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Jönköping University
SE–551 11 Jönköping, Sweden

E-mail: niclas.stromberg@jth.hj.se

April 12, 2011

Abstract

Thermal stresses as a result from frictional heating must be

considered when designing disc brakes, clutches or other rotating

machine components with sliding contact conditions. The rota-

tional symmetry of the disc in these kind of applications makes

it possible to model these systems using an Eulerian approach

instead of a Lagrangian framework. In this paper such an ap-

proach is developed and implemented. The disc is formulated in

an Eulerian frame where the convective terms are defined by the

angular velocity. By utilizing the Eulerian framework, a node-to-

node formulation of the contact interface is obtained, producing

most accurate frictional heat power solutions. The energy bal-

ance of the interface is postulated by introducing an interfacial

temperature. Both frictional power and contact conductances are

included in this energy balance. The contact problem is solved

by a non-smooth Newton method. By adopting the augmented

Lagrangian approach, this is done by rewriting Signorini’s con-

tact conditions to an equivalent semi-smooth equation. The heat

transfer in the disc is discretized by a Petrov-Galerking ap-

proach, i.e. the numerical difficulties due to the non-symmetric

convective matrix appearing in a pure Galerkin discretization

is treated by following the streamline-upwind approach. In such
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manner a stabilization is obtained by adding artificial conduc-

tion along the streamlines. For each time step the thermoelastic

contact problem is first solved for the temperature field from the

previous time step. Then, the heat transfer problem is solved for

the corresponding frictional power. In such manner a tempera-

ture history is obtained sequentially via the trapezoidal rule. In

particular the parameter is set such that both the Crank-Nicolson

and the Galerkin methods are utilized. The method seems very

promising. This is demonstrated by solving a two-dimensional

benchmark as well as a real disc brake system in three dimen-

sion.

Keywords: Eulerian framework, frictional heat, hot spots, heat bands

1 Introduction

In this paper an Eulerian approach for rotating thermo-mechanical sys-
tems with frictional heating is developed. In the design of machine
components like brakes and clutches it is of importance to consider ef-
fects from frictional heating. Today, this is mostly done by experiments.
The Lagrangian approaches in our commercial finite element softwares
usually fail due to convergence difficulties in the contact algorithms
or because of too long computational times. An idea to improve these
draw-backs is to formulate the problem in an Eulerian frame instead.
This is the topic of the following paper.

Previously, we have studied thermo-mechanical contact problems in
the setting of small displacements. In Strömberg [1] thermo-mechanical
wear problems were studied for a thermo-elastic body in unilateral con-
tact with a rigid foundation. The development of hot spots was studied
by solving the fully coupled equation system by using Newton’s method.
The influence of wear on these hot spots was also investigated numer-
ically. That work was later extended to the case of two thermo-elastic
bodies in unilateral contact [2]. An even earlier work on this topic from
the same research group can be found in [3]. The paper by Zavarise et
al. [4] is another example of early works by other researchers on this
topic.

In the following paper, the thermo-mechanical framework developed
in our previous works is now extended to also include large rotations
with superimposed small displacements and this is done in an Eule-
rian framework. Previously, we have studied mechanical systems using
similar frameworks. In Klarbring et al. [5], the transmission error in a
spur gear system was studied by superimposing small displacements on
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rigid body motions. That approach is now extended such that thermal
effects are also included.

Examples of early works on frictional heating in large displacements
are e.g. the papers by Wriggers and Miehe [6], Oancea and Laursen [7],
and by Agelet de Saracibar [8]. A more recent paper is the one by
Rieger and Wriggers [9] where the accuracy of the contact solution,
which is most important in order to represent the frictional power suf-
ficiently well, was controlled by adaptive techniques. Another way to
improve the contact solution in large displacements is to use the mortar
technique. This technique has lately become very popular for treating
non-matching meshes in contact problems, see e.g. [10, 11] Recently,
the mortar approach was investigated by Hüeber and Wohlmuth [12]
for thermo-mechanical friction problems. A nice feature with the pre-
sented Eulerian approach in this paper is that the contact region is al-
ways well defined and a node-to-node based approach can be adopted,
producing most accurate contact solutions. The contact equations are
then treated with the celebrated augmented Lagrangian approach (see
e.g. the original work by Alart and Curnier [13]), where the correspond-
ing equation system is solved by a non-smooth Newton algorithm. The
details can be found in Strömberg [14]. This Newton approach has been
utilized in number of works for solving non-smooth and non-linear me-
chanical and thermo-mechanical problems. Most recently it was used by
Strömberg [15] for performing topology optimization of design domains
with contact constraints.

