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AN ISOTOPIC PERTURBATION LEMMA ALONG PERIODIC
ORBITS

NiKOLAZ GOURMELON

Institut de Mathématiques de Bordeaux
Université Bordeaux 1
351, cours de la Libération
F 33405 TALENCE cedex, FRANCE

RESUME. D’aprés un célebre lemme de John Franks, toute perturbation de la
différentielle d’un difféomorphisme f le long d’une orbite périodique est réalisée
par une Cl-perturbation g du difféomorphisme sur un petit voisinage de ladite
orbite. On n’a cependant aucune information sur le comportement des variétés
invariantes de l'orbite périodique apres perturbation.

Nous montrons que si la perturbation de la dérivée est obtenue par une
isotopie le long de laquelle existent les variétés stables/instables fortes de cer-
taines dimensions, alors on peut faire la perturbation ci-dessus en préservant
les variétés stables/instables semi-locales correspondantes. Ce résultat a de
nombreuses applications en systémes dynamiques de classes C'. Nous en
démontrons quelques unes.

ABSTRACT. A well-known lemma by John Franks asserts that one obtains any
perturbation of the derivative of a diffeomorphism along a periodic orbit by
a Cl-perturbation of the whole diffeomorphism on a small neighbourhood of
the orbit. However, one does not control where the invariant manifolds of the
orbit are, after perturbation.

We show that if the perturbated derivative is obtained by an isotopy along
which some strong stable/unstable manifolds of some dimensions exist, then the
Franks perturbation can be done preserving the corresponding stable/unstable
semi-local manifolds. This is a general perturbative tool in C'-dynamics
that has many consequences. We give simple examples of such consequences,
for instance a generic dichotomy between dominated splitting and small sta-
ble/unstable angles inside homoclinic classes.

1. Introduction. This paper gives complete and detailed proofs of the results
contained in the preprint [13]. While the formalism used to state them here is
different, the results of this paper are equivalent or slightly stronger than those
of [13].1
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IThe formalism of regular/confined neighborhoods and ”preservation of (I, J)-invariant mani-
folds outside a set, before first return” introduced [13] is omitted in this paper. We prefer to deal
with the simpler and more familiar notion of local stable/unstable manifolds.
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A few Cl-specific tools and ideas are fundamental in the study the dynamics
of C'-generic diffeomophisms on compact manifolds, that is, diffeomorphisms of a
residual subset of the set Diff* (M) of C''-diffeomorphisms on a Riemannian manifold
M.

On the one hand, one relies on closing and connecting lemmas to create periodic
points and to create homoclinic relations between them. After the C!-Closing
Lemma of Pugh [18], a recurrent orbit can be closed by an arbitrarily small C*-
perturbation. The connecting lemma of Hayashi [14], whose proof relies on ideas
derived from that of the closing lemma, says that if the unstable manifold of a saddle
point accumulates on a point of the stable manifold of another saddle, then a C'-
perturbation creates a transverse intersection between the two manifolds. That was
further generalized by Wen, Xia and Arnaud in [22, 1] and Bonatti and Crovisier
in [3, 10], where powerful generic consequences are obtained.

On the other hand, we have tools to create dynamical patterns by C'-perturbations
in small neighbourhoods of periodic orbit. John Franks [11] introduced a lemma
that allows to reach any perturbation of the derivative along a periodic orbit as a
C'-perturbation of the whole diffeomorphism on an arbitrarily small neighbourhood
of that orbit. This allows to systematically reduce C'-perturbations along periodic
orbits to linear algebra.

Other perturbation results are about generating homoclinic tangencies by C'-
perturbations near periodic saddle points. To prove the Palis C''-density conjecture
in dimension 2 (there is a C''-dense subset of diffeomorphisms of surfaces that are
hyperbolic or admit a homoclinic tangency), Pujals and Sambarino [20] first show
that if the dominated splitting between the stable and unstable directions of a
saddle point is not strong enough, then a C'-perturbation of the derivative along
the orbit induces a small angle between the two eigendirections. They apply the
Franks’ Lemma and do another perturbation to obtain a tangency between the two
manifolds. In [21], Wen gave a generalization of that first step in dimension greater
than 2 under similar non-domination hypothesis.

These perturbations results rely on the Franks’ lemma which unfortunately fails
to yield any information on the behaviour of the invariant manifolds of the periodic
point. In particular, one does not control a priori what homoclinic class the periodic
point will belong to, what strong connections it may have after perturbation, and
it may not be possible to apply a connecting lemma in order to recreate a broken
homoclinic relation.

In [12], a technique is found to preserve any fixed finite set in the invariant
manifolds of a periodic point for particular types of perturbations along a periodic
orbit. In particular it implies that one can create homoclinic tangencies inside
homoclinic classes on which there is no stable/unstable uniform dominated splitting.
This technique however is complex and difficult to adapt to other contexts.

In this paper, we provide a simple setting in which the Franks’ perturbation
lemma can be tamed into preserving most of the invariant manifolds of the saddle
point. Let us first state the Franks’ Lemma:

Although it seems that the former formalism made a number of proofs shorter, that feeling is
skewed by the level of detail of this paper and by the fact that most of the technical difficulties
in [13] are omitted or concealed. Only Section 3 and the proofs of Propositions 2.9 and 2.10
would indeed be slightly shorter in the former formalism, other things being equal, as well as the
statement of the main results.
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Lemma (Franks). Let f be a diffeomorphism. For all € > 0, there is 6 > 0 such
that, for any periodic point x of f, for any d-perturbation (By, ..., Bp) of the p-tuple
(A1, ..., A,) of matrices that corresponds to the derivative Df along the orbit of
x, for any neighbourhood U of the orbit of x, one finds a C' e-perturbation g of
f on U that preserves the orbit of x and whose derivative along it corresponds to

(B1,.... By).

We introduce a perturbation theorem that extends the Franks’ Lemma, con-
trolling both the behaviour of the invariant manifolds of X, and the size of the
C'-perturbation needed to obtain the derivative (Bi, ..., B,). Precisely, we prove
that if the perturbation is done by an isotopy along a path of ’acceptable deriva-
tives’, that is, if the strong stable/unstable directions of some indices exist all along
along that path, then the diffeomorphism g can be chosen so that it preserves cor-
responding local strong stable/unstable manifolds outside of an arbitrarily small
neighbourhood. Moreover, the size of the perturbation can be found arbitrarily
close to the radius of the path.

In order to prove our main theorem, we will rely on the fundamental C"-perturbative
Proposition 1.4 and the C'-linearization Corollary 5. These results are stated in
Section 1.3. In Section 2, we show that Proposition 1.4 and its corollary induce
the main theorem. A major difficulty of this paper is the proof of Proposition 1.4,
which occupies Sections 3 to 5.

In section 6, we give examples of a few isotopic perturbative results on linear
cocycles, to show possible applications of our main theorem. For instance, we can
turn the eigenvalues of a large period saddle point to have real eigenvalues, and
preserve at the same time most of its strong stable/unstable manifolds. We also
deduce a generic dichotomy inside homoclinic classes between dominated splittings
and small angles. Another general isotopic perturbative result on periodic cocycles
has been shown by

This result has already allowed a number of new developments by Potrie [17]
and Bonatti, Crovisier, Diaz and Gourmelon [4]). Some impressive results have
recently been announced by Bonatti and Shinohara, and by Bonatti, Crovisier and
Shinohara. These are detailed in the next section.

Remerciements : Je remercie chaleureusement Jairo Bochi, Christian Bonatti,
Sylvain Crovisier, Lorenzo Diaz et Rafael Potrie pour de nombreuses discussions,
suggestions et encouragements ainsi que Marcelo Viana, le CNPQ et 'IMPA (Rio
de Janeiro). Enfin, un grand merci au rapporteur de cet article pour son travail
considérable et les précieux conseils qu’il m’a donnés.

1.1. Statement of results. Let A be a linear map such that its eigenvalues
A1, ..., Ag, counted with multiplicity and ordered by increasing moduli, satisfy
|Ai| < min(|A;41],1). Then the i-strong stable direction of A is defined as the i-
dimensional invariant space corresponding to eigenvalues Aq, ..., A;.

If P is a periodic point of period p for a diffeomorphism f and if the first return
map D fP admits an i-strong stable direction, then there is inside the stable manifold
of the orbit Orbp of P a unique boundaryless i-dimensional f-invariant manifold
that is tangent to that direction at P. We call it the i-strong stable manifold of
the orbit Orbp for f, and denote it by W%*$(P, f). One defines symmetrically the
i-strong unstable manifolds, replacing f by f~!, and denote them by WH%(P, f).
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We denote by W*/*(P, f) the stable/unstable manifold of the orbit Orbp of P, that
is the strong stable/unstable manifold of maximum dimension.

For 6 € {s,u} or any 6 of the form ”i,ss” or ”i,uu” we denote by W¢(P, f) be
the set of points in WY(P, f) whose distance to the orbit of x within W9 (P, f) is
less or equal to p. We call it the (i-strong) (un)stable manifold of size o.

Finally, if we have both f = g and f~! = g~! by restriction to (resp. outside)
some set K, then we write 7 f¥1 = g*! on K” (resp. 7 f*! = ¢g*! outside K”).

We are now ready to state the main theorem:

Theorem 1. Let P be a p-periodic point for a diffeomorphism f on a Riemannian
manifold (M, ||.||). Fiz a path

{Ae = (Art, -, Apt) hefo]
where each Ap ¢ is a linear map from Tyn—1(pyM to Tyn(pyM, and the p-tuple Ag =
(A1,0,-..,Ap0) is the derivative of f along Orbp. Let I (resp. J) be the set of
integersi > 0 such that, for allt € [0,1], the linear endomorphism B, = A}, j0...04;1
admits an i-strong stable (resp. unstable) direction. Then,

e for any 0 greater than the radius of the path As, that is,
5> max {14~ Anoll. [ 475~ 4731}

tefo,1]
e for any 0 > 0, and any families {K;}icr and {L;}jes of compact sets such
that K; C Wp**(P, f)\ {Orbp} and L; C W}**(P, f) \ {Orbp},
e for any neighborhood Up of Orbp,
there is a §-perturbation g of f, for the C-topology, such that it holds:

o [T = g*! throughout Orbp and outside Up,
o the derivative of g along Orbp is the tuple A1 = (A11,...,4p1),
e Forall (i,j) € I x J, we have

K; C W;’SS(P, g) and L; C Wg’uu(P, g)-

That is, for all 4 € I, the ”semilocal” i-strong stable manifold of f can be
made to be preserved inside the a local i-strong stable manifold, after the Franks’
perturbation, and likewise for the j-strong unstable manifolds, for all j € J.

Remark 1.1. One could take the compact sets K; € W*(P, f) \ {Orbp} and
Lj c Wiu(P, f)\ {Orbp} and replace K; C W2*$(P,g) in the conclusions of the
theorem by the simpler

K; C W5(P, g).
However this conclusion is strictly weaker, indeed it would give way to possibly
annoying situations as depicted in Figure 1.1.

Let us give examples of applications of Theorem 1. We already knew that the
derivative along a saddle of large period may be perturbed in order to get real
eigenvalues [3, 8], or that the derivative along a long-period saddle with a weak
stable/unstable dominated splitting may be perturbed in order to get a small sta-
ble/unstable angle [7]. In Section 6.4 we show that these perturbations can be
obtained following ’good’ paths of cocycles, in the sense that one can apply The-
orem 1 to them. As a consequence, if the period of a saddle is large, then it is
possible to perturb it to turn the eigenvalues of the first return map to be real,

2||A|| is the operator norm of the morphism of Euclidean spaces A: Ten—1(pyM — Tyn(pyM.
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FIGURE 1. Tlustration of Theorem 1

Assume that, for all times 0 < ¢t < 1, the first return linear map B
admits an 1-strong unstable, a 1 and 2-strong stable manifolds. The
perturbation g is such that K1, Ko and L; are left respectively in the
1- and 2-strong stable and 1-strong unstable manifolds of size o for g.

A We#(P, g)

—

F1GURE 2. Under the same hypotheses as in Figure 1.1, the com-
pact K2 may stay in the stable manifold for a perturbation g of
f without remaining in the local stable manifold. Such picture is
forbidden by the conclusions of our theorem.

while preserving their moduli and the strong stable and unstable manifolds, outside
of a small neighbourhood:
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Theorem 2. Let f be a diffeomorphism of M and € > 0 be a real number. There
exists an integer N € N such that for any

e periodic point P of period p > N,
e neighbourhood Up of the orbit Orbp of P,

o number o > 0 and families of compact sets
K; c Wy (P, f)\{Orbp}, foralliel
Lj c W)*(P, f)\ {Orbp},  forall j € J,

where I and J are the sets of the strong stable and unstable dimensions,
there is a C-e-perturbation g of f such that

o 1 = g% throughout Orbp and outside Up,

o the eigenvalues of the first return map DgP(P) are real and their moduli are
the same as for f,

o for all (i,7) € I x J, we have

K; C Wy**(P,g) and L; C W}"*(P,g).

We also prove a generic dichotomy between small stable/unstable angles and
stable/unstable dominated splittings within homoclinic classes. Finally, we prove a
generic dichotomy between small stable/unstable angles and a weak form of hyper-
bolicity. Before stating it more precisely, we give quick definitions:

A residual subset of a Baire space is a set that contains a countable intersection
of open and dense subsets.

A saddle point for a diffeomorphism is a hyperbolic periodic point that has non-
trivial stable and unstable manifolds. The index of a saddle is the dimension of
its stable manifold. The stable (resp. wunstable) direction of a saddle P is the
tangent vector space to the stable (resp. unstable) manifold at P. The minimum
stable/unstable angle of a saddle P is the minimum of the angles between a vector
of the stable direction of P and a vector of the unstable direction.

We say that a saddle point P is homoclinically related to another saddle point @ if
and only if the unstable manifold W*(P) of the orbit of P (resp. W*(Q)) intersects
transversally the stable manifold W#*(Q) (resp. W#(P)) . The homoclinlic class of a
saddle point P is the closure of the transverse intersections of W?*(P) and W*(P).
One easily shows that it also is the closure of the set of saddles homoclinically
related to P.

A dominated splitting above a compact invariant set K for a diffeomorphism f is
a splitting of the tangent bundle TM|x = E @ F into two vector subbundles such
that the vectors of E are uniformly exponentially more contracted or less expanded
than the vectors of F' by the iterates of the dynamics (see definition 6.1). The index
of that dominated splitting is the dimension of E.

For all 1 < r < oo, we denote by Diff" (M) the space of C" diffeormorphisms.

Theorem 3. There exists a residual set R C Diff* (M) of diffeomorphisms f such
that for any saddle point P of f, we have the following dichotomy:

e cither the homoclinic class H(P, f) of P admits a dominated splitting of same
index as P
e or, for all € > 0, there is a saddle point Q) homoclinically related to P such
that it holds:
— the minimum stable/unstable angle of Q. is less than e,
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— the eigenvalues of the derivative of the first return map at Q. are all real
and pairwise distinct,
— each of these eigenvalues has modulus less than € or greater than e !.

That result parallels [12, Theorem 1.1]. Indeed, if these three conditions are
satisfied for small €, then there are fundamental domains of the stable and unstable
manifolds of @ that are big before the minimal distance that separates them, in
such a way that these two manifolds can be intertwined by small perturbations. In
particular, it is possible to create tangencies between them by small perturbations
that keep @ in the homoclinic class of P.

We finally give a version of [12, Theorem 4.3] where the derivative is preserved,
that is, we show that if the stable/unstable dominated splitting along a saddle is
weak and if the period of that saddle is large, then one obtains homoclinic tangency
related to that saddle by a C'-perturbation that preserves the orbit of the saddle
and the derivative along it. Moreover, one may keep any preliminarily fixed finite
set in the invariant manifolds of the saddle.

1.2. Further applications of Theorem 1. Using Theorem 1, Rafael Potrie [17]
got interesting results on generic Lyapunov stable and bi-stable homoclinic classes.
In particular, he showed that, C'-generically, if H is a quasi-attractor containing a
dissipative periodic point, then it admits a dominated splitting.

