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Mixtures of Weibull tail-distributions

We consider mixtures of Weibull tail-distributions. It is shown that such distributions are still Weibull tail-distributions and the associated Weibull tail-coefficient is exhibited.

Weibull tail-distributions are defined through their distribution function by:

where ℓ is a slowly-varying function, see Table 1 for examples and [START_REF] Yu | Weibull tail-distributions: A bibliography[END_REF] for a review. A sufficient condition for subexponentiality has been established in [START_REF] Yu | On the subexponentiality of weibull tail-distributions[END_REF], Theorem 1.

There exist numerous estimators of θ > 0. Berred [START_REF] Berred | Record values and the estimation of the Weibull tail-coefficient[END_REF] uses record values while most of estimators are based on the largest observations of the sample: Asimit et al. [START_REF] Asimit | Pitfalls in using Weibull tailed distributions[END_REF], Beirlant et al. [START_REF] Beirlant | Semiparametric lower bounds for tail index estimation[END_REF][START_REF] Beirlant | The mean residual life function at great age: applications to tail estimation[END_REF][START_REF] Beirlant | Practical analysis of extreme values[END_REF], Broniatowski [6], Diebolt et al. [START_REF] Diebolt | Bias-reduced estimators of the Weibull tail-coefficient[END_REF][START_REF] Diebolt | Bias-reduced extreme quantiles estimators of Weibull tail-distributions[END_REF], Dierckx et al. [START_REF] Dierckx | A new estimation method for Weibull-type tails based on the mean excess function[END_REF], Gardes et al. [START_REF] Gardes | Estimating extreme quantiles of Weibull taildistributions[END_REF][START_REF] Gardes | Comparison of Weibull tail-coefficient estimators[END_REF][START_REF] Gardes | Estimation of the Weibull tail-coefficient with linear combination of upper order statistics[END_REF][START_REF] Gardes | Weibull tail-distributions revisited: a new look at some tail estimators[END_REF][START_REF] Methni | Estimation of extreme quantiles from heavy and light tailed distributions[END_REF], Girard [START_REF] Girard | A Hill type estimate of the Weibull tail-coefficient[END_REF], Goegebeur et al. [START_REF] Goegebeur | Generalized kernel estimators for the Weibull-tail coefficient[END_REF][START_REF] Goegebeur | Goodness-of-fit testing for Weibull-type behavior[END_REF] and Mercadier et al. [START_REF] Mercadier | Optimal rates of convergence in the weibull model based on kernel-type estimators[END_REF]. Our main result is a general result on Weibull tail-distributions which has not been shown yet in the extreme-value literature.

Let us consider the mixture distribution

F (x) = 1 -p exp -x 1/θ1 ℓ 1 (x) + (p -1) exp -x 1/θ2 ℓ 2 (x) (1) 
where ℓ 1 , ℓ 2 are slowly-varying functions, p ∈ (0, 1) and θ 2 > θ 1 > 0.

Theorem. Let F be defined following [START_REF] Asimit | Pitfalls in using Weibull tailed distributions[END_REF]. Then, F is a Weibull tail-distribution with associated Weibull tail-coefficient θ 2 .

Proof. Let us consider

1 -F (x) = p exp -x 1/θ1 ℓ 1 (x) + (1 -p) exp -x 1/θ2 ℓ 2 (x) = exp -x 1/θ2 ℓ 2 (x) 1 -p + p exp -x 1/θ1 ℓ 1 (x) + x 1/θ2 ℓ 2 (x) 1 = exp -x 1/θ2 ℓ 2 (x) 1 -p + p exp -x 1/θ1 ℓ 1 (x)(1 -x 1/θ2-1/θ1 ℓ 2 (x)/ℓ 1 (x)) = exp -x 1/θ2 ℓ 2 (x) 1 -p + p exp -x 1/θ1 ℓ 1 (x)(1 + o(1))
= exp -x 1/θ2 ℓ 2 (x) (1p + p(1 + o(1)))

= exp -x 1/θ2 ℓ 2 (x) (1 + o(1)),

and the conclusion follows.