One can find several other works where a Lagrangian formulation
has been utilized for treating frictional heating, see e.g. [16], but it is
not so easy to find papers on thermo-mechanical finite element analy-
sis where Eulerian frameworks are used. Recently, one such paper was
presented by Wauer and Schweizer [17]. They considered a rotating
thermo-elastic disc with a stationary heat source using convective heat
transfer. Thus, the frictional heat was not obtained by any contact
analysis as is done in the present paper. Non-finite element analyzes
by using Eulerian frameworks on this topic seem to appear more fre-
quently in the litterature. One example is the paper by Pauk and Yev-
tushenko [18] where a cylinder sliding over a half-space was considered.
In another paper, Yevtushenko et al. [19] considered frictional heat-
ing between a pin and a rotating disc. This problem was also studied
by Laraqi et al. [20]. Of course, finite element analyzes of mechanical
contact problem by using Eulerian approaches appear more frequently,
see e.g. the paper by Nackenhorst [21] where an arbitrary Lagrangian
Eulerian formulation for rolling contact is proposed.

In this paper we present a finite element approach using an Eulerian
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framework for solving frictional heating in rotating systems such as disc-
pad systems. The fully coupled problem is decoupled in one mechanical
part and another thermal problem. These two equation systems are
then solved sequentially by using Crank-Nicolson’s or Galerkin’s set-
tings of the trapezoidal rule for the time discretization. Other possibil-
ities of performing the time discretization are of course also available.
For instance, Laursen [22] proposed thermodynamically consistent al-
gorithms for this class of problems. The convective term is stabilized by
the streamline-upwind approach. For this task the excellent text-book
by Donea and Huerta [23] has been consulted.

The proposed method is implemented on 64-bits Windows using In-
tel Fortran, and the sparse Cholesky and LU solvers of Matlab. The
pre- and postprocessing are performed by using Abaqus/CAE through
Python scripts. The implementation seems to be very robust and pro-
duce accurate solutions at low computational times. This is demon-
strated by presenting numerical examples in both 2D and 3D.

���
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ωt

ξ1

X1

u1

x1

e1

e2

t = 0

Ω1

T = 0
t

nc = n1
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Ω2

q

Γq

ξ1
c

Figure 1: A rotating disc and a pad in sliding contact. The motion of the
disc is governed by a prescribed rigid body rotation ξ1 and superimposed
small displacements u1.

2 Governing equations

Let us consider a rotating disc (Ω1) and a pad (Ω2) subjected to an
external pressure q on a boundary Γq of the pad as shown in Figure 1.
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The disc is rotating with a constant angular velocity ω. At a time t,
the spatial position x1 of a material point X1 on the disc is given by a
rigid body rotation

ξ1 = ξ(X1, t) = Q(t)X1, (1)

where

Q = Q(t) =





cos(ωt) − sin(ωt) 0
sin(ωt) cos(ωt) 0

0 0 1



 , (2)

and superimposed small displacements u1 = u(ξ1, t). That is, the po-
sition of X1 is given by

x1 = x(X1, t) = Q(t)X1 + u
(

ξ(X1, t), t
)

. (3)

The motion of the pad is only governed by small displacements
u(X2, t) such that the position x2 = x(X2, t) of a point X2 on the
pad can be considered to coincide with X2, i.e. x2 ≈ X2. Of course,
due to the assumption of superimposed small displacements for the
disc, we also have that x1 ≈ ξ1. Thus, the displacement at the position
ξ1 shown in Figure 1 is exaggerated in order to improve the illustration
of the kinematics.

