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Abstract

This paper deals with the proof of the existence of kink states in the discrete
model of the polyacetylene molecule. We use ideas from Kennedy and Lieb [4] to
study finite, odd chains of polyacetylene, and then we consider the limit as the
number of atoms goes to infinity. We show that, after extraction of a subsequence
and up to a translation, the energy minimizers of odd chains tend to an infinite
vector approaching one of the infinite dimerized states at +oo and the other one at
—oo. This state is called a kink and its existence was strongly suggested in previous
works such as [8, 5, 12], but a mathematical proof was missing, to our knowledge.

Introduction

The first rigorous study of the discrete model of the polyacetylene molecule, (CH),, was
made by Kennedy and Lieb in [4]. They show that, under certain conditions, the energy
of a chain with an even number of CH groups has exactly two minimizers, and that these
minimizers are dimerized configurations, as suggested in previous works by Su, Schrieffer
and Heeger [10, 9] (see also [3]). This validates the theory of the Peierls instability |7, 2|
in one-dimensional chains.

Other works (for instance [11] and [1]) deal with the continuum approximation of
the polyacetylene molecule. There, the authors obtain formal results on the existence
of solutions of the Euler-Lagrange equations associated to the minimization problem of
the energy of the (CH), molecule in the continuum model. In particular, Campbell and
Bishop build in [1] kink-like solutions of these equations which connect the two ground
states at F-o0.

To our knowledge, in the discrete case no rigorous proof of the existence of kink states
has been given. However, numerical calculations suggest that such kinks exist [8] and
some discussions on their properties have been published [5, 12]|. In the present work, we
prove rigorously the existence of kinks. They appear naturally by considering the ground
states of chains with 2N 4+ 1 CH groups and then making /N tend to infinity. The ground
states converge, up to a translation and to extraction of a subsequence, to an infinite state
connecting the two infinite dimerized states. This will be made more precise in section 2.



In section 1, we briefly introduce the discrete mathematical model describing the (CH),
molecule. We define the energy functional as a function of the molecule configuration,
and we recall some technical aspects that will be useful further on. For a more detailed
physical description of the model the reader may refer to [10, 9, 4].

The main theorem of this paper, dealing with the existence of kinks and other prop-
erties, is proved on section 2. We use mainly ideas from [4] to develop the proof of
the theorem. However, our argument is also based upon the concentration-compactness
principle of P.L. Lions [6].

1 A model for finite chains

In the whole paper, x4 denotes the characteristic function of the set A and 64 denotes
the operator of multiplication by the characteristic function x4 , i.e. for any sequence
x = (x;) , (0ax); = xa(i)x;. We also denote by o,(X) the Schatten classes in a Hilbert
space X, and by | - ||, the associated norms.

We consider a closed chain of N € N atoms. Our model is the same as in Kennedy
and Lieb (KL) in [4], except for the fact that we will not only consider chains of an
even number of atoms. The underlying electronic space is CZ¥%. To any N-tuple of
real numbers t = (t;);cz/nz We associate a Hamiltonian operator 7" whose coefficients
are T; ;.1 = Tj41; = t; and T;; = 0 otherwise (here i, j are defined modulo N). We
look for minimizers of the energy, which is a function of 7" and of a one-body electronic
density matrix I' = (I'; ;) jez/nz. The matrix I' has complex coefficients, is self-adjoint
and satisfies 0 <T' < 1.

The formula for the energy is:

N
1
) S b2
EM(T, t) =g ;(u b)? 4 2Tr(TT).
If we fix t, this energy is minimal when I' = x(_0)(7) and the minimal energy is given
by the following “reduced" functional

() = 5930 =0)* = (7).

If, on the contrary, we fix I, then the minimum of the energy is attained by a unique
vector t(I") of coordinates t; = b — ?Re(l“mﬂ) and the minimal energy is given by the
following “reduced" functional

N

FN(T) = 20Te(T'T) — SZ(Re(FMH))Za

where T is the Hamiltonian associated to the constant sequence t; = 1, i.e. TllZ 4=
(TY)i41, = 1 and T}, = 0 otherwise, hence 2bTr(T'T) = 4b> " | Re(T; 141 -
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In the rest of the paper, we make the assumption gb > 1. The authors KL define the
following variables associated to the vector {¢;}

= 1it y? = 1%# z = 1itt (1)
= — i == p = ilit1,
N@':l Ni:l N@':l "

and they denote by (T?) the mean of T? under translations. This mean matrix can be
written as (T?) = 2y? + 20, where Q is the matrix whose only nonzero elements are
Qiiyo = Qo = 1.

