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CENTRAL LIMIT THEOREMS FOR LINEAR STATISTICS OF HEAVY
TAILED RANDOM MATRICES

FLORENT BENAYCH-GEORGES, ALICE GUIONNET, CAMILLE MALE

ABSTRACT. We show central limit theorems (CLT) for the linear statistics of symmetric
matrices with independent heavy tailed entries, including entries in the domain of attrac-
tion of a-stable laws and entries with moments exploding with the dimension, as in the
adjacency matrices of Erdos-Rényi graphs. For the second model, we also prove a central
limit theorem of the moments of its empirical eigenvalues distribution. The limit laws are
Gaussian, but unlike the case of standard Wigner matrices, the normalization is the one
of the classical CLT for independent random variables.

1. INTRODUCTION AND STATEMENT OF RESULTS

Recall that a Wigner matrix is a symmetric random matrix A = (a; ;)i j=1,..~ such that

1. the sub-diagonal entries of A are independent and identically distributed (i.i.d.),
2. the random variables v N a;; are distributed according to a measure p that does
not depend on N and have all moments finite.

This model was introduced in 1956 by Wigner [47] who proved the convergence of the
moiments
1 V4 —a?
: il py| — p
(1) NhinooE[N Tr(4 )] /33 o
when p is centered with unit variance. Moments can be easily replaced by bounded con-
tinuous functions in the above convergence and this convergence holds almost surely. As-

sumption 2 can also be weakened to assume only that the second moment is finite. The
fluctuations around this limit or around the expectation were first studied by Jonsson [32]
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in the (slightly different) Wishart model, then by Pastur et al. in [33], Sinai and Soshnikov
[43] with p < N'/2 possibly going to infinity with N. Since then, a long list of further-
reaching results have been obtained: the central limit theorem was extended to so-called
matrix models where the entries interact via a potential in [3I], the set of test functions
was extended and the assumptions on the entries of the Wigner matrices weakened in
[7, [6], B8], [41], a more general model of band matrices was considered in [2] (see also [35] 5]
for general covariance matrices), unitary matrices where considered in [30] 22|, [44], 2], and
Chatterjee developed a general approach to these questions in [19], under the condition
that the law p can be written as a transport of the Gaussian law. Finally, but this is not

really our concern here, the fluctuations of the trace of words in several random matrices
were studied in [I8] 28 B8, 29]. It turns out that in these cases

Tr(A?) — E[ Tr(A7)]

converges towards a Gaussian variable whose covariance depends on the first four moments
of . Moments can also be replaced by regular enough functions and Assumption 2 can
be weakened to assume that the fourth moment only is finite. The latter condition is
however necessary as the covariance for the limiting Gaussian depends on it. The absence
of normalization by v/N shows that the eigenvalues of A fluctuate very little, as precisely
studied by Erdos, Schlein, Yau, Tao, Vu and their co-authors, who analyzed their rigidity

in e.g. [24, 25, [45].

In this article, we extend these results for a variation of the Wigner matrix model where
Assumption 2 is removed: some entries of the matrix can be very large, e.g. when u does
not have any second moment or when it depends on N, with moments growing with N.
Then, Wigner’s convergence theorem (II) does not hold, even when moments are replaced
by smooth bounded functions. The analogue of the convergence ([Il) was studied when the
common law g of the entries of A belongs to the domain of attraction of an a-stable law
or y depends on N and has moments blowing up with N. Although technical, the model
introduced in Hypothesis[[LTlbelow has the advantage of containing these two examples (for
u, v some sequences depending implicitly on N, u < v means that u/v — 0 as N — 00).

Hypothesis 1.1. Let, for each N > 1, Ay = [a;;] be an N x N real symmetric random
matriz whose sub-diagonal entries are some i.i.d. copies of a random variable a (depending
implicitly on N ) such that:

e The random variable a can be decomposed into a = b+ ¢ such that as N — oo,

(2) Plc #£0) < N7!

(3) Var(b) < N~1/2

Moreover, if the b;’s are independent copies of b,

(4) lim lim P <Z(bi —E(b))? > K) =0.

K—o00 N—oo -
i=1



3
e For any € > 0 independent of N, the random wvariable a can be decomposed into
a = b, + c. such that
(5) limsup NP(c. #0) <e

N—o00
for all k > 1, NE[(b. — Eb.)?*] has a finite limit C.y as N — oc.
e For ¢ the function defined on the closure C— of C~ := {\ € C; I\ < 0} by

(6) on(N) = E[exp(—i)\(f)},
we have the convergence, uniform on compact subsets of C—,
(7) N(on(A) —=1) — @(X),

for a certain function ® defined on C—.

Examples of random matrices satisfying Hypothesis [LT] are defined as follows.

Definition 1.2 (Models of symmetric heavy tailed matrices with i.i.d. sub-diagonal en-
tries).
Let A = (ai;)ij=1..n be a random symmetric matriz with i.i.d. sub-diagonal entries.

.....

1. We say that A is a Lévy matrix of parameter a in |0,2] when A = X/ay where
the entries x;; of X have absolute values in the domain of attraction of a-stable
distribution, more precisely

L(u)

uOé

(8) P (x| > u) =

with a slowly varying function L, and
1
anN = mf{u : P(‘SL’Z]‘ > U) < N}
(an = L(N)NY with L(-) a slowly varying function,).

2. We say that A is a Wigner matrix with exploding moments with parameter
(Ck)k>1 whenever the entries of A are centered, and for any k > 1

2%k
(9) NE[(ai)*] — Ck,
with for a constant C' > 0. We assume that there exists a unique measure m on

R* such that for all k >0, Cyy1 = [ zFdm(z).

Lemma 1.3. Both Lévy matrices and Wigner matrices with exploding moments satisfy
Hypothesis[I1. For Lévy matrices, the function ® is given by formula

(10) D(N) = —a(iX)*/?
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for some constant o > 0 (in this text, as specified in the notations paragraph at the end
of this section, the power functions have a cut on R™), whereas for Wigner matrices with
exploding moments, the function ® is given by

(1) o0y = [ oL i)
——

i=—1\ forx =0

for m the unique measure on Ry with moments [ z*dm(x) = Cji1, k > 0.

The proof of this lemma, and of Lemmas and [LTI], which show that our hypotheses
hold for both Lévy matrices and Wigner matrices, are given in Section

One can easily see that our results also apply to complex Hermitian matrices: in this
case, one only needs to require Hypothesis [[LT] to be satisfied by the absolute value of non
diagonal entries and to have a;; going to zero as N — oo.

A Lévy matrix whose entries are truncated in an appropriate way is a Wigner matrix
with exploding moments [10], [37, 48]. The recentered versiorl] of the adjacency matrix of
an Erdos-Rényi graph, i.e. of a matrix A such that

(12) A;; = 1 with probability p/N and 0 with probability 1 — p/N,

is also an exploding moments Wigner matrix, with ®(\) = p(e~* — 1) (the measure m of
Lemma is pd1). In this case the fluctuations were already studied in [42]. The method
of [42] can be adapted to study the fluctuations of linear statistics of Wigner matrices with
exploding moments. Nevertheless, since we actually use Wigner matrices with exploding
moments to study of the fluctuations of Lévy matrices, it is worthwhile to study these
ensembles together.

The weak convergence of the empirical eigenvalues distribution of a Lévy matrix has
been established in [10] (see also [I7, 8 I5]) where it was shown that for any bounded
continuous function f,

lim iTr(f(A)):/f@)dﬂa(x) 0s.

N—oo N

where i, is a heavy tailed probability measure which depends only on a. Moreover, i,
converges towards the semicircle law as a goes to 2.

The convergence in moments, in expectation and in probability, of the empirical eigen-
values distribution of a Wigner matrix with exploding moments has been established by
Zakharevich in [48]. In that case, moments are well defined and for any continuous bounded
function f, '

Jim L) = [ f@dicl)  as
where ¢ is a probability measure which depends only on the sequence C := (Cj)g>1.

IThe recentering has in fact asymptotically no effect on the spectral measure A as it is a rank one
perturbation.
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We shall first state the fluctuations of moments of a Wigner matrix with exploding
moments around their limit, namely prove the following theorem.

Theorem 1.4 (The CLT for moments of Wigner matrices with exploding moments).
Let A = (a; ;)i j=1,..n be a Wigner matriz with exploding moments with parameter (Ci)g>1.
Then the process

(13) (\/Lﬁ Tr AK —E[\/Lﬁ TrAKDK21

converges in distribution to a centered Gaussian process.

This theorem has been established for the slightly more restrictive model of adjacency
matrices of weighted Erdos-Rényi graphs in [39, 34 [46]. Our proof is based on the moment
method, the covariance of the process is of combinatorial nature, given in Section[2], Formula
([3]) and Theorem

Note that the speed of the central limit theorem is N~/2 as for independent integrable
random variables, but differently from what happens for standard Wigner’s matrices. This
phenomenon has also already been observed for adjacency matrix of random graphs [9, 23]
and we will see below that it also holds for Lévy matrices. It suggests that the repulsive
interactions exhibited by the eigenvalues of most models of random matrices with lighter
tails than heavy tailed matrices no longer work here.

For Lévy matrices, moments do not make sense and one should consider smooth bounded
test functions. We start as is common in random matrix theory, with the study of the
normalized trace of the resolvant of A, given for z € C\R by

1
z— A

G(z) =

By the previous results, for both Lévy and exploding moments Wigner matrices, N ! Tr G(z)
converges in probability to a deterministic limit as the parameter N tends to infinity. We
study the associated fluctuations.

In fact, even in the case of Wigner matrices with exploding moments, the CLT for
moments does not imply a priori the CLT for Stieltjes functions even though concentration
inequalities hold on the right scale, see [I6]. Indeed, one cannot approximate smooth
bounded functions by polynomials for the total variation norm unless one can restrict
oneself to compact subsets, a point which is not clear in this heavy tail setting. However,
with additional arguments based on martingale technology, we shall prove the following
result, valid for both Lévy matrices and Wigner matrices with exploding moments.

Theorem 1.5 (CLT for Stieltjes transforms). Under Hypothesis L1, where we assume
additionally that for e > 0, there exists C. > 0 such that, for any k > 1, one has

(14) lim NE[(b. — Eb.)’] = C., < C*

N—o0
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then, the process

1 1
(15) <\/—N TrG(z) — \/—NE[TrG(z)]>z€C\R

converges in distribution (in the sense of finite marginals) to a centered complex Gaussian
process Z(z), z € C\R, whose covariance Cov (Z(z), Z(2')) :=E[Z(2)Z(2')] = C(z,7') is
given in Formulas (I8) (I9) and 20) below.

Note that the uniform convergence on compact subsets, in (), implies that ® is analytic
on C~ and continuous on C~. As a consequence, we can extend the central limit theorem
to a larger class of functions.

Corollary 1.6. Let A be the set of analytic functions f on the strip {z = a + ib,a €
R, [b| < €} for some € > 0 so that there exists v > 1 so that for a large enough

(16) |f(atie)] <a™7.
Then under the hypotheses of Theorem 1.3 or of Theorem[1.13, the process

1 1
17 Z = ——Tr f(A) — —=E|Tr f(A)|;: fe A
(1) (26() = T T f(A) = —<B[TEf(A)]; € A)
converges in law towards a centered Gaussian process (Z(f); f € A) with covariance de-

fined by the facts that Z(f) = Z(f), with [° the function of A defined by the formula
f(z):=[(Z), and

Cov (2(1). 2(9)) = 5z 0= [ 4120 2).

where T =] — 0o + i€, +00 + ie| U | + 0o — i€, —oo — ie[ and C(z,2') is the function of
Theorem [I.3. The result extends to the closure of A for the total variation norm.