The velocity of a material point X1 passing a spatial position ξ1 on
the disc is obtained by taking the material time derivative of (3) and
using X1 = QTξ1 from (1), i.e.

v1 = v(ξ1, t) = ẋ1 = Q̇X1 + u̇(ξ1, t) = Q̇QTξ1 + u̇(ξ1, t) (4)

or
v1 = ω × ξ1 + u̇(ξ1, t), (5)

where ω = ωe3 is the axial vector of Q̇QT . In the following develop-
ment, it will be assumed that the latter term in (5) is negligible such
that v1 = ω × ξ1 can be used for the disc.

A common contact interface Γc is identified for the two bodies, which
in turn defines the contact surface Γm

c (m = 1, 2) of respectively body
Ωm. This is done in such manner that for each point x2

c ≈ X2
c on Γ2

c

we identify a unique spatial position ξ1
c = ξ(X1

c , t) on Γ1
c . X

2
c and the

corresponding ξ1
c define together a unique contact pair. At every time

t we assume that ξ(X1
c , t) = X2

c is satisfied for all such unique contact
pairs. Thus, for ω > 0, a new material point X1

c will come in contact
at the spatial position ξ1

c with X2
c continuously.

The relative displacement for a contact pair is defined by

δ = x1
c − x2

c . (6)
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By inserting (1) and (3), and using x2
c = X2

c +u(X2
c , t), this definition

becomes
δ = ξ1

c −X2
c + u

(

ξ1
c , t

)

− u(X2
c , t). (7)

For a well defined contact pair we have ξ1
c = X2

c , implying that the two
first terms will cancel out and we obtain δ = u

(

ξ1c , t
)

−u(X2
c , t). This

is one of the key features of the proposed Eulerian approach.
The relative displacement in the normal direction1 is obtained by

δn = δ · nc, (8)

where

nc = n1
c =

ξ1c

|ξ1c |
. (9)

We also have that the outward unit normal direction n2
c = −nc on Γ2

c ,
since Γ1

c = Γ2
c .

By taking the material time derivative of (7) gives us the relative
velocity

δ̇ = ω × ξ1
c + u̇(ξ1

c , t)− u̇(X2
c , t). (10)

In the following it is assumed that the two latter terms can be neglected
such that δ̇ = vct, where

vc = |ω × ξ1c | = |ξ1c |ω and t =
ω × ξ1

c

|ω × ξ1
c |
. (11)

By introducing Cauchy’s stress σ and assuming no body forces, the
balance in momentum is represented for each body by the equation of
motion in the following manner:

∂σij

∂xj

= ρẍi in Ωm (m = 1, 2), (12)

where ρ is the density of mass. Taking the material time derivative of
(5) and using the assumption ω̇ = 0 imply that

ẍ = ω × ξ̇
1
+ ü(ξ1, t) = ω × (ω × ξ1) + ü(ξ1, t) in Ω1. (13)

We now assume that the latter term is negligible such that ẍ = −ω2ξ1

can be used for Ω1. Furthermore, we also assume that the inertia term

1For the three-dimensional disc considered in the numerical examples we let
nc = e3.
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ρü(X, t) is so small that it can be neglected for X ∈ Ω2. Then, (12)
can be written as

∂σij

∂xj

= −ρω2ξi in Ω1, (14a)

∂σij

∂xj

= 0 in Ω2. (14b)

In addition, boundary conditions such as

σnq = −qnq on Γq, (15)

where nq is a outward unit normal direction on Γq, are also satisfied to-
gether with boundary conditions on u and T . In particular, the bound-
ary conditions on Γm

c are treated by defining a contact traction vector
p in the following way:

p = −σnc on Γ1
c . (16)

The principle of action and reaction then implies that

σn2
c = p on Γ2

c . (17)

The contact traction vector is also decomposed into the normal contact
pressure

pn = p · nc (18)

and the tangential component

pt = p · t, (19)

such that p = pnnc + ptt.
The energy balance for each body is represented by

ρcṪ = k

3
∑

i=1

∂2T

∂x2
i

, (20)

respectively, where c is the specific heat capacity and k is the thermal
conductivity. The temperature T of the disc Ω1 is considered to be a
function of the position vector ξ, i.e. T = T (ξ, t). Thus,

Ṫ =
∂T

∂t
+

∂T

∂ξi
ξ̇i =

∂T

∂t
+ (ω × ξ)i

∂T

∂ξi
. (21)

