to be solved in the next section.

SOLVING THE SCHRODINGER EQUATION

The Schrodinger equation, Eq. ( 1), with the insertion of the potential energy operator, Eq. (33), reads:

i ∂ ∂t Ψ (x, t) = (1 -δ t t) V p (x, t) Ψ (x, t) + + δ t t E + 2 2m ∂ 2 ∂x 2 Ψ (x, t) + - 2 2m ∂ 2 ∂x 2 Ψ (x, t) . (34) 
Since t ∈ I q or t ∈ I c , depending on the description, on the dialectic that is being manifested to infer the reality of the physical system Ψ (x, t), as discussed before, we analyse the solution for the Eq. (34) through two successive but mutually exclusive parts: t ∈ I q or t ∈ I c [cf. the Eqs. (7) and (8)].

For t ∈ Iq = (-∞, τ ) = R -Ic = R -[τ, +∞):
In this case, δ t t = 0, in virtue of the Eq. (13). Hence, the Eq. (34) reads:

i ∂ ∂t Ψ (x, t) = V p (x, t) Ψ (x, t) - 2 2m ∂ 2 ∂x 2 Ψ (x, t) . ( 35 
)
In virtue of linearity, one may firstly solve the Eq. ( 35) for the eigenstates Ψ k (x, t), with k ∈ {1, • • • , d}, being d the number of linearly independent eigenvectors of the i ∂/∂t operator, i.e., in other words:

k ∈ {1, • • • , dim (H Ψ |Ψ k (x, t) ∈ H Ψ )} , (36) 
being H Ψ the Hilbert vector space to which Ψ (x, t) belongs. Thus:

i ∂ ∂t Ψ k (x, t) = V p (x, t) Ψ k (x, t) - 2 2m ∂ 2 ∂x 2 Ψ k (x, t) .
(37) Since the Eq. ( 34) is developed here as being for general scope under the (1 + 1)-dimensional spacetime [2], once we are interested in its consequences, the consideration of a general physical potential V p (x) [instead of V p (x, t)] energy operator to be acting on Ψ (x, t) over I q is irrelevant, i.e., we will suppose, with no loss of generality [in fact, the process of solution we are accomplishing here for t ∈ I q , could be accomplished, once demanded, for a general V p (x, t); this does not change the necessity of reasoning related to the solution of the Eq. (34) for t ∈ I c , this latter being mutually exclusive to the interval I q over which V p (x, t) [or V p (x)] operates on Ψ (x, t)], the potential energy of the physical case under consideration obeys:

V p (x, t) = V p (x) . (38) 
Back to the Eq. (37):

i ∂ ∂t Ψ k (x, t) = V p (x) Ψ k (x, t) - 2 2m ∂ 2 ∂x 2 Ψ k (x, t) , (39) 
one canonically proposes a solution under a separable form:

Ψ k (x, t) ≡ ϕ k (t) φ (x) , (40) 
leading, by substitution within the Eq. ( 39):

i ∂ ∂t [ϕ k (t) φ k (x)] = V p (x) ϕ k (t) φ k (x) - 2 2m ∂ 2 ∂x 2 [ϕ k (t) φ k (x)] ⇒ i φ k (x) ∂ ∂t ϕ k (t) = V p (x) ϕ k (t) φ k (x) - 2 2m ϕ k (t) ∂ 2 ∂x 2 φ k (x) ⇒ i φ k (x) d dt ϕ k (t) = V p (x) ϕ k (t) φ k (x) - 2 2m ϕ k (t) d 2 dx 2 φ k (x) ×[Ψ k (x,t)] -1 =∞ ⇒ i φ k (x) Ψ k (x, t) d dt ϕ k (t) = V p (x) ϕ k (t) φ k (x) Ψ k (x, t) - 2 2m ϕ k (t) Ψ k (x, t) d 2 dx 2 φ k (x)
Eq. ( 40)

⇒ i φ k (x) ϕ k (t) φ k (x) d dt ϕ k (t) = V p (x) ϕ k (t) φ k (x) ϕ k (t) φ k (x) - 2 2m ϕ k (t) ϕ k (t) φ k (x) d 2 dx 2 φ k (x) ∴ i ϕ k (t) d dt ϕ k (t) = V p (x) - 2 2m 1 φ k (x) d 2 dx 2 φ k (x) . (41)
In relation to the Eq. ( 41), its left-hand side solely depends on t and its right-hand side solely depends on x, from which, to accomodate both the necessities, a fortiori, one writes:

i ϕ k (t) d dt ϕ k (t) = V p (x) - 2 2m 1 φ k (x) d 2 dx 2 φ k (x) = E k , ( 42 
) where E k is a constant of context, viz.: for each k, since each k generates an equation identical to the Eq. ( 41).