The main theorem of this paper was followed by another result by Bonatti and
Bochi [2] that generalized previous results about perturbation of derivatives along
periodic points in C'-topology [16, 6, 8]. More precisely, given a tuple of matrices
A= (A4,...,Ap), they give a full description of the tuples of moduli of eigenvalues of
the product B = A,...A; (equivalently, of Lyapunov exponents) that one can reach
by small isotopic perturbations of 4. Moreover, they prove that if strong stable or
unstable direction of some dimensions exist at both the initial and final time, then
the isotopy A; can be built so that at all times of the isotopy there are strong stable
and unstable directions of those dimensions. In other words, the isotopy matches
the hypotheses of Theorem 1.

Theorem 1 and [2, Theorem 4.1] thus give a very general method to perturb
derivatives inside homoclinic classes, to preserve strong connections and to create
new ones. This led recently to a number of developments in the study of C'-generic
dynamical systems. Let us detail the most important ones.

In [4], Bonatti, Crovisier, Diaz and Gourmelon showed a number of generic results
on homoclinic classes and produced new examples of wild dynamics. In particular,
they showed that if a homoclinic class has no dominated splitting and if C'-robustly
it contains two saddle points of different indices, then it induces a particular type
of wild dynamics, called ”viral”. Indeed, such homoclinic class has a replication
property: there exists an arbitrarily small C'-perturbation of the dynamics such
that there is a new homoclinic class Hausdorff close to the continuation of the first
one, but not in the same chain-recurrent class,® and such that that new homoclinic
class satisfies the same properties.

In particular, this produces a locally residual set of diffeomorphisms that have un-
countably many chain-recurrent classes. By Kupka-Smale’s theorem, uncountably
many of those chain-recurrent classes have no periodic orbits, that is, are aperiodic.

3An e-pseudo orbit is a sequence 1, ..., Ty, such that dist(f(x;),zi+1) < ¢, for all i. Two points
¢ # y are in the same chain-recurrent class, if for any € > 0 there is an e-pseudo orbit that goes
from z to y and another that goes from y to x.
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An question since the first production of examples of locally generic dynamics
with aperiodic chain-recurrent classes (by Bonatti and Diaz [5]), was whether such
aperiodic classes could generically have non-trivial dynamics. It was not known
if there could exist locally generic dynamics were aperiodic classes were not all
minimal, or had non-zero Lyapunov exponents.

Recently, using (among other ideas) an extension of Theorem 1 in dimension 3,
namely the result announced in Section 7, using and [2, Theorem 4.1 and Propo-
sition 3.1], and pushing further the ideas of [4] and [9], Bonatti and Shinohara
have announced that they can produce open sets of diffeomorphism, where generic
diffeomorphisms admit uncountably many non-minimal chain-recurrent classes.

Moreover, Bonatti, Crovisier and Shinohara announced recently that those tech-
niques can also be used to find a C'-generic counter example to Pesin’s theory,
thus generalizing the result of Pugh [19]: for dim(M) > 3, there exists open sets of
Diff 1(M ) in which generic diffeomorphisms admit non-uniformly hyperbolic invari-
ant measures supported by aperiodic chain-recurrent classes that have trivial stable
and unstable manifolds.

1.3. Statement of the Main Perturbation Proposition. We state the main
results that lead to Theorem 1. These are perturbation results that hold in C"-
topology, for all 1 < r < oo, although we only use their C'-versions to prove
Theorem 1. The C” results may be of great interest in other contexts.

While the diffeomorphisms f we will consider in the following may vary, they
will all coincide along the orbit Orbp of some common periodic point P, and all
stable or unstable manifolds of this paper will be those of that orbit. Thus we can
unambiguously denote the stable and unstable manifolds of the orbit Orbp of P for
f simply by W#(f) and W*(f). Likewise, we denote the i-strong stable/unstable
manifolds of Orbp for f simply by Ws(f)/Wuwi(f).

Let P be a p-periodic point for a diffeomorphism f such that it admits an i-strong
stable manifold. We follow the notations of [15] for local strong stable/unstable
manifolds:

Definition 1.2. A set WT(f) is a local i-strong stable manifold for f if it is an f-
invariant union of disjoint disks { Dy, }o<n<p, Where each D, is a smooth ball inside
the strong stable manifold W***(f) and f"(P) is in the interior of D,,.

We define symmetrically a set W~ (f) to be a local j-strong unstable manifold
for f if it is a local j-strong stable manifold for f~'. Now, we can do the following:

Remark 1.3. Let P be a periodic point for f and fi be a sequence in Diff" (M) that
converges C" to f, where each fj coincides with f throughout Orbp. Then, by the
stable manifold theorem, for any strong stable manifold W (f) there is a sequence
of local strong stable manifolds W¥(f;) that converges to it C"-uniformly. And
symmetrically for local strong unstable manifolds.

Proposition 1.4 (Main perturbation proposition). Fiz 1 < r < oo. Let g and
hy be two sequences in Diff" (M) converging to a diffeomorphism f, such that f, g
and hy, coincide throughout the orbit Orbp of a periodic point P. Let {W*(hg)}ren
be a sequence of local strong stable manifolds of Orbp for the diffeomorphisms hy
that converges to a local strong stable manifold WY (f) for f, C"-uniformly. Define
symmetrically local strong unstable manifolds W~ (hi) and W~ (f).

For any neighborhood Up of the orbit Orbp, there exists:

e a neighborhood Vp C Up of Orbp,
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e a sequence fi of Diff" (M) converging to f,

o two sequences of local strong stable and unstable manifolds W (fi) and W= (fx)
of Orbp that tend respectively to WT(f) and W= (f), in the C" topology,

such that it holds, for any k greater than some ko € N:

° fljtl = g]fl inside Vp

) ,fl = h?l outside Up,

e For any integer i > 0, if Orbp has an i-strong stable manifold W**¢(f) for
[, then W*i(fr) and W**'(hy) also ezist and coincide semilocally outside
Up”, i.e.

[(WH(fe) nW***(fi)] \ Up = [W (hi) N W*"(hx)] \ Up,
and likewise, replacing stable manifolds by unstable ones.

Corollary 4 (C"-linearization lemma). Let 1 < r < oo. Let P be a periodic
hyperbolic point of a diffeormophism f € Dift" (M) and let W (f) and W~ (f) be
respectively local strong stable and unstable manifolds of its orbit Orbp. Let Up be
a neighborhood of Orbp. Then, there exists a sequence fi tending to f in Diff" (M)
and two sequences of local strong stable and unstable manifolds W+ (fi) and W= (fx)
of Orbp such that it holds, for all k € N:

o [ = f,;tl throughout Orbp and outside Up,

e P is a hyperbolic point for fi, and the linear part of ft at P has no resonances,
where p is the period of P. In particular, fi is locally C"-conjugate to its linear
part along the orbit of P.

e For any integer i > 0, if Orbp has an i-strong stable manifold W**¢(f) for
f, then W*%i(f1.) also exists and

(WH(f)n W (H] \Up = [WH(fi) "W***(fp)] \ Up,

and likewise, replacing stable manifolds by unstable ones.
In the C" setting, we have a stronger statement:

Corollary 5 (Cl-linearization lemma). Let P be a periodic point of a diffeor-
mophism f € Dit" (M) and let W (f) and W~ (f) be respectively local strong stable
and unstable manifolds of Orbp and fiz a linear structure on a neighborhood of each
point of Orbp. Let Up be a neighborhood of Orbp. Then, there exist a sequence
fx tending to f in DIff" (M) and two sequences of local strong stable and unstable
manifolds W (fi) and W~ (fx) such that it holds, for all k € N:
o [l = f,;tl throughout Orbp and outside Up,
e fi coincides on a neighborhood of Orbp with the linear part L of f along
Ol”bp,
e For any integer i > 0, if Orbp has an i-strong stable manifold W*(f) for
[, then W*(fy.) also exists and

(WA NW=(H]\Up = [WF(fi) N W (f)] \ Up,

and likewise, replacing stable manifolds by unstable ones.

Proposition 1.4 is proved in Sections 3 to 5. The linearization lemmas are
straightforward consequences of Proposition 1.4: use a partition of unity to build a
sequence gy, of diffeomorphisms that tends C” to f, such that the linear part of f}
at P has no resonances (for the proof of Corollary 4), or such that f,;tl = L*! (for
the proof of Corollary 5) on a neighborhood of the orbit of P, where L is the linear
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part of f along Orbp, and apply Proposition 1.4 with hy = f. In Corollary 4, the
fact that fi is locally C"-conjugate to its linear part along the orbit of P comes
from the Sternberg Linearization theorem (see [15, Theorem 6.6.6]).

1.4. Structure of the paper. In Section 2, we prove Theorem 1 from Proposi-
tion 1.4 and Corollary 5. The main difficulty is the proof of Proposition 1.4, it
occupies Sections 3 to 5. In Section 3, we prove that one can reduce it to the study
of the case where P is a fixed point.

In Sections 4 and 5 we prove the fixed point case by induction on the sets of
dimensions of strong stable and unstable manifolds that we want to preserve semi-
locally. This is the main technical difficulty of the paper.

Finally in Section 6 we prove a few of the many consequences of Theorem 1 for
perturbative dynamics of C! diffeomorphisms. In particular, we prove Theorems 2
and 3.

For simplicity, in the rest of the paper, the sentences

"For large k, property Py, holds.”
”For small A > 0, property Qy holds.”

respectively stand for

”There exists kg € N such that, for any integer k > kg, property Pj holds.”
”There exists A9 > 0 such that, for any real number 0 < A < Ay, property Qx
holds.”

2. Proof of the Isotopic Franks’ lemma. In this section, we prove Theorem 1
from Proposition 1.4 and Corollary 5.

Idea of the proof. We first put a linear structure on a neighborhood of Orbp, so
that any sequence A; of linear maps as is the statement of Theorem 1 identifies to
a linear diffeomorphism from a neighborhood of Orbp to another.

Then we introduce the notion of ”connection” from such a diffeomorphism A
to another B, that is, a diffeomorphism from a convex neighborhood of Orbp to
another that

e coincides with B on a neighborhood of Orbp and with A outside a bigger
neighborhood,

e "connects” the strong stable/unstable manifolds of A with those of B, as
represented in Fig. 3.

Those connections may be concatenated as in Fig. 4 (we may however need to
conjugate some of them by homothecies).

If A, is a path of such linear diffeomorphisms for which strong stable and strong
unstable manifolds of some dimensions ¢ € I and j € J exist, as a consequence of
Proposition 1.4 we will find a sequence 0 = ty < t; < ... < tx = 1 of times such
that there is a connection from each A, to Ay, , of small size (that is, C' close
to the linear diffeomorphism A;,) that connects the I-strong stable and J-strong
unstable manifolds of A;, to those A;,,,. Then a convenient concatenation of those
connections will give a connection from Ag to A; whose distance to A4y will be
arbitrarily close to the radius of the path Ay, as defined in Theorem 1.

We will end the proof by linearizing f to Ay on a neighborhood Up of Orbp with
Corollary 5, and finally pasting in Up that connection from Ag to A;. O
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We now go into the details of the proof, starting with some preliminaries where we
define precisely the metrics we deal with, and (re)define the notions of strong stable
and unstable manifolds for diffeomorphisms from an open set of M to another.

2.1. Preliminaries. Any Riemannian metric ||.||. on the compact manifold M
induces a distance d)|, on T'M through the Levi-Civita connexion. Given two
subsets I'; A C M, we say that g: I' — A is a diffeomorphism if it extends to a
diffeomorphism from an open set containing I' to an open set containing A. We
define the ||.||.-distance between two diffeomorphisms g, h: T' — A as follows:

diStH.H* (g, h) = ES;,IAE[) {d”_”* [Dg(v), Dh(’l))] , d”»”* [Dg_l(w), Dh~! (w)] }
JGTM“Z

In order to have this distance independent of the choice of an extension, we assume

that int(I") and int(A) are dense in I and A, respectively. We say that a diffeo-

morphism ¢g: T' — A is bounded by C > 1 for ||.||« if for all unit vector v € TM, we

have C~1 < |Df(v)|« < C. We recall without a proof the following folklore:

Lemma 2.1. Let M be a manifold and K C int(T') a compact subset in the interior
of T'. Let ||.||1 and ||.||2 be two Riemannian metrics on M such that they coincide
onTxM. For any € >0 and C' > 1, there exists a neighborhood U of K such that:

if two diffeomorphisms g,h: T' — A leave K invariant, coincide outside U and
are both bounded by C' for ||.||1, then

|disty 1, (g, h) — disty, (g, h)| <.

In the following, the diffeomorphism f and the p-periodic point P of orbit Orbp
for f are both fixed. Let I' C M contain Orbp in its interior. Let g: T' — ¢(T)
be a diffeomorphism that coincides with f throughout Orbp, and assume that
the first return linear map Dg? on TpM admits an i-strong stable direction E?.
Then a local i-strong stable manifold W+ (g) C T is a g-invariant union of disjoint
disks {Dy, }o<n<p, where each D,, is a smoothly embedded i-dimensional disk that
contains f™(P) is in its interior, and such that Dy is tangent to F;. Such W7 (g)
always exists. The i-strong stable manifold W*5(g) of g is the set of points = whose
positive orbit {g™(z)}nen is well-defined and falls after some iterate in W+ (g) (it
does not depend on the choice of W*(g)).

Note that W*%(g) is not necessarily an embedded manifold.

We say that the g-invariant set W**%(g) is limited if, for any (equivalently, for
some) local i-strong stable manifold W™ (g), there is an integer n > 0 such that
g [Wesi(g)] € WH(g). If W#*i(g) is limited, then the set

Dy = W*i(g)\ g[W*'(g)]
is a fundamental domain of W*%%(g) \ {Orbp} for the dynamics of g. We call it
the first fundamental domain of W*(g). Indeed, the positive images g™ [D:**] of
Di*" are pairwise disjoint and cover W**%(g) \ {Orbp}.
We define symmetrically the j-strong unstable manifold W**7(g) as the j-strong
stable manifold of g=': g(T') — I'. We say that it is limited if W9 (g~!) is, and
we define its first fundamental domain by Du** = D;S,’f.

Remark 2.2. We have D;S’i = W3si(g)\ g(I).

The following remark extends a classical characterization for fundamental do-
mains of stable/unstable manifolds.
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Remark 2.3. If W*%i(g) is a local i-strong stable manifold W (g) and is strictly
g-invariant (that is, its image by ¢ is included in W (g) \ 9W(g)), then:

1. The first fundamental domain in W (g) for the dynamics of g is characterized
as the unique i-dimensional submanifold (with boundary) D C W (g) such
that

e cID\int D =0W™(g) Ug(dW™T(g)),
e D contains 9W T (g) and does not intersect g[dW *(g)].

2. As a straightforward consequence, if a local i-strong stable manifolds W (h)
for a diffeomorphism h satisfies:

o OW*(h) = OW*H(g),
e the first fundamental domain D of W (g) for g is included in W (h),
e h = g by restriction to W T (g),
then D is also the first fundamental domain of W (h) for the dynamics of h.

2.2. Definition of a local linear structure. Recall that M is a Riemannian
manifold and that it is initially endowed with a Riemannian metric ||.|. Fix a
family of charts {¢,: U, — R%}g<,<, such that it holds:

e the sets U,, C M are open and their closures are pairwise disjoint,

e for all n, f"(P) € U, and ¢, [f"(P)] =0,

e for all n, the linear map D¢y : (T (pyM, |.]]) = ToR? = (R%,||.||c) is an

isometry, where ||.||. is the canonical metric.
Endow each U, with the pull-back by ¢, of the linear structure of R? and of the
canonical Euclidean metric ||.||.. Endow M with a Riemannian metric ||.|[guc1. that
extends that Euclidean metric. The two metrics ||.| and ||.||guc1. coincide on the
bundle Toyh, M. Write
U=0UyU..uU, .