Consequently, the energy balance for the first body also reads

ρc
∂T

∂t
+ ρc(ω × ξ)i

∂T

∂ξi
= k

3
∑

i=1

∂2T

∂x2
i

. (22)
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The energy balance for the contact interface Γc is written as

ptvc + q1 · n1
c + q2 · n2

c = 0, (23)

postulating that the total heat transfer must balance the frictional heat
power generated on Γc. Here, q

m represents the heat flux vector in each
body Ωm, respectively. One should be aware that constitutive assump-
tions, such as e.g. Fourier’s law of heat transfer and zero heat capacity
of the contact interface Γc, are needed to derive the balance laws pos-
tulated in (20) and (23) by starting from the first principle of thermo-
dynamics. A detailed derivation of these balance laws can be found in
Strömberg [1].

Linear thermo-elasticity is adopted for the bodies, i.e. the Cauchy
stress is governed by

σij = λǫkkδij + 2Gǫij − (3λ+ 2G)αTδij, (24)

where

ǫij =
1

2

(

∂ui

∂xj

+
∂uj

∂xi

)

(25)

is the engineering strain, λ and G are Lame’s coefficients, and α is the
thermal dilatation coefficient. In addition, an assumption of setting the
reference temperature equal to zero is made in (24). Notice also that

∂

∂xi

=
∂

∂ξi
(26)

in the disc, due to the assumption of small displacements.
Signorini’s contact conditions are adopted for the contact interface.

The normal displacement δn must always be less or equal to zero. Oth-
erwise, the disc will penetrate the pad which of course is impossible. No
adhesive normal contact pressure is considered, and compressive nor-
mal contact pressure pn > 0 is only developed when the bodies are in
contact. This is formulated by Signorini’s contact conditions as

pn ≥ 0, δn ≤ 0, pnδn = 0. (27)

An equivalent relationship of (27), which is used in the numerical treat-
ment, reads

pn =
pn + rδn + |pn + rδn|

2
, (28)

where r>0 is any real number. This is the well-known projec-
tion2 adopted in the augmented Lagrangian approach, see e.g.
Strömberg [14].

2This is also frequently written as min(pn,−rδn) = 0, see e.g. [24].
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It is assumed that global sliding is always developed. Therefore, by
following Coulomb, we set pt = µpn, where µ is the friction coefficient.
By inserting this into (23), the energy balance at the contact interface
reads

µpnvc + q1 · n1
c + q2 · n2

c = 0, (29)

Finally, we let the thermal contact conditions be governed by

qm · nm
c = ϕmpn(T

m − T ) (m = 1, 2), (30)

where ϕm are contact conductance coefficients for respectively contact
surface and T is an intrinsic temperature of Γc. Thus, its is assumed
that the conductance at the contact interface depends linearly on the
contact pressure, see also (34) which is derived below. By inserting (30)
into the energy balance in (29), one can derive

q1 · n1
c =

ϕ1ϕ2

ϕ1 + ϕ2
pn(T

1 − T 2)−
ϕ1

ϕ1 + ϕ2
µpnvc, (31a)

q2 · n2
c =

ϕ1ϕ2

ϕ1 + ϕ2
pn(T

2 − T 1)−
ϕ2

ϕ1 + ϕ2
µpnvc. (31b)

In these relationships,

ϕ0 =
ϕ1ϕ2

ϕ1 + ϕ2
(32)

represents the overall contact conductance, whereas

ξmµ =
ϕm

ϕ1 + ϕ2
(33)

represents factors on how the frictional dissipation is divided between
the contact interface and the contact surfaces, respectively. Thus, (31)
can also be written as

q1 · n1
c = ϕ0pn(T

1 − T 2)− ξ1µµpnvc, (34a)

q2 · n2
c = ϕ0pn(T

2 − T 1)− (1− ξ1µ)µpnvc, (34b)

since ξ1µ + ξ2µ = 1.