Hence, we have generated two equations within each k-eigenvector context, both coupled, via Eq. ( 42), by the context constant E k [this constant will turn out to be the energy associated to each eigenstate Ψ k (x, t), as we will develop, but, this is a very well known fact within the context we are developing here]:

i ϕ k (t) d dt ϕ k (t) = E k ; (43) V p (x) - 2 2m 1 φ k (x) d 2 dx 2 φ k (x) = E k . (44) 
To solve the Eq. ( 43) we multiply both the sides of the Eq. ( 43) by ∆t → 0, and by 1/ (i ):

dϕ k (t) ϕ k (t) = E k i dt. (45) 
Integrating both the sides of the Eq. (45) from t 0 < t < τ to t:

t t0 dϕ k (t) ϕ k (t) = t t0 E k i dt ⇒ (46) ln [ϕ k (t)]| t t0 = E k i t t t0 ⇒ ln [ϕ k (t)] -ln [ϕ k (t 0 )] = E k i t - E k i t 0 = E k i (t -t 0 ) ⇒ ln ϕ k (t) ϕ k (t 0 ) = E k i (t -t 0 ) ⇒ ϕ k (t) ϕ k (t 0 ) = exp E k i (t -t 0 ) ⇒ ϕ k (t) = ϕ k (t 0 ) exp E k i (t -t 0 ) ⇒ ϕ k (t) = ϕ k (t 0 ) e iE k t0/ e -iE k t/ . (47) 
Hence, for purposes of superposition, one has got:

ϕ k (t) ∝ e -iE k t/ , (48) 
where the proporcionality is accomplished by a k-context constant λ k given by:

λ k = ϕ k (t 0 ) e iE k t0/ . ( 49 
)
To solve the Eq. ( 44), one multiplies both the sides of this equation by φ k (x) = 0, by hypothesis, and reaches the so-called time-independent Schrodinger equation:

V p (x) φ k (x) - 2 2m d 2 dx 2 φ k (x) = E k φ k (x) . ( 50 
)
The solution for the time-independent Schrodinger equation, Eq. ( 50), depends on the specific potential energy operator V p (x) under consideration, but it is clear the solution for this equation reads φ k (x).

In virtue of the Eqs. ( 48), [(49)], and (50), the orthonormal members Ψ k (x, t) of the basis B = {Ψ k (x, t)} are given by:

Ψ k (x, t) = e -iE k t/ φ k (x) , (51) 
a k-solution for the eigenvalue problem given by the Eq. (39).

To obtain the general solution for the Eq. ( 35) [we are analyzing the cases in which V p (x, t) = V p (x), as discussed above, with no restriction to our fundamental purpose of this paper]:

i ∂ ∂t Ψ (x, t) = V p (x) Ψ (x, t) - 2 2m ∂ 2 ∂x 2 Ψ (x, t) , (52) 
we use the superposition principle [of course, the main principle that distinguishes a quantum mechanical object from a classically newtonian one, regarding the object per se]:

Ψ (x, t) = ∀k a k Ψ k (x, t) = ∀k a k e -iE k t/ φ k (x) , ( 53 
)
in virtue of the Eq. ( 51), members of the basis B = {Ψ k (x, t)}. Of course, the solution given by the Eq. ( 53) must satisfy the initial and boundary conditions for the physical problem established by V p (x, t) = V p (x), this latter acting on the system Ψ (x, t) over the chronological domain I q throughout which a q-dialectical description holds, the main purpose of this subsection. Hence, the following condition must hold:

for t 0 ∈ I q : ∀k a k e -iE k t/ φ k (x) t=t0 = Ψ (x, t 0 ) , (54 
) where Ψ (x, t 0 ) is initially given, prepared. This discussion was accomplished through the march that led from the Eq. ( 23) to the Eq. ( 24), although, there, we had adopted t 0 ≡ 0. Analogous reasoning will lead to:

a k e -iE k t0/ = ∞ -∞ φ * k (x) Ψ (x, t 0 ) dx (55) = ∞ -∞ φ * k (x) ∀l a l e -iE l t0/ φ l (x) dx = ∀l a l e -iE l t0/ ∞ -∞ φ * k (x) φ l (x) dx = ∀l a l e -iE l t0/ δ l k = a k e -iE k t0/ , (56) 
from which:

a k = e iE k t0/ ∞ -∞ φ * k (x) Ψ (x, t 0 ) dx. (57) 
Regarding the boundary conditions [at given spatial positions], supposing the canonical cases in which one has got fixed ones ∀t [here, with t ∈ I q ], the consideration of these boundary conditions within the context of the time-independent Schrodinger equation, Eq. ( 50), is to accomplish the job related to them. Thus, we accomplish this subsection, obtaining the general solution, given by the Eq. ( 53) and its subsidiary conditions, Eqs. (50) and (57), these for the Eq. (34)

∀ t ∈ I q [considering V p (x, t) = V p (x)]
. Now, we pass to the next subsection, concerned with the chronological domain t ∈ I c over which a classical description of the system Ψ (x, t) turns out to be the inferred one, as the Nature may dictate.