They show rigorously in the even case that the minimum of H®Y) | in the class of 2/N-
periodic vectors t, is attained by exactly two configurations, t3™9(2N) = b+ (—1)%dyy and
tAmL(ON) = b+ (—1)"10yn, with doy — &y as N goes to infinity. The assumption gb > 1
corresponds to realistic data from physics, as explained by Kennedy-Lieb. It implies that
b > &g, where Jg is the unique positive solution of the dimerization equation in the limit
N — oo (see (b))

cos? s 1
ds = =g.
0o Vb2sin?s + 02cos? s 2

Note that the dimerized ground state operators Tgimo(2N) and Tyim1(2N) have the
same square, which we shall denote by T% (2N). Similarly we shall denote by |Tgim(2V)|
their common absolute value, which is the square root of T, dlm(QN ), and we shall denote
by e(2N) their common energy, which is the minimum of H®N),

2 The kink problem in odd chains

Firstly, we note that the model is invariant under translations in the sense that if we let
7 : CN — C¥ be defined by (74v); = v;4, then for any given vector t = (ti)iez/Nz We get
HWMN(r.t) = HM(t). The main goal of this paper is to prove the following

Theorem 1. Suppose that gb > 1 and let t(2N + 1) = (t;(2N + 1))1<i<on+1 be a global
mianimizer of H®NTY . Then, up to a translation i — i+ ky, the following properties hold:
After extraction of a subsequence, t;(2N + 1) converges to a limit t°, for every i € Z.

The infinite sequence t := (t5°);cz obtained in this way is a kink connecting the two
dimerized states. More precisely, there is T € {0,1} such that
SO = b= (=1)FT6 P = Y | — b+ (—1)F76 [ < 00 (2)
i>1 i<0

Moreover, denoting by T the operator in lo(Z) associated with the sequence t*°, the
coefficients of |T'(2N + 1)| converge pointwise to those of [T*°| as N — oo:

TN + )]s — [T*]i; (Vi, j)
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and t*° is a relative energy minimizer. By relative minimizer we mean the following:

Given any sequence u = (u;);ez n 11(Z) and setting U the associated operator, the
difference |T*°| — |T> + U| s trace-class and

1
AH(u) := 59 Z(ul +2t° = 2b)u; + Tr(|T>| — |T> 4+ U|) > 0.

IE€EZ

As a consequence, denoting I'™° := X(_o,0)(T), the following self-consistent equations
hold:

4
t° =b——Re(I';7,,).
g ’

To prove Theorem 1, we start with some a priori estimates which use results from [4].
Lemma 1. For all N > 1,
HEPNTD((2N 4 1)) — HEM (%™ (2N)) < 4b.
Proof. First of all we define the test vector t'*st € C%/GN+DZ pby

sest _ b+ (_1)”152]\/ 1<i<2N
! b i=9ON+1°

and we denote by Ti. the associated operator. Recalling that Tyin1(2/N) is the operator
on CZ/2NZ associated to the dimerized configuration t4™(2N) = {b-+(—1)"*16an bicz/onz,
let Taim1(2N) = X(—00,0)(Taim1 (21V)).

Now let us define the operator I'yq; acting on CZ/GN+DZ by

i Caimi(2N)%  if 1 <i<2N and1<j<2N
<o if i=2N4lorj=2N+1

Using this notation we get
2N+1
o b1 i, di—lrmie1,i
2TrC2N+1 (FteStcrteSt) =2 § (Ftest Crtest _'_Ftest Crtest )
=1
12 2,1 ON2N—12N—12N
- 2Fdim1Tdim1 + 21—‘diml Tdiml
2N—1

ti4+1i+1,4 t,i—1i—1,4
+ 2 E : (Fdimleiml + Fdimljjdiml )
=2

And, omitting the argument (2N) from our notation, we obtain

ON
- dyid 1 it ii—1rmi—1,
2Trgen (Fdimleiml) =2 E (Pdimleiml + Pdimleiml )

i=1
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Hence,

2Trcon (Caimi Taim1) — 2Trconvss (Diest Trest) = 2050 Tt 4 209 700
- 4§R( dlml)Td?lill
[0 < Tgimy <1 =] < AT
= 4(b— don)
< 4b
On the other hand, from the definition of t*** we see that

g 2N+1 g 2N+1

J tt_:est_bQ__ tdiml_bQZO

2 Z ( ) ) 2 ( k3 ) Y

which together with the previous estimates implies that
H(2N+1)<ttest) . H(2N) (tdim1<2N)) < 4b (3)
Now let & = (&) € C*M*L. Since 0 < gim1(2N) < 1 we obtain