The function C(z, z') in Theorem [[Hlis given by C(z,2') = L(z,2') — L(z)L(z2’), where

sgn §(z)oo '
(18) L(z) = / —9, ettt g,
0

P
1 sgn ¥(z)oo  psgn S(z)oo 1 it ot (Lt

(19) L(z,2) = / / / — 2L ) qrar du.
o Jo 0 =

The maps p. and p? _, are given by p¥_,(t,t') = B, [®(ta+t'd’)], p.(t) = p¥_,(t,0), where
(a,a’) is distributed according to the non random weak limit as N — oo, k/N — u of

;| N
(20) N1 Z 56'1@(2)]‘1702(2’)]'1’
j=1

where Gy (z) = (2 — A;,) 7! for A, the matrix obtained from A by deleting the k-th row and
column, and G/(2') = (2’ — A},)~! for A}, a copy of A;, where the entries (4, j) for i, j > k are
independent of Aj and the others are those of A;. Also, we assume t3z > 0 and 'Sz > 0



in (20).

The existence of the limit (20) is a consequence of a generalized convergence in moments,
namely the convergence in distribution of traffics, of (A, A}) stated in [37], see Lemma
B2l However, under stronger assumptions, an independent proof of this convergence and
an intrinsic characterization of p , are provided in Theorem below.

Let us first mention that the map p, is the almost sure point-wise limit

(21) p=(t) = Nhféoﬁ ; O (1Gx(2);5),

and it characterizes the limiting eigenvalues distribution of A. Indeed, under the assump-
tions of Theorem [LH, for all 2 € C*, we have the almost sure convergence

1 [ itz+p-(t)
(22) J\PE;ONTTGN() 2/0 e dt.

This fact was known in the Lévy case [10] and is proved in greater generality in Corollary
B3l Let us first give a characterization of p,.

Hypothesis 1.7. The function ® of () admits the decomposition

(23) o) = [ glw)eay
0
where g(y) is a function such that for some constants K,y > —1,k > 0, we have

(24) l9()| < K11y + K1,519%, Yy > 0.

The following lemma insures us that our two main examples satisfy Hypothesis [[.7] (note
that it is also the case when the function ®(z7!) is in L' and has its Fourier transform
supported by R, ).

Lemma 1.8. Both Lévy matrices and Wigner matrices with exploding moments satisfy
Hypothesis [T.7]. For Lévy matrices, the function g is g(y) = Cay2~", with Cy = —0i®/?,
whereas for Wigner matrices with exploding moments, the function g is

(29 o) == [ 2L )

=1 for xy=0
for m the measure on R, of Lemmall.3 and Jy the Bessel function of the first kind defined

2
4
by Ji(s Zkv /

Theorem 1.9 (A fixed point equation for p.(t)). Under Hypotheses L1l and [1.7, the
Junction (z € CT, X € RT) — p. () is analytic in its first argument and continuous in the
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second, with non positive real part, and characterized among the set of such functions by
the formula

(26) p.(N) = A / g ry)ev =0 dy,
0

Above, the second point in Hypotheses [[.T] is not required anymore, as it served mainly
to prove convergence, which is now insured by the uniqueness of limit points.

Note that the asymptotics of Wigner matrices with bounded moments is also described
by ([20). In this case ®(\) = —i)\, so g(y) = —i and p,(t) = —it]\}im + Tr G(z), which
—00

leads, by formula (22]), to the classical quadratic equation

(27) :myzgaiﬁg@:;fig

Let us now give a fixed point characterization for the function p, ./(¢,t') of ([20).
Hypothesis 1.10. The function ® of ([{) either has the form
(28) ®(z) = —o(iz)™/?

or admits the decomposition, for x,y non zero:

(29) (z +y) //(R+ 2ty dT (v,0") + /eiﬁd,u(v) + /ei%d,u(v’)

for some complex measures T, on respectively (RT)? and R such that for all b > 0,
[ e7d|u|(v) is finite and for some constants K >0, =1 <~ <0 and k > 0, and
d|7|(v, ')

(30) dodv’

< K(leve}o,l} =+ Uﬁlve]l,oo[) (lev’ €]0,1] + Umlv/e}l,oo[) .

The following lemma insures us that our two main examples satisfy Hypothesis [L10]

Lemma 1.11. Both Lévy matrices and Wigner matrices with exploding moments satisfy
Hypothesis [L10. For Wigner matrices with exploding moments, the measure T is given by

(31) dr(v,v") == dvdv’/ 1(2vo) 11 (2v0') dm(x)

v’
for m the measure on Ry of Lemmall.3 and the measure j is given by

J1(2
(32) dmm:—m/i%gﬁmmy
Theorem 1.12 (A fixed point system of equations for p? ,(t,t')). Under Hypotheses [L1,
[7.7 and [LI0, the conclusions of Theorem[1.A hold and the parameter p, » of ([I9) is given
by

Py (t,s) = upz:;,(t, s)+ (1— u),oi’i,(t, s)



where the pair (,0;‘7’;(75, s), pi/ (t, ) is the unique solution which are analytic on A = {z, 2" :
1Sz > 0,532 > 0} and uniformly continuous on compacts in the variables (t,s) (and (-
Hélder for B > «/2 in the Lévy matrices case, see Lemmalil) of the following fized point
system of equations

sgn,, 0o R T
PZ,’;(@S) = / / 617”’?3evaZ’(T’?)dT(v,v’)
0 sgn, ooo sgn/ 00
/ it e elpu(w) + / ¢t e (Ddpu(v),
0

9 sgn, oo sgn,s 0o -, w.l (v v/)+(1 )[ (U)+ v }
iy up s, (2, —u Z (5
poa(t,s) = / / el ez Pele TRt dT(v V')

sgn,, 0o sgn,s oo Y
(33) w [T e D)+ [T e Gdue).
0 0

with the notations sgn, := sign(Jz), sgn,, := sign(J2').

Let us conclude this introduction with three remarks.

(1) Let A= X/ay be a Lévy matrix as defined at Definition [L2 but with o = 2. Then
using Example ¢) p. 44. of [26] instead of the hypothesis made at Equation (),
one can prove that as N — oo, the spectral measure of A converges almost surely
to the semi-circle law with support [—2, 2] (see ([Z1)). This result somehow “fills the
gap” between heavy-tailed matrices and finite second moment Wigner matrices. It
allows for example to state that if P(|X;;| > u) ~ cu™2, with ¢ > 0, even though the
entries of X do not have any second moment, we have that the empirical spectral

law of ﬁ converges almost surely to the semi-circle law with support [—2, 2].
cN log

(2) Our results also have an application to standard Wigner matrices (i.e. sym-
metric random matrices of the form A = X/v/N, with X having centered i.i.d.
sub-diagonal entries with variance one and not depending on N. In this case, the
function ® of ([7) is linear, which implies that L(z,z") = L(z)L(2') for all z, 2/, so
that the covariance is null, (26]) is the self-consistent equation satisfied by the Stielt-
jes transform of the semi-circle law, namely (27]), and Corollary [[L6l only means that
for functions f € A, we have, for the convergence in probability,

(34) Tr f(A) —E[Tr f(A)] = o(VN).

This result is new for Wigner matrices whose entries have a second but not a fourth
moment, (34) brings new information. Indeed, for such matrices, which could be
called “semi heavy-tailed random matrices”, the convergence to the semi circle law
holds (see [4] or the remark right above that one) but the largest eigenvalues do not
tend to the upper-bound of the support of the semi-circle law, are asymptotically
in the scale N'= (with a € (2,4) as in Equation (&) when such an exponent exists)
and distributed according to a Poisson process (see [3]), and it is not clear what
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the rate of convergence to the semi-circle law will be. Equation (34]) shows that
this rate is < N~1/2,

(3) About recentering with respect to the limit instead of the expectation, it depends
on the rate of convergence in (@) or in (@). For instance, if NE(a?) —Cy = o(N~Y/2)
for any k£ > 1, then

\/N(E[% TrAk] — lim E[% TrAkD 0,

N—oo N—oo

but otherwise a non trivial recentering should occur. See the end of Section 2

Organization of the article: The CLTs for moment and Stieltjes transform (Theorems
L4l and L) are proved in Sections 2] and B] respectively. Corollary [[L8], which extends the
CLTs for analytic functions, is proved in Section @l Section [@] is devoted to the proof of
our assumptions for Lévy matrices and Wigner matrices with exploding moments.

Notation: In this article, the power functions are defined on C\R_ via the standard
determination of the argument on this set taking values in (—m, 7). The set C* (resp. C7)
denotes the open upper (resp. lower) half plane and for any z € C, sgn, := sign($3z).

2. CLT FOR THE MOMENTS OF WIGNER MATRICES WITH EXPLODING MOMENTS

The goal of this section is to prove Theorem [[L4l In order to prove the CLT for the
moments of the empirical eigenvalues distribution of A, we use a modification of the method
of moments inspired by [36] which consists of studying more general functionals of the
entries of the matrix (the so-called injective moments) than only its moments. We describe
this approach below.

Let A be a Wigner matrix with exploding moments. Let K > 1 be an integer. The
normalized trace of the K-th power of A can be expanded in the following way.

N
1 1 o : . .
NTI'AK = N E A(’Ll,lg)...A(’LK_l,’LK)A(’LK,’Ll)

= Z —ZA(’ll,’lg)A<ZK—17ZK)A(ILK7Z1)7

4

TJOJEW]

where P(K) is the set of partitions of {1,..., K} and S; is the set of multi-indices i =
(i1,...,ir) in {1,..., N}¥ such that n ~; m & i, = i,,.

We interpret 7% as a functional on graphs instead of partitions. Let m be a partition of
{1,...,K}. Let T™ = (V, E) be the undirected graph (with possibly multiple edges and
loops) whose set of vertices V' is m and with multi-set of edges F given by: there is one
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edge between two blocks V; and V; of 7 for each n in {1,..., K} such that n € V; and
n+ 1 € V; (with notation modulo K'). Then, one has

(35) X(m) = T[T
if for graph T'= (V, E), we have denoted
(36) R0 =+ 3 [TA6).

¢:V—[N]e€E
injective

where [N] = {1,..., N} and for any edge e = {7, j} we have denoted A(¢(e)) = A(o(i), ¢(j)).

There is no ambiguity in the previous definition since the matrix A is symmetric.

In order to prove the convergence of

(ZN<K))K>1 - <\/Lﬁ Tr A" — E[% Ir AK})KN

to a Gaussian process, it is sufficient to prove the convergence of
(37) (Zn(T™)) s cepiie) = (\/N (TJOV[T”] ~E[r} [T”]]))

to a Gaussian process, since

(38) (2(8) = (X 2w1)

T€P(K) K21

WEUKP(K)

Before giving the proof of this fact, we recall a result from [37], namely the convergence of
7%[T™] for any partition 7. These limits are involved in our computation of the covariance
of the limiting process of (Z N<T7T))7reuK7>(K)’ and this convergence will be useful in the

proof of the CLT for Stieltjes transforms latter.

Proposition 2.1 (Convergence of generalized moments). Let A be a Wigner matriz with
exploding moments with parameter (Cy)g>1. For any partition m in UgP(K), with 7% [T

defined in (35),

0 [ O[] . Hk21 CH if T™ is a fat tree,
E[TN[T H 1\:; T = { 0 otherwise,

where a fat tree is a graph that becomes a tree when the multiplicity of the edges is forgotten,
and for T such a graph we have denoted q; the number of edges of T with multiplicity 2k.

Theorem 2.2 (Fluctuations of generalized moments). Let A be a Wigner matriz with
exploding moments. Then, the process (ZN<T7T))7T€UK'P(K) defined by [B7) converges to a

centered Gaussian process (Z(T”))WEU PK) whose covariance is given by: for any T™,T™,
K

E[2(T™)(T™)] = > 7°[1],

TeP;(T™,T™2)
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where 70T is given by Proposition [21] and Py(T™,T™) is the set of graphs obtained by
considering disjoint copies of the graphs T™ and T™ and gluing them by requiring that
they have at least one edge (and therefore two “adjacent” vertices) in common.