For t ∈ Ic = [τ, +∞) = R -Iq = R -(-∞, τ ):
Throughout the initial considerations of this paper, mainly within the discussion that led to the obtention of the Eq. (31), we pointed out the apparent incompatibility between the complete Schrodinger equation, with its intrinsical dependence on t, and a characterization that is necessary to assert an unique an well defined energy, E, for the physical system under consideration, Ψ (x, t), when the system turns out to exhibit a description that is not quantum mechanical. In other words: when the system is under the description given by the Eq. ( 22), fully quantum mechanical in the sense of the system per se, once it would be under a superposition of states, such [superposition of] state[s] is not compatible with a purely classical [Newtonian system]. Taking an instrumentalist point-of-view, one is constrained to descriptions to physical systems that emerge from the interactions the designed apparata provide, and a pure quantum mechanical system turns out to have got, intrinsically, by construction, an objective sense, once the description must be provided by an external axiom having got this special function within the theory: Born's rule. But, if the Schrodinger equation is a complete description of the system dynamics, and one infers that under a description by superposition, a system have not got a well defined energy state, [considering only the Schrodinger equation, we are not arguing: well, if one wants an energy, one should accomplish a measure, and the Born rule shuts up the question; under the same reasoning, one may argue the Schrondiger equation provides well defined eigenstates, without the necessity of an external axiom to infer the mathematical existence of such energy eigenvalues] which one is the more natural manner to handle with the very fact the Nature dictates there exist well defined states of energy:

• To create a separated axiom to handle with this necessity, Born rule?

or:

• To accept the possibility the well defined energy states should also be described by the Schrodinger equation as well as the eigenstates are mathematically inferred within the very structure of the Schrodinger equation, concluding, a fortiori, once the Nature dictates such c-dialectical description and once a c-dialectic should follow [remembering the quantum mechanics turns out cover the classical physics when one is faced with the necessity of description of the Nature from the microscopic picture, whose constituints are the building blocks of the macroscopic world] from the quantummechanical description, that the c-dialectical issue may not be well stated within the dynamical structure [context of the Schrodinger equation] of the classical quantum mechanics?

We will accept the second possibility, not as a point-ofview, but in virtue of the facts the Nature provides in relation to the c-dialectic for the physical world, with which one also interprets the Nature, with which one also constructs physical theories within specific domains of instrumental validity. These issues are the main purpose of this subsection. We are to deal with the chronological domain, I c , here, the main purpose of this subsection, but, prior to this, we will consider the fundamental issues that will lead to the main purpose. Firstly, before something else, one should define the very meaning of a system having got a well defined en-ergy. Once with this accomplished, then, one should try, if possible, to accomodate this very meaning within the context of the Schrodinger equation and, of course, since the Nature is the very main object of the Physics, within the physical world, the razor of plausibilities.

In spite of a quantum mechanical description, instrumentally, a system exhibits a very well defined physically valued characteristic iff the very same value for this characteristic is obtained at each instrumentally accomplished measure. This proccess turns out to be a statistical one, once a miriad of measures [or a satisfactory quantity of measures to provide a sufficiently rich statistics] turns out to be the necessary method to collect the data necessary to infer, or not, the data are providing the same value for the measure that is being putted under the instrumental scrutinity [within a error gap/bar]. In other words, the value being scrutinized must exhibit no fluctuations around the mean value, viz., that the standard deviation from the mean value turns out to statistically vanish:

σ 2 E = 0 ⇔ σ 2 E = 0, ( 58 
)
where E is the value of a physical system being putted under scrutinity, σ 2 E the stantard deviation from the mean value E and, σ 2 E , is the variance of E:

σ 2 E = E 2 -E 2 . ( 59 
)
The statistical characteristic of the quantum mechanics is putted within the theory via an extra axiom, independent of the Schrodinger equation over the axiomatic structure of the quantum mechanics. The correlation between statistics and Schroedinger equation borns within the axiomatic structure of the quantum mechanics via this very extra axiom: Born's rule. We will take a position regarding the Schrodinger equation and its correlation to statistics via the wave function Ψ (x, t) that represents a quantum mechanical system, not from an extra axiom, and, emerging the statistics from the very structure of the wave function Ψ (x, t), the correlation to the Schrodinger equation turns out to be automatic, since the very evolution of the system, of the wave function Ψ (x, t) representing the physical system in question, is governed by the very Schrodinger equation. A question must be answered here:

• But, how can one establish the statistical characteristic of the quantum mechanics is intrinsical to the wave function in spite of that extra axiom, viz., in spite of the Born rule?

We will adopt the position in [1], from which the utility in obtaining the eigenvalue E k , e.g., from a quantum mechanical system mathematically represented by:

Ψ (x, t) = ∀k a k Ψ k (x, t) , (60) 
where B = {Ψ k } is an orthonormal basis that consists of eigenstates of a physical quantity, say i ∂/∂t [the considerations in [1] are quite general ones, not constrained to the Hamiltonian operator, but we are putting our attention, pragmatically, to the representation we are working here], is given by:

a * k a k = p k , (61) 
where p k is the probability of obtention of E k , the probability of obtention of Ψ k (x, t) [we will consider the eigenvalues are not degenerated, viz., that our system consists of a superposition of eigenstates that will not present a same value of eigenvalue E k , for purposes of simplicity, once the cases with degenerated states is handled with an attention on the subspace, a degenerated subspace for short, that is generated by those eigenstates that present a same eigenvalue, which is trivial to handle and to generalize, once the utility of obtention of a given degenerated eigenvalue turns out to be the probability of obtention of eigenvectors spanning the degenerated subspace].