(ETe@N+1)8) = > TL&E

1<i,j<2N+1
= ) Tiu@N)EE € [0 Z |€g|2] [0, l1€112]
1<i,j<2N
so that 0 < It (2N + 1) < 1. Hence we conclude that
HENFD(glest (N 4 1)) > HENTD(((2N + 1)),
and by (3) the Lemma is proved. O

We now apply some ideas from the proof of Kennedy-Lieb’s theorem in [4] to study
the following function

1 1
U, 2) = 590 = 26 + 1) = L Trew (27 + 200)77]

defined for every (x,y,z) € R3. The matrix Qy € Mpyxn has been defined in the
introduction. Notice that the analysis of ¢y made in [4] is valid for any N, excepting the
physical interpretation which makes no sense in the odd case.

To any given sequence t = (;);cz/nz We associate the vector (z,y, 2) using (1). Now,
defining as in [4] the variable s; = 2 — t;, we have y? = 2% 4+ & > s? and by the Cauchy-
Schwartz inequality Kennedy and Lieb obtain

1 1
Z:SL’2+NZS¢SZ'+1Z$2—NZS?:2.§L’2—Z/2. (4)

Note that the inequality z* < y? also holds so that it is natural to study ¥ on the domain
D :={(z,y,2) € R®| z > 222 — y% y? > 2% y > 0} of R®. We do so in the following



Lemma 2. For large enough N the function ¥y : R? — R defined by
1 1
Un(,y,2) = 59@2 — 2bx +b%) — NT"?CN (292 + 20n) "]

has a unique minimizer in the region D = {(x,y,z) € R® | 2 > 22® —y?; y*> > 2?; y > 0}.

Proof. As noticed by Kennedy and Lieb, the function ¢y is increasing in |z|. Hence, we
get the lower bound ¥y (x,y, z) > ¥n(z,y,0). Also, we remark that

2x2ifr;,f2go Un(z,y,0) = 211211:1;2 Un(x,y,0) > i%f Un(z,y,2) +e,
with e > 0, so the case 222 — y? < 0 is not optimal and we should restrict ourselves
to the subregion of D where 22? — y?> > (. Furthermore, using again the fact that
Yy is an increasing function of |z|, in the latter subregion we have that ¥n(z,y,z) >
Yy (z,y,22% — 3?). Hence the minimum of ¢y on D is actually attained in the subregion
D' = {22% —y* > 0; 2 = 22% —y*} N D. We suppose from now on that (z,y,2) € D’.

As a function of the variables X := 2% and Y := 92, n(z,y, 972 _ y2) s written as
1 1
ON(X,Y) = Sg(Y = 20V X +0%) = ST [(QY T (2X — Y)Q)W] _

The function ¢y is strictly jointly convex in X, Y in the sense that Hess(¢y) > 0 at any
point (X.Y) in the convex domain {2X >Y > X > 0}. Moreover, we have that

. . /
2)1(11:fy(bN(X,Y) > 2)l(n>fy¢N<X7 Y) +e,

with ¢ > 0.

Thus there is a unique minimizer (X in, Yoin) = (22, (N), y2,,(N)) = (b3, b + %)
of ¢n in the region {2X > Y}, and minpysyy ¢y = miney. Here, dy is the unique
positive solution to the generalized dimerization equation that we recall below. Let us

first define, for § > 0, the function

fb,é . [O,T{'] — R

COS2 S

— — ,
Vb2 sin? s + 62 cos? s

S

then the generalized dimerization equation is given by
N
1 1 k
—g=—= — . 5
59 N;fb"s(]\f) (5)
Notice that the couple (b3, 0% + 0% ) indeed belongs to the domain {2X >V > X >
0} when N is large enough, for the following two reasons. On the one hand we have

assumed that gb > 1, which implies that b > Jp; and on the second hand, we have that
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by =b+O(1/N) and o5 = 09 + O(1/N). To prove the latter equality we notice that, for
any ¢ > 0, the function f, 4 is of class €' and its derivative is bounded independently of
0, when 0 stays bounded away from zero. Hence