Proof. We show the convergence of joint moments of (Z ~N(T 7T)) Gaussian distribution be-
ing characterized by its moments, this will prove the theorem. Let 71 = (V4, E4),...,T, =
(V, E,,) be finite undirected graphs, each of them being of the form 7™ for a partition .
We first write

Elzvm). 2vm)] = = X E|I] ( [T A(ie) —E[T] A(@-(e))D]
: . ‘le,[ﬁil j=1 “e€eE ecE;
i Vi— nj. ~~ -
J WN(¢17"'7¢”)
= Z ]V]:% Z WN<¢17"'7¢71)7
c€P(V1,...,Vn) (#1,-,0n)ESs

where

o P(Vq,...,V,) is the set of partitions of the disjoint union of V1, ..., V,, whose blocks
contain at most one element of each V,

e S, is the set of families of injective maps, ¢; : V; — [N],j = 1,...,n, such that for
any v € V;,v" € Vji, one has ¢,(v) = ¢y (V') & v~y 0.

First, it should be noticed that by invariance in law of A by conjugacy by permutation
matrices, for any o in P(Vi,...,V,) and (¢1,...,¢,) in Sy, the quantity wy (o1, ..., ¢n)
depends only on 0. We then denote wy(o) = wn(¢p1,...,¢,). Moreover, choosing a
partition in P(V;, ..., V,,) is equivalent to merge certain vertices of different graphs among
Ty,...,T,. We equip P(V4,...,V,) with the edges of T1, ..., T, and say that two vertices
are adjacent if there is an edge between them. We denote by P4(Vi,...,V,) the subset
of P(V4,...,V,) such that any graph has two adjacent vertices that are merged to two
adjacent vertices of an other graph. By the independence of the entries of X and the
centering of the components in wy, for any o in P(V4,...,V,) \ Ps(Vi,...,V,,) one has
wn (o) = 0. Hence, since the cardinal of S, is (N—L\!a\)!’ we get

E[ZN(Tl) . .ZN(Tn)} - ¥ N—%ﬁ wn (o)
o€P; (Vi V) '
(39) = > N Elwy(o)(1+O(NTY).

o€P;(V1,...,Vn)

Let o in Py(V4,...,V,). We now analyze the term wy(o). We first expand its product.

wy(o) =Y <—1>"-BE[H I1 A<¢j<e>>] x HE[ 11 A(asj(e))]-

Bc{1,...,n} JEB e€E; j¢B eckl;
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Let B C {1,...,n}. Denote by Ty the graph obtained by merging the vertices of 7.
j € B that belong to a same block of o. For any £ > 1 denote by py the number of vertices
of T where k loops are attached. For any £ > ¢ > 0, denote by g, the number of pair
of vertices that are linked by k edges in one direction and ¢ edges in the other. Denote by
pn the common law of the entries of v/ NA. By independence of the entries of A, for any
(¢1,...,¢n) in Sy, one has

E[H 11 A(a%(e))} - 11 <W)p 1 (M)q

jEB ecE; k>1 k,0>0 N
ftkd,uN fther,uN() k¢
(40) = NP5l H < N H TNE )
k=1 k,0>0
51\:(,3)

where |Ep| is the number of edges of T once the multiplicity and the orientation of edges
are forgotten. Recall assumption ([@): for any k& > 1,

(\/Nai,j)%} [ tFdun(t)
Nk—1 o

— (.
]\/vk_1 N—o0 K

NE[(a;;)*"] = E[

By the Cauchy-Schwarz inequality, for any & > 1,

|t‘k+1dﬂN tdeuN
f k+1 1 N1 thNN

Hence, since the measure py is centered, the quantity dx(5) is bounded. Denote 75, the
graph obtained by merging the vertices of 71, ..., T, that belong to a same block of o, |E,|
its number of edges when orientation and multiplicity is forgotten, and by ¢, its number

of components. We obtain from (89) and (@0)

E[ZN(Tl) . ZN(Tn)}
_ 3 N NoEHe B Sen Bl (— 1) Bl5y (B) T on (1)) (1 + O(N 1))
o€Py(V1,...,Vn) BC{1,...,n} j¢B

= E E N =% x NIEI=IEBI=¢5 Byl o Nlol=co—|Eo]

x(=1)" Py (B) [ [ ox({5}) x (1+O(N ).

JjEB

A partition o € Py(V4,...,V,) induces a partition & of {1,...,n}: i ~; j if and only if
T; and T; belong to a same connected component of 7,,. Denote by Pa(n) the set of pair
partitions of {1,...,n}. One has

(41) N~ 2= 1067’2 +O( )
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Secondly, one has |E,| — |Eg| — > j¢B |Egh] < 0 with equality if and only if B =
{1,...,n}, so that
(42) NIEo=1Es|=5¢5 1By = 1 5_ (.. +O(N™ b.

.....

Moreover, by [27, Lemma 1.1 || — ¢, — |E,| is the number of cycles of T,, the graph
obtained from T, by forgetting the multiplicity and the orientation of its edges. Hence,

(43> N\0\7607|E0| = 1Tg is a forest + O(N71>
By (@), [@2) and [@3), if we denote by dy(0) = dn({1,...,n}) we get
(44) E [ZN(Tl) . ZN(Tn)]

- Z Z ]‘To' is a forest of % trees 5N(U) + O(Nil)

TEP2(n) 067% (V1 ..... Vn)

(45) = > II D, 1% sawe onle) +ONT,

n€P2(n) {i,jem acPy(Vi,Vj)

where we have used the independence of the entries of A to split . The case n = 2 gives

E|:ZN(T1)ZN(T2)] - Z ITJ is a tree 5(0) +O(1)7

o€Py(V1,V2)

J/

M(2)?;1 1)
where §(0) = A}im dn (o), which exists since T, is a tree. Indeed, in the definition (@0) of
—00

§(0), we have p, = g = 0 for any k # ¢. Moreover, we obtain that §(c) = 7°[T,] defined
in Proposition 2], and the sum over o on P;(V;, V3) can be replaced by a sum over graphs
T obtained by identifying certain adjacent vertices of T} with adjacent edges Ty, since 79[T']
is zero if T is not a fat tree. We then obtain as expected the limiting covariance

MO(T,Ty) = > [T,
TePy (T1,1%)

The general case n > 3 in (A7) gives the Wick formula
E[ZN(Tl) . } S I MOTLT) + o(1),
T€P2(n) {i,jren

which characterizes the Gaussian distribution. ]

Remark that up to (@H) the errors terms are of order O(N~!), and so if NE[a?}] =
Cr + o(mil) for any k£ > 1, then dy(B) = §(B) + o(mil) so that we find that

E[% TrA’“] — lim E[% TrAﬂ +o(N"1?)

N—o0
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and therefore we obtain the same CLT if we recenter with the limit or the expectation, as
noticed in the introduction.

3. CLT FOR STIELTJES TRANSFORM AND THE METHOD OF MARTINGALES

Let A = [a;;] be an N x N matrix satisfying Hypothesis[[Il First of all, by the resolvant
formula, we know that for any z € C\R, there is a constant C' such that for any pair X, Y
of N x N symmetric matrices,

| Tr((z — X) ' = (2= Y)Y < Crank(X —Y).
Hence one can suppose that in Hypothesis [[LT], b is centered.

For any z in C \ R, recall that G(z) = (z — A)~*. To prove Theorem [, we show that
any linear combination of the random variables

Zn(z) = \/LNTrG(z) - E[% TrG(z)}, z € C\R,

and their complex transposes converges in distribution to a complex Gaussian variable.

Since G(z) = G(Z), it is enough to fix a linear combination
P

(46) M(N) =" NZn(z),
i=1

for some fixed p > 1 and Ay,...,\, € C, 2,...,2, € C\R, and prove that M(N) is
asymptotically Gaussian with the adequate covariance.

3.1. The method of martingales differences and reduction to the case p = 1. For
all N, we have

N
M(N)=E[M(N)] => X, with X, := (B — Ep_1) [M(N)],
k=1
where E; denotes the conditional expectation with respect to the o-algebra generated by

the k first columns of A. In view of Theorem of the appendix about fluctuations of
martingales, it is enough to prove that we have

N P
(47) > B [X]] eaed Z AidiC (2, 25),
k=1 i,j=1
N P
(48) S B[] = D ANC(E)
k=1 i,j=1
and that for each ¢ > 0,
N
(49) D E[IXk 115, 5] 2 0

k=1
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Notice first that (47) implies (48)).Let us now prove ([@9). The proof of (A7) will then be
the main difficulty of the proof of Theorem

Proof of (@9). Let Ay be the symmetric matrix with size N —1 obtained by removing the k-
th row and the k-th column of A and set Gi(z) := ﬁ. Note that E,Gy(z) = Er_1Gi(2),

so that we can write
P
1
Hence by (I03) of Lemma [C.H in the appendix, there is C' such that for all N and all k,
C max; | \;||Sz| ™!

VN
Thus for N large enough, we have that for all k, | X;|*1x,|>. = 0 and @3) is proved. [

| Xk| <

We now pass to the main part of the proof of Theorem [LE namely the proof of ([@T). It
is divided into several steps.

We can get rid of the linear combination in (46 and assume p = 1. As TrG(z;) =
Tr G(z;), both X7 and | X}|? are linear combinations of terms of the form

(B — Ek_l)[\/% Tr G(2)] % (Bx — Ek_l)[\/—lﬁ Tr G(2),

with z, 2’ € C\R. As a consequence, we shall only fix z € C\R and prove that for

Yk<2) = (Ek — Ekl)[\/% Tr G(Z)],

we have the convergence in probability for any z, 2’ € C\R

(50) Cy =Y Epa[Yi(2)Yi(2)] — C(z,7).

N—oo
k=1

First, for G} as introduced in the proof of ([@J) above, as E;Gi(z) = Ex_1G(z) again,
we have Yy (2) = (Ex — Ek,l)[ﬁ(Tr G(z) — Tr Gg(z))]. Hence by Lemma [[L5] we can write
1 1 + a};Gk(z)2ak
51 Yi(2) = —=(Ex — E—
(51) k(%) \/ﬁ( k= Ex-1)
where ay, is the k-th column of A where the k-th entry has been removed. To prove (B0),
we shall first show that we can get rid of the off diagonal terms >, ar(j)ar(¢)Gr(2);

Z — Qg — a;;Gk(z)ak’

and )., ay(j)ay(0)(Gr(2)?);0 in the above expression.
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3.2. Removing the off-diagonal terms. In this section, we prove that we can replace
Yy in (B0) by
- 1 1+ SV ar()AGR(2)2)
(52) Fi(e) = (B — ) 2= AU <2 {22
VN z— > ap()) Gr(2) ;5

J

Note first that by Equation (I06]) of Lemma in the appendix, we have the deterministic
bound, for all z € C\R,

L+ an(h)(Gr(2)?)
z = a()?Gr(2) 5

< 2|zt

hence we deduce

(53) V3| <

Lemma 3.1. Let Y;,(2') be defined in the same way as Yi(z) in (52), replacing z by 2'. Set
also

(54) Cy =Y Epa[Vi(2)Yi(2)].

Then for Cy defined as in (BU), as N — oo, we have the convergence
(55) Cy — éN L—1> 0.

Proof. We have

N 1
CN - CN = ZEk,l[Yk(Z)Yk<ZI) — Yk<Z)Yk(Z/)] = / hN(u)du,

k=1 u=0
with hy(u) == NEu_1[Vi(2)Ye(2)) — Yi(2)Yi(2)] for k = [Nu]. As we already saw, by
Lemmas and of the appendix, there is a constant C' (independent of £ and N) such
that |Yi|, |Y7], |Yi| and [Yi(2)| are all bounded above by C'/v/N, so that |hy(u)| < 2C.
Hence by dominated convergence, it suffices to prove that for any fix u, ||hy(u)||;1 — 0,
which is equivalent to hy(u) — 0 in probability. This is a direct consequence of Lemma
[C7 of the appendix (which can be applied here because we explained, at the beginning of
Section [ that one can suppose the random variable b of Hypothesis [Tl to be centered)
and of the fact that the function of two complex variables p(xy, x9) := if—g has a uniformly
bounded gradient on the set {(xy,z5) € C*; Szo < 0}. O

It remains to prove that the sequence Cy introduced at (B4)) converges in probability as
N goes to infinity. Note that we have

(56) Cn = /:0 NE;, 1 [Viu) (2) Vg (2)]du with k(u) := [Nu].
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By (53)), the integrand is uniformly bounded by 4|3z|~!. Hence, by dominated convergence,
it is enough to prove that for any fixed u € (0,1), as k, N tend to infinity in such a way
that k/N — u, we have the convergence in probability of NE,_[Yx(2)Y:(2')].