Under the utility picture as in [1], the maximal utility is obtained when there exists the whole set of eigenvalues E k available for obtention, when the information is maximally available within the physical system mathematically represented by the superposition given by the Eq. ( 60). But the maximal utility cannot exceed the utility encapsulated within the physical system mathematically represented by the superposition given by the Eq. ( 60), at least if this system is to be the unique relevant system under scrutinity, once the maximal utility is the utility of the whole system under scrutinity. When a measure is accomplished on a system represented by the Eq. (60), some utility is provided from the system, and a question emerges:

• The provided utility from the system is an utility of what?

As said, it is the utility of an eigenvalue obtention, but, once obtained, the utility of the obtained eigenvalue, from which the obtained eigenvalue carries with it the obtained utility. And another question emerges:

• Since an eigenvalue was obtained by the measure, has got the system, hence, an unique state defined by this eigenvalue? In other words, the state of the system after the measure carries the eigenvalue with it, from which will the system turn out to necessarily carry the utility that was obtained from the measure?

To answer this question, one must recognize there exists just one system being measured, from which the system is the very same. What may change is the state inferred from the obtained eigenvalue. If this eigenvalue characterizes the state of the system, in virtue of the discussion that was carried out leading to the Eq. ( 31) in the previous subsection, the system cannot be under a superposition of eigenstates after the measure, being this latter case the one to which the obtained eigenvalue would not suffice to characterize the system after the measure. Furthermore, since the system is the very same prior to the measure and after it, the system, being the unique relevant system under scrutinity, must preserve its utility, and the entire maximal utility must be carried by the system after the measure. Prior to the measure, a given eigenstate E k had an utility associated to its obtention, but this utility cannot be the system utility prior to the measure, since a superposition of eigenstates cannot be defined by an unique eigenvalue. Hence, the maximal utility, the utility of a whole system must be conserved.

In other words, as obtained in [1], Eq. ( 61) here, the probability must be conserved. But one may argue the probability of obtention of E k is not conserved, since it would jump to 1 after a measure that uniquely characterized the system after the measure. The probability of obtention of an eigenstate may change in virtue of the very fact such eigenstate would not be uniquely characterizing the system ∀ t ∈ R = I q ∪I c . The q-dialectic needs superposition, since the system is not uniquely characterized by an unique energy state. The c-dialectic does not need superposition, once the system is uniquely characterized by an unique energy state. But the system is the very same, only the dialectical characterization changes.

Prior to the chronological domain I c , a given eigenstate, say ψ k (x, t), carries an utility related to the obtention of its eigenvalue E k , at any instant t ∈ I q , which is obtained from the Eq. ( 61), where:

a k = ∞ -∞ Ψ * k (x, t) Ψ (x, t) dx (62) = ∞ -∞ Ψ * k (x, t) ∀l a l Ψ l (x, t) dx = ∞ -∞ Ψ * k (x, t) ∀l a l Ψ l (x, t) dx = ∀l a l ∞ -∞ Ψ * k (x, t) Ψ l (x, t) dx = ∀l a l δ l k = a k . ( 63 
)
But, once the q-dialectical description holds, one has got:

Ψ k (x, t) = Ψ (x, t) , (64) 
once the superposition is necessary by a q-dilalectic, for t ∈ I q , and the maximal utility is not obtained from a * k a k , since the maximal utility is related to the whole system, and the whole system is not Ψ k (x, t) in virtue of the Eq. (64) ∀ t ∈ I q , being a * k a k the utility related to the eigenstate Ψ k (x, t). Conversely, since I q ∩ I c = ∅, once the c-dialectic holds, and the system becomes to be descripted in terms of an unique energy state, one simply has got the negative of the Eq. ( 64):

Ψ k (x, t) = Ψ (x, t) , (65) 
∀ t ∈ I c , which is a dialectical razor dictated by Nature. The utility of the whole system S, a * S a S , under scrutinity, ∀ t ∈ I q ∪ I c , once the system is the very same, prior to the measure and after it, follows from:

a S = ∞ -∞ Ψ * (x, t) Ψ (x, t) dx, (66) 
i.e.:

a * S a S = |a S | 2 = ∞ -∞ Ψ * (x, t) Ψ (x, t) dx 2 , ( 67 
)
and must be conserved ∀ t ∈ I q ∪ I c . Once:

Ψ * (x, t) Ψ (x, t) > 0, ( 68 
)
The Eq. ( 67) may read:

a * S a S = ∞ -∞ |Ψ * (x, t) Ψ (x, t)| dx 2 . (69) 
But:

a * S a S = ∞ -∞ |Ψ * (x, t) Ψ (x, t)| dx 2 = ∞ -∞ |Ψ (x, t)| 2 dx 2 = ∞ -∞ |Ψ (x, t)| 2 dx 2 = ∞ -∞ Ψ * (x, t) Ψ (x, t) dx 2 = ∞ -∞ ∀k a k Ψ k (x, t) * ∀l a l Ψ l (x, t) dx 2 = ∀k ∀l a * k a l ∞ -∞ Ψ * k (x, t) Ψ l (x, t) dx 2 = ∀k a * k a k 2 . ( 70 
)
But, as showed in [1]:

∀k a * k a k = 1, (71) 
the maximal utility of the quantum system under scrutinity [1]. Hence, the Eq. ( 70) reads:

a * S a S = ∞ -∞ |Ψ * (x, t) Ψ (x, t)| dx 2 = ∀k a * k a k 2 Eq. (71) = [1] 2 = 1 = ∀k a * k a k . (72) 
Furthermore:

a * S a S = ∞ -∞ Ψ * (x, t) Ψ (x, t) dx = ∞ -∞ |Ψ (x, t)| 2 dx. ( 73 
)
In fact:

a * S a S = ∞ -∞ Ψ * (x, t) Ψ (x, t) dx = ∞ -∞ |Ψ (x, t)| 2 dx = ∞ -∞ ∀k a k Ψ k (x, t) * ∀l a l Ψ l (x, t) dx = ∞ -∞ ∀k a * k Ψ * k (x, t) ∀l a l Ψ l (x, t) dx = ∞ -∞ ∀k ∀l a * k a l Ψ * k (x, t) Ψ l (x, t) dx = ∀k ∀l a * k a l ∞ -∞ Ψ * k (x, t) Ψ l (x, t) dx = ∀k ∀l a * k a l δ kl = ∀k a * k a k Eq. (71) = 1 = [1] 2 = ∀k a * k a k 2 Eq. (70) = a * S a S . (74) 
Hence we have concluded, in virtue of the conservation of the maximal utility, viz., in virtue of the conservation of the utility of the system S under scrutinity that:

∀t ∈ I q ∪ I c : a * S a S = ∀k a * k a k = ∀k |a k | 2 = ∞ -∞ Ψ * (x, t) Ψ (x, t) dx = ∞ -∞ |Ψ (x, t)| 2 dx = 1. (75)
The result obtained and stated by the Eq. (75) will be shown from the general solution for the Eq. (34) we are to complete within this subsection [with V p (x, t) = V p (x)]. One should infer the Eq. (34) has two chronological domains that are mutually exclusive due to a possible change of dialectical description, and reflect on the very meaning of the Eqs. ( 64) and (65). The change is dialectical, the system under scrutinity is the very same. Now, we are in position to analyze the condition stated by the Eq. (58) for a system that c-dialectically presents a well defined energy when scrutinized. In fact, the Eq. ( 75) turns out to state the maximal utility, viz., the utility of the whole system being scrutinized, a * S a S , is given by an utility density |Ψ (x, t)| 2 , at a given instant t, ∀ t ∈ I q ∪ I c , over the spatial positions x. Since, as derived in [1], the utility is probability, one may infer from this and from the Eq. ( 75), a probability density, ρ (x, t), given by:

ρ (x, t) = |Ψ (x, t)| 2 , (76) emerges. 
We have seem that under a q-dialectical description that requires a superposition of eigenstates to represent a physical system, through the march that led to the Eq. (31), one cannot state the system has got a well defined energy. Also, under a q-dialectic, the operational description holds, and the energy of an eigenstate Ψ k (x, t) follows from the Schrodinger eigenvalue equation, Eq. (29). Hence, for eigenstates, both the sides of the following equation are the very same:

∞ -∞ Ψ * k (x, t) i ∂ ∂t Ψ k (x, t) dx = ∞ -∞ Ψ * k (x, t) E k Ψ k (x, t) dx = E k , (77) 
in virtue of the Eq. (75) with Ψ (x, t) → Ψ k (x, t), also by orthonormalization, if one prefers. Furthermore, both the sides of the following equation are, also, the very same, for eigenstates:

∞ -∞ Ψ * k (x, t) i ∂ ∂t 2 Ψ k (x, t) dx = ∞ -∞ Ψ * k (x, t) E 2 k Ψ k (x, t) dx = E 2 k . (78) 
It is trivial to infer from the Eqs. ( 76), ( 77) and ( 78) that eigenstates obey the condition given by the Eq. (58) for well defined energy states. In fact, from the Eqs. ( 77) and (78), with the Eq. (76), i.e., if the state of the system is an eigenstate, from which E = E k , where E is the energy of the system, the Eq. ( 58) follows. But the converse is a little bit tricky to prove. One writes the state as a superposition by hypothesis:

Ψ (x, t) = ∀k a k Ψ k (x, t) . (79) 
Hence:

i ∂ ∂t Ψ (x, t) = i ∂ ∂t ∀k a k Ψ k (x, t) = ∀k a k i ∂ ∂t Ψ k (x, t) = ∀k a k E k Ψ k (x, t) , (80) 
and to the following integral, to be:

E ! = ∞ -∞ Ψ * (x, t) i ∂ ∂t Ψ (x, t) dx = ∞ -∞ Ψ * (x, t) EΨ (x, t) dx, (81) 
it requires, in virtue of the Eqs. ( 79) and ( 80):

E = ∞ -∞ ∀k a k Ψ k (x, t) * ∀l a l E l Ψ l (x, t) dx = ∞ -∞ ∀k a * k Ψ * k (x, t) ∀l a l E l Ψ l (x, t) dx = ∞ -∞ ∀k ∀l a * k a l E l Ψ * k (x, t) Ψ l (x, t) dx = ∀k ∀l a * k a l E l ∞ -∞ Ψ * k (x, t) Ψ l (x, t) dx = ∀k ∀l a * k a l E l δ kl = ∀k a * k a k E k . (82) 
Furthermore, in virtue of the Eq. ( 80):

i ∂ ∂t 2 Ψ (x, t) = i ∂ ∂t ∀k a k E k Ψ k (x, t) = ∀k a k E k i ∂ ∂t Ψ k (x, t) = ∀k a k E k E k Ψ k (x, t) = ∀k a k E 2 k Ψ k (x, t) , (83) 
and to the following integral to be:

E 2 ! = ∞ -∞ Ψ * (x, t) i ∂ ∂t 2 Ψ (x, t) dx = ∞ -∞ Ψ * (x, t) E 2 Ψ (x, t) dx, (84) 
it requires, in virtue of the Eqs. ( 79) and ( 83):

E 2 = ∞ -∞ ∀k a k Ψ k (x, t) * ∀l a l E 2 l Ψ l (x, t) dx = ∞ -∞ ∀k a * k Ψ * k (x, t) ∀l a l E 2 l Ψ l (x, t) dx = ∞ -∞ ∀k ∀l a * k a l E 2 l Ψ * k (x, t) Ψ l (x, t) dx = ∀k ∀l a * k a l E 2 l ∞ -∞ Ψ * k (x, t) Ψ l (x, t) dx = ∀k ∀l a * k a l E 2 l δ kl = ∀k a * k a k E 2 k . (85) 
Form the Eqs. ( 82) and ( 85), one reaches:

E 2 -E 2 = σ 2 E = ∀k a * k a k E 2 k - ∀k a * k a k E k 2 , (86) 
which may be written as:

σ 2 E = ∀k a * k a k E 2 k - ∀k a * k a k E E k . (87) 
Now, one imposes the condition given by the Eq. ( 58) to obtain its necessary condition, once E = E k was already shown as being a sufficient condition to obey the Eq. (58). Hence, in virtue of the Eq. (87):

σ 2 E = ∀k a * k a k E k (E k -E ) = 0. ( 88 
)
Since we are imposing σ 2 E = 0, the Eq. ( 88):

∀k a * k a k E k E k = ∀k a * k a k E k E , (89) 
must hold in any situation by hypothesis. This imply the Eq. ( 88) must identically vanish, viz., the left-hand side and the right-hand side of the Eq. (89) are to be identical ones. Otherwise, one would have to choose a value for E at each specific situation to satisfy the Eq. (89) [Eq. (88), equivalently], which is an absurd once the E is not constrained by the Eq. ( 88), but a consequence of the Eq. (82). Hence, to the Eq. (88) identically vanish:

∀k : E k = E , (90) 
from which, in virtue of these conclusions regarding the necessity and the sufficiency for the Eq. ( 58):

σ 2 E = 0 ⇔ ∀k : E k = E = E. (91) 
The Eq. ( 91) translates the characteristic of a cdialectic regarding a well defined energy over the chronological domain t ∈ I c . Back to the Eq. ( 34), in virtue of the Eq. ( 14), one needs to solve:

i ∂ ∂t Ψ (x, t) = EΨ (x, t) , ( 92 
)
where E is constant. One should grasp the meaning of the Eq. ( 91) is not that one cannot consider different eigenvalues over the entire chronology of the Schrodinger equation, but, once the physical system has got its description under a c-dialectic, viz.: ∀t ∈ I c , this latter being just a part of the entire chronology, the c-dialectical description implies a well defined energy E = E k , in spite of which k c-dialectically holds, since E = E k must be the same despite of k over I c . Over the mutually exclusive q-dialectical chronology, ∀ t ∈ I q , the history is mutually exclusive to the one over I c , and different eigenvalues may be very well putted under superposition, as discussed before and obtained in the previous section for the q-dialectic.

In virtue of the Eq. ( 20), one should solve the Eq. ( 92) via the canonical way, viz.:

i ∂ ∂t Ψ k (x, t) = E k Ψ k (x, t) , (93) 
also noting that the Eq. (91) will turn out to impose a chronological boundary condition, since the Eq. ( 91) holds ∀ t ∈ I c , in spite of the spatial location x. This latter assertion will follow from separability, as we will infer below.