3 Finite element equations

The governing equations presented in the previous section are put to-
gether to equivalent weak formulations. These weak formulations are
discretized by finite element approximations. The obtained finite ele-
ment equations are summarized in this section.
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The nodal displacements dAi = dAi (t) and the nodal temperatures
TA = TA(t) are collected in d = d(t) and T = T (t), respectively.
Thus, the displacement u and the temperature T are approximated
accordingly to

ui(x, t) =
nn
∑

A=1

NA(x)dAi (t), (35a)

T (x, t) =
nn
∑

A=1

NA(x)TA(t), (35b)

where NA = NA(x) represents the shape functions, and nn is the num-
ber of finite element nodes. We also arrange d and T in the following
way:

d =

{

d1

d2

}

, T =

{

T 1

T 2

}

, (36)

such that dm and Tm belong to respectively body Ωm.
At the contact surface of each body, the normal displacements at

the finite element nodes are obtained by Cnmdm, where the rows of
the transformation matrices Cnm contain surface normals nA

c in proper
positions, i.e.

CA
n1 = [0 (nA

c )
T 0], (37a)

CA
n2 = [0 (−nA

c )
T 0]. (37b)

Of course, the relative normal displacement for all contact pairs can
now be collected as

δn = Cn1d1 +Cn2d2. (38)

The normal contact forces PA
n at the finite element nodes on Γc are

collected in P n. The discretization of (28) then reads

P n =
P n + rδn + |P n + rδn|

2
. (39)

The finite element approximations of the equation of motion in (14)
become

K1d1 − K̂1T 1 + (Cn1 + µCt1)
T
P n = F ω, (40a)

K2d2 − K̂2T 2 + (Cn2 + µCt2)
T
P n = F q, (40b)

10
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where Eijkl = λδijδkl +G(δikδjl + δilδjk),

Km = [KBA
ik ], KBA

ik =

∫

Ωm

Eijkl

∂NA

∂xl

∂NB

∂xj

dV, (41a)

K̂m = [K̂BA
i ], K̂BA

i =

∫

Ωm

α(3λ+ 2G)NA∂N
B

∂xi

dV, (41b)

C tm = [CA
tm], CA

tm = [0 (−1)m+1tA 0], (41c)

F ω = {FA
ωi}, FA

ωi = ω1
∫

Ω1 ρξiN
A dV, (41d)

F q = {FA
qi}, FA

qi = −
∫

Γq

qnqiN
A dA. (41e)

From (32) we obtain that the heat power supply to the contact
nodes on Γm

c can be written as

Qc1 = Qc1(T ,P n) = ϑ0P n ◦ (S2T 2 − S1T 1) + ξ1µµP nRdiscω, (42a)

Qc2 = Qc2(T ,P n) = ϑ0P n ◦ (S1T 1 − S2T 2) + (1− ξ1µ)µP nRdiscω,

(42b)

where ◦ represents the Hadamard product and Rdisc = |ξ1c | is the outer
radius of the disc. We have also introduced transformation matrices
Sm = [SA

m], where SA
m = [0 [1] 0], in order to obtain the correct nodal

temperatures at the contact surfaces Γm
c from Tm.

By using (42), the energy balances in (20) and (22) can be handled
by

M 1Ṫ 1 + (N +O1)T 1 = Qc1(T ,P n), (43a)

M 2Ṫ 2 +O2T 2 = Qc2(T ,P n), (43b)

where

Mm = [MBA], MBA =

∫

Ωm

ρcNANB dV, (44a)

Om = [OBA], OBA =

∫

Ωm

k
∂NA

∂xi

∂NB

∂xi

dV, (44b)

N = [NBA], NBA =

∫

Ω1

ρcvi
∂NA

∂xi

NB dV. (44c)

The convection matrix N in (44c) is non-symmetric. When this
matrix dominates over the symmetric conduction matrix O1, then the
thermal solution might be unstable. This might be stabilized by adding
artificial conduction along the streamlines by using RT 1, where

R = [RBA], RBA = k̄

∫

Ω1

vi
∂NA

∂xi

vj
∂NB

∂xj

dV (45)

11



M
ANUSCRIP

T

 

ACCEPTE
D

ACCEPTED MANUSCRIPT

and k̄ is an artificial conduction coefficient. By inserting the stabiliza-
tion term RT 1 into (43a), we obtain the following energy balance for
the disc:

M 1Ṫ 1 + (N +R+O1)T 1 = Qc1(T ,P n). (46)

This equation can also be derived by performing a Petrov-Galerkin
discretization, see e.g. the textbook by Donea and Huerta [23].