Now, set for z, 2 € C\R,
DY ar(7)*(Gr(2)%)5 1+ ap(7)*(Gr(2)?) s

2= a(i)?CGrl(z)y; TN 2= Y a(G)?Gi(2)y
We have \/Nf/k(z) = (Ex — Egx_1) fx, so for z, 2" € C\R,

NE1(Yi(2)Yi(?)) = Bt [Ex fiBa fi] — Bio1 filBro1 fi.

Let us denote by E,, the expectation with respect to the randomness of the k-th column
of A (i.e. the conditional expectation with respect to the o-algebra generated by the a;;’s
such that k ¢ {i,j}). Note that E;_; = E,, 0o E; = E; o E,,, hence
(58) NE; 1(Yi(2)Yi(2) = Ba, [ExfiBi fi] — ExEa, fi X BxEa, f}.

Now, we introduce (on a possibly enlarged probability space where the conditional expec-
tations E;_1, Ey, Ea, keep their definitions as the conditional expectations with respect to
the same o-algebras as above) an N x N random symmetric matrix

(59) A" = [aj]i<ij<n
such that:

(57) Jr

e the a};’s such that i > k and j > k are i.i.d. copies of a;; (modulo the fact that A’
is symmetric), independent of A,
e for all other pairs (7, j), a;; = aij,

then we have

Ex fiBefi = Ex(fi < fi),
where f} is defined out of A" in the same way as f is defined out of A in (B7) (note that
the k-th column is the same in A and in A’). It follows that
NE, 1 (Ye(2)Yi(2)) = Ea [Ex(fi X fi))] = ExEay fo X ExEa, fi
(6()) = Ek[Eak(fk X fl/c,>] - EkEakfk X EkEakfI;

We shall in the sequel prove that as N tends to infinity, regardless to the value of k, we
have the almost sure convergences

and for any u € (0,1), as N,k — oo so that k/N — u, we have
(62) Ea, (fx X fi) — Uz, 2")a.s,

where L(z,7') = fol U(z, 2" )du. The convergences of ([6I]) and (62)) are based on an abstract
convergence result stated in next section, where we use the convergence of generalized
moments of Proposition 2.1l They are stated in Lemmas [3.4] and respectively.
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Note that by Lemma [7.6]
(63) [fl < 41327,
so once (GIl) and ([62) proved, we will have the convergence in L?
Er[Eay, (frw) X frw)] — ExBa, fi X ExEaqy fi, — ¥¥(z,2") — L(2)L(2).

Thus by (60]), we will have proved the convergence of (B8], hence completing the proof
of the theorem.

3.3. An abstract convergence result. Remember that A, = (a;;) is the square matrix
of size N — 1 obtained by removing the k-th row and the k-th column of A, that G (z) =
(z — Ag)~! and that A} is a copy of A; where the entries (4, j) for i, j > k are independent
of Ay and the other are those of A,. We denote G/,(2') = (2 — A})~L.

Lemma 3.2. Under Hypothesis[I1 and condition [Id), as N goes to infinity and % tends
to u in (0,1), the random probability measure on C?

N-1
1
k‘7N Pjp—
(64) Ve TN Z 0{Gh(2);5,Go(z)s51> %7 € C\R.
j=1

converges weakly almost surely to a deterministic probability measure v ,, on C2.

Proof. By e.g. Theorem C.8 of [1], it is enough to prove that for any bounded and Lipschitz
function f, 1/55( f) converges almost surely to v ,(f). Moreover, adapting the proof of
Lemma [7.4], one can easily see that for any such f,

k,N k,N
Vz,z’ (f) - E[Vz7z’ (f)]
converges almost surely to zero. The only modification of the proof is to complete the
resolvent identity by noticing that

(2= Ar) 77 = (2= A7) = (2= A7) 72 (2(Ap — A7) — (Ar — AY)? =247 (A — A7) (2 — A) 7,

which gives that this matrix has rank bounded by 3 x rank(A — B). Hence it is enough
to prove that the deterministic sequence of measures E[l/fg( - )] converges weakly (the
measure B[ ( - )] is defined by E[/*Y( -)](f) = E["(f)] for any bounded Borel
function f : one can easily verify that this is actually a pr;)bability measure). Moreover,
the measure E[ufg (- )] always belongs to the set of probability measures supported by
the compact subset B(0,|3z|7!)% The set of such probability measures is compact for
the topology of weak convergence. Hence it suffices to prove that it admits at most one
accumulation point.

Let us first explain how the a = b, + ¢. decomposition of Hypothesis [[.T] allows to reduce
the problem to the case of Wigner matrices with exploding moments. For any € > 0, the
matrix A° 1= [b.;; — Ebg,ij]ﬁ\fj:l is a Wigner matrix with exploding moments by Hypothesis

L1
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k(A — A®
Claim : Almost surely, limsup M <e.
N—o00 N

Indeed, the rank of A — A® is at most 1 + Z@]L 13j<i, c. ,;#0- Hence, by independence and
concentration inequalities such as Azuma-Hoeffding inequality, it suffices to prove that

£
li — NP3 <, ey £0) < =
s Z iy 20 <5
But we have, for p := P(c. # 0),
1—(1-p"~
NZPHJ<ZC€Z]7£O NZ1—1— —1—<1—p)p—N

=1

As pN is small, (1 —p)¥ =1— Np+ O(Np?),

N

1 o

~ Y P(Fj < i, ceij # 0) = O(Np)
=1

and the Claim is proved, by Hypothesis (H).

We can adapt arguments of [10] (see also Equation (91) of [14]) to see that it is enough
to prove the weak convergence of E[ 5, N( : )] when A is a Wigner matrix with exploding
moments. Since these measures are unlformly compactly supported, it is sufficient to prove
the convergence in moments.

We consider a polynomial P = 2777 x5°73"™? and remark that

E[/5)(P)] = E[ﬁ i (Gr(2)35)" (Gr(2)5) ™ (GR()55)™ (Gﬁc(z')jj)m]

Jj=1

- E{ﬁTr[Gk( ) 0 Gi(2)°™ 0 Gi()™™ 0 Gy (= )Wﬂ,

where o denotes the Hadamard (entry-wise) product of matrices and

M =Mo---0M.
—_—

n

We set /1 = ny +my and {5 = ny + mey. Let (YZ,Y;’) 1,...61,j=1,..0, be a family of random
variables such that for any p;,q; > 0,

A 2

, : 1

(65) E[HYip' HY].’%} = E[ﬁ Tr [Ail o0 A o Ao oA;q@H.
i=1 j=1

Such a family exists by Proposition [L9 By [37, Proposition 3.10], the couple of random

matrices (A, A’) satisfies the so-called convergence in distribution of traffics, so that the
RHS converges. For the reader’s convenience, we give the limiting value of ([63]), even if we
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do not use it later. It is obtained by applying the rule of the so-called traffic freeness in

01 1)
(66) E [ 111 Yj’%] — 1T a(TT),
-1 =l T reP(vr)

1. we have considered T the graph whose edges are labelled by indeterminates a and
a’, obtained by

e considering the disjoint union of the graphs with vertices 1,...,p; and edges
{1,2},....{pi — 1, pi}, {ps, 1} labelled a, i = 1,..., (4,
e considering the disjoint union of the graphs with vertices 1,...,¢; and edges

{1,2},...,{¢; — 1,q4;},{q;, 1} labelled &, j =1, ..., {5,
e identifying the vertex 1 of each of these graphs (we get a connected graph,
bouquet of cycles),

2. we have denoted by Vr the set of vertices of T', P(V7r) is the set of partitions of Vi
and T™ denotes the graph obtained by identifying the vertices of T' that belong to
a same block of 7,

. the quantity 7°[T™] is as in Proposition BT,

4. we have set

us Vi \%
OZ(T ) = § 1ythe edges linking adjacent vertices}ul 1‘(1 - U)‘ 2',
Va=ViUVa of V2 have the same label

w

where the sum is over all partitions of the set V; of vertices of 7™ and |E;| is the
number of edges between adjacent vertices of V;, 1 =1, 2.

Formula (66) could also be derived by the same techniques than those developed in Sec-
tion[2l The random variables Y; and Y} are distributed according to the limiting eigenvalues
distribution of A. Recall that we assume that the sequence (C})x>2 defined in (@) satisfies
C) < C* for a constant C' > 0. Then, following the proof of [48, Proposition 10], the ex-
ponential power series of the limiting eigenvalues distribution of A has a positive radius of
convergence. So, by a generalization of [12) Theorem 30.1] to the multi-dimensional case,
we get that the distribution of (V;,Y]) is characterized by its moments. Then, we get that
(Y, Y]) converges weakly to a family of random variables (y;, y}). We set f.(y) = (z—y)~".
We then obtain the convergence

EvT(P)] = E[ﬁfz(n)ﬁfz/(lfj’)] @E{ﬁfz(yi)ﬁfz’(yﬁ}

Hence E[Vfi\f ()] converges weakly. O

This convergence could also be proven without Proposition but with appropriate
bounds on the growth of moments. We have the following Corollary.
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Corollary 3.3. (1) For z € C\R, t so that Szt > 0,

PN (t) = %Z@(tGk(z)ii) o ps(t) = / O(tz)v) (dr,d2’)  as.

i=1

(2) For z,2/ € C\R, t,t' so that A = {t3z > 0,¢'S2" > 0,|t| + |[t'| > 0} and k/N going
to u,
R

i=1
converges almost surely towards
(67) () = / B(tx + 2 ) (d, da')

(3) For any (t,t') € R, the functions pN*(¢,t') are analytic on A = {z,2/ : 1Sz >
0,t'S2" > 0} and uniformly bounded on compact subsets of A. They have a non
positive real part. Their limits are also analytic on A and have a non positive real

part.
(4) For all z € CT,

1 o
lim — Tr((z —A)™) = 2/ et tr= gy a.s.
N 0

N—oo

Proof. Let us first notice that p(t) = p25(¢,0) for all k so we only need to focus on

727/
piv’;f(t, t'). The point wise convergence of the function p™'¥ is a direct consequence of the

continuity of ® (recall we assumed that ® extends continuously to the real line), of the
boundedness of tGy(2);+t' G (2')ii (by t/Sz+1/S2") and LemmaB.2l To show analyticity,
note that for all j € {1,..., N}, G(2);; is an analytic function on C*, taking its values
in C~ (and vice versa) almost surely by ([I04)). Hence, on A, tGy(2); + t'Gl('); is an
analytic function with values in C~. Therefore, as ® is analytic on C~, p™* is an analytic
function on A almost surely. Moreover, as ® extends continuously to the real line, it is
uniformly bounded on compact subsets of C~ and hence p™* is uniformly bounded on
compact subsets of A. This implies by Montel’s theorem that the limit p* of p™* is also
analytic. Finally, p™* as non positive real part as the image of C~ by ®. Indeed, as
R(—iMai]?) <0, we have

(68) lon(N)] = [E(e= M) <1 = RO(N) = Nh_I)n Nlog|on(A)] <0.