In fact, imposing, again, now ∀ t ∈ I c , emphasizing:

Ψ k (x, t) = f k (t) χ k (x) , (94) 
∀ t ∈ I c = [τ, +∞), one has got, in virtue of the Eqs. ( 93) and (94):

i ∂ ∂t [f k (t) χ k (x)] = E k f k (t) χ k (x) ⇒ i χ k (x) ∂ ∂t f k (t) = E k f k (t) χ k (x) ⇒ χ k (x) i ∂ ∂t f k (t) -E k f k (t) = 0 ∀χ k (x) =0 ∴ i ∂ ∂t f k (t) = i d dt f k (t) = E k f k (t) , (95) 
from which one infers ∀χ k (x) = 0 ∈ C, the solution of the relevant differential equation that turns out to emerge to be solved, Eq. (95), did not require any correlation to a solution related to a differential equation for χ k (x), as for the the q-dialectical domain, this latter related to the Eqs. within the Eq. ( 42), viz.: Eqs. ( 43) and (44) correlated by the separation constant E k , as discussed throughout the previous section. Hence, one trivially solves the Eq. (95), i.e.:

i df k (t) f k (t) = E k dt ⇒ i t τ df k (t) f k (t) = E k t τ dt ⇒ i ln [f k (t)]| t τ = E k t| t τ ⇒ i ln [f k (t)] -i ln [f k (τ )] = E k t -E k τ ⇒ i {ln [f k (t)] -ln [f k (τ )]} = E k t -E k τ ⇒ ln [f k (t)] -ln [f k (τ )] = E k t i - E k τ i ⇒ ln f k (t) f k (τ ) = E k t i 2 i - E k τ i 2 i ⇒ ln f k (t) f k (τ ) = - iE k t + iE k τ ⇒ f k (t) f k (τ ) = e iE k τ / e -iE k t/ ∴ (96) f k (t) = f k (τ ) e iE k τ / e -iE k t/ , (97) 
from which and from the Eq. ( 94):

Ψ k (x, t) = f k (τ ) e iE k τ / e -iE k t/ χ k (x) , (98) 
∀χ k (x) = 0 ∈ C. Now, also in virtue of the Eq. ( 20), one applies a superposition as valid for a quantical cause, asseverating the condition given by the boundary classicality that will be instrumentally imposed, given by the Eq. (91), will turn out to accomplish the effect given by the right-hand side of the Eq. (20); dialectically, the effect, given by the razor for dialectics: Nature, from which, firstly:

Ψ (x, t) = ∀k γ k Ψ k (x, t) Eq. (98) = ∀k γ k f k (τ ) e iE k τ / e -iE k t/ χ k (x) , (99) 
where the γ k 's, ∀ k, are the coefficients of the superposition. Now, defining, with no loss of generality:

γ k f k (τ ) e iE k τ / ≡ a + k ∈ C, (100) 
one simply rewrites the Eq. (99), for the solution of the Eq. (34) ∀ t ∈ I c :

Ψ (x, t) = ∀k a + k e -iE k t/ χ k (x) , (101) 
with no imposition, yet, of the condition given by the Eq. ( 91). Now, in virtue of the Eqs. ( 91) and ( 101), a c-dialectical description ∀ t ∈ I c = [τ, +∞) implies:

∀k a + k e -iE k t/ χ k (x) = e -iEct/ χ c (x) , (102) 
∀ c ∈ {k}, being c c-classically fixed ex post, from which one concludes that:

a + k e -iE k t/ = δ c k e -iE k t/ , (103) 
where δ c k is the Kronecker delta:

δ c k = 1 for c = k, δ c k = 0 otherwise, from which ∀ t ∈ I c : a + k = δ c k . (104) 
Back to the Eq. ( 101), one obtains the solution for the Eq. ( 34) over the c-dialectical domain

I c : Ψ (x, t) = ∀k δ c k e -iE k t/ χ k (x) = δ c c e -iEct/ χ c (x) = e -iEct/ χ c (x) . (105) 
Hence, one reaches the general solution of the Eq. ( 34), for V p (x, t) = V p (x), as discussed before, in virtue of the Eqs. ( 50), ( 53), (57) [these over the chronology I q ] and (105) [this over the chronology I c ], i.e.:

∀t ∈ I q ∪ I c = (-∞, τ ) ∪ [τ, +∞) = R : Ψ (x, t) = (1 -δ t t) ∀k a k e -iE k t/ φ k (x) + δ t t ∀k δ c k e -iE k t/ χ k (x) , (106) 
given the Eqs. ( 50), ( 53), ( 54), (57) [these over I q , to establish the physical problem generating the a k coefficients], and the Eqs. ( 13) and ( 14). In the next section, we will verify the validity of the probability conservation for the entire chronology.