4 Numerical treatment

The equations presented in the previous section are treated sequentially
for each time step by decoupling the mechanical and thermal equations.
That is, for a given temperature distribution, the mechanical contact
problem is first solved, then for the obtained frictional heat distribution
the energy balance is solved. Details are presented in this section.

Equations (39) and (40) are put together to form an equation system
as

h = h(η) = h(d,P n,T ) = 0. (47)

This is a semi-smooth equation system which is efficiently solved by
the following Newton algorithm:

Newton algorithm: Let β = 0.9, γ = 0.1 and ǫ be a small value.
Repeat the following steps:

0: Let η0 be a sufficiently good starting point and let r = 0.

1: Find a search direction ζ which satisfy

h(ηr) + J(ηr)ζ = 0,

where the Jacobian J(ηr) = ∇h(ηr) when h is differentiable. At
non-differentiable states the Jacobian is defined by just taking
one of the directional derivatives, see Strömberg [14].

2: Let α = βm, where m is the smallest integer 0 ≤ m ≤ 22 which
satisfies the following criterium:

Φ(ηr + βmζ) ≤ (1− 2γβm)Φ(ηr), Φ(η) =
1

2
hT (η)h(η).

3: Let ηr+1 = ηr + αζ.

4: If Φ(ηr+1) ≤ ǫ, then terminate with ηr+1 as an approximate zero
of h(η). Otherwise, update r with r + 1 and return to step 1.

12
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The time rates appearing in the energy balances are discretized by
the trapezoidal rule. Let T n = T (tn) at time tn, then the temperatures
at the next time step tn+1 are updated according to

T n+1 = T n +∆t
(

(1− τ)Ṫ
n
+ τ Ṫ

n+1
)

, (48)

where ∆t=tn+1−tn, and τ=1/2 (Crank-Nicolson) or τ=2/3 (Galerkin).
(48) inserted in (46) and (43b) yields

(

N +R +O1 +
1

τ∆t
M 1

)

T n+1
1 = Qeff

1 +QC1(T
n+1,P n+1

n ),
(

O2 +
1

τ∆t
M 2

)

T n+1
2 = Qeff

2 +QC2(T
n+1,P n+1

n ),
(49)

where

Qeff
m =

(1− τ)

τ
MmṪ

n

m +
1

τ∆t
MmT

n
m (50)

for m = 1, 2.
It is also possible to represent (42) in the following way:

Qc1(T ,P n) = SP2(P n)T 2 − SP1(P n)T 1 +Q1
µ(P n), (51a)

Qc2(T ,P n) = SP1(P n)T 1 − SP2(P n)T 2 +Q2
µ(P n), (51b)

where

SPm = SPm(P n) = [SA
Pm] SA

Pm =
[

0 [ϕ0PA
n ] 0

]

(52)

and

Q1
µ = Q1

µ(P n) = ξ1µµP nRdiscω, (53a)

Q2
µ = Q2

µ(P n) = (1− ξ1µ)µP nRdiscω. (53b)

Now, (51) and (49) can be formulated compactly as

A(P n)T = Q(P n), (54)

where

A(P n) =







N +R+O1 +
M 1

τ∆t
+ SP1 −SP2

−SP1 O2 +
M 2

τ∆t
+ SP2






, (55a)

Q(P n) =

{

Qeff
1 +Q1

µ

Qeff
2 +Q2

µ

}

. (55b)

In conclusion, let dn, P n
n, T

n be given at time tn, then dn+1, P n+1
n ,

T n+1 are obtained by the following steps:

13
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Figure 2: A numerical benchmark with 13353 isoparametric bilinear
quadrilateral elements.

Figure 3: Illustration of the convection during one revolution. The plots
are generated after a rotation of π/2, π and 3π/2 [rad], respectively.
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Step 1:

h(dn+1,P n+1
n ,T n) = 0

is solved by the Newton algorithm presented previously.

Step 2:

T n+1 = A(P n+1
n )−1Q(P n+1

n ).

Step 3:

Ṫ
n+1

= −
1 − τ

τ
Ṫ

n
+

T n+1 − T n

τ∆t
.