For the last point, first note that by Lemma [Z3] it is enough to prove the result for
E[N~!Tr G(z)] instead of N~!TrG(z). Second, by exchangeability, E[N~! Tr G(z)] =
E[G(2)11]. Remind that a is the k-th column of A (or A’) where the k-th entry has been
removed. Using Schur complement formula and getting rid of the off diagonal terms (by
arguments similar to those of Section B.2] i.e. essentially Lemma [7)), we have for any
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zeCt
1
E[ N1 N2G ]
2 =2 [a(G)PGi(2)y5 +en
1
E - : + o(1).
[Z - E;V:f 31(3)2G1(2)jj]
Remember that we have for A € C\R,

E[G(2)u] =

1 [T
(69) 1= —Z/O e dt,
and that ¢n(\) = E[ exp(—iA|a|*)], which gives
BG()u] = i [ BN T e0R O o)
Ooo N-1
_ Z/o eWE[ I] qu(AGl(z)jj)}dHou).
j=1

We used the exponential decay to switch the integral and the expectation. This also allows
to truncate the integral: for any M > 0,

00 N-1 M N—-1
/0 eWE[ I1 ¢N(AGl<z)ﬂ)} A\ = /0 eWE[ I1 ¢N(AG1<z)jj)] AA + €moar e s
j=1 j=1

where €y . n goes to zero as M tends to infinity, uniformly on /N and on the randomness.
Remember that by assumption (), we have

(70) N(on(A) —1) - P(N), YA e C-

where the convergence is uniform on compact subsets of C-. Hence, since for |3z| > 6 > 0,
[t| < M, tGj(z);; belongs to the compact set {A € C—; |A| < M/d}, we have

N—-1 N—-1

1
[T 6n5(tGr(2);5) = exp (N > ‘I)(tGk(Z)jj)> +et) v = exp(pl (1) + e
j=1 j=1

where 5,92) y converges almost surely to zero as N goes to infinity. By Corollary [3.3

1 N—-1
exp (N ; (b(tGk(Z)jj)) = exp (p:(1)) + &2 v

(2)

where €,/ \; converges to zero almost surely. Hence, we deduce the almost sure convergence
N-1
71 e't? tGr(2);;) — etzte=),
(71) T ¢v(tGil2)s) eyl

j=1
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As p¥ has non positive real part, we conclude by dominated convergence theorem and by
getting rid of the truncation of the integral. 0

3.4. Computation and convergence of E,, f; and E,, f;.

Lemma 3.4. Almost surely, we have the convergence
sgn 00 | )
(72) Ea, fi — L(z) := —/ —0.et (0t
N—o0 0 t
where sgn, := sgn(Sz) and p,(t) is defined in Corollary [Z-3.

Proof. Remember that for any z € C\R,

a0 (G2 dw(z)
T alPG); T ()

Hence, by (69)), since by (I04) the sign of the imaginary part of Ay (z) is sgn,, the random
variable fp can be written

sgn,, 0o '
(73) fr = —i/ 82)\]\[(2)6”)‘]\’(2)(175.
0
sgn, oo ) sgn, m '
= —i / D AN (2)eVEdt — g / Oy () ) dt
sgn, m 0
= fk,m + nm(z)a
0z AN (2 isgn, m z
where m > 0 and n,,(z) = /\NJEZ()) (1 — efsenamin(2),
We next show that for all € > 0 there exists mg so that for m < mg, N large enough
(74) Ea[lnm(2)]] <&

By (I06]) and since the sign of the imaginary part of Ay(z) is sgn,, one has |n,(z)] <
4|3z|~t. More precisely, for any K > 0, we find

4 -
[1n(2)] < (MK + 15 0, G22k) -

By (@), we deduce that for any £ > 0 we can choose m small enough so that for N large
enough

(75) Eay[lnm(2)[] < Ce.

In the following we shall therefore neglect the term 7,,(z). By (I04) and (I05) we have the
following bound: for any ¢ # 0 and any z € C \ R such that [3z| > § > 0,

N-1
; N2 1 e !
76 ’ N2 (G 2\ ,mitXar()*Gr(2)j5 | <« —tr _ Z
(76) jEl 2 (7)"(Gr(2))zs¢ S psupwe 5
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so that for M large enough and |3z| > § > 0,

B sgn, M )
Eak fk,m = —i / Eak [az)\N(Z)ezw\N(Z)} dt + Em,M,z,N

gn, m

where €, 0. v 18 arbitrary small as M is large, uniformly on N and on the randomness.
Moreover, by (Z6) one has

™ Ea [ AN() ] = 50, (B )

Recall that ¢n(X) = E[ exp(—iA|ai1|?)], so we have

N—-1
(78) Ea, [eV®)] = E,, [eitz—i@j aw'VGk(z)m} =" [ on(tGi(2);))-
j=1

Remind that in (7I]) we have shown in the proof of the last item of Corollary

N-1
(79) et H on(tGr(2);5) e =t g s,
—00

j=1

As in the proof of Corollary 3.3 since the left hand side is analytic and uniformly bounded,
we deduce by Montel’s theorem that its convergence entails the convergence of its deriva-
tives. We then get by (8], for all ¢, z so that ¢/Sz > 0, the almost sure convergence

0, (Eak |:eitz—it > ak(j)QGk(Z)jj)] ) — 0, (eitz-f—l)z (t)) '

N—oo

We then obtain by dominated convergence (remember the integrant is uniformly bounded

by ([[7) and (@),

~ sgn, M 1 )
Eakfk,m - _/ _8zeltz+pz(t)dt + gm,M,z,Na
S

gn, m

where €, .. v converges to zero almost surely as N goes to infinity.

By (7)) and estimate (7)), we have the estimate

-1

S <1 —+ %)eitgz

‘ 1
1Sz

so we can let M going to infinity to obtain the almost sure convergence

sgn, 0o

- 1 .
Eay, fink == —9. et g,

o sgn, m
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In the Lévy case, one has p,(t) = ¢2 p.(1), and in the exploding moments case, | 19,e"* =] <
1+ (\ 3%, so that the integral converges at zero and we obtain

sgn, 0o

1 .
Eo, fr — — —9,ettrqt
N—o0 0 t

0

Of course, this convergence is uniform in k since the law of G (z) does not depend on k
and an analogous formula is true for E,, f;, replacing z by z’.

3.5. Computation of E, (fr x f/).

Lemma 3.5. Almost surely, we have the convergence

sgn, 0o sgn.s 00 | o ,
80 Ea, fx —> U(z,2') == — G2 et L (b )dtdt/,
k tt/ z,2!

where p? , is defined in Corollary -.

Proof. We shall start again by using Formula (73]) for fi, and its analogue for

o 12580 (G5 9. (2)

=) ()G Ay(z')
where G7.(Z') is defined as Gj(z), replacing z by 2’ and the matrix A by the matrix A’
defined by (B9), which gives

sgn,/ 0o
(81) "o —i/ DNy (/)i M) g
0

sgn; oo , sgn, m
= —i/ DNy (2 )Z“N(Z)dt—i/ 0: Ny ()" W dr
s, 0

’
gn; m

The upper bound (Z6) allows us to bound the first term uniformly by logm ™! and to
truncate the integrals for sgn, t,sgn,, t' < M. Therefore, up to a small error € uniform for
M large, m small and provided |3z|, |S2'| > 6 > 0, we have

sgn, M sgn,, M

(82) Eu, fr x f Ea, 0: AN (2)0: Ny (2) e EHEXN ) qedt + ¢

sgn, m sgn’, m

As in the previous case, the upper bound ([f@]) allows us to write

9 B ot e ne] - Lo (x, [omernone])

Remember that ¢y (\) = E[exp(—iX|ai;[*)], so we have

N-1
(84) Eak |:eit)\N(Z)+it’)\lN(z/)i| _ eiterit/z/ H ¢N (tGk(Z)jj + t/G;(Z/)jj)-
j=1
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By assumption ([) and Corollary 3.3 we have the following almost sure convergence as N
goes to infinity and £ ~ goes to u in (O 1)

N—-1
; ; o 1! ) U /
eztz—f—zt/z’ H O (tGk(z)jj + t,G;g(Z,)jj) eztz-i-zt 2oy (bt )
- N—ro00
]7

Almost surely, for any ¢,t', the map (z,2/) > e+t Hj\;l N (tGr(2)5 + VGl (2))5) is
analytic on C*** x C*#"* and bounded by one. Hence, with the same arguments as in the
previous section, we get almost surely and for any ¢, ¢ so that ¢/Sz and /32" are positive,
the uniform convergence for the second derivatives on compact subsets. The truncations
of the integrals can be suppressed as in the previous section, we obtain the almost sure
convergence

sgn. 00 rsgn o0 | it 2 (Lt)
itz tit'z ,(t,
Eakfk X f / gazz Pz dedt’.

0

Hence we have proved the convergences (6Il) and (62). This completes the proof of
Theorem [l

4. PROOF OF COROLLARY

By linearity and the fact that A is stable under complex conjugation, it is enough to
consider a single function f € A. By Cauchy formula and Hypothesis (I6) on f, we have
for all x € R,

f2) .

2w Fz—x

fz) =

where I' = R +ie. Let f(z) = 5 fFﬂ{\%zPL} p—
the polynomial decay of f at infinity gives

1 _ dy - 1—
7d —— < C(L774+ L77).
el < 5 [ ade [ oty 0w e L)

13 7> and observe that for L big enough,

Therefore, Lemma shows that Zx(f1) goes to zero in probability as N goes to infinity
and then L goes to infinity: for any n > 0,
hm limsup P(|Zn(f1)| > n) = 0.

L—oo N oo

Fix L,§ > 0 and consider 2, = —L + kd for k € [0, R], with R = |2Lé!]. Let

fr(x) = L/Z f(2) dz, ) = 1 Z Z/xkﬂ f(y+ise)dyx (zy+ise—z)~".

207w Je=ytic 2 — X 227?
\y\ygL“ s=%+1 k=0 7 Tk

Note that for each L and e > 0 there exists a finite constant K (L, ¢€) so that
If2 = fillrv < K(L,€)d.
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Hence, Lemma implies that Zx(f1) — Zn(f2) goes to zero in probability as N goes
to infinity and § goes to zero for any given L,e > 0. Finally, by Theorem L5, Zx(f9)
converges in law towards a centered Gaussian variable with covariance

LYy

s,s'=+1k,k'=

Ik+1 Tr/4+1
fly+ ise)dy/ [y +is'e)dyC(xy, + i€, xp + i€)

Tyt

The above covariance converges as d goes to zero by smoothness of the functions C' towards

1
— / / dadx f(x + ise) f(2' + is'e)C(x + ise, x’ +is'e).
lz|<L J|2'|<L

42
s,8'==+1

Therefore, writing

Zn(f) = Zn(fr) + [Zn(fr) = Zn (D] + Zn(f7)
and fixing L large enough and then ¢ small enough so that the first two terms are small
with high probability, we conclude that Zy(f) is close to Zy(f?) and therefore converges in
law towards the announced centered Gaussian variable. The generalization to the closure
of A for the total variation norm is a direct consequence of Lemma [.3

5. FIXED POINT CHARACTERIZATIONS

In this section, we provide characterizations of the functions p, and p} , involved in the
covariance of the limiting process of Theorem as fixed points of certain functions. In
fact, we also give an independent proof of the existence of such limits, and of Corollary
5.0l

5.1. Fixed point characterization of p.(-): proof of Theorem [I.9. We now prove
the fixed point equation for the non random function involved in the Lemma 34 given for
2 € Ct and X\ > 0 by,

p.(A) = lim pY(A\) = lim —ZCI) MG (%))

N—oo N—oo N

where we have proved that this convergence holds almost surely in Corollary Note
however that under the assumptions of Theorem [[L9] the arguments below provide another
proof of this convergence where we do not have to assume (I4]).