ON THE PROBABILITY CONSERVATION OVER t ∈ Iq ∪ Ic

Putting the solution for the Eq. (34), given by the Eq. (106), within the Eq. ( 75), one has got:

a * S a S = ∞ -∞ (1 -δ t t) ∀k a k e -iE k t/ φ k (x) + δ t t ∀k δ c k e -iE k t/ χ k (x) * × × (1 -δ t t) ∀l a l e -iE l t/ φ l (x) + δ t t ∀l δ c l e -iE l t/ χ l (x) dx = 1 (107) 
For t ∈ I q , one has, in virtue of the Eq. ( 13), that δ t t = 0, from which the Eq. (107) reads: 

a * S a S = ∞ -∞ ∀k a k e -iE k t/ φ k (x) * ∀l a l e -iE l t/ φ l (x) dx = ∞ -∞ ∀k ∀l a * k a l e -i(E l -E k )t/ φ * k (x) φ l (x) dx = ∀k ∀l a * k a l e -i(E l -E k )t/ ∞ -∞ φ * k (x) φ l (x) dx
From the Eqs. ( 108) and (110), the probability is conserved ∀ t. Also, one may take:

χ k (x) ≡ φ k (x) , (112) 
within the Eq. ( 106), in virtue of the arbitrarity related to the separated functions χ k (x), as discussed in the previous section, once the eigenfunctions φ k (x) are orhonormalized, obviously satisfying the Eq. ( 111), from which the general solution of the Eq. (34), Eq. (106), turns out to read:

∀t ∈ I q ∪ I c = (-∞, τ ) ∪ [τ, +∞) = R : Ψ (x, t) = ∀k [(1 -δ t t) a k + δ t tδ c k ] e -iE k t/ φ k (x) . (113) 
From the Eq. ( 113), one takes the general coefficient of superposition ∀ t:

β k = [(1 -δ t t) a k + δ t tδ c k ] , (114) 
to which one also infers: 

∀k β * k β k = ∀k [(
) 115 
where we have used the Eq. ( 71) [remembering the a k 's are the coefficients of superposition over the q-dialectical domain, i.e., ∀ t ∈ I q ] and the fact that δ c k is the Kronecker delta [from which δ (116) Of course the Eq. ( 116) is coherent, since, in virtue of the Eqs. ( 13) and ( 14 (118) i.e., the probability is conserved, as previous and equivalently demonstred through the marches that led to the Eqs. (108) and (110). Furthermore, it is instructive to infer the coherence of the Eq. (116) via the imposition: Hence, the Eq. ( 120) has the solution-set:

∀k β * k β k = (
δ t t ∈ {0, 1} , (121) 
in accordance with the Eqs. ( 13) and ( 14), also asseverating the mutual exclusivity between the chronological sets: I q ∩ I c = ∅, in that sense that was so well emphasized through a chapter by the Prof. Dr. Niels Bohr in [START_REF] Einstein | Philosopher-Scientist[END_REF], profoundly connected to the [Natural] Complementarity Principle of Bohr: the corpuscular and wavelike aspects are complementary ones, so that both are necessary ones, but they cannot be simultaneously observed.

Ψ

  a l e -i(E l -E k )t/ δ kl = ∀k a * k a k e -i(E k -E k )t/ δ kk = * (x, t) Ψ (x, t) dx = ∀k a * k a k = 1. (109)For t ∈ I c , one has, in virtue of the Eq. (14), that δ t t = 1, from which the Eq. (107) reads:e -iE k t/ χ k (x) * ∀l δ c l e -iE l t/ χ l (x) dx = ∞ -∞ ∀k ∀l δ c k δ c l e -i(E l -E k )t/ χ * k (x) χ l (x) dx = ∀k ∀l δ c k δ c l e -i(E l -E k )t/ ∞ -∞ χ * k (x) χ l (x) dx = ∀k ∀l δ c k δ c l e -i(E l -E k )t/ δ kl = ∀k δ c k δ c c e -i(Ec-E k )t/ δ kc = ∀k (δ c k ) 2 e -i(Ec-E k )t/ solutions χ k (x), for t ∈ I c , are orthonormalized taken: χ l (x) dx = δ kl .

c k = 1

 1 for c = k, δ c k = 0 otherwise]. The second term in the right-hand side of the Eq. (115) vanishes, once I q ∩ I c = ∅ [cf. the Eqs. (13) and (14)] in sipite of Re [a k ], the real part of a k [3]. Hence, the Eq. (115) reads:∀k β * k β k = (1 -δ t t) 2 + (δ t t) 2 = |(1 -δ t t) + i (δ t t)| 2 .

Eq 1 Eq

 1 ):∀t ∈ I q = (-∞, τ ) : δ t t = 0 c = [τ, +∞) : δ t t =

  1 -δ t t) a k + δ t tδ c k ] * [(1 -δ t t) a k + δ t tδ c k ] = ∀k [(1 -δ t t) a * k + δ t tδ c k ] [(1 -δ t t) a k + δ t tδ c k ] = ∀k (1 -δ t t) 2 a * k a k + δ t t (1 -δ t t) a * k δ c k + δ t t (1 -δ t t) a k δ c k + (δ t t) 2 (δ c k )

	δ c k (a * k + a k ) + (δ t t)	2	(δ c k )
	∀k	∀k	

2 = (1 -δ t t) 2 ∀k a * k a k + δ t t (1 -δ t t) 2 = (1 -δ t t) 2 + 2δ t t (1 -δ t t) ∀k δ c k Re [a k ] + (δ t t) 2 , (
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