Let I, be the set of isomorphisms from TpnpyM to TpnpyM. Given an isomor-
phism A € I,,, let || 4| be its operator norm, for the Riemannian metric ||.|| on TM.
Define

A=1 x...x I
We endow that space with the following distance: given A = (4;,...,4,) and
B=(Bi,...,B,) in 2, let
: _ _ -1 _ p-1
dista (A B) = mas {14, Bl 147" — B; [}

Let I and J be two finite sets of strictly positive integers, and let
ArgCcAU

be the subset of tuples (A4,..., A,) such that the endomorphism B = A, oc...0 4;
has an ¢-strong stable direction and a j-strong unstable direction, for all ¢ € I and
jeJ.

To any isomorphism Ay, : TynapyM — TinpyM, we associate the linear diffeomor-
phism tangent to A,

LAn3 VAn cU,1— WAn c U,,

where Vy, is chosen to be the maximal subset of U,_; on which such L4, is
well-defined. For each A € 2, we have now a canonically associated linear diffeo-
morphism

La:ViCcU—=W,CU,
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where V4 = UVy, . Note that V4 contains Orbp in its interior. For simplicity, we
will accept the abuse of notations, and denote L 4 by A.

2.3. Connections from an element of 2; ; to another. Our definition of a
”connection from A to B” is quite long, but we will only be interested with a few of
its properties and with the fact that it exists, when A and B are close enough. Let

iy = max ]
Jm = max J.

Definition 2.4. Given A,B € s 5, an (I,0)-connection from A to B is a diffeo-
morphism Cap: I' = A(T'), where

e I'=1IyU..UTI,_1 is a subset of V4 such that

— each I, is a closed, convex subset of U,, that contains f™(P) in its interior,
— for all i € I, the set W**¢{(A) NT is A-invariant, and therefore is equal
to W*i(Ar),

o the diffeomorphism C 45 coincides with A on a neighborhood of the boundary
JT', and with B on a neighborhood of Orbp,

e the I-stable manifolds are semi-locally preserved: for all ¢ € I, the i-strong
stable manifolds of Orbp for C4p and Ajp are limited and their first funda-
mental domains coincide, that is,

Djf"lf =Dg,
Definition 2.5. Given A, B € 2; ; a diffecomorphism C4p: T' — A(T") is an (I, J)-
connection from A to B if it is an (I, {)-connection from A to B and if Cjj is a
(J,0)-connection from A to 5.

FIGURE 3. A connection C 45 from A to B. The two linear regions
are the white ones. It connects, through its strong stable/unstable

manifolds, the strongs stable/unstable manifolds of A to those of
B

We define the size of a connection C45: T' = A(T) as
size(Cap) = diStH'HEucl. (A|r, CaB).
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Forall ' = I'yU...UT,_1, where I, is a closed, convex subset of U,, that contains
f™(P) in its interior, and for any 0 < A < 1, let

Aldp: T' =T

be the map whose restriction to each I, is the homothety of ratio A and centered
at f"(P). Denote by A - T the image of T by AId, and let

A'dp: AT T
be the inverse map of A\Id. Given a diffeomorphism g: I' — ¢(T'),
9* = Adyryogo A Idr
is a diffeomorphism from A - T on A - g(T').

Lemma 2.6 (Conjugation of connections by homotheties). If Cap: T — A(T)
is an (I, J)-connection from A to B then, for all 0 < A < 1, the diffeomorphism
Moup: AT = M- A(T) is also an (I,J)-connection from A to B. Moreover

size(*Cup) < size(Cap).
Proof. Trivial. O

Definition 2.7 (Concatenation). The concatenation of two maps
gTCcM—-gT)cM
h: ACM — h(A) C M.
is the map
gxh:TUA — g(T)Uh(A)
that coincides with g on T'\ A and with h on A.

Remark 2.8. The concatenation operation is associative, but not commutative.
Moreover, (g*h)~! = g~ ' s h~!. This symmetry through inversion implies that the
stable and unstable objects will have symmetric roles in the following results.

Proposition 2.9. Let A, B € 2; ;. Let T' be a neighborhood of Orbp in M. Let
h:T — h(T) C M be a diffeomorphism that coincides with the linear diffeomor-
phism A on a neighborhood of Orbp, such that W**i(h) and W**I(h) are limited,
for alli,j. Let Cap: A — A(A) be an (I, J)-connection from A to B.

For all € > 0, for small A > 0, it holds:

e the concatenation gy = h **Cap is a diffeomorphism from T to h(T),
o foralli€ I and j € J, W*(gy) and W¥%I(gy) are limited and it holds:

Wi (gy) = [W (R) \ A+ A] UW*(Ca)
Wi (g) = [W7 () \ A - A)] U (0C ).
D;* =Dy
Dy = Dy

° diStHVH(h,g)\) < SiZe(CAB) + €.
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Proof. For small A > 0, \- A is in the interior of the domain on which h = A, hence
gr = h ¥*C4p is a diffeomorphism from T to h(T).
Fix i € I. We show that for small A > 0, Eq. (1) and Eq. (3) hold.

Claim 1. For small A > 0, there exists an integer ny € N such that it holds: for

S8,

any v € D, there is an integer 0 < n, < ny such that
h™(x) & A+ A, for all0 < n < ny,

h"=(x) € Dif‘f_A.

Moreover the map

On: by = DA‘;'A
x — h"(x)

is a bijection.

Proof. As W#%(h) is limited and W**(A) contains a local strong stable manifold,
there exists an integer n > 0 such that A" [W**%(h)] is inside W*5¢(A).

As a consequence there exists a neighborhood of Orbp in M whose intersection
with W#$i(h) lies inside W*¢(A). We deduce that, for small X > 0, for any
x € Wi(h), either z ¢ A\- A or z € W (A)N A+ A. As *C 45 is a connection,
by first item of Definition 2.4,

Wi (Apa) = WA NA- A,

hence for any x € W*si(h), either z ¢ \- A, or x € Wss’i(A|,\.A).

This gives the conclusions we are looking for since the positive g-orbit of x ends
up in W*¥(Aj,.a), at an iterate n, less than some ny (use again that W=*(h)
is limited). The fact that ¢, is an injection comes from the fact that ’fo’i is a
fundamental domain of W**i(h). Its image is then also a fundamental domain. As
it is by construction inside ij\f.y ¢y, is a bijection. This ends the proof of the
claim. O

By definition, Dif"iA = Dig:g, and this is a fundamental domain of W?%(g,),
by construction of gx. Moreover ¢p,(x) = g\*(x), as gx = h outside A\- A. Therefore
the claim implies that, for small A > 0, D;*" is a fundamental domain of W*%7(gy).

By Remark 2.2, D;*" does not intersect h(T') = g (T). Hence, it needs to be the
first fundamental domain of W#*"(gy). The claim implies that Eq. (1) and Eq. (3)
hold. Moreover, the fact that n, < ny for all z, implies that Wss’i(g,\) is limited.

The same holds symmetrically for the strong unstable manifolds. This ends the
proof of the second item of the proposition.

For the last item, note that dist) | . (h,gx) = size(*Cyp) < size(Cup), and
apply Lemma 2.1 taking A small enough. o

Corollary 6. Fiz two (I,J)-connections from A to B and from B to C:
Cup: T — A(T)
Cpc: A — B(A).

For all e > 0, for small A > 0 it holds:

e the concatenation C 45 **Cge is an (I, .J)-connection from A to C,
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e one has the following inequalities:
size(Cap ** Cpc) < max{size(Cap), size(Cpc) + dista(A, B) + €}, (5)
size(Cap ** Cpe) < size(Cap) + size(Cae). (6)
Proof of Corollary 6. The first item is a straightforward consequence of Proposi-
tion 2.9.

For the second item, put h = C45%*Cpc. Note that size(Cac) = dist)| im0 (h, A).
Let v € Tr M be a unit vector. If v is in Tr\y.a M, then

(Dh(v), DA(v)) = d) |, (PCan(v), DA(v))
< size(Cap).

. gyl

If v is a unit vector in Th.A M, then
(Dh(v), DA(v)) = d) |50 (PCc (v), DA(v))
< A lguer, (PCBc(v), DB(v)) + dj ., (DB(v), DA(v))

< size(Cpe) + disty (A, B) + da,

. gyel.

where d) is a quantity that depends on - A and tends to zero when A goes to zero.
On the other hand, choosing A small enough so that C 453 =4 on A- A, one has If
v is a unit vector in T\.a M, then

(Dh(v), DA(v)) < dH'HEucl. (DCpc(v), DB(v)) + d”'”Eucl. (DB(v), DCy (v))
< size(Cpe) + size(Cag).

. gyl

Doing the same study, looking at the preimages of the unit vectors w € T .. ()M,
we finally get that for small A > 0, Egs. (5) and (6) hold.

As a straightforward consequence of Corollary 6, we have

Corollary 7. Let Ay, ..., Ay be a sequence in Ay . Assume that for all 1 <n < ¢,
there is a connection

Cpn: T, — A, (Ty)

from A,, to Any1. Then, for all € > 0, there exists a sequence Az, ..., \¢ in (0,400)
such that

Ca,a, = C1#M2Cox... x™MCy
is an (I, J)-connection from Ay to Ay, and

size(Ca, 4,) < max, {size(Cy,) + disty (A1, A,)} + €.

2.4. Proof of Theorem 1. In the following, the sentence ”for large k, property
P holds” stands for ”there exists kg € N such that, for all integer k > kg, property
Pi holds.”

For all A,B € Ay 5, let dr j(A — B) be the infimum of the sizes of the (I, J)-
connections from A to B, and +oc if there is none. Let dy j(A, B) = max{dI,J(A —
B),d; (B — A)} This defines a distance on 2(; ;: the triangle inequality comes
from Eq. (6), and dy, ;(A, A) = 0 since a restriction of the linear diffeomorphism A
gives a trivial connection from A to A.

Proposition 2.10. The topologies induced on 2 j by the distances dy ; and distg
coincide.
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FIGURE 4. For good choices of connections C4, , 4, =""Cy, the
concatenation Ca, 4, = Ca, 4, *Caya, %...%xC 4, , 4, depicted here
is a connection from A; to Ay.

Proof. The fact that dy ; > disty is clear. We are left to show that, if a sequence
A € 5 5 converges to A € 2 ; for the distance distg, then it also does for
dr,y, that is, dr j(Ax — A) and dr j(A — Aj) both tend to 0. Fix two sequences
A, B, € 2 ; converging to A € 2 ;, it is enough to show that the sequence
dr,j(Ax — By) converges to zero.

By a partition of unity, one builds a sequence of diffeomorphism hy € Diffl(M )
that converges to some f € Diff’ (M) such that, by restriction to some neighborhood
O of Orbp, we have f = A and hy = Ag. One produces likewise another sequence
gk converging to f such that g, = B on some neighborhood of Orbp.

Let I' C O be a closed neighborhood of Orbp that satisfies the first item of
Definition 2.4 both for A and i € I and A~! and j € J, and such that

e the set W*im(A)NT is strictly A-invariant.
o the set W*wim(A)NT is strictly A~ !-invariant.

Moreover, it is easy to choose I' so that its boundary is a union of smooth spheres
that intersect W:im (A) and W4%Jm (A) transversally. Fix a neighborhood Up C T
of Orbp such that cl(Up) C int T Nint f(T).
Apply Proposition 1.4 to find a sequence fr that converges to g, such that
,}1 = hkjEl outside of Up, ,fl = g,fl on a neighborhood of Orbp, and a sequences
W/~ (fx) of local iy, /jm-strong stable/unstable manifolds for f; converging to

W+/=(f) such that
W (fo) AW () \Up = (W () Wi () | \ U, (7)
for all ¢ € I/J, and large k.

From now on, we only deal with the stable objects, as the unstable ones be-
have symmetrically. By a simple geometric reasoning, one sees that for large k,
Wesim(Ap) NT is also strictly Ag-invariant, and therefore the first item of Defini-
tion 2.4 is again satisfied, replacing A by Aj.
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This implies that W (hy) = WS (Ayp) = W' (Ar) NT is a sequence of
local strong stable manifolds for Ay, (hence for hy), that converges Cl-uniformly to
the local strong stable manifold W (f) = W5im (Ajp) = WS (A)NT.

In particular that for large k, W+ (fx) = WHin(fi) C T and therefore, by
fr-invariance,

WH(fx) € Wb (fip)-
We do not know a priori the other inclusion.

For large k, it holds: the boundary W T (hy) of the union of p disks W (hy,) does
not intersect the closure of U, hence by Eq. (7) it is also the boundary OW ™ (fx) of
W (fx), and fr = hy, on it. By Remark 2.2, the first fundamental domain fokl‘: of
W (hy) does not intersect Ag(T') = hi(T'). Thus, for large k, it does not intersect
U and by Eq. (7), fokz‘;” C WH(fr).

By strict Ag-invariance of Wt (hy) and by Remark 2.3 Item 2, the set fokl‘:
is also the first fundamental domain in W (fy) for fr. As hi(T) = gx(T') does

not intersect D Apgo DO T eD Anpr has a preimage in I'. This means that that
fundamental domain of W***(fy ) is actually the first. We just obtained

8$8,0m __ YSS,tm

fep 7 T Age
It follows from Eq. (7) that

8,1 __ 4458,

Joir T T Akir?

for all ¢ € I.

Hence, for large k, the restriction fyp is an (Z, J)-connection from Ay to By. As
fr tends to f for the C! topology, the size of that connection tends to 0.

Thus dr,;(Ar — Bi) converges to zero, which we saw was enough to end the
proof of Proposition 2.10. O

Proof of Theorem 1. Fix f a path A; and denote its radius by
R= Orgtagc1 distg (Ag, A¢).

Let ¢ > 0 and § = R + e¢. By Proposition 2.10, there is a sequence
t1=0<te<...<tp_1<tp=1

such that dr (A, , As,.,) < €/4, for all 1 <n < £. Thus one finds for each such n
an (I, J)-connection Cy,, 4, ,, from Ay, to Ay, whose size is less than ¢/3. By

Corollary 7, there is an (I, J)-connection C4, .4, from Ay to A; such that
size(Cap4,) < maxdisto (A, , Ar,,,) +€/3
< R+¢€/3.
Applying Corollary 5, we may assume that f coincides with its linear part Ay

along Orbp on a neighborhood of Orbp. Take a neighborhood I of Orbp such that
forallieland jeJ

o W*'(fir) is limited and contains the compact set Kj,

o W"J(fp) is limited and contains the compact set L;.
Let h = f|]_'*

Proposition 2.9 provides then a diffeomorphism gy = h **C45. For small A > 0,
the diffeomorphism g € Diff(M) such that g = g on I" and g = f outside I" will
clearly satisfy almost all of the required conclusions. The only thing left to check is
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that the compact sets K; and L; remain in the strong stable and unstable manifolds
of sizes o.

Fix A\; > 0 such that A\; - A is included in Up and does not intersect the compact
sets K;, Lj. A picture will convince the reader that the map

W=t (ga) \ (A - A) = W (h) \ (A - A)  —]0,+oo
x = distyyssi(g,) (2, Orbp)
converges uniformly, as A — 0 to the map
Wesi(h)\ (A1 - A)  —]0, +oo]
x — diSths,i(h) (LL', OI’bP),

where distyyss.i(y) is the distance along the i-strong stable manifold for the diffeo-
morphism . In particular, as

K; W (h)\ (A1 - A)
Ly CWEI(h)\ (A1 - A),
for small A > 0, for all : € I and j € J, it also holds:
K W3 (ga) \ (A - A) € W' (g) \ Up
Ly CWEI(gx)\ (A1 - A) C WEI(g) \ Up.
This ends the proof of Theorem 1. O

3. Reduction of Proposition 1.4 to the fixed point case. This section and
Sections 4 and 5 deal with the proof of Proposition 1.4. The following notation will
be useful:

Definition 3.1. Given a diffeomorphism ¢ and a local (strong) stable manifold
W+ (€) of a periodic orbit of ¢, if the i-dimensional strong stable manifold W**:¢(¢)
exists, then the i-strong stable part of W (£) is the set

W+’i(§) _ W+(§) ) Wss’i(f).
The i-strong unstable part W=-4(&) of W= (€) is defined symmetrically.