We denote in short A for A, G for G, and a for a;, in the following, and we do not detail
the steps of the proof, which are very similar to those in [I0] and Corollary B3] but outline
them. Since we have already seen that p is analytic in Corollary we need only to prove
the fixed point equation. Let A; be the N —2 x N — 2 principal submatrix of A obtained
by removing the first row and the first column of A, and let G;(2) := (2 — A;)~!. Let a; be
the first column of A where the first entry has been removed. Using first the concentration
lemma [7.4] then exchangeability of the G(z);;’s, then Schur complement formula (see [T
Lem. 2.4.6]), and then the fact that we can get rid of the off diagonal terms by the same
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argument as in the proof of Lemma B.I] since ® is continuous on C~ (namely via Lemma
1), we have for all z € C*

A

Z — a1 — a’{Gl(z)al

)] + o),

Elp; (V)] = E[®(AG(2)n)] = E[D(

)]

A
= E[‘I)(Z =30 ()2 Ga(2);

Then we use Hypothesis made at (23]) to get for Sz > 0

ElpY (V)] = /0 g(y B[R Eim0 A0 dy + o(1)

- / wg(y)ei%ZE[ﬁ¢N<§Gl<z>jj>}dy+o<1>~

Using the definition of ® and the fact that we assumed that it is bounded on every compact
subset (since p™ has non positive real part we can cut the integral to keep y bounded up
to a small error, as in the previous sections), we have

B ()] = [ geE[ed D000y + o)
0

= )\/ g(Ay)eiyzE[e’)yil(y)] dy + o(1).
0

Now, notice that by Lemmas and [T3) p¥~1 can be replaced by E[pY] in the above
formula. Moreover, as ® is uniformly continuous, so is E[pY], so that we can take limit

points (or we can use Corollary B3l up to assuming (I4])) and check that they satisfy (20).

Let us now prove that there is a unique solution to this equation which is analytic in C*
and with non positive real part. Suppose that there are two such solutions p.(\), p.(A).
For z fixed, let us define A(X) := |p.(A\) —p.(N)|. Then for all A, we have, by the hypothesis

made on ¢ in ([23)),

A < A / 10wl A dy

S K()\’Hl/ y'yefySzAQJ)dy_i_ )\R+1/ yﬁeySzAQJ)dy) )
0 0

It follows that I := / Ne A (N)d\ and I, := / N e A2 A(N)d satisfy
0 0

I < K<11 / A=A N 4 T, / )ﬂ““e_mzd)\),
0 0

[2 S K(Z’l / )\‘/JrnJrlef)\%zd)\ 4 [2/ )\2I€+1€)\§zd)\) )
0 0



30 FLORENT BENAYCH-GEORGES, ALICE GUIONNET, CAMILLE MALE

For &z large enough, the integrals above are strictly less that %), sothat Iy = I, =0. It
follows that for any fixed A, p.(\) and p,(A) are analytic functions of z which coincide for
Sz large enough, hence they are equal.

5.2. Fixed point characterization of p, . (-,-): proof of Theorem [L.12l We now
find a fixed point system of equations for the non random function of Corollary For
NSz 4+ N/ >0, we set

N

-1
/ 1 Yal /
(85) Pt N) = 71 22 ®AGk(2)g5 + XGL(2)j5)

]

N

1

J

z
L

(86) PPN = P(AGL(2);; + NGL()y)),

;,?H

N—-k-1

Il
B

J

where we recall that G and G}, are as in (20). To simplify the notations below, as in
the previous section, we denote (G, G’) instead of (G, GY,), even though their distribution
depends on k.

In the sequel we fix, as in Section B3, a number u € (0,1) and will give limits in
the regime where N — oo, k — oo and k/N — u. We shall then prove that, under
the hypotheses of Theorem that we assume throughout this section, (pi\f’;f’l, 1\752)
converges almost surely and that its limit satisfies a fixed point system of equations which
has a unique analytic solution with non positive real part. The convergence could be shown
with minor modifications of Lemma under assumption (I4]), but we do not need this
since we work with stronger assumptions. Using the concentration lemma [T4] (note that ®
is not Lipschitz but can be approximated by Lipschitz functions uniformly on compacts),
it is sufficient to prove the fixed point equation for the expectation of these parameters.
Moreover, by exchangeability of the k first entries and N — k last entries

E[pY 5t (t,s)] = E[®(tG(2)n + sG'(Z)n)] + o(1),

z,2!

E[pl)2(t,5)] = E[®(G(2)ny + G (¢)xn)] +o(1).

These functions are analytic in A = {z, 2" : t/Sz + /2 > 0} and uniformly bounded
continuous in (¢,s) (by uniform continuity of ® and boundedness of G(z)), and hence
tight by Arzela-Ascoli on compacts of A. We let p::;,i = 1,2 be a limit point. Since
E[pg’z]f’i(t, s)} is uniformly bounded on compacts of A, the limit points p“¢ i = 1,2 are
analytic by Montel’s theorem. We assume for simplicity that both z and 2z’ have pos-
" . . . +o00 400
itive imaginary parts (in the general case, one only has to replace fs:O —o below by
f:ig(gz)oo ::gg(%z )OO). Under Hypothesis made at (29]), we can write by Schur complement
formula and getting rid of the off diagonal terms (note that all integrals are finite as they
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contain exponentially decreasing terms)
Bl )] = [ [ e B e S 0y,
+ [ Bl ROy ) 4 [ el RO ) + o(1)
_ / / it uEka1(%,%)+(17u)1}§ﬁ:j’2(%7%)(:17_(,0’v/)

/ e'terDdp(v) + / e's e~ (D du(v) + o(1)
0 0
and

E[pl)2(t,5)] = / / G et Tean(O?Gn @a—i% Te a0’ G el qr (v, o)

+/eitE[eit Yean(0)? GN(Z)ZZ]d,u<U> +/€i¥E[ei";ZeaN(f)QGk(z/)u]du(U)+0(1)

_ / / it it Ul (1m0 (D=0 (D) g 1)

/ e'ter~Ddp(v) + / e's e~ (D du(v) + o(1)
0 0

where we used that a;(¢) = a/(¢) for all ¢ whereas ay(¢) = ajy(¢) for £ < k and are
independent otherwise, that pY converges towards p., and that

k—2
1 Yal
m;¢<AG1<z>jj+AG1< i) ~ o0
1 N—-2
N 2 PG T NG ~ ~ L0

by Lemma (by continuity of @ it can be approximated by Lipschitz functions). Hence
we find that the limit points p;’ L o 2 of PR pNRZ gatisty (B3). Moreover,

z,2! ’pzz

Pl = upl i+ (1= w)pl i+ o(1)

gives
u _ u,1 u,2
pz,z’ - upz,z/ + (1 - u)pz,z’ :

Uniqueness under assumption (29): Let p and p be solutions of Equation (B3) with
non positive real parts (note here that p,(u) is given and p is so that the above integrals are
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finite; hence the last two terms in both equations play the role of a finite given function).

Alt,s) = [pla(t ) — o (t $) + P2 (1 5) = Lt 5)]
CSavt- d|7|(v, ) v
< REDTAEER S ] RPPIA(Z
- / / dvdv’ <t )Jdvdv/

< / / e TR ((0t) Tosgon) + (V) Lusej,oo0))

(V'8) Lorsepo,1) + (V'8) Loy st oo ) A (v, v')dodo’
< 2Kts((t5)7[A(fy,fy )+t Ia(y, k) + () Ia(k, ) + (t5)"Ia(k, k),

where for (a, o) € {7, k}?, we have set

o o0
ey Cxnl !
a’) ::/ / e TSEY A (v, 0 )" dodv’.
o Jo

We put I(a,a’) = I(a, ') where 1 denote the constant function equal to one. We get
after integrating both sides

In(a,0f) < K(I(a+y+ 1,0+~ + DIa(v,7) + La+vy+1,a + £ +1)Ia(y, k) +
I(a+n+1,a/+7'+1)IA(KJ,7)+I(0z+/{+1,0/+/1+1)IA(K,/{)).

We consider Sz, 32’ large enough so that I(a+5+1, o'+ 5'+1) < for any (a o), (B, p) €
{fy, k}? to conclude that A(t, s) vanishes then and therefore that pew = Py for Sz and
32’ big enough, s = 1 or 2. By analyticity, we conclude that the system of equations (33))
has a unique analytic solution with non positive real part. The functions p™'¥! and p/V::2
are tight and their limit points are characterized by fixed point equations, so they actually
converge.

Uniqueness under assumption (28): For Lévy matrices, where ®(z) = C,z%/?, [29)
holds as well (but, as we shall see, with some less regular measures). We shall use later the
fact that in this case, for all z,y € C* (with a constant C, that can change at every line),

. . L 1. 1 1
(87) Q™ +y )—C(_+ )/ = ()T/z(y)a/z

_ C / dU)/ dU)/ dea/2 1 )a/2 1 fa/2 1 Z’LU:B+Z’LU y( w(zty) 1)

(z + 1)

+00 eztz -1

(where we used the formula 2% = C, / Wdt for any z € C* and a € (0,2),
which can be proved as (O0) with the remdzles formula) so that (29) holds with p = 0 and

7(v,v") with density with respect to Lebesgue measure given by

+oo
(88) Ca/ ufa/271{(v . u)a/271(v/ . u)a/27110§u§0/\v’ . va/271(vl)a/2fl}du'
0
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Unfortunately 7 does not satisfy (30]) as its density blows up at v = v": we shall therefore
prove the uniqueness of the fixed point system of equations separately. The limit points of
(pi\f’j’l, piv,f’z) satisfy the system (B3) with 7 given by (8S).

To simplify the notations we assume hereafter 3z, 3z’ non negative. Notice first that
if (g1,92) is a limit point of (pJZV”Z]f’l, pi\f’z’f’Q), g; are function from (R")? into L,/ =
{—re? 0] < a/2},i= 1,2, which g; are homogeneous of degree 5, i.e. for any t,5 >0

(89) gi(t,s) = (" + 52)%%(\&2: 2’ \/328+ t2>'

We show that for any £ in (§,1), the system (B3) has a unique solution on the set of
pair of homogeneous maps (R™)*—L,/, of degree 5 that satisfy the -Holder properties,
i.e. have finite || - || norm given by

l9(u, v) — g(u',0')]
90 = max u, V)| + max ,
(90) lgls (u,0)eSL l9(u, )l (wv)£w w)est |(u—u')? + (v —v')?|8/2

with ST = {s,t > 0,s* + * = 1}.

Proving that the limit points (p:’;,, pgz,) of (pi\f’;f’l, pi\f;lfz) are f-Holder maps for a 3 > §

allows to conclude the proof of Theorem [LT2l This is the content of the following lemma.
Lemma 5.1. For any z,2' € Ct, u € [0,1], i € {1,2} and § € (a/2, (3a/4) A 1),

10225 < oo
Proof. First, since |G(2)g| < 3271, we have

' 1 1\%5
E[p"k t} < (— ) .
[pz,z (S’ ) | — %Z + %Z’

(91) max max
=12 (s,t)eS!

We next show that for any matrix model so that ®(z) = —c(iz)2, for any 2x € (0, /2)
92 lim su E[ aﬁzﬁ} < 00.
(92) msupE| () |auf’)

Indeed, we can write

© 1 e*yZ\au\Q

E[(Z |a1i|2)2n} = CE[/O MT@} = /OOO = (Z]ff;iy)]vdy

where we have used Fubini for non negative functions. But the above integral is well
converging at infinity and we know that ¢y converges uniformly on [0, M] for all M finite;
hence there exists a finite constant C' so that for N large enough

sup |y| "2 N|pn(—iy) —1] < C

y€[0,M]
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which yields

ClylZ
eClyl

E[(Z |a1i|2)2ﬁ] < C(l + /OM jﬁdy) < oo for 26 < /2.

We next show that this estimate implies the 5-Holder property. Indeed, for any 5 € [, 1],
there exists a constant ¢ = ¢(a, ) such that for any =,y in C™,

(93) 0% =y <clz —yl” (2| Aly])2 7.