Time histories of d, P n and T are then generated sequentially by exe-
cuting the steps above for new time steps tn+1 = tn +∆t (n = n + 1).
Numerically solutions obtained by this approach are presented in the
next section. The time history of T from these solutions can then eas-
ily be imported to any commercial finite element tool in order to study
the thermal stresses more accurately by e.g. performing plasticity anal-
ysis with temperature dependent material data. This is a topic of a
forthcoming paper.

5 Numerical examples

The disc and pad shown in Figure 2 is considered as a numerical bench-
mark in 2D. Two examples are presented for this benchmark. The di-
mensions of the pad and the disc are given in meters [m]. The plain
strain assumption is adopted with a thickness of 1 [m]. The mesh is
also plotted in Figure 2. The disc is meshed using 9867 elements and
the number of contact pairs is 189, which is obtained by a finer mesh
near the contact surfaces. This is a nice feature with the Eulerian ap-
proach. In a Lagrangian approach a finer mesh would have to be used
for the whole disc in order to obtain a similar contact discretization. If
the finer mesh size is used over the whole disc, then we obtain instead
30583 elements. The pad is meshed with 3486 elements.

Young’s modulus is 2.1E11 [Pa], Poisson’s ratio is 0.3, the expansion
coefficient is 1.2E-5 [1/K], the density is 7800 [kg/m3], the heat capacity
is 460 [J/kgK], the conductivity is 46 [W/mK] and the conduct con-
ductance is taken to be ϕ =0.1 [W/NK]. The friction coefficient is set
to µ=0.3 in both examples and a force of F =20 [kN] is applied at
the center node at the bottom of the pad. The displacements at the
bottom of the pad are fixed horizontally and at the inner radius of the
disc the displacements are set to zeros. Thus, the motion of the inner
radius is only governed by the rigid body rotation. Furthermore, the
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temperatures are set to zeros both at the bottom of the pad and at the
inner radius of the disc.
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Figure 4: The normal contact force obtained for zero (left) and non-zero
(right) expansion coefficient.

The first example illustrates the convection in the pad. The bench-
mark is solved for one revolution. During this revolution the force is
applied for 20 increments by using ∆t =0.25 [s]. The angular velocity
is ω=2π/(20∆t) [rad/s]. The temperatures are plotted when t =1.25,
2.5 and 3.75 [s], see Figure 3. These times correspond to a rotation of
π/2, π and 3π/2, respectively. Although the maximum temperature in-
crease is very small, approximately only one degree, it has a tremendous
impact on the contact pressure. This is shown in Figure 4, where the
contact pressure after 20 time increments is compared to the pressure
obtained for zero expansion coefficient. One can see that four hot spots
are developed. These will merge together to two hot spots in the next
example.

In the second example we present two hot spots obtained for a load
history. The force F is first ramped up by using a log-sigmoid function
during 20 increments and then it is held constant for another sixty in-
crements. The angular velocity is 100 [rad/s] and the time step is set
to ∆t =0.5 [s]. The temperatures at time t =10, 20, 30 and 40 [s] are
plotted in Figure 5. Two hot spots are developed unsymmetrically on
the pad. The asymmetry depends both on the friction force as well as
the thermal expansion. If no frictional force is included in the mechan-
ical problem and the expansion coefficient is set to zero, then these
hot spot will develop symmetrically instead. The temperatures of the
hot spot depend strongly on the contact conductances. This is shown in
Figure 6, where the maximum temperature in the pad is given as a func-
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Figure 5: Development of heat bands and two frictional hot spots during
a load history. The CPU-time is 266 [s] on a laptop with an Intel Core
i7 2.67 GHz processor.
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tion of the overall contact conductance. For zero contact conductance
the maximum temperature in the pad is extremely high, but decreases
rapidly for increasing conductance and finally converges towards the
maximum temperature of the disc. The behavior of the maximum tem-
perature in the disc is the opposite. Here, the maximum temperature
increases slowly with increasing conductance and converges towards the
maximum temperature of the pad.
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Figure 6: The maximum temperatures in the disc and the pad as func-
tions of the contact conductance ϕ0. The maximum temperature in the
pad depends strongly on the contact conductance.