%;fb,& (%k) - %/0” fos(s)ds

By the definition of d5 and dy, we know that

= Tk 17
> s <—) = —/ Joso(s)ds,
2N = M\ 2N T Jo

= O(1/N).

thus

= O(1/N). (6)

2 [ haas =2 [ o

Now, the fonction 0 < § +— %fow fvs(s)ds is of class €' and its derivative is strictly
negative. So (6) implies that dy = g + O(1/N). A similar argument shows that by =
b+ O(1/N), so the lemma follows.

U

Notice that Lemma 1, together with KL’s Lemma proved in [4], imply the follow-
ing inequalities, where we put T'(2N + 1) = T and for the sake of simplicity, and let
(Ton+1,Y2n+1, 2an+1) be the vector associated to t(2N + 1):

4b > HENTD (62N + 1)) — HEN (¢%™1(2N))
2N+1

1 1 '
> 29 ; (t; — b)? — Tr (<T2>1/2) + §||T||_3Tr [(TQ B <T2>)2} _ Qle%anN
= (2N +1) <¢2N+1(SC2N+17 YoN+15 22N+1) — ml%n Q/JQNH) (7)

+ %||T||_3Tr [(TQ — (TQ))Q} + (2N +1) min 41 — 2N min gy (8)

Since (2N + 1) minp ¥on11 — 2N minp oy = O(1), we get from the latter estimate that
there exists a constant C' > 0 such that

C>(2N+1) (¢2N+1(9€2N+1, YoN+1, 2N+1) — min ¢2N+1> (9)
and that
1
€2 T [T - (7). (10)

after applying the general equality Tr((A — (A))?) = Tr(A? — (A)?) to A =T? in line (8).

We use the latter estimates to prove the following two lemmas.
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Lemma 3. The sequences Ton41 = ﬁ S t(2N +1), ysyg = ﬁ STt2(2N + 1), and
ZoN41 = ﬁ ST ti(2N + 1)t (2N + 1) converge to T gim, Y%, and Zgim respectively, with

Tdim = b
Yoim = [0+ 80) + (b — 60)%] = b* + &3
Rdim = (b + 5(])(b — 50) = b2 — (53

The convergence takes place at speed O (%) for zoni1, and at speed O(\/—lﬁ) for xoni1 and
y%NH. As a consequence,

IKT(2N +1)%) = (292541 + 22n+1922841) oy = O(1) Nsoc -

: min min min _ 2 2 2 2
Proof. Denoting by (x2N+1ayzN+1a22N+1) = (b2N+1’b2N+1 + 52N+1>b2N+1 - 52N+1) the
unique minimizer of ¥,y over D we rewrite estimate (9) in the following way
¢ > Yons1(Tan+1, YoN+1, ZoN+1) — MiN Yoy
2N +1 D
_ min min min
= ¢2N+1($2N+1, YaN+1, ZZN-H) - ¢2N+1($2N+1> Yon1s 22N+1) (11)

For any (z,y,z) € D we let z := 222 —y* > 0. Since the function z — —+Tr(2y>+ 2(2)
is differentiable, convex, even, and increasing in |z|, this is also true for the function
2z Yn(z,y, z) with z,y fixed, so we infer that

83@01\/(90,?/,2) > V(@2 ~¥n(@,9,0)
y4 z

Thus, if z > z > 0, we have

Vz >0, > 0.

wN<x7yvz> - wN(x7y75> > %%\/(%%5)(2 - 5) = ﬁ(z - Z)u

with 6 > 0.

But z54", = 258", = b3y, — 03y, and from the proof of Lemma 2 we have that
bon+1 = b+ O(1/N) and that dany1 = dp + O(1/N). Hence, from (11) and the latter
estimates we conclude that |zon11 — 2Zaim| = O(1/N).