Applying this with x = tG(z);; + sG'();; and y = /G(2);; + s'G'(2);; gives

B
2

1 1
B[S (¢ 5) = o8 (¢, ] | < ehin (55 + 5o S

t—t)?
J22 0 (32)? (I P+l =

with
KN = E|:(|tG(Z)11 + SG/(Z/)11| N |t/G<Z)11 + S/G/<Z/)11‘)_K}

where k = 3 — § > 0. It is enough to prove that Ky is uniformly bounded as pg; is a

limit point of E[ NI”]. Note that we may assume that |s — | < 1/6 and [t —t'| < 1/6
since otherwise the bound is already obtained by (@I). But then this implies that either
t,t' > 1/4 or s, > 1/4. Let us assume t,t" > 1/4. Then, we have

|t/G<Z>11 —+ S/G/<Z/>11‘ A ‘tG(Z')H —+ SG/<Z/)11‘ Z t/ A t%G(Z')H Z ‘%G(Z)lﬂ .

e~ =

Using Schur formula, we find that

E[|%G(z)11|_"‘} = E

((%(2 —ajGi(2)a)))? + (R(z — ayy — a’{Gl(z)al))Z)H
I(z — ajGh(z)a;)

< &E[(C+ (Z\au\?)?)”}

so that we deduce that for all K > 0

E[30()nl ] < oo [( > e +1) ]

Equation (@2)) completes the proof by taking 2k = 2(5 — §) <

(521}
U]
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We now prove the uniqueness of the solution of ([B3]) on the set of functions described
above. After some change of variables, the system is equivalent to the following:

gi(t,s) = Ca/ / / wo‘/2*1(w')a/%lvfa/%leiw.z
0 0 0

(eivT.Z—l—ugl(W—H)T)-l—(l—u)gg(W+vT) o €Ugl(W)+(1_u)g2(W))d’w dw'dw

gg(t,s) = Ca/ / / wa/Q—l(w/)a/Q—lv—a/Z—leiWZ
0 0 0

(eivT.Z—l—ugl(W—H)T)—i—(l—u)pzyzz(W+vT) . GUQI(W)+(1_u)pz,z’(W))dw dw'dv,

where we have denoted in short W = (w,w’), Z = (2,2'), T = (s,1), ps.a (W) = p.(w) +
po(w') and W.Z, T.Z stand for the scalar products.

After the change of variables w = rcos(f),w’ = rsin(f), v = rv’, we can rewrite this
system of equations as

g1 =F (ugi + (1 —u)ga) g2 = F(ugi + (1 —u)ps,»)
with if 7T = (¢, s) when T' = (s, 1),

F;le(g)(TT) _ / /°° /21 ireg.Z <6irvT.Z+ra/2g(eg+vT) -~ era/zg(e9)> dr dp(v, 6),
v,0 Jr=0

where we have denoted ey = (cos(6), sin(f)) and
dpu(v,0) = Calpepo,z1d0(sin 20)2 ' yeip v 2 "

for a constant C,.

The desired uniqueness follows from the following lemma.

Lemma 5.2. Let 3 in (5,1). For any M and for 3z,3z2" large enough, the map F!,, is

a contraction mapping on the set Carg of homogenous maps g : (RY)2=L, o of degree &

2
with B norm bounded by M.

Proof. To study the Lipschitz property of F}' , as a function of g in Cy g for the norm f,
we first set

F ()TN 1Y) = F(g)(T") = F(g)(T")

oo ~ ~
_ /d,u(e U)/ dT,Ta/Z—leiTEQ.Z <eiT‘UT.Z+T’a/2g(€9+’UT) . 6irvT.Z+ra/29(eg+UT)>
, .
0

We next bound, for given ¢, g2 in Car g, T} in S}r and with 75 either in Si or Ty = 0 (which
allows to treat in one time two parts of || - ||3)

Apu = [F2(9)(Th, To) = F2(91)(Th, T2)|
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For that task, we shall use some technical estimates, with a constant ¢ that may change
from line to line. Remind first the two following bounds from [14, Lem. 5.7] valid for
v > 0: there exists a constant ¢ = ¢(«,7y) > 0 such that for all h,k € C* and for all

T1,T2,Y1,Y2 E‘C%a
1 ik $ $ 2 2
r’ e ((er el yl) — (e” 2 el yQ))dr
0

< ([P o — w2 — yn 4 BT (e — el + g — ) (21— ] + |22 — wal)) -
Moreover, for all h,k € C*, z,y € La, for 0 <k <1, we have

% 4=l (irh irk 3 3
7 (e” — e ) (er T—e" y) dr
0

(95) < e ATKD TR = ke =y,

(94) J’Y,h(l‘lax%ylay2) =

K’y,h,k('x7 y) =

Moreover, notice that for (s,¢) in S%, one has max(s,t) > 1/v/2 and max(cos 6, sin ) >
1/4/2 and thus

ST.Z >SN /V2=A...  Ses.Z) > A, .,
so that |ieg.Z +wl.Z| > A, (1+ 1Tesﬂ))- At last, with a; = ey + vT; for i = 1,2,

straightforward uses of the f-norm and the inequalities |a;| < (1 + v), ||a1]| — |a2|} <
o|Ty — Ty, |ai| > %(v V1)if T; € ST, o %} < (vV1)2|Ty — Tav(1 +v), and ([@3)

gives the estimates
2

> (1" gi(ay)

< dlgr = g2lls| T = Tol” f(v),

ij=1
2 2
(D loras) = ge@) ) (Y- lgslan) = gilaz)l) < eMllgs = gullalTh = Tol*(1 4+ )% (),
i=1 i=1
where fz(v) = vﬁ((l +0)2 (v 1) 1). Using this series of estimates, we find that,
B < [ Kyyreinseg et slaten+ D). gle +0D))du0,6)

+ / s eo.z4vr.2(9(ea +vT), §leg + vT), g(eg + vT), G(eg +vT))dpu(v, 6)

IA

cllg —alls <A§,§‘/1f0 / Ly>1dpu(6,v)
HE = TPAZ (o] + 12107 [ (U o1y )70 4 1y )0 du(0,0)

HT = TP(MAT? + AZ2) /v% + v)ﬁ(@ V1)~ 4 1>du(9, v)) .
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While using (@), we chose v = /2 and x = 3 when TeS orT=0,v<1,r=0when
T =0 and v > 1. As the integrals are finite we obtain the desired bound for ¢, € Cas s

1F2(91) = F2(g2)lls < C(z, 2, M)llg — glls,

with C'(z,2', M) < 1if 3z A 32’ is large enough. O

Taking two solutions of the system (B3] in Cps 5, we deduce that they are equal when
Sz A §72 s large enough, and thus everywhere by analyticity.

6. Proors oF LEMMAS 3], [LR anD [L1T]

6.1. Proof of Lemma [T.3 Let us first treat the case of Wigner matrices with exploding
moments. First and second parts of Hypothesis [LT], as well as (), are satisfied for ¢ =
c. = 0. Let us then define vy to be the law of a? = a?, and my to be the measure with
density Nx with respect to vy, so that for any test function f, we have

/fdmN = /Nxf(x)dl/N(x) = NE[a? f(a?)].
Then for each k > 0,
/ZL‘kdmN(l‘) = NE[|G11|2(k+1)] — Ck+1.

As there is a unique measure m on Ry with (Ciyi1)k>0 as sequence of moments, this
proves that my converges weakly to m. Then () is a consequence that for any contin-

uous bounded function f on Ry, [ fdmy — [ fdm and the convergence is uniform on
e—ikxil)
—).

uniformly Lipschitz sets of functions (apply this with f(z) =

Let us now treat the case of Lévy matrices. Set tny := N* € (0, 2(2—17(1)) and define
b := aljg<¢ty and c := aljg>ty. Then (@) is obvious by Hypothesis (§) and the fact that
any = NV up to a slowly varying factor and (@) follows directly from Lemma 5.8 of [I1]
(in fact, this lemma gives us the right upper bound for the second moment of b, which
of course implies that it is true for its variance). Let us now treat the second part of the
hypothesis. Let us fix € > 0 and define b, = aljq<p (for a constant B which will be
specified below) and ¢. := a — b.. For L as in (), we have

L(CLNB) L(CLN) 1

P - ~ “
(70 = 1By ~ @B ~ NB

Hence () is satisfied if B is chosen large enough. For the convergence of the truncated
even moments, see [37, Sect. 1.2.1]. Moreover, () follows from the results of e.g. Section
8.1.3 of [13]. At last, () is satisfied for Lévy matrices by e.g. Section 10 of [10].
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6.2. Proof of Lemma [I.8 In the case of Lévy matrices, the expression
+oo

—o(iN)*? = Coy2lelidy (A eC)
y=0
relies an application of residues formula which gives, for z € C* and o > 0,
+o0o

(96) MNa/2) = —’i/t (—izt)2 e 2dt.

=0

In the case of Wigner matrices with exploding moment, one first needs to use the fol-
lowing formula, for £ € C with positive real part:

(97) 1—e = /O ” &\/%ﬁ)et/ﬁdt,

which is proved in the following way (using (O0])):

- —r G L R LRV
l—et= ( plePtt = / tPet/Sdt :/ e~tdt.
Zpl S Zpl . .

= (p+1) e l(p+ 1)! Vi

It follows that for my the measure introduced in the proof of Lemma above, we have

+0o0 . +00 o
N(pn(A) = 1) = N(Ee ™ —1) = —NE/ Jl(\Q/_;/%) e inazdt = / gn(y)e'xdy
0 0

with

ol A CyTleD] _ 22 /5)

E
99 ()= NS "

= [ fla)dmx(a)

for f,(z) = —%. As my converges weakly to m and f, is continuous and bounded,
we have

_ / BT ()

gn(y) — N

6.3. Proof of Lemma [I.TTl The case of Lévy matrices is obvious. To treat the case of
Wigner matrices with exploding moment, first note that by (@), writing

e 1 =(e =D =)+ (et =1+ (e ¢ —1),
we have, for any £, ¢ € C with positive real parts,
) 2Vt) J1(2VHt) _i_ i
(99) e ¢ 1 = // Ji( \/_)J1< \/_)6 o drdy
(Ry)2 it

_ /+Oo J1(2\/1_5) —t/& 34 _ /+oo Jl(2\/t_/) —t' /¢ 4/
e sdt e dt
0 0 \/F

Vit
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As a consequence, for A,y € C™,

N(éwOtp) —1) = NE[e e _
= // g (u, w')e >0 dudu!
(R+)?

+oo +o0o
+/ gN(u)eiu/Adu+/ gN(u/)eiu’/Mdu/
0 0
with gy (u) defined by ([@8]) and
2 2vVu!
) [T

uu’

dmpy(x).

Then one concludes as for the proof of Lemma [L8

7. APPENDIX
7.1. Concentration of random matrices with independent rows and linear alge-
bra lemmas. This section is mostly a reminder of results from [I4] and [I5].
The total variation norm of f: R — R is
1 llry = sup Y |f (wn1) = flan)],
keZ

where the supremum runs over all sequences (xy)gez such that xpq > 2 for any k € Z.
If f =1(_s,s for some real s then || f||rv = 1, while if f has a derivative in L'(R), we get

||f||Tv=/|f'(t)|dt.

The next lemma is an easy consequence of Cauchy-Weyl interlacing Theorem. It is an
ingredient of the proof of Lemma

Lemma 7.1 (Interlacing of eigenvalues). Let A be an N x N hermitian matriz and B a

principal minor of A. Then for any f : R — C such that || f||rv < 1 andlimg e f(z) = 0,

<1

> FOuA) = X FOu(B)

Lemma 7.2. Let Ay, Ay be N x N random Hermitian matrices and 1211, Ay ben—1xn—1
matrices obtained from Ay and Ay respectively by removing the {-th row and column, for
some { € {1,...,N}. Let z,2' € C, t,t' € R so that Szt > 0 and I2't" > 0 and set G =
(z—A) G = (7 =A) "V and G = (z—A) ', G' = (¢ — Ay) L. Then, for any function
fonB,ww:={9g€C ;|9 <Clz2,t,t')} with C(z, 2, t,t') = t(I2)" + ¢/ (32) 7, we



40 FLORENT BENAYCH-GEORGES, ALICE GUIONNET, CAMILLE MALE

have
(100)
1 - el 1 — S el C(Z 2t t/) Hf”oo
5 2 UGk + Gl — = > | (G + G (kk))| < === flluip +
k=1 k=1
where || f||lLip := Sup,, % and || f|leo := sup, | f(z)|, both supremums running over

the elements of B, . 4.