The bottle-neck of the algorithm is to solve the linear system ap-
pearing in the Newton algorithm. Typically 4-7 such linear systems
have to be solved for getting convergence in each time step. The sys-
tem is also non-symmetric du to the friction force and a LU solver must
be used. One approach to speed up these calculations is to assume that
the friction force has a little influence on the thermal solution3. If the
friction force is neglected in the mechanical problem, then only 2-3
Newton steps are needed and the linear system also becomes symmet-
ric by inserting (39) into (40) and normalizing (39) by r. By adopting
this approach, the CPU-time is improved significantly. Now, the CPU-
time is 82 [s] instead of 266 [s], which was obtained previously. But

3Of course, the frictional dissipation is still included in the energy balance.
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most important, the thermal solution T is similar to the one obtained
previously T fric when frictional forces were included. The root mean
squared error, defined by

ǫsol =

√

1

nn

(

T − T fric
)T (

T − T fric
)

, (56)

becomes ǫsol =1.7965.
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Figure 7: The root mean squared error and CPU-time as functions of
extra friction loops.

Another approach for speeding up the calculations but still consider
the frictional force is to first solve the frictionless problem and then
letting the friction force be defined by the obtained frictionless con-
tact pressure, and solving the friction problem for this constant friction
force. That is, at each iteration, (40) is first solved for µ = 0. Let P̂ n

denote the corresponding normal contact force solution and then solve

K1d1 − K̂1T 1 +CT
n1P n + µCT

t1P̂ n = F ω, (57a)

K2d2 − K̂2T 2 +CT
n2P n + µCT

t2P̂ n = F q. (57b)

In general, the number of iterations will be twice the number of it-
erations for the frictionless case. Of course, in this approach, we will
also have a symmetric Jacobian which is most beneficial for large size
problems. The CPU-time now becomes 128 [s] and the solution is al-
most identical to the original one. The root mean squared error is
ǫsol =0.3272, which is small compared to other uncertainties, e.g. the
value of the friction coefficient. This approach can of course be ap-
plied for several loops. The root mean squared error and CPU-time as
functions of extra friction loops are plotted in Figure 7.
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Figure 8: Upper: friction force neglected in the mechanical problem,
CPU-time is 2625 [s]. Lower: Simplified friction approach by using one
extra friction loop, CPU-time is 4325 [s].
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This latter approach is also implemented for the three-dimensional
case. This done by using isoparametric 4-noded tetrahedron elements.
This is a rational choice which of course might be improved by tak-
ing non-linear elements instead. However, an accurate modeling of the
global stiffness properties of the complete disc brake system is more
important. For instance, a proper modeling of the back-plate of the
disc pad is crucial in order to get a good comparison to experimental
results. Furthermore, if we instead choice non-linear elements, then the
streamline-upwind approach might not be sufficient for stabilizing the
thermal equation system. A real disc brake system is solved using this
choice of linear elements. The disc is meshed by 393393 elements and
for the pad 36007 elements are used. For simplicity, the constitutive pa-
rameters are taken to be the same as for the two-dimensional examples.
A pad pressure is ramped up for 20 increments by using a log-sigmoid
function during 200 [s]. The temperature field is plotted in Figure 8. A
heat band clearly appears on the disc. This type of heat bands are also
observed in experiments. The total CPU-time is 4325 [s] on a worksta-
tion with four Intel Xeon X5450 3.00 GHz processors. The problem is
also solved when the frictional force is neglected in the analysis. Al-
most an identical heat band appears. This is also plotted in Figure 8.
The computational time is almost halved. This approach could be very
useful when studying new designs for real disc brake systems.

6 Conclusions

In this work a method for simulating frictional heating in disc-pad
systems is developed and implemented. The key idea of the approach
is to use an Eulerian frame for the rotating disc. In such manner, a
node-to-node based contact formulation can be adopted, producing
most accurate frictional heat solutions at low computational costs.
The convective term appearing in this approach is stabilized by the
streamline-upwind technique. The method seems most promising.
This is shown by solving a two-dimensional benchmark as well as a
real disc brake system in 3D. The approach is general and can of
course be utilized for other rotating thermo-mechanical systems. In
the future, temperature dependency on the material properties should
be included. The model could also be extended in several directions,
e.g. including wear or considering non-constant angular velocities. One
might also develop the model for non-linear elements. If this is done,
then the streamline-upwind technique might fail and one must find
more modern Eulerian approaches. These are examples of topics for
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future research.
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