In this section we show that we can reduce the proof of Proposition 1.4 to the
case where P is a fixed point: we show that if Proposition 1.4 is true when P is a
fixed point for f, then the proposition is true in the general case. We first prove
in Section 3.1 a result that allows us, during the proofs, to augment the size of the
local strong stable manifold W™ (f), without loss of generality.

3.1. Augmentations of W+ (f). Fix 1 <r < co. Let gi and hy be two sequences
in Diff"(M) converging to a diffeomorphism f, such that f, g; and hj coincide
throughout the orbit Orbp of a periodic point P, and let i,, € N be such that f
has an i,,-strong stable manifold. Let {W™*(hy)}ren be a sequence of local i,,-
strong stable manifolds of Orbp for the diffeomorphisms hy that converges to a
local i,,-strong stable manifold W+ (f) for f, C"-uniformly.

Lemma 3.2 (Augmentation lemma). Let W (f) be a local in,-strong stable man-
ifold for f that contains W (f) in its interior*. By the stable manifold theorem,

4The lemma is still true if we just ask that W+ (f) C I/i/”r(f)7 however the proof gets more
intricate.
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there is a sequence W (hy,) of local strong stable manifolds that converges to W (f)
and such that W+ (hy) € W(hy).

If the conclusions of Proposition 1.4 hold when WT(f) is replaced by W (f)
and {W (hg)}ren is replaced by {W (hi)Yeen, then they also hold for W (f) and
{W (i) en-

In other words, in the course of the proof of Proposition 1.4, we may freely
augment W1 (f) (and W (hy) accordingly), without loss of generality, into a local
strong stable manifold of same dimension that contains W (f) in its interior.

Proof. For large k, W (hg) \ W (hg) is a C'-manifold with boundary, and the
sequence W+ (hy,) \ W (hy,) converges for the C”-topology to W+ (f)\ W+(f). We
may reduce the size of the neighborhood Up of Orbp and assume that

AW\ WH] N el(Up) = 0. ®)

Assume that the conclusions of Proposition 1.4 hold replacing W ( f) by Wt (f) and
{W*(hg)}ken by {W™T(hi)}ren. Let a neighborhood Vp of Orbp, and sequences
frs WT(fx) and W~ (fx) be given by those conclusions. In particular, it holds:

) ,3“ = hfl outside Up,
e For any integer i > 0, if Orbp has an i-strong stable manifold W**¢(f) for f,

then W#¢(f;.) and W*%%(hy) also exist and
W (fi) DWW (f)] \Up = [WH (i) 0 W5 ()] \ Up.

As OWT(f) does not intersect the closure of Up, we have OW T (fi.) = oW (hs),
for large k. Moreover, by Eq. (8), for large k, W+ (hy) \ W+ (hy,) is inside W (fz),
more precisely, it is the region in W*(f;) delimited by W+ (hy) = OW*(fx) and
Wt (hy,).

Define W+ (fx) = W+ (fi)\ [W* (h)\ W (hg)]. This is a compact C'-manifold
in Wsim (f) with boundary W ¥ (hg). As it contains Orbp in its interior, and as
OW ™ (hy) is a disjoint union of p smooth (i,, —1)- spheres, W (fx) is a union of p
closed disks, and the sequence W™ (fy) converges to W(f).

Claim 2. For large k, WY (fy) is fx-invariant.

Proof. Assume by contradiction that for any kg € N, there is k > ko and zj, €
W (fx) such that fi(zr) € WT(fr). As xy is in W (fz), f(zx) also is. Hence
fe(zk) € WH(hg) \ WH(hg). If k is great enough, by Eq. (8) this implies that
fk(:Z?k) ¢ Up, and f;d = h%l outside Up, we get hk(xk) = fk(ibk) As

hio(xx) € WH(hy) \ W (hy), 9)
we get x ¢ W (hg) and by definition of W (fx), this implies that
o & WH(hg). (10)

Egs. (9) and (10) imply that x5, belongs to the closed set h;, * [W*(hk)] \int [WJF (hi)].
By uniform C'-convergence of the manifold W (hg) to W (f), any adherence
value of a sequence of such xy, with k — 0o, belongs to f~1[W*(f)] \ int[W*(f)].
This contradicts the fact that x, € W (fx) and W (f;) converges to the closed
manifold W+ (f) C int W (f). This ends the proof of the claim. O
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Thus, W (fr) is a sequence of local strong stable manifolds that converges to
W (f). Tt clearly satisfies the other conclusions of Proposition 1.4, since W (f) C

WH(fr)- u

3.2. Reduction to the fixed point case. We assume throughout this section
that Proposition 1.4 is true when P is a fixed point for f. We show that this
implies the proposition in the general case. The proof bears no difficulty.

We put ourselves under the hypotheses of Proposition 1.4. By Lemma 3.2,
without loss of generality, we may augment the sizes of W (f), W+ (hg), W= (f),
W~ (h) and assume the following, for all k € N:

WH(f) = 0<U< FHWEW) (11)
W (f) = O;U pf" (Wr (£) (12)
W () = U 2 (W7 () (13)
W (hy) = O<U<p hi (W (i), (14)

where Wlf (¢) is the connected component of W= (¢) that contains P.
The point P is fixed for the diffeomorphisms f = f?, hy = h} and gx = g;. The
sets
W) =W5(f)
W (hi) = W (hi)
are local stable manifold of the point P for the diffeomorphisms f and ﬁk, respec-

tively. The sequence W*(?L;S) converges to W (f) for the C” topology.
Choose a neighborhood Up of P such that, for all 0 < n < p,

c[f"(Up)] C int(Up) (15)
and for all 0 < i,j < p, with i #£ j,

A[fi(Up)] Nel[f(TUp)] =0 (16)

A[f(Op)] N F[WH] =0 (17)

A[f U] N W ()] =0 (18)
We apply Proposition 1.4 to the fixed point P and find

e a neighborhood Vp C Up of P,

e a sequence fj, of Diff" (M) converging to 1,

e two sequences of local strong stable and unstable manifolds W ( fk) and
W~ (f) of P that tend respectively to W (f) and W~ (f), in the C" topology,

such that it holds, for any k greater than some kg € N:

° %1 = f],fl inside Vp

° f,;tl = B%l outside Ubp,

e For any integer i > 0, if Orbp has an i-strong stable manifold W*(f), then
Wesi(fy.) and W**?(hy,) also exist and

WH(fi) \Up = W' (hy) \ Up,
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where WT4(&,) = W (&) NWs$(&), and likewise, replacing stable mani-
folds by unstable ones.

Choose a neighborhood Vp = VU ... U V,_; of Orbp such that
C].(VQ) C int(f/p) C Up, (19)
(Vy) Cint[f(Vy—1)], forall 0 <n <p. (20)

In particular, cl(V;,) C int f*(Up), for all 0 < n < p and cl(V,_1) C int fP~1(Vp).
By a partition of unity, one builds a sequence ¢y, in Diff" (M) that converges to f
and such that for large k:
e ¢ = hi outside ﬁp [ hk(Up) ... hiil([}p),‘r’
eforall0<n<p—1, ¢, =gyonV,"
One finally builds a sequence of diffeomorphisms f; € Diff" (M) by changing ¢
to fr o (b,:(p_l) by restriction to K2~ (Up).” By Eq. (20), (b,:(p_l) = gk_(p_l) by
restriction to V,,_1, for large k, which implies fi = gz on V},_;1. Hence fr = g on the
neighborhood Vp of Orbp. Up to reducing the neighborhood Vp to a neighborhood
whose closure is contained int the interior of Vp U f(Vp), one has

£ = gi! inside Vp.

By construction, fi, = hy, outside Up U ... UhE ™" (Up). This, with Eq. (15), gives on
the one hand

,;tl = hfl outside Up, for large k.
On the second hand, Egs. (17) and (18) lead to: for large k, for all 0 < 4,5 < p,
with i # j,
A N FWT(fi)] =0
AT N P IW(fi)] =0,
thus, for all 0 < n < p, on a neighborhood of W (f.)UW = (fi)\int(Tp) in M\ Up,
it holds:

C
C

i =hi = fu. (21)
Moreover ff = fk on Up, by construction. This implies that
f2 = fr  on aneighborhood of W+(fi) UW ™ (f). (22)
Let
wrfe) = |J W)
0<n<p
W= U W)
0<n<p

By Eq. (22), these are local (strong) stable and unstable manifolds of the periodic
orbit Orbp for fi, and by Egs. (11) and (12), they converge for the C” topology

5This is a disjoint union for large k, by Eq. (16).

6By Egs. (19) and (20), for large k, we have cl(V,) C hQ(Up).

"Note that fi o ¢;(p71) glues indeed with h; outside hzil(Up) to form a local C"
diffeomorphism.
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to W (f) and W~ (f), respectively. Besides, for £ = f, h (recall Eq. (13)), and for
any i such that W**#(f) exists, for large k, it holds:

wrig) = U [g @) i)
0<n<p
= U &) nwi@)]
0<n<p
= U aw™&). (23)
0<n<p
For all 0 < n < p and all k£ € N great enough,

W (fi)\ Up = W (hy,) \ Up
S SRV (F)\ Tp) = BE (W (ki) \ Tp), by Eq. (21),
= [RWH ()] \ Up = hig [WH (hi)] \ Up, since cl[f"(Up)] C int(Up).
Hence, for any 4 such that W¢(f) exists, Eq. (23) gives
W (fi) \Up = W' (hi) \ Up.

The proof follows the exact same path on the unstable manifolds. Thus all the
conclusions of Proposition 1.4 are satisfied.

We just showed that Proposition 1.4 for the particular case of fixed points implies
the same Proposition in all generality. We are reduced to studying the case where
P is a fixed point.

4. Proof of Proposition 1.4 for the fixed point case. In this section, 1 <r <
oo and P € M are fixed. We denote by Diff’5 (M) the set of diffeomorphisms that
fix P.

To get Proposition 1.4, it is sufficient to prove the following proposition, for all
the pairs I, J of finite sets of positive integers:

Proposition (P ). Let f € Diff,(M) such that the i-strong stable manifold
Wesi(f) and the j-strong unstable manifold Wi (f) of P for f are well-defined,
foreachiel and j € J.

Let g1, and hy, be two sequences in Diff p (M) converging to the diffeomorphism f.
Choose sequences W (hg) and W~ (h) of local strong stable and unstable manifolds
of P for the diffeomorphisms hy that converge respectively to a local stable manifold
WH(f) and a local unstable manifold W= (f) for f, in the C"-topology.

Assume that the dimensions of WT(f) and W~ (f) are respectively the greatest
elements of I and J.8 Let Up be a neighborhood of P.

Then there exist:

e q neighborhood Vp C Up of P,

e a sequence fi of Diff (M) converging to f,

e two sequences of local strong stable and unstable manifolds W (fi) and W= (fx)
of P that tend respectively to WT(f) and W= (f), in the C" topology,

such that it holds, for large k:

° ,3“ = g,fl inside Vp,

8That assumption is here in order to simplify the redaction of the proof by induction of Pr,7-
It can be removed, thanks to the use of regular local manifolds (see Footnote 13). Thus, Proposi-
tion 1.4 is indeed implied by the propositions Py ;.
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° 13:1 = hfl outside Up,
e For any integer i € I, the manifolds W*(fx) and W**(hy) exist and

W (fi) \Up = W (hy) \ Up,”
and likewise for any j € J, replacing stable manifolds by unstable ones.

We prove Py ; by induction on all the pairs I, J of finite sets in N\ {0}. We
initiate the induction by the proof of Py 4. Then, for any J C N and any nonempty
set of integers I, writing it as a disjoint union

I={ig}urr,
we prove that Pr« ; implies Py ; (this is the main difficulty of this paper and is
treated in Section 5). Symmetrically, replacing f, g and hy by f~1, gk_1 and h,:l,

respectively, we straightforwardly deduce that Py« implies P ;. This terminates
the induction.

Proof of Py g: This is a slight refinement of the usual Franks’ lemma. Take the
neighborhood Vp C Up of P small enough. Take a partition of unity 1 = 6 + (,
where @ = 1 outside a closed set in the interior of Up N f(Up), and 6§ = 0 on a
neighborhood of the closure of Vp U f(Vp). Finally define fi, = 0hy + (gi. For large
k, fr is a diffeomorphism of M and f;tl = gkil inside Vp and f,;tl = hfl outside
Up. O

5. Proposition P;- ; implies Proposition P; ;. This is the most difficult part
of this paper. Although conceptually rather natural, there is a lot of work needed
to prove it rigorously.

Throughout this section, we assume that Proposition Pr- ; holds and we put
ourselves under the hypotheses and notations of Proposition P;_; stated in Section 4.

Our aim in this section is to build a sequence of diffeomorphisms fj, and sequences
of local invariant manifolds W (f) and W~ (f) that will satisfy the conclusions of
Proposition Py ;. We will operate by doing two consecutive perturbations on the
sequence of diffeomorphisms hj in a neighborhood of P:

o first, by application of the induction hypothesis Pr- ;, that will give us a
sequence gy of diffeomorphisms and sequences W (gx) and W~ (gx) of local
invariant manifolds that satisfy the conclusions of P;« ;. The only thing lack-
ing will be the control of the lowest dimensionnal local strong stable manifold
Wt (gr) of .

e second, by a ”pushing perturbation” of that sequence gi supported on a box
T C Up, that will push the local ig-strong stable manifolds to coincide with
the local ig-strong stable manifold of hy ”before T”, and in particular outside
Up (Fig. 9 gives an idea of it).

In Section 5.1, we set the stage for these two successive perturbations. First we
show we can assume the local strong stable manifolds to have some regularity, which
greatly simplifies the proofs. We then define the neighborhood Up of P on which
the first perturbation given by Pr« ; will be supported, and the box T on which
the second perturbation will be supported (see Fig. 6). We finally give a number
of preliminary topological results on the way T intersects the local strong stable
manifolds.

In the short Section 5.2, we do the first perturbation and build the sequence g.

9see Definition 3.1.
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The construction of the second perturbation is much more intricate and is the
purpose of Sections 5.3 to 5.5.

5.1. Framework for the proof of P; ;. This subsection is devoted to defining
the boxes on which our two sequences of perturbations will be supported, and giving
a number of preliminary results.

5.1.1. Regularity assumption on the local invariant manifolds.

Definition 5.1 (regularity). A local i-strong stable manifold W (g) of a diffeomor-
phism g € Diff (M) is regular if it is strictly g-invariant, if the boundary OW ™ (g)
of the disk W (g) intersects transversally'" any j-strong stable manifold W**7(g),
with j < i, and if W7 (g) = WT(g) N W*%J(g) is again a strictly invariant local
i-strong stable manifold.

By a folklore argument, such regular local strong stable manifolds exist, for all
indices.!!

Choose a regular local strong stable manifold for f. Any of its preimages by f
is again regular. Take a preimage that contains WT(f) in its interior. Hence, by
Lemma 3.2, we can do the following:

Remark 5.2. We may augment W (f) and assume in the rest of Section 5 that it
is regular, without loss of generality.

Remark 5.3. Let & be a sequence in Diff (M) converging to the the regular local
strong stable manifold W (f). Then,

1. For any strong stable manifold W*%i(f), the set
WHI(f) = WH(f) N W(f)

is also a regular local strong stable manifold.
2. Given a sequence W (&) of local strong stable manifolds that converges to
W (f), for large k, it holds:
o Wt (&) is also regular,
e for any strong stable manifold W*(f), the set WT¥(£) is again a regu-
lar local i-strong stable manifold'?, and the corresponding sequence con-
verges to WTi(f) for the C"-topology.

10Here we mean tranversally within the manifold W#*5:(g).

1 Sketch a proof: we can assume that g € Diff(]Rd) and that the fixed point P is 0.

It is easy to find one for the linear map Dgo tangent to g at 0: let I be the set of its strong stable
dimensions. Let i € I, and j = i+8; be the next biggest element in I. Let R% = E*s:i @ E%i @ Fd4—J
be the corresponding dominated splitting on R for D fg.