Proof. The proof is similar to [I4, (91)]. We denote by A;, A; the N x N matrices whose
entries are the same as A;, Ay except for the /th rows and column which have zero entries.
We denote G, G’ the corresponding Stieltjes transform. Then, G, G equal G,G' except
at the (th column and row (where it is equal to z7'1;_;_;). Therefore, noting M =
tG(2) +'G'(') and M = tG(2) + t'G’(2), we conclude that

1 N ~ 1N71 .
N2 f(Mkk>_N;f(Mkk) S%.

Moreover, let M = tG(z) + t'G’(2') and note thatA; — A; and Ay — A, have rank one so
that M — M has rank one. On the other hand it is bounded uniformly by C = C(z, 2/, t,t').
Hence, we can write M — M = cuu* with a unit vector u and ¢ bounded by C. Therefore,
since f is Lipschitz,

N N-1

1 1 £ lwip - £ lwip -
— Z f(Myg) — —= f(My)] < AL L Z | My, — M| < AL ZC<€k,
N N = N = N =
_ Ol lluip
N

OJ

Lemma 7.3 (Concentration for spectral measures [16]). Let A be an N x N random
Hermitian matriz. Let us assume that the vectors (A;)i1<i<n, where A; := (Aij)1<j<i € C,
are independent. Then for any f : R — C such that || f|lrv < 1 and E| [ f dua| < oo, and

every t > 0,
Nt?
(/fduA— /fduA>t)<exp( 2)

Lemma 7.4 (Concentration for the diagonal of the resolvent). a) Let A be an N x N
random Hermitian matriz and consider its resolvent matriz G(z) = (A —2)7, z € C,.
Let us assume that the vectors (A;)1<i<n, where A; :== (Aij)1<j<i € C', are independent.
Then for any f: C~ — R such that || f||Lip < 1, and every t > 0,

LS (G - B 3 s@loho)| > ) < 2 (-2,
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b) Let A" be an N x N self-adjoint matrices so that Aj; = Ay;,iNj < k and (A};)j>ki1,izk41
is independent from (Ayj)jski1.i>k+1 but with the same distribution. Let G(z) = (z — A)™*
and G'(z) = (z — A")™" and set for a Lipschitz function f on C

k
pi\fzkl()\,)\')[f]: = %Zf()\(}’(z)ggjt)\'(;’(z/)m)
(=1
PO = e Z FOG() + NG )

Then, for A\/Sz >0, N /Sz2' >0, we have for all § >0, s € {0, 1},
§2 (k=) S (N—k—1)%)

PO~ BSOS 2 6) 2¢O

(101) IP’(

with 2\ 2tN
t
AN N = .
CAN, 2, 7) Sz S

Proof. The first point is proved as in [14, Lemma C.3]. We outline the proof of the second
point which is very similar to [I4, Lemma C.3]. We concentrate on pi\{’fxl, the other case
being similar. By Azuma-Hoefding inequality, it is sufficient to show that

X, = E[o) 0 (A M) F1IF] = Bl 2 (4 X)) [F]|Fped]

is uniformly bounded by || f||LipC(\, N, t, )k~ 1. Here F, is the o-algebra generated with
respect to the p first column (and row) vectors. Note that X, can be written as the
conditional expectation of the difference of the parameter f evaluated at two sets A, A’

and A, A’ which differ only at the p-th vector column (and row). Hence, we may follow
the proof of Lemma [Z.2] to conclude that

|X|<||f||L1pZ|M . c|||f||upz< < ll
k

Let H = [hy;] be an N x N Hermitian matrix and z € C\R. Define G := (z — H) ™.

Lemma 7.5 (Difference of traces of a matrix and its major submatrices). Let Hy be the
submatriz of H obtained by removing its k-th row and its k-th column and set G) =
(z — Hy)™ Y. Let also ay, be the k-th column of H where the k-th entry has been removed.
Then

1+ a;Giay,

(102) TH(G) = Te(Gr) = S =

Moreover,

(103) | Te(G) — Tr(Gy)| < w2
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Proof. For ([I02)), see [4, Th. A.5]. For (I03]), see Lemma [T.1] O
Lemma 7.6. With the notation introduced above the previous lemma, for each 1 < j < N,
(104) Iz X %ij < 0,
(105) [Sz] % [(G?) 5] < 9G] <[]
and for any a = (ay, ...,ay) € CV,

L+, [y (G?); |1
(106) 3 R

z— i la;PGy;

Proof. Set z = z+1y, v,y € R. Let Ay, ..., Ax be the eigenvalues of H, associated with the
orthonormalized collection of eigenvectors uy, ..., uy. Let also e; devote the jth vector of
the canonical basis. Then (I04]) and ([I08) follow directly from the following:

(107)

(@] = |3 Mol ) g ey wil i (e;. uy)|
B Y R CAP VO LR — (= \)? +?/
Let us now prove (I06). By ([I04), we know that Sz and —JG; have the same sign, so
1 1
(108) < < |Sz7h
2= 1aPGy | T IS(2 = X2 1ay[2Gyy)|

Hence it remains only to prove ([I06). This is a direct consequence of ([I04]) and (0%
which imply the second and last inequality

> 1312 (G?);; > 1312 1(G?)1 _ > 1312 1(G?)1
T2, Gy | =BG -5, PG — 5, g PISGy|

IA

1
Sz

O

7.2. Vanishing of non diagonal terms in certain quadratic sums of random vec-
tors. Let | M||op denote the operator norm of a complex matrix with respect to the canon-
ical Hermitian norms.

Lemma 7.7. For each N > 1, let (ay,...,ay) be a family of i.i.d. copies of an random
variable a such that a can be decomposed into a = b+ ¢ with b,c such that b is centered
and @), @) of Hypothesis[I1l are satisfied. Let also By be a non random N x N matrix
such that N~' Tr(ByBy) is bounded. Then we have the convergence in probability

X = Z aiBijaj — 0.
i#]
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Proof. For each i, let a; = b; + ¢; be the decomposition of a; corresponding to a = b + c.
Set Xt := Ei# b;B;;b; and define the event Ey := {Vi,¢; = 0}. Note that when E,, holds,
X = Xb But by @) and the union bound, P(Ey) — 1, so that it suffices to prove that
X? converges in probability to zero, which follows from the fact that its second moment
tends to zero. Indeed, by independence of the b;’s and the fact that they are centered, its
second moment is

1 *
EY b (B} + BijBji)b} < 2NVar(b)* 5 Te(By By) -
i#J
O

7.3. CLT for martingales. Let (F)i>0 be a filtration such that Fo = {0,Q} and let
(M) k>0 be a square-integrable complex-valued martingale starting at zero with respect to
this filtration. For &k > 1, we define the random variables

Yi = M, — M Vg 1= EHYk\Q | Fre—1] Tk = E[Yk2 | Fr—1]
and we also define

vi=Y o Ti=Y o L) =) B[Vl v s

k>1 k>1 E>1

Let now everything depend on a parameter N, so that Fp = Fr(N), Yy = Yi(N),v =
v(N),7=7(N),L(e) = L(e, N), ...
Then we have the following theorem. It is proved in the real case at [12] Th. 35.12].

The complex case can be deduced noticing that for z € C, R(2)?, 3(2)? and R(2)S(z2) are
linear combinations of 22, Z2, |z|2.

Theorem 7.8. Suppose that for some constants v > 0,7 € C, we have the convergence in
probability for any € > 0

v(N) — v T(N) — T, L(e,N) — 0.

N—o00 N—oo N—o00
Then we have the convergence in distribution
> V(N) — 2,
N—o00
k>1

where Z is a centered complex Gaussian variable such that E(|Z|*) = v and E(Z?%) = 7.

7.4. On the Hadamard product of Hermitian matrices.

Proposition 7.9. Let Ay,..., A, be N by N Hermitian random matrices whose entries
have all their moments. Then, there exists a family of random variables (aq, . . ., a,) whose
joint distribution is given by:

1
Elat*...ap?] = E NTY[A?IO“'OAZ”] » VN, 20,
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where o denotes the Hadamard (entry-wise) product.

Proof. Step 1. We first assume that the matrices are deterministic and have distinct eigen-
N

values. By the spectral decomposition, for j = 1,...,p, we have A; = > .", Aj il il ;
where A; = (Aj;)i=1,.~ is the family of eigenvalues of A; arranged in increasing order, and
U; = (uj;)i=1,.. ~ is the family of associated eigenvectors. For any ny,...,n, > 0, one has

N
Te[Af o0 A] = =) (AY)(k k). .. (A7) (k. k)

N

N
- x Z (Z)\luulllulu) k k <Z Plpuplp pz )<k k)
=1

i1=1 ip=1

1 = N ,
= 5 3 e (VS s s, ()

k=1

For j=1,...,p, we set duy, = & ZZ 1 Ox;, the empirical eigenvalues distributions of A;.
We denote Fi, (t) = pa, ((—oo, t]) the Cumulatlve function of djy;. Since the eigenvalues of
the matrices are distinct, one has Fj;();;) = % foranyi=1,...,N, j=1,...,p. Hence,
we have

TI'[A?l [C el AZP] = / )\?1 Ce )\prN (()\j, Aj, Uj)j=1,...,p)d,uA1 ()\1) Ce d,uAp()\p>,
RP

where (O, A )son) = (V7S T B o 8] ). Henee, ity of

random variables (ay,...,a,) as in the proposition exists and its joint distribution has
density fN((-, Aj, Uj)jzl,_wp) with respect to pip, ®@ -+ ® pip,.

Step 2. We now assume that (A;,...,A,) are random and that their joint distribu-
tions have a density with respect to the Lesbegue measure on Hy, where Hy is the
space of Hermitian matrices of size N. In particular, the matrices have almost surely
N distinct eigenvalues, see [20]. The spectral decompositions of the previous step are
measurable (see [20, Section 5.3]) and, with the above notations (A;,U;) for eigenval-
ues and eigenvectors of A;, we can write the joint distribution of (A4;,..., A,) in the form
gn (A, Uj) . p)dpay (A1) - dpeay (Ap) g, (U1) - . . dpigey (Up). The symbol pia,, denotes

the Lebesgue measure on Ay = {(z1,...,2n)|z1 < --- < xy} and pyy,, is the Haar measure
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on the set Uy of unitary matrices of size N. For any n4,...,n, > 0, one has

E {i Tr[A7*o- -0 AZP]}

N
1 N

— — AN N (N Ay U )

/Agxuf’v Npil,..;'pzl i " ( j e P)

For any 7;,...,%, =1,..., N, we have

/A LG Aph (Vi Ag)jmtep) dbiay (M), - ditay (Ap)

P
N

- /A?l...Agphgy vvvv Py, )AL d,
Rp

where hgf,l """ i”)()\l, ..., Ap) is obtained by integrating with respect to the variables Ay, ..., Ag,
for ki # 41,...,k, # i,. We finally obtain

1 n n n np I,
E[NTr[Allo---oApP]] - /Rp)\ll,...,)\pPhN()\l,...,)\p)d)\l,...,d)\p,

7 iy : . .
where hy = ﬁ i1 iy hg\,l ), Hence, a family of random variables (a4, ..., a,) as in the

proposition exists and its joint distribution has density hy with respect to the Lebesgue
measure on RP.

Step 3. We now consider the general case. Let (Xi,...,X,) be a family of indepen-
dent random matrices, independent of (A, ..., A,), distributed according to the standard
Gaussian measure on Hy with respect to the inner product (A, B) = N Tr[AB]. By the
regularizing process of convolution on Hermitian space, for any € > 0, the joint distribution
of (Af,..., A) = (A1 +eXy,..., 4, +X,) has a density with respect to the Lebesgue

measure. By the previous step, there exists a family of random variables (af, ..., a;) such
that E[(af)™ ... (a;)"ﬂ = E[L Tr[(45)" o0 (A;)"PH for any ny,...,n, > 0. As e

goes to zero, (af,..., a;) converges in moments to a family of random variables as in the

proposition. [
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