If Wti C E®5? is a regular local i-strong stable manifold for Dgg and B is a strictly invariant
smooth ball for Dgo‘Eai, then Wti = Wi x a.B is a strictly invariant subset of ES%J =

Ess:t@ E% by Dgg. Its boundary 8W i is transverse to the strong stable manifolds of dimension
< i. This makes sense: while that boundary has some rough edges, namely OW i x «.9B, those
edges do not meet the stable manifolds of lesser dimension. Hence the edges can be smoothened
preserving the needed transversality and strict invariance properties. This builds by induction a
flag of regular local strong stable manifolds for Dgg.

Consider the local projection 7 of the Dgp-invariant space R? x {0}?~* along the fibres {0} x
R4=% on a local i-strong stable manifold of 0 for g. This projection is locally well-defined and
diffeomorphic close to 0. If Wi is a regular local i-strong stable manifold for Dgg, then o - Wi
is also one and, for small a > 0, w(a.- WTi) is a regular local i-strong stable manifold for g. O

12The previous parts of the remark are particular cases of this, but we first stated them for
clarity.
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Using regular strong stable/unstable manifolds, one easily sees'® that the tech-
nical dimension assumption of Py ; can be removed, as pointed out in Footnote 8.
We state without a proof the two following topological lemma:

Lemma 5.4 (Folklore 1). Let & be a sequence in Diff (M) converging to f, and let
W+(§k) be a sequence of local strong stable manifolds that converges to a local strong
stable manifold W+(f) that contains a regular local strong stable manifold W+ (f).
Let S, € W+ (&) be a sequence of smooth spheres such that S, — S = OW T (f).
Then, for large k, the sphere Sy, is the boundary OW T (&) of a local strong stable
manifold W (&) € Wt (&), and the sequence W (&) converges C” to W+ (f).

Lemma 5.5 (Folklore 2). Let & be a sequence in Diff n (M) converging to f, and let
W (&) be a sequence of local strong stable manifolds that converges to the reqular
local strong stable manifold W (f). Let WTi(&) be a sequence of local i-strong
stable manifolds that converges to the local i-strong stable manifold W i(f) such
that each boundary OW T (&) is inside WT(&).

Then, for large k, Wi (&) lies inside W (&), therefore inside W (&),

5.1.2. Definition of the boxes T and Up = A x [—1,1]9=% on which the perturbations
will be supported. For simplicity, we assume that Up is open (if not, replace it by
its interior). Define the local stable manifold of P for f inside Up by

WH(f,Up) = Npsof " (Up NWF(f)),

that is, the set of points in W (f) whose positive orbit remains in Up. Define the
i-strong stable part of W (f,Up) by

WHH(f,Up) = W' (f) N W*(f,Up).

Note that WTi(f Up) is an open neighborhood of P in the embedded manifold
Wss:%(f), and an i-dimensional boundaryless submanifold of M. Hence, there exists
a C"-embedded annulus

A =St x [-1,3) c W (f,Up) \ {P}
such that:
e each set A, ) = Sl x [n—1,n) C A, forn=0,1,2,3, is a fundamental
domain of W#* 0 (f)\ {P}, for the dynamics of f
e the map f sends the set A, _q ;) on Ay, 11y, for n = 0,1,2 (in particular, it
sends A{n} = Sh—1 x {TL} on A{n-i—l})

13 proof: we put ourselves under the hypotheses of ‘P17, minus the dimension assumption on
WT(f) and W~ (f). We want to show that the conclusions of Py, ; hold.

Let Iy, Js be the sets of strong stable and strong unstable dimensions for f. Put is = max Iy.
We find a sequence W+(hk) D WT(hg) of regular is-strong stable manifolds converging to a
regular is-strong stable manifold W+ (f) that contains W+ (f) in its interior. Find symmetrically
a sequence W~ (hy) converging to some W= (f).

Let fi, W (f) and W~ (fi) be sequences given by the conclusions of 'PIf,Jf with respect to
those sequences V~V+(hk) and W~ (hg). Then the sequences fj and the sequence of local i-strong
stable/unstable manifolds W+ (f) = WH(fi) N WeSi(f) and W= (fi) = W (fi) N W43 ()
satisfy the conclusions of Py j, with respect to the sequences of local i-strong stable/unstable
manifolds W+ (hy) = W (hy) N WS i(ht) and W (hy) = W (hg) N W¥d (hy,).

By Lemma 3.2, the conclusions of P; ; also hold with respect to the sequences W+ (hy) and
W’(hk). Apply again Lemma 3.2 on the unstable side (we may replace the diffeomorphisms by
their inverses) to also replace W™ (h,) by W (hy). O
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W1, Ur)

FIGURE 5. The annulus A.

Proposition 5.6. There exists a thickening of the annulus A into a C"-coordinated
box T =St x [~-1,3] x [-1,1]?% C Up such that:
e for alli € I, the intersections TNW¢(f,Up) and TNW T(f) are both equal
to the i-dimensional box

T = A x [-1,1]"7% x {0},
o the box T does not intersect the local unstable manifold W= (f),

e the map f sends the set T, _1 ) = Ap_1,n) X [~1,1]¢% on T 1), for
n=0,1,2.

Proof. We first build the i-dimensional thickenings T of A by induction on i € I.
Initiate with T% = A. The thickening of T? to T/, where j € I is the least integer
strictly greater than i, is easy folklore using that WHi(f,Up) N WHJ(f,Up) is a
submanifold of the boundaryless manifold W+ (f, Up). The final thickening from
T?m to T, with i,, = maxI, is the same folklore, using moreover the compactness
of W=(f). O

Finally, we build the box Up on which the first perturbation (see Section 5.2)
will be supported. Let A be a local ig-strong stable manifold for f that does not
intersect A. We thicken it into a closed neighborhood U p C Up of P that identifies
diffeomorphically to A x [—1,1]4~% such that:

o UpNWT(f,Up) corresponds to A x [—1,1]*~  where i, is the stable index

of P for f,
° Up does not intersect T.

See Figure 6 for a general picture.

5.1.3. Before- and after-T oy regions in the local ig-strong stable manifolds. Define
the 0-abscissa sphere of A and the 0-abscissa strip of T, respectively, by

Ay =S"""x{0}cS* ' x[-1,3]=A

Tyoy = A{o} x [—1, 1]d_i0 C A x|[-1, l]d_i(’ =T.
We prove in this section that, for any diffeomorphism ¢ sufficiently close to f that

fixes P, and for any local strong stable manifold W (¢) sufficiently C"-close to
WT(f), the set Wt (£) is transversally cut by Tyo into the disjoint union of

a before-Tyo) region that does not intersect Up and an after-T gy region that is
strictly invariant by ¢ and included in Wi (¢, Up).
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W=(f)

FIGURE 6.

Let W;rdio (f) € WHi(f) be the closed ip-disk whose boundary is the sphere
Agoy. Tt is strictly f-invariant: f sends it in its interior relative to the manifold
Westo(f). We may call that local strong stable manifold, the after-Tyoy region of
Wi (f), and may also write

W5 (f) = Aso.
By opposition, its complement set
W2 (f) = WHe () \ W5 (f)

is called the before-T oy region in Wt (f). Note that A C W (f,Up) implies
that

Wi (f) c WHio(f,Up) (24)

Lemma 5.7. Let a sequence & € Diff 5(M), and a sequence of local strong stable
manifolds such that

Then, for large k, it holds:
1. for allie I, Tik = WHi(&) N'T is the graph of a C"-map
FLoo A x [=1,1)7% — [=1,1]4.

The sequence (FZ

Ek)kaO C" -converges uniformly to 0,
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2. Aoy, = WH(&)NT oy is the boundary of an after-T oy region in W1 (&),
that s, a strictly £x-invariant smoothly embedded closed ball

Wi (6) € W (&, Up),
3. The before-T gy region in W1 (&), defined by
W2 () = W (&) \ W™ (&)
does not intersect Up and satisfies

W25 (&) \ Up = W™ (&) \ Up. (25)

Moreover, the sequence Wgéio (&k) converges for the C topology to W;dio(f).

See Fig. 7 for a picture.

AW+ (g,,) A{O}fk

FIGURE 7.

Remark 5.8. The set W:di" (&k) can be characterized as the unique bounded full-
dimensional submanifold of W*$:% (&) delimited by the two disjoint spheres OW T+ (&)
and Ay} ¢,, that contains oW+ (£,) and that does not intersect Aoyen-

Before showing Lemma 5.7, we state without a proof an elementary topology
lemma:

Lemma 5.9. Let 0 < i < d. Let V be a C" i-dimensional boundaryless submani-
fold in M, and let W C V be a C” compact i-dimensional manifold, possibly with
boundary and corners. Let
Wx[-1,1]""c M
be a C"-embedding that does not intersect OV = cl(V') \ V, where cl is the closure
in M, and such that
W x [-1,1]77 NV =W.

Let Vi, be a sequence of embeddings of V' into M converging uniformly to V 5 M
for the C"-topology. Then, for large k, the set W x [—1,1]97" NV}, is the graph of
a C"-map

Fr: W — [-1,1]¢7,
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and the sequence Fy, converges uniformly to 0 in the C"-topology.'*

Proof of Lemma 5.7. By regularity of W (f) and Remark 5.3, for alli € I, W(&,)
is a sequence of i-disks that converges to W*+¢(f) for the C'-topology. Then Item 1
is a straightforward consequence of Lemma 5.9.

Note that W (f) intersects Ty} transversally into a sphere Ajgy that does
not intersect the boundaries 9W % (f) and 0T (py. Thus, for large k, Wt (&)
intersects also Tyg} transversally into a sphere Ay} ¢, and the sequence Aoy ¢,
converges to the sphere Ayg in the C! topology. By Lemma 5.4, for large k,

the sphere Aygy ¢, delimits a local ig-strong stable manifold W;réi" (&k), and the
sequence of those manifolds converges to W;réi" (f) for the C" topol;)gy. By Eq. (24),
W () € Up thus Wi (&) € Up NWHio (&) = Wio (¢, Up), for large k. By
reg_ularity of WT(f), we get the strict &g-invariance of W;rdio (&), for large k. This

ends the proof of Item 2. _ _
The C"-convergence of W2 (&) to W3 (f), gives that any adherence value of

a sequence rj € W:di" (&) is in the closure of W:di" (f), that is, outside U. Thus,
for large k, W5 (&) NU = 0. Eq. (25) comes from Wgém (&) C Up. O

In the next two sections, and as already explained in the introduction of Section 5,
we build by two consecutive perturbations of the sequence hg, a sequence fi that
matches the conclusions of Proposition Pr_ ;.

5.2. First perturbation: application of the induction hypothesis. Apply
Proposition Py~ ; to the pair of sequences (g, hi) with Up := Up. We rename
the sequence f; thus obtained into gx, and save the name ” f,” for the sequence
of diffeomorphisms we want to build ultimately: a sequence that will satisfy the
stronger conclusions of P; ;. We now have

e a neighborhood Vp C Up of P,

e a sequence i of diffeomorphisms that converges C” to f,

e sequences of local strong stable and unstable manifolds W (gx) and W~ (gy)
that tend respectively to W (f) and W~ (f),

such that for large k,

~+1 +1 (7
« il =git on Vp

° g,fl = hkjEl outside Up,
e for all i € I'*, the i-strong stable parts W+%(gx) and W+(hy) of W+ (gy) and
W (hy,) are well-defined and

Wi (gi) \ Up = WHi(hg) \ Up,
and likewise for any j € J, replacing stable manifolds by unstable ones.

5.3. Second perturbation: the pushing perturbation. We want to push the
manifold W% (g) to make it coincide with W% (hy) before T oy by composing
gr. by a diffeomorphism supported in T. Lemma 5.7 Item 2 will then imply that
both local manifolds coincide outside Up, which is what we ultimately want.

We want moreover that that pushing does not affect the other strong stable
manifolds W+(gy), for all i € I*, which already coincide with W*+¢(h;) outside
Up. For this we need to push the manifold W+ (g,,) within the sets T .

4 When i = d, we put [—1,1]47% = {0} and W x [-1,1]9"% = W. That is, for any k > ko,
WAV, =W.
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Sketch of the construction of the second perturbation: In order to make the con-
struction of that pushing simpler, we consider a sequence of changes of coordinates
®y: T — T, that tends to Idy; for the C” topology, and such that in the ®y-
coordinates, the sets T are the sets T# = So~1 x [—1,1] x [—1,1]" 7% x {0}4~%,

Those changes of coordinates @5 will be actually seen as a sequence of ”straight-
ening diffeomorphisms” of M that leave T invariant and that straighten the sets
Tgk into the sets T? = @k(Tgk). We work on new sequences g;, and hj obtained
by conjugation by @, and on the sequences W (g;) and W (h}) of images by ¢y,
of the sets W (gx) and W (hy). The local strong stable manifolds W*(g;) and
WHi(h}) are then the images of WT(gy) and W*(hy) by ®;. This is depicted
in Fig. 8.

For all i € I'*, the local stable manifolds W(g;) and W™(h}) coincide outside
Up and intersect T into T?. Then we build a sequence fi of perturbations of g
supported on T so that the local strong stable manifold W% (f¥) is pushed to
coincide with that of hj before T(gy. That pushing is done within the sets T?,
i € I*, so that the other manifolds W*¢(f;) remain equal to those of g;. This is
done by Proposition 5.11, which proof is postponed to Section 5.4 (it is summarized
in Fig. 9).

Finally, we pull back the diffecomorphisms f;' by the reverse conjugation, and
the sequence W (f}) by the sequence of diffeomorphisms <I>,:1. We check in Sec-
tion 5.3.2 that the sequences fr and W (fx) thus obtained have all the required
properties. o

5.3.1. Straightening of the sets Ték.

Lemma 5.10 (Existence of the straightening diffecomorphisms). There ezists a
sequence Py of diffeomorphisms in Diff p(M) that converges to the identity map
Idas for the C"-topology and such that, for large k,

e &,(T)=T,

o O(T;, ) =T, foralliel*.

o &, =1Idys by restriction to ﬁp.

Dy
—
W+,i0 (hk T W+’i0(h* q)k(T) =T
1 k
W (gy) W0 (gy)
T: Ox (ngk )=T'
Ik
W (g) =W (hi) WHi(gi) =W (hy)
(outside Up) (outside Up)

FI1GURE 8. The diffeomorphism @ straightens the intersection of
T with WT¥(g,) (which coincides with W*(hy) outside of Up).
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This lemma is proved at the end of this section. Define the two sequences
G = P o gr o @,
= ®p0hyod; !

Since @), = Id by restriction to Up, those are two sequences in Diff,(M) that tend
to f, and

gE = hEt outside Up. (26)
On the other hand, the compact sets
W*(g) = @k [W(31)]
WH(hg) = u[WT(he)]

are local strong stable manifolds for g; and h}, respectively. Since W*% (g5 /h}) =
Py (W5 (g /)], we get that, for all i € I,

WHi(g) € WH (g N W (Gh) = 0 [WH(Gk)] (27)

WA (k) €W () N W () = B [WH (). (28)

This, with the facts that @y, fixes M \ Up and W (hg) \ Up = W (Gn) \ Up, for
all 7 € I'* imply
WHARE) \ Up = WHHg0) \ Up, foralliel*. (29)

We have in particular WHi(gz) N'T = WHi(h}) N T, since Up does not intersect
T. Finally, as ®4(T) = T, we get

WH (g NT = & [WH(g }mbk(T)
_<1>,€[W+z NT]
= 04(Ty,)
WHiGgH)NT =W (h;)NT =T" for all i € I*. (30)

Proof of Lemma 5.10. We actually show the following:

Claim 3. There is a sequence of sequences {(<I> such that it holds,

for all j € I*U{d}:

i)keN}jEI*U{d}

ol <1y,
is a sequence of diffeomorphisms of M such that, for large k, on has
e &)(T) =T,
o @%(Tf}k) =T forallic I*~U {d}, i>j. (if d ¢ I*, then let TS =T?)
e &7 =1Idys by restriction to Up.
Proof of the claim: We build the sequences @i by induction on j € I* U {d}. Take

@z = Idj, to initiate the induction: if d € I'*, then by footnote 14, we have Tgk =T
for large k, and if not, this is by definition.

Let jo € I* U {d}, with jo > min(I*). Let j; € I* be the greatest integer such
that 71 < jo.
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We now build the sequence @il from @f:. Let 7 = @i“ o gk © @i“il. By
Lemma 5.9, for large k, TI. = (W7 (v)) N'T = &;° (W*71(gy)) N'T is the graph
of a C" map

- . d
Fove A x [=1,1)07" — [=1, 1],

and the sequence 13'4; C"-converges to 0. Since @i“ preserves T, we have @i“ (Tf;) =
T/ . By assumption, ®J°(T)°) = T, hence the map FJ! takes its values in
[—1, 1]/t x {O}d—.]o'
Let ¢ be the diffeomorphism of the cylinder
A X [—1, 1] 7% x ROt [—1, 1]4 o
that leaves invariant each fiber

{OA} X {(IioJrlv ceey Ijl)} X Rjo*jl X {(Ijo+1a o axd)}v

and that is the translation by the vector [0, e, 0, Flgl (0, Tig41s - - Ty )} by restric-
tion to it. Then ¢ is a fibered diffeomorphism that sends TZylk on T71. By a
partition of unity, one easily builds from ¢ a sequence

b~ Tdas
of diffeomorphisms of M such that, for large k,

® 1 restricts to a fibered diffeomorphism of T, leaving invariant each fiber

{a} X {(xioJrlv s 7‘Tj1)} X [_L l]jo_jl X {(xjoJrla o wrd)}a

in particular, ¢y, leaves T invariant for any i > jo,
e the diffeomorphism vy, coincides with ¢, by restriction to

. 1 1 jO_jl dei
A x [-1,1]* —=, = —1,1]¢77°
<10 x g5 ] <L,
in particular it sends Tfylk on TJ for large k,
o Yp(T)="T, } }
e 1, = Id by restriction to Up (remember that Up is closed and does not
intersect T).

The sequence of the diffeomorphisms P = Y @f;‘) tends to Idj; and satisfies the
following:

b (I)il (T) =T,

D @f; (T%,) =T, for alli e I*~U {d}, i > j1.

e &' =1Id) by restriction to Up.

This ends the proof by induction of the claim. O

The sequence &, = @7, where m is the least element of I* U {d}, then concludes
the proof of Lemma 5.10. o

5.3.2. End of the proof that Pr« j implies Py ;. We assume in this section that we
know how to push the local 7y-strong stable manifold of §; to coincide with that of
hy, before Tygy, without changing the strong stable manifolds of other dimensions.
Precisely, we assume the following:
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Proposition 5.11. There ezists a sequence
x C7
fe —f

of Diff 5 (M) and a sequence of local strong stable manifolds W (f}) converging to

W(f) such that, for large k:
. ;il = g;;il outside T,
o WHio(fr) = WHio(hy) before Toy, that is, W2 (ff) = W2 (hy), with
the notations of Lemma 5.7.
o forallie I*, WHi(fr)=WHi(g}).

The proof of this proposition is postponed until the next section. It terminates
the proof that P;- ; implies Py, ;: consider indeed the sequence

fro =@ o fi o Oy
Note first that since ®j converges to Idys in Diff 5(M), fr converges to f in
Diff7, (M). We have f;=! = §:*! outside T. Thus, for large k:

e Take an neighborhood Vp C f/p of P yvhose closure does not intersect T.
Since we built g so that g,fl = g,ﬂ;l on Vp we get

+1 +1
e = 0L on Vp.

e Since T C Up, we have f,j[l = g,fl outside of Up. As Up C Up, and g,fl = h?l
outside Up for large k, we have

,}1 = hkjEl outside Up.

We are now left to build local stable/unstable manifolds of fj such that the corre-
sponding strong stable/unstable manifolds of fi coincide locally with those of hy
outside of Up. Define

W= (fr) = W™ (gr)

W (fi) = @ [WH(£)]-
The unstable manifolds case : Recall that the compact sets T and W~ (f) do not
intersect and fk_1 = gk—l outside T. Thus, for large k, fk_1 = gk—l on a neighborhood
of W~ (gx). In particular, W~ (fi) is a sequence of local strong unstable manifolds

for fr, and W=7 (fx) = W=7 (gx), for all j € J. By our construction of g; and
W= (gk), for all j € J it holds:

W7 (fi) \Up = W™ (hy) \ Up.
O

The stable manifolds case : The same way as Eq. (27) and Eq. (28), we have, for
alliel,

WHi(fi) S W (fo) VW (fi) = @ L [WH(f7)]. (31)

In particular, by the conclusion of Proposition 5.11, for all k > ko, for i € I*,
WHi(fi)\ Up = @5 [WHi(g5)] \ Up
=" [WH(gi) \ UP], since @, *(Up) = Up
=&, [WHi(hj)\Up], by Eq. (29).
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From Up C Up, we finally have, for all k > kg, for all + € I*:
WHH(f) \Up = W (hg) \ Up.

We apply Lemma 5.7 to £ = fr and follow the corresponding notations. We
have @ = Id by restriction to Tygy, so that Eq. (31) gives

Aoy = WH(fir) N Ty
=W (f) N Ty
= Aoy5;
thus
Aoy = O (Agoysp)-
By Lemma 5.7 Item 2 and by the fact that W*s(fy) = <I>,:1 [Wss’io (f;)], we get
ngio(fk) = <I>,:1 [W;Om(f,j)] As a consequence, Wiéio (fx) = @;1 [Widio (f,j)]
The same equalities hold replacing fr by hi and f; by hj. Therefore, the equality
W25 () = W2 (hiy) implies
W2 (fr) = WE" ()
With Item 3 of Lemma 5.7, for large k, we get
W (fi) \Up = W (hy) \ Up.
O

Therefore, all the conclusions of Proposition P; ; are satisfied by the sequences
Jry WH(fx) and W~ (f). This ends the proof that Py« ; implies Py ;.

5.4. Proof of Proposition 5.11. Let us first introduce a few notations and state
two lemmas.

Putting ourselves under the assumptions and notations of Lemma 5.7, for large
k, for all ¢ € Z, the spheres 5,‘; (A{o},gk) and §£+1 (A{o},gk) do not intersect and
delimit a fundamental domain Dy, diffeomorphic to S~ x [0,1) of W% (&),
where S~ x {0} corresponds to & (Aoy.¢, ). We choose it so that it contains the
first sphere and does not intersect the second one.

For all £ € Z, Dy 1 is the fundamental domain of W*%:% (&) delimited by f* (A{O})
and fZJrl (A{Q})

Remark 5.12. For all ¢ € Z, the sequence of manifolds Dy ¢, converges to Dy, for
the C"-topology.

Recall that, for all =1 <a <b <3, A, ;) is the subset S~ x [a,b) C A and
Tiap) = Afap) X [-1,1]47%.

The same way as we defined W;dio(f), let W;%(f) C WHio(f) be the closed
ip-disk whose boundary is the sphere Ay /). Note that it is strictly f invariant, in
particular it is a local strong stable manifold.

The following lemma is a continuation of Lemma 5.7.

Lemma 5.13. There is n,, € N such that, for large k,
1. the sphere A(i/2y.¢, = WHio (&) N Ty1/2y delimits in Wi (&) a strictly

E-invariant disk VV;IZ/D2 (&),

2. the sets Wiéio (&) and & [W;%(&)] do not intersect Tpg a/3),
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T Topy

W)t |
o

W25 (36

Jfﬁ—Xkoﬁi

W (f7)

Mﬂc’)utside Up
~k

h; = 95

T Thys

FIGURE 9. Idea of the proof of Proposition 5.11.

Composing g; by a small diffeomorphism x supported in T(g 4,3, we
will make the second iterate of D_y p: fall in le’/g(g;) The local

io-strong stable manifold W1 () thus obtained will then coincide
with that of hy before To;.

3. for all x € W;Ldio (&), there is an integer 0 < ng j < Ny, such that
Eh(x) € WE (&), for all 0 < L <y,
RN (@) € Dogy

Moreover, the sequence of local strong stable manifolds W;rl’i/OQ (&) CT-converges to

W (f)-

Proof. The first item and the fact that W;‘l’i/oz(ﬁk) C"-converges to W:ll/‘;(f) are

obtained exactly the same way as we showed Lemma 5.7 Item 2.

Let T'>( be a thickening of W;r(’)io (f) into a coordinated box W;Ldio (f)x[-1,1)d-%
that extends the box Tg 3 :7A[073) x [~1,1]97%, By Lemma 5.9, for large k,
WHio(&,) N T is the graph of a C"-map Gi: Asg — [—1,1]¢7%  where

Gy, C—T> 0,
in particular W% (&,) T is an ig-disk in W% (&) and its boundary is Aoy ¢, -
By definition it is W3 (¢). Thus Wi'éio (&k) = W (&) \ WH5(&,) does not
intersect T, and in particular T0,4/3)- B
On the other hand, the manifold &, [W;’% (&)] converges uniformly to f(Asq/2) =
A 3/5, for the C"-topology, which concludes the proof of the second item.
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Finally, there is some n,, € N such that f"=[W™(f)] is in the interior of
W;Ldio (f). Then, for large k, &™ [W 1% (&)] is in the interior of the local strong
stable manifold W25 (&) Hence, for all x € W15 (&), the set of integers n € N
such that £"(x) ¢ I;V;r(’)io (&) is a nonempty interval of the form [0, n, ;] NN, where

Nz < M. One has necessarily &, 7" () € D_1¢,, and & (z) € WX (&), for all
0 <n < ng k. This ends the proof of the third item. O

The following lemma provides a way to perturb g; into f;; = xx o g; so that the
second iterate sends the fundamental domain D_y j,x of W*%% (h}) inside wi 11/“2 (G5,
while leaving the strong manifolds of higher dimension locally unaffected. By doing
so, we will force W23 (hy) into Wi (g).

For all 0 < v < 1, write

“Tlap) = Apap) X [~, )" C Tpap).
Lemma 5.14. There is a sequence of diffeomorphisms of M
Xk L) IdM
such that, for large k € N, it holds

o i = Id outside 1/2T[014/3),

o xx(T% =T, for all v € I*,

b :Q(D—lth) C W;iz/oz(glt)7
where fi = xr o gj-

The proof of Lemma 5.14 is postponed until Section 5.5. We are now ready for
the proof of Proposition 5.11.

Proof of Proposition 5.11. Let xj and f; be sequences given by Lemma 5.14. We
have clearly f; SICHEN fo As xx = X;;l = Id outside 1/2T[074/3) Cc T, and
Gi ' [Y2T9.4/3)] C T, for large k it holds:

;il = g;;il outside T.

By Lemma 5.13, there is n,, € N such that for large k it holds: for all z €
W:@io (h}), there is an integer n, < n,, such that h, **(z) € D_yn; and hi(x) €
W2 (hy), for all 0 < £ < ny .

By Item 3 of Lemma 5.7, W:@io(hZ) NUp = 0, thus such h™ (x) is equal to
G;""(x), and finally by Lemma 5.13 Item 2 applied to &, = gj;, and by construction
of fi, it is equal to f;™*(x). Therefore f;"*2(x) € W;q%(g;).

By Lemma 5.13 Item 2, for large k, §j [Wjﬁ;(g;;)} does not intersect Tg 4/3),

hence the positive iterates of f; and §; coincide on the gj-invariant set W;l’i/oz (g5)-
As a consequence, for large k

o frnmt2 [W;Ldi“(hZ)] is a subset of W;IZ/DQ (g5),

e the preimage VAV‘“O(f,j) = *7"’"72[W;’Z‘/"2(§Z)} is a local ig-strong stable

manifold for f; that contains Wiéio (hy).

The sequence W tio (f) converges to the local ig-strong stable manifold Wtio (f) =

f_"m_2[V[/;rl’i/o2 (f)], and the sequence of boundaries Sy = W 0 (h}) is a sequence

of smooth spheres in W *io (f7) that converges to the boundary S = oW (f).
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By Lemma 5.4, for large k, Sy, delimits a local ig-strong stable manifold Wi () C
Wio (f) in W*s (f), and Wtio (fi) — Wt (f) for the C" topology.

Claim 4. We have W:S” (fi)= Widio (h), for large k.

Proof. We have just seen that Wiéio (h}) is inside W5 (f*). By Remark 5.8, it is
an ig-dimensional manifold delimited by the two spheres A (o} px = Wtsio (h)NT 0y
and Si. Thus, either it is on the "good side” of Sy in W**'(f}), that is, in the
disk Wio (f) delimited by Sy, or on the ”wrong side”.

By convergence of W;Ldi“(hZ) to W;Ldi“(f), and of Wtio(fF) to Wtio(f), for
large k it is on the good side. In particular, the ¢g-sphere A{o},h;; C Typy is in
Wi (fr). Note that, by Lemma 5.7, Aoy, s+ = Wi (f) N Ty} is reduced to an
ig-sphere for large k, hence it has to coincide with A{O},h;-

The manifold WX (hf) € W% (f}) is therefore delimited by Aoy,sr and Sk.

By Remark 5.8, we finally get W2 (hi) = W22 (f7). O

We now build the sequence W (f;). For this, we need to distinguish two cases:

e The I* = () case: by the dimension assumption pointed out in Footnote 8, we
have W (hy) = W (h}) and W (f) = W (f). We put

WH(fi) = WFo(fp).

e The I* # () case: by the same dimension assumption, we have W (g;) =
WHim (g¥), where i,, is the maximal element of I. By Eq. (30), T/ =
TNWT(g;). We have xx = Id on WH(g;)\ Tt and yj(T%") = Tim, that is,
xe [WT(g5)] = WH(g;). This, with the facts that x; tends to Id and W (g;)
is strictly invariant by g;, implies that, for large k, W (g;) is a local strong
stable manifold also for the diffeomorphism f;;. We put

WH(f) =W (3).
Claim 5. For large k € N:
WHHfi) = WHgp),  for allie I, (32)
W (fi) = WHo(ff). (33)
Proof of the claim: As previoulsy, for any i € I*, xx(T?) = T? implies that
that for large k, the local i-strong stable manifold W*(g;) for g; is also a
local i-strong stable manifold for f}, hence

WHH(gr) € WD, (34)

On the other hand, Wi (f) = W7 (k%) is a subset of W (h}) \ Up,
hence of W (f) = W*(g;). Lemma 5.5 implies then that

Wi (fi) c WH(f). (35)

As W (f) is regular, by Remark 5.3, W+ (f¥) = W*(g;) is also regular for
both f and g;, for large k. Hence, for large k, the local i-strong stable man-
ifolds Wi (gr), WHi(fr) € WT(f) are therefore two C' i-disks transverse
to the boundary W™ (f;) and their boundaries OW ™(g;) and OW Hi(f7)
lie inside OW T (f;). Under those conditions, Eq. (34) implies Eq. (32).

For the exact same reason, Eq. (35) implies Eq. (33). O
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In both cases, W (f}) is a sequence of local strong stable manifolds that converges
to W (f) for the C"-topology and WHi(fF) = WHi(g;), for all i € I*. Finally,
Claim 4 gives: _ _

W25 (i) = WG (hi)-
This ends the proof of Proposition 5.11. o
5.5. Proof of Lemma 5.14.

Idea of the proof: we will compose g;, by a fibrewise translation xy of T = AxR?io,
that is, a transformation that restricts into a translation of each fibre {a} x R4~

by a vector v, € R?¥~%_ such that the sequence of diffeomorphisms Y, converges to
the identity map, and so that (X o gZ)Z(D,LhZ)lS is a subset of W;rl’l/‘; (g;). Then
by a partition of unity one gets the sequence of diffeomorphisms y; of M that we

are looking for. O

Recall that f(T[Oﬁl)) = Ty ,2). Hence, there exists 0 < a < 1 such that
f(Tp0,a) C Tpa,az3) (36)
For simplicity, rename the objects given by Lemma 5.7:
Gy = Fgg, Hy = F,iz

The O™ maps G, Hy: A — [—1,1]97% tend to 0 for the C" topology, and their
graphs are W (g:) N'T and W (h}) N'T, respectively. By Eq. (30), if i € I*,
then the maps Gy, Hy, take value in [—1,1]i~% x {0}4~%.

By a partition of unity, we build a sequence of C"-maps (;AS;C: A — R4 that
converges to 0, and such that for large k,

e ¢ =0 outside A[p 4/3),

e ¢ =Gy — Hg on Ay, 5,4y, where a is such that Eq. (36) holds.

e if i € I*, then ¢ takes value in [—1,1]"~% x {0}~

Write T = A x R4, Let &, € Diff"(T) be the diffeomorphism such that the
restriction of ®; to each fibre {a} x R¥" is a translation by the vector ¢(a) €
R This is a sequence of diffeomorphisms that converges C"-uniformly to Id4,,
and

&p(TH = T4, foralliel* (37)

where T = A x Ri~% x {0}9~7,
Let Uy C T be the set of points  such that §i(z) and &y o §i(z) are in T. We
have then a well-defined diffeomorphism
. JUx =V, CT
Ik x Hfi)kogl’g(x)'
The diffeomorphisms f and f? send the fundamental domain D_; ¢ in the interior
of T. Hence, for large k, the diffeomorphisms g; and §;? send the fundamental

15This is an abuse of notation since ¥ and gy, are not diffeomorphisms of the same space.
However, it will make sense, as each restricts to a diffeomorphism from some open set of T to
another, and as for large k, IDfl,hZ will indeed be in the domain of definition of the composition

()A(k o gZ)Q of those restricted diffeomorphisms.
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domain D_y p: in the interior of T. As the sequence dy, tends to identity, for large
k the set D_l,h; is in the domain of definition of i and the composition g,%.

By Remark 5.12, D_y p: converges to D_1,y = A[_10) C T, which does not
intersect the closed set Up. With Eq. (26), we get g; = hj on D_j py, for large
k. Therefore D_y p» U gZ(D_l,hz) = D_1,n; UDo,p; is a sequence of manifolds that
converges to A[_y 1), for the C” topology. Take the image by $, and compose by
gk, and we have that the sequence g (D_1,p;) L g,%(’D_Lhz) converges to Apg ), for
the C" topology.

L — Ty

T
()

ANA[0,4/3)

FIGURE 10. gk(’D_Lhz) U g%(D_lyhz) is the graph of a C"-map
Gr: AJUA} — [—1,1)4 %,

That map coincides with Gy, on the gray area.

Let m: A x R97% — A be the canonical projection. Denote by A? and A} the
images by 7 of the sets g(D—1,5:) and g,%(D_Lh;), respectively. For large k, those
are disjoint sets and gi(D—_15r) U gz (D_1,n;) is the graph of a map

Gr: AQUA}L — [-1,1)4,

with Gy tending to 0, as k — oo.
For large k g3 (D—1,n:) = hj,(D-1.n:) = Donz, and by Eq. (30), is in T*, for all
i €I". As Dopr — App,1) and &), — Id, Eq. (37) gives

gr(D_1p:) € T

for large k and all i € I*. We repeat the same arguments to prove that gi(D_1,n: )

is in T?, for large k and for all i € I*. In other words, if i € I*, then Gy, takes value
in [—1,1]"7% x {0}4—7.
By construction of @y, for large k, one has

é’k =G on A% N A[a,5/4) = A% \ A[Oﬂ). (38)
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In other words, gr(D—1,nx) \ Tjo,qy C W (gj). This implies that

35[0k (D-1,0:) \ Tjo,0)] € WH(gi)
Gk 0 gr(D-1.n:) \ Tpo,a/3 C W (gy)  for large k.
This last line come from f sending T|o4) in the interior of T 4/3). As ), = 1Id
outside T|g 4/3), we get
Q,QC(’D_L;LZ) \ To,4/3) C Wt (gr)  for large k,
that is,
Gk = Gk on 1&,1C \ A[0)4/3). (39)

We want now to force gi(D_1,4:) to lie entirely in W% (gy). For this, we need
to compose §i by another diffeomorphism.
By a partition of unity, one builds a sequence of maps v, : A — R?~% such that

e 1 = 0 outside (A) LAL)\ Ap,q),

° Q/Jk:Gk—Gk on (Agl_lAllc)\A[Oﬁa). o ‘

e if i € I*, then ¢} takes value in [—1,1]"~% x {0}~
T hie same way as we built &, from or, we build a sequence of diffeomorphisms
U, € Diff"(T) from the sequence .

Let xx = Wy o ®. That diffeomorphism leaves invariant the sets Ti = A x
Ri=io x {0}, for all i € I*. Define

fre =Xk G
=Wy, 0 Gi.

By its definition and by Eq. (38), 1% = 0 on A9. Hence ¥, = Id on 7~ *(A9), and
in particular on gx(D—1 ny), by definition of AY. Therefore,

Fe(D_1n:) = gr(D_1n2). (40)
By construction, ¥y, [92(D_1p:)] € WHio(gr). Hence
FR(D_1y) C WH(gp).

Note that X = Id outside A[g 4/3) X R and that the sequence of diffeomorphisms
X C"-converges to Id.
By considering a suitable partition of unity 10 = 1 + 6 on T, one builds a

sequence
T — T
Xk -

x  — [n(z),0(x)]-barycenter of x and Yi(z)

of diffeomorphisms'® of T such that

the sequence xj tends to Id, for the C"-topology
Xk coincices with ¥ on /4T =1/4T[,213),

it coincides with Id outside 1/2T[014/3),

it leaves invariant the sets T, for all i € I*.

16these maps are diffeomorphisms for large k
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Those diffeomorphisms naturally extend by Id to diffeomorphisms of M. For large
k, we will have

(D1 ny) = fA(D_1pz) C WHP(30),
where f; = xr o g;. As f7 tends to f and f2(D_1 ) is included in the interior of
T(1/2,3), we finally get that, for large k,

FE(D-1ny) € WS (G0).

This ends the proof of Lemma 5.14.

6. Examples of applications. We give in this section a few consequences of The-
orem 1. We prove Theorem 2 which asserts that one can perturb a saddle of large
period in order to turn its eigenvalues real, while preserving its invariant manifolds
semi-locally.

Wen [21] showed that the absence of a dominated splitting of index ¢ on limit
sets of periodic orbits of same index allows to create homoclinic tangencies by small
perturbations. To prove it, he showed that one obtains new saddles with small
stable/unstable angles by Cl-pertubations, but a priori without knowledge of the
homoclinic class to which the new saddles belong. Here we prove Theorem 3, which
gives a dichotomy between small angles and dominated splittings within homoclinic
classes. Through that result, we find another way to the main theorem of [12], and
the more result Theorem 8.

6.1. Dichotomy between small angles and dominated splittings. We recall
that a saddle point P is homoclinically related to another @ if and only if the
unstable manifold of each meets somewhere transversally the stable manifold of the
other. The homoclinic class of a saddle P is the closure of the saddles that are
homoclinically related to P. The eigenvalues of a saddle P are the eigenvalues of
the derivative of the first return map at P.

Definition 6.1. Let f be a diffeomorphism of M and K be a compact invariant set.
A splitting TM|x = E @ F of the tangent bundle above K into two D f-invariant
vector subbundles of constant dimensions is a dominated splitting if there exists an
integer N € N such that, for any point x € K, for any unit vectors u € E, and
v € F, in the fibers of £ and F above x, respectively, one has:

IDfY ()l < 1/2| DY ()]

In that case, we say the splitting is IV-dominated. The smaller the number N,
the stronger the domination.
Theorem 3 is a generic consequence of the following proposition (see section 6.2).

Proposition 6.2. Let f be a diffeomorphism of M and € > 0 be a real number.
There exists an integer N € N such that for any

e saddle periodic point P of period p > N such that the corresponding sta-
ble/unstable splitting is not N-dominated,,
e neighbourhood Up of the orbit Orbp of P,

o number o > 0 and families of compact sets
K; C W} (P, f)\{Orbp}, forallicl
Ly c Wi(P, f)\ {Orbp},  forall j € J,

where I and J are the sets of the strong stable and unstable dimensions,
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there is a C-e-perturbation g of f such that

o 1l = ¢ throughout Orbp and outside Up,

e the minimum stable/unstable angle for g of some iterate g (P) is less than e,

o the eigenvalues of the first return map DgP(P) are real, pairwise distinct and
each of them has modulus less than € or greater than e 1,

o forall (i,7) € I x J, we have
K; C Wgs’i(P, g) and L; C W;“"'j (P, g).

The proof of Proposition 6.2 is postponed until section 6.4.

Theorem 4.3 in [12] states that if the stable/unstable dominated splitting along
a saddle is weak enough, then one may find a C'-perturbation that creates a ho-
moclinic tangency related to that saddle, while preserving a finite number of points
in the strong stable/unstable manifolds of that saddle. During the process, the
derivative of that saddle may have been modified. The technique introduced in this
paper allows to create a tangency while preserving the derivative.

Indeed, under the hypothesis that there is a weak stable/unstable dominated
splitting for some saddle P, one creates a small stable/unstable angle and pairwise
distinct real eigenvalues of moduli less than 1/2 or greater than 2, after changing
the derivative by application of Theorem 1 with some path A; of derivatives (see
the proof of Proposition 6.2 in section 6.4). Applying the techniques of the proof
of [12, Proposition 5.1], one finds another small C*-perturbation on an arbitrarily
small neighbourhood of P that creates a tangency between its stable and unstable
manifolds, without modifying the dynamics on a (smaller) neighbourhood of the
orbit of P. That perturbation can be done preserving any preliminarily fixed finite
set inside the strong stable or unstable manifolds of P. Then one may come back
to the initial derivative applying again Theorem 1 with the backwards path A;_;.
This sums up into:

Theorem 8. Let f be a diffeomorphism of M and € > 0 be a real number. There
exists an integer N € N such that if P is a saddle point of period greater than
N and its corresponding stable/unstable splitting is not N-dominated, if Up is a
neighbourhood of the orbit of Orbp and I' C M is a finite set, then

o there is a C' e-perturbation g of f such that f=* = g*' throughout Orbp and
outside Up, and such that the saddle P admits a homoclinic tangency inside
U forg.

e the derivatives Df and Dg coincide along the orbit of P,

o for each x € T, if x is in the strong stable (resp. wunstable) manifold of
dimension i of Orbp for f, then x is also the strong stable (resp. unstable)
manifold of dimension i of Orbp for g.

6.2. Proof of Theorem 3. Fix p € N\ 0 and ¢ > 0. Let S, be the set of
diffeomorphisms f such that for any periodic saddle point P of period p, if the
homoclinic class of P has no dominated splitting of same index as P, then there is
a saddle @ in the homoclinic class of P with same index as P that has a minimum
stable/unstable angle less than e and pairwise distinct real eigenvalues of moduli

less than e or greater than e~ !.

Lemma 6.3. For allp € N\ O and € > 0, the set S, ¢ contains an open and dense
set in Diff'(M).
Proof of Theorem 3: Take the residual set R = ﬂ S, 1 O

"m+41 :
p,neN
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Proof of Lemma 6.3: By the Kupka-Smale Theorem, there is a residual set R of
diffeomorphism whose periodic points are all hyperbolic, and consequently that
have a finite number of periodic points of period p. Let f € R. Let Pi,..., P, be
the saddle points of period p for f. For all g in some neighborhood Uy of f, the
saddle points of period p for g are the continuations P;(g), ..., Pi(g) of the saddles
Py, ..., P.

Claim 6. For all 1 < k < I, there is an open and dense subset Vi of Uy such
that, for all g € Vi, the homoclinic class of the continuation of Py(g) either admits
a dominated splitting of same index as Py, or contains a saddle of same indezx as
P, that has a minimum stable/unstable angle less than € and pairwise distinct real

eigenvalues of moduli less than € or greater than e '.

Proof. Let A C Uy be the set of diffeomorphisms such that the homoclinic class of
the continuation Pj(g) does not admit a dominated splitting of same index as Py,
and let A, C Uy be the open set of diffeomorphisms such that that homoclinic class
contains a saddle of same index as P that has a stable/unstable angle strictly less
than e and pairwise distinct real eigenvalues of moduli less than € or greater than
e ! Let f € A.

Obviously, the homoclinic class of Pg(f) cannot be reduced to Py(f). For any
N € N, there is a periodic point @y in that homoclinic class that has same index
as Py, that has period greater than N, and such that the stable/unstable splitting
above the orbit of Q) is not N-dominated. By Proposition 6.2, there is an arbitrar-
ily small perturbation of g that turns the minimum stable/unstable angle of some
iterate of some @y to be strictly less than €, and that turns the eigenvalues of that
Qn to be real, with pairwise distinct with moduli less than e or greater than ¢!,
while preserving the dynamics and preserving any previously fixed pair of compact
sets K", K* (that do not intersect Orbg, ) in the stable and unstable manifolds of
@n. In particular, one can do that perturbation preserving the homoclinic relation
between Qn and Px(g): one finds an arbitrartily small perturbation of g € A in
A..

Thus A°U cl(A) = Uy, where A® = Uy \ A. As a consequence, A°\ cl(A,) is
open and

Vi = [A%\ cl(A)] UA,

satisfies all the conclusions of the claim. O

The intersection Vy = Ni<k<i Vs is an open and dense subset of Uy and is included
in S, .. The union of such V; is an open and dense subset of Diff' (M) contained
in Spc. This ends the proof of the Lemma. O

6.3. Linear cocycles and dominated splittings. Here we recall notations and
tools from [6] and [8]. Let m: E — B be a vector bundle of dimension d above
a compact base B such that, for any point x € B, the fiber E, above x is a d-
dimensional vector space endowed with a Euclidean metric ||.||. One identifies each
x € B with the zero of the corresponding fiber E,. A linear cocycle A on E is a
bijection of E that sends each fiber E, on a fiber by a linear isomorphism. We say
that A is bounded by C > 1, if for any unit vector v € E, we have C~1 < [ A(v)| <
C.

In the following, a subbundle F C E, is a vector bundle with same base B as E
such that, for all =,y € B, the fibers F, and F, have same dimension. One defines
then the quotient vector bundle E/F as the bundle of base B such that the fiber



AN ISOTOPIC PERTURBATION LEMMA ALONG PERIODIC ORBITS 45

(E/F), above x is the set {e, + F,e, € E,} of affine subspaces of E, directed
by F,. The bundle F is endowed with the restricted metric ||.||r and the norm of
any element e, + F;, of E/F is defined by the minimum of the norms of the vectors
of e, + F,. If G is another subbundle of F, then one defines the vector subbundle
G/F C E/F as the image of G by the canonical projection £ — E/F.

If F is a subbundle invariant for the linear cocycle A (that is, A(F) = F), then
A induces canonically a restricted cocycle Ajp, and a quotient cocycle A,p defined
on the quotient E/F by A/p(e; + Fy) = A(ex + Fi) = Alex) + Faw). If G is
another invariant subbundle, then G//F is an invariant subbundle for A/ .

Remark 6.4. If A is bounded by some constant C' > 1, then so are the restriction
Ajr and the quotient A, p.

We use the natural notions of transverse subbundles and direct sum of transverse
subbundles. The following definition generalizes the definition given in the previous
section for diffeomorphisms. Let A be a linear cocycle on a bundle E, and let
E = F @& G a splitting into two subbundles invariant by A. It is a dominated
splitting if and only if there exists N such that, for any point « € B, for any unit
vectors u € F,, v € G, in the tangent fiber above z, we have

AN ()| < 1/2.[|A% (v)]].

Given such N, one says that the splitting F'® G is N-dominated. The strength of a
dominated splitting is given by the minimum of such N. The bigger that minimum,
the weaker the domination.

6.4. Isotopic perturbation results on cocycles. A few perturbation results on
cocycles are proved in [8] and [12]. Here we want to show that these perturbations
can actually be reached through isotopies of cocycles that satisfy good properties,
namely properties that will put us under the assumptions of Theorem 1.

To any tuple (A4, ..., A,) of matrices of GL(d,R) one canonically associates the
linear cocycle A on the bundle € = {1,...,p} x R? that sends the i-th fiber on the
(i 4+ 1)-th fiber by the linear map of matrix A;, and that sends the p-th fiber on the
first by A,. The we say that A is a saddle cocycle if and only if all the moduli of the
eigenvalues of the product A,...4; are different from 1, and if there are some that
are greater than 1 and others that are less than 1. The splitting £ = E* & E“ into
the stable bundle E* and the unstable one E* is called the stable/unstable splitting.

Notice that Theorem 2 is a straightforward consequence of Theorem 1 and the
following proposition about getting real eigenvalues:

Proposition 6.5. Let € > 0, C > 1 and d € N. There exists an integer N € N
such that, for any p > N and any tuple (Ai,...,A,) of matrices in GL(d,R), all
bounded by C (i.e. | A, ||A; | < C), it holds:
there is a path {Ay = (A14,. .., Ap7t)}t€[0 y GL(d,R)? such that
L Ao = (Al, ...,Ap).
o The radius of the path A; is less than e, that is,
max {140 — Anoll 1473 - A7 b} <.

tefo,1]

o Forallt € [0, 1], the moduli of the eigenvalues of the product By = A, 1 Ap_1,4... A1,

(counted with multiplicity) coincide with the moduli of those of By and the ei-
genvalues of By are real.
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We state a second Proposition about reaching through an isotopy eigenvalues

that all have moduli less than € or more than ¢~ 1.

Proposition 6.6. Let ¢ > 0, C > 1 and d € N. There exists an integer N € N
such that, for any p > N and any tuple (A, ..., A,) of matrices in GL(d,R), all
bounded by C, if the moduli of the eigenvalues of the product || Ar are pairwise
distinct, then it holds:

there is a path {A = (A1, ... ’Ap7t)}t€[0 L GL(d,R)? such that

o Ay =(41,...,A4p).

o The radius of the path Ay is less than e,

o For allt € [0,1], the moduli of the eigenvalues of By = Ap...A14 are pairwise
distinct and different from 1 and the eigenvalues of B1 have moduli less than

€ or greater than e 1.

The third one is about obtaining a small angle in the absence of dominated
splitting:

Proposition 6.7. Let ¢ > 0, C > 1 and d € N. There exists an integer N € N
such that, for any p > N and any tuple (Ai,...,A,) of matrices in GL(d,R), all
bounded by C, it holds:

e if the linear cocycle associated to it is a saddle cocycle such that its sta-
ble/unstable splitting is not N-dominated,
o if the eigenvalues of the product A, x ... x Ay are all real,

there is a path {Ay = (A1y,. .., Ap7t)}t€[0 g GL(d,R)? such that

Ao = (A1, ..., 4p).

The radius of the path Ay is less than e,

For allt € [0,1], the eigenvalues of By = Ap¢...A1+ (counted with multiplicity)
are equal to those of By.

The stable/unstable splitting of the cocycle associated to Ay has a minimum
angle less than €.

Proof of Proposition 6.2: Since it poses no difficulty, we only sketch it. One first
applies Proposition 6.5 to obtain a path that joins the cocycle corresponding to the
derivative D f| o, along the orbit Orbp of P to a cocycle such that its eigenvalues
are all real. Then adding an arbitrarily small path, one may suppose that the
moduli of these eigenvalues are pairwise distinct. With Proposition 6.6, we prolong
that path to obtain eigenvalues that have moduli less than € or greater than ¢!,
Remember that a weak dominated splitting remains a weak dominated splitting
after perturbation, if it still exists. Hence, we can use Proposition 6.7 to get a small
angle. This provides us a path of small radius that joins the initial derivative to a
cocycle that has all wanted properties. One finally applies Theorem 1 to conclude
the proof. O

6.4.1. Proof of Proposition 6.5.

The dimension d = 2 case: First notice that, if the determinant of the product
Ap...A; is negative, then the eigenvalues are already real and we are done.

If not, one finds a p-periodic sequence of isometries J,, of R?, and a sequence of
integers C~' < A\, < C, such that the matrix fln = )\n.JnAanjl has determinant
1. Note that the product flp...fll has real eigenvalues if and only if the product
Ap...A; has real eigenvalues.
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Assume we have a path A, = (AM’ cny /Alpyt) of diameter less than é = C'~ ¢, such
that it holds
o Ay =(44,..,4Ap),
e forall¢ € [0, 1], the moduli of the eigenvalues of the product B, = Ap,t/lp_u...fll,t
coincide with the moduli of those of Bg,
e the eigenvalues of By are real.
Then the path A; = (A4, ..., Ap+), where A, ; = A;l.Jn_lflnﬁtJnH, clearly satisfies
all the conclusions of Proposition 6.5. Therefore, it is enough to solve Proposition 6.5
for the A,, € SL(2,R) case. [3, lemme 6.6] easily answers that case:

Lemma 6.8 (Bonatti, Crovisier). For any ¢ > 0, there exists N(g) > 1 such that,
for any integer p > N(e) and any finite sequence Aq, ..., A, of elements in SL(2,R),
there exists a sequence au,...,ap in | — €, such that the following assertion holds:

for anyi € {1,...,p} if we denote by B; = Ry, o A; the composition of A; with the
rotation R, of angle o, then the matriz By, o Bp_1 0---0 By has real eigenvalues.

Under the hypothesis of the lemma, let aq,...,®, be a corresponding sequence.
For all 1 < ¢ < p, define A;; = Ry, © A;, and let ty be the least positive num-
ber such that the matrix A;, o--- o A;; has real eigenvalues. Then the path
{(Ata, . Atp)ticpo,r,) Satisfies the conclusions of Proposition 6.5.

This ends the proof of the dimension 2 case. O

Proof of Proposition 6.5 in any dimensions. Consider the linear cocycle A associ-
ated to the sequence Ay, ..., A, on the bundle € = {1, ..., p} x R%. If some eigenvalue
of the product A, ... A;, that is the first return map, is not real, there is a dimen-
sion 2 invariant subbundle F' of £ that corresponds to the corresponding pair of
complex conjugated eigenvalues. Choosing orthonormal basis in each fibre of F' and
completing by a basis of the orthonormal bundle F*, the linear cocycle A writes in
those bases as a sequence of matrices of the form:

(% 4)
0 Agf, )

Using the proposition in dimension 2, one may choose a path Az, of automorphisms
of F ending at A|r such that the first return map of Ajr has real eigenvalues.
Denote by A; the linear cocycle corresponding to the sequences of the matrices

<A|F,t,i fi >
0 AF,i

This defines a path of small radius that joins the initial automorphism to an auto-
morphism where two of the eigenvalues have turned real. The other eigenvalues are
given by the product of the blocks Aﬁi, therefore did not change. One may need to
iterate that process at most d/2 times to turn all eigenvalues real, by concatenation
of small paths. This ends the proof of the proposition. o

6.4.2. Proof of Proposition 6.6. As in the previous proof, one considers the linear
cocycle A associated to the sequence Aj, ..., A, on the bundle £ = {1,...,p} X R4,
Let £ = E® @ E" be the stable/unstable splitting for the cocycle A. Choosing an
orthonormal basis in each fibre of E* and completing by a basis of the orthonormal
bundle E*%, the linear cocycle A writes in those bases as a sequence of matrices of

the form:
( Alps i B >
0  Ag., )
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Let 0 < t < 1. Let A be the cocycle obtained from A multiplying each matrix
Aips; by t1/P. One easily checks that the stable eigenvalues of A; are those of
A multiplied by ¢, while the unstable eigenvalues remain unchanged. All stable
eigenvalues for A are less than e and, for p big, the path {A;};c[c,1] is small. One
can do the same for the unstable eigenvalues of A, and obtain another path. The
concatenation of both paths ends the proof of the proposition.

6.4.3. Proof of Proposition 6.7. We show it by induction on the dimension d. We
first restate [6, Lemma 4.4]:

Lemma 6.9 (Bonatti, Diaz, Pujals). Let C > 1 and d € R. There exists a mapping
¢c.a: N — N such that, for any linear cocycle A bounded by C on a d-dimensional
bundle E, the following holds for all N € N: if an invariant splitting & = F & G
is not ¢c,a(N)-dominated for A, and if H C F (resp. H C G) is an invariant
subbundle, then

o cither the splitting H®G (resp. F® H ) is not N-dominated for the restriction

Anaa (resp. Ajreomn);
e or F/H © G/H is not N-dominated for the quotient A, g .

Proof in dimension 2: This is basically [7, Lemma 7.10] by isotopy. Notice that the
perturbations done in the proof of that lemma can be obtained by an isotopy such
that at each time, two invariant bundles exist. The eigenvalues may be slightly
modified along that isotopy, however each eigenvalue may be retrieved by dilat-
ing or contracting normally to the other eigendirection (which preserves the other
eigenvalue). O

Proof in any dimension: Fix d > 2, and assume that the proposition in proved
in all dimensions less than d. Let C' > 1 and A be a saddle cocycle bounded
by C associated to a sequence Aj,..., A, on the bundle & = {1,...,p} x R¢ and
let £ = E° @ E* be the stable/unstable splitting. One of these two bundles has
dimension greater or equal to 2, we assume it is E° (the other case is symmetrical).
Since the eigenvalues of A are real, there is a proper invariant subbundle F' C E*.
For all N € N, if the stable/unstable splitting E* @ E* is not ¢¢,q4(N)-dominated,
by Lemma 6.9, either H = F'® E" is not N-dominated for the restriction Az, or
E°/F®E"/F is not N-dominated for A/p. Let € > 0. By the induction hypothesis,
one can find Ny € N such that the conclusions of Proposition 6.7 are satisfied with
respect to €,C and any 2 < d’ < d.

Note that for any N greater than some Ny it holds: if a d’-dimensionnal saddle
cocycle is bounded by C' and not N-dominated, then it is not Ng-dominated. Let
No= o, ek

Then, if A is not ¢¢,q4(No)-dominated, by Lemma 6.9 and the induction hypoth-

esis, one has either:

e a path Ay, of radius < e that joins Ay to a saddle cocycle that has a
minimum stable/unstable angle less than €, and such that the eigenvalues are
preserved all along the path. One may extend that path to a path A; of
saddle cocycles on £, the same way as we extended the path A|p in the proof
of Proposition 6.5. That extended path has the same radius as Ajg ;. The
minimum stable/unstable angle of Ay is less or equal to that of A, for all
t, in particular that of A4; is less than e. Finally, for all ¢, the eigenvalues of
A; are the same as those of A.
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e or a path A/p,; of radius < e that joins A,r to a saddle cocycle that has a
minimum stable/unstable angle less than ¢, and such that the eigenvalues of
the first return map are preserved all along the path. Choosing an orthonormal
basis in each fibre of F' and completing by a basis of the orthonormal bundle
F+, the linear automorphism A writes in those bases as a sequence of matrices

Of the fOI“In:
( | ’ >
0 A F.i ’

where the sequence of matrices AI%J- identifies with the quotient A,r. We
define a path A; replacing the sequence A, by the sequence Af,; that
corresponds to the cocycle A,/ p;. As both A‘f and A, g, are saddle cocycles,
for all t, A; is also a saddle cocycle.

Let £ = E @ E}* be the stable/unstable splitting for A;. By construction
F is a subbundle of F; and is invariant by A;. The stable/unstable splitting
of A¢/p, which identifies to A, py, is £/F = Ef /F © E*/F. Note that, given
three vector subspaces I' € A and A of R%, one has the following relation on
minimum angles:

Z(AA) < Z(A/Ty AT,

Therefore, the minimum stable/unstable angle of each A, is less than that of
A, py, in particular, that of A is less than e. The path A; has same radius
as the quotient path A/ p,, in particular it is less than e. The eigenvalues are
the same for A = Ay and A;.

We are done in both case, which ends the proof of Proposition 6.7. O

7. Further results and announcements. In this paper, we assume that some i-
strong stable/unstable directions exist at any time ¢ of the homotopy, and we obtain
a perturbation lemma that preserves the corresponding local invariant manifolds
entirely, outside small neighbourhoods.

We announce a 'manifolds prescribing pathwise Franks Lemma’, that is, a gener-
alisation of Theorem 1 that allows to prescribe the strong stable/unstable manifolds
within any ’admissible’ flag of stable/unstable manifolds. That generalisation im-
plies for instance that if the i-strong stable direction exists for all the cocycles =,
for 0 <t <1, and if, for some time ¢, all the eigenvalues inside the i-strong stable
direction have same moduli, then one can do the pathwise Franks’ lemma, prescrib-
ing the j-strong stable manifolds, for all j < 4, inside arbitrarily large annuli of
fundamental domains of i-strong stable manifold.

Let us formally define these objects. Let f be a C!-diffeomorphism and P be
a periodic saddle point for f. To simplify the statement, we assume that P is a
fixed point. Given a fundamental domain of the stable/unstable manifold of P
identified diffeomorphically to S~ x [0, 1[, an annulus A(f, P) is a subset of the
form S%~1 x [0, p[, where 0 < p < 1. We denote by W*%(f) the i-strong stable
manifold of f. An i-admissible flag of manifolds for f is a flag W' C ... Cc W% =
W$i(f) of f-invariant manifolds such that each W** is an immersed boundaryless
k-dimensional manifold that contains P, and that is smooth at all points, but
possibly P. A particular case (and simple case) of the announced Franks’ Lemma
that prescribes manifolds can be stated as follows:

Theorem. Assume that (At)icjo,1) 95 a path that starts at the sequence of matrices
Ao corresponding to the derivative of f. Assume that, for all t, the corresponding
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first return map has an i-strong stable direction. Assume also that there is some time
to such that the i strongest stable eigenvalues A1 (to),...Ai(to) of Az, counted with
multiplicity, have same moduli. Then, for any i-admissible flag W' C ... C W*?
for f, for any annulus A(f, P), for any neighbourhood Up of the orbit of P, there
is a diffeomorphism g such that it holds:

e g is a perturbation of f whose size can be taken arbitrarily close to the radius
of the path Ay,

o gt = f*1 on the orbit Orbp of P and outside Up,

o the sequence of matrices Ay corresponds to the derivative Dgjop

o for all 1 < j < i, if g has a j-strong stable manifold, then it coincides with
W#I by restriction to the annulus A(f, P).

The perturbation techniques for linear cocycles as developed in [16, 6, 8] suc-
cessively, can be easily rewritten in order to take into account the need of a good
path between the initial cocycle and the pertubation. The perturbations of cocycles
obtained by the techniques of [8] can indeed be done along paths whose size are
small (R. Potrie actually wrote a proof of it in [17]). A general description of the
vectors of Lyapunov vectors that can be reached by a perturbation of a linear cocy-
cle has been recently given by Bochi and Bonatti [2]; moreover, those perturbations
are built so that they can be reached from the initial cocycle by a isotopy. These
isotopic perturbation lemmas for cocycles and the theorem announced above lead
to easy and systematic ways to create strong connections and heterodimensional
cycles whenever there is some lack of domination within a homoclinic class.

We claim that with some hypotheses on the signs of the eigenvalues of the first re-
turn map of A;, the theorem above can be adapted to prescribe the entire semi-local
flag of strong stable manifolds outside Up within an isotopy class of i-admissible
flags determined by the isotopy class of the path of eigenvalues (A1(t),...A;(t)) (here
A;(t) is the j-th eigenvalue of Ay, counting with multiplicity). In a work in progress,
Bonatti and Shinohara used an adapted version of this argument in dimension 2, in
order to build their new examples of wild C'-generic dynamics.

Finally, we claim that these results, with some more work and excluding the
codimension one manifolds'”, can be adapted to hold in the volume preserving and
symplectic settings. They can also clearly be adapted to the flows case, but here
again technical work is needed.
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