Now, using the analysis made of the functions ¥ and ®5 in the proof of Lemma 2
we will prove that there exist two positive constants o and r independent of N, such that

min min

Un(,y, 2% — y?) — wN(ngKfrfua?/QNHa 25572%11 - (92N+1)2)
: min 2 min 2
> amm{ [(xQ - ($2N+1)2) + (?/2 - (92N+1)2) ] ) 7“2} .
(12)
To prove this estimate, we just need to bound the least eigenvalue of Hess(x y)(¢n) from

below by «, for all X, Y such that (X — (23" ,)%)*+ (Y — (y5a"1)?)? < r? To obtain this
bound we proceed as follows.



The eigenvalues of ) are Ay = 2cos(4nk/N)(with eigenvectors vy = ((wi)")nez/Nz,
where wy, = ¢ N)f0r0<k;<N—1 So, for 0 < X <Y, we have

1

Kn(X,Y) = ——Tr((2Y + (2X — Y)Q)1/2)

N
= —% ~ (2 cos(4mk /N)X + (1 — cos(47k/N))Y )"/

DO
2

B
Il

From the expression

1
Oy(X,Y) = Sg(Y - 20VX + %) + Kn(X,Y),

b
—= 0 Ay B
H — 2X3/2 N N
eSS(X7Y)((bN) < 0 O) <BN CN) )

we deduce that

where

82
AN = WKN(X’ Y)

- % Zl 2 cos(4mk/N)X + (1 — cos(4mk/N))Y] Ik cos?(4mk/N),

k=0
By = -2 — Kn(X,Y)
N oxoy ’

_ % 2 (2 cos(4mk/N)X + (1 — cos(4mk/N))Y ]2 cos(dmk/N)(1 — cos(4xk/N)),

k=0
and

92
Y2

= % S [2cos(4mk/N)X + (1 — cosdak/N))Y]™*(1  cos(dak/N))2

k=0

Cn = Kn(X,Y)

Note that these three quantities are convergent Riemann sums, hence
AN_>A007 BN%Booa and CN—>COO,

as N goes to infinity, with A, Cs > 0. Therefore, for large enough N, Cy > C,./2.
Now, for each N and for any vector v = (h, k) € R? we have that

<HeSS(X,y)(KN)V, V> = ANh2 —+ QBNhk —+ CN/{Z2 Z 0. (13)



We choose r = 23, /2 = b*/2. If | X — a3, | <7 then 575 > % Let ¢y := */22_1.

(Hess(xy)(®n)V,v) = (Tbg/z - €0> h% + (An + €9)h? + 2Byhk + Cnk?
> b%hz
+ An <7VAN+€0;L>2 + 2By <7VAN+EO;L> <ﬂk> +Cy (ﬂk>2
VAN VAN VAN + o VAN + e
+Cy (1— A;lfq)) k2

1 €0
1 > —h? 2,
(03 5] > g+ O (0 )k

But we have seen that for large enough N, Cy > C4 /2. So there is a > 0 independent
of N, such that (12) holds.

Consequently, we have proved that @ani1 — Zam = O(1/VN) and y3y,; — Y2 =
O(1/+/N) and the lemma follows.
]

Let us apply all the above results to prove
Lemma 4. The estimate
Tr(TH2N +1) = (T*2N + 1)) < M

holds for some constant M independent of N. Hence

IT*(2N +1) = (2y5n11 + 2ov41841) los = O(1) o0 -
Proof. From inequality (10) there is C' > 0 such that

IT(2N +1)|| T [T*(2N + 1) — (T*(2N + 1))*] < C,
but

IT@N +1))* = |T*eN + 1))

Fren +)) "
3/4

< (HT“(QN +1) = (T22N + 1))’

<[ - " < oo vy

From the equalities (see [4])
(T*(2N +1)) = 25541 + 2an11841

10



and
o (<T2(2N +1))) = {2y§N+1 + 2zn4100820,0 € O},

for a certain set of angles © of no importance here, we infer that

I{T*(2N +1))|| =supo ({T*(2N +1))) < 2y3n 1 + 2|22n541]
— 2 i + 22dim
= 2b% + 265 + 2b% — 253
= 4p”.
Hence, the sequence ([[(T?(2N + 1))||) y>o is bounded. Let B be its upper bound and set
ny = Tr[T*(2N + 1) — (T?(2N +1))2]. We have

N

> -3 4 2 2] IV
C>|T@N+1)|| " Tr [T*(2N + 1) — (T?(2N +1))*] > T pon
It follows that there is M < +oo such that ny < M for all V. O

We notice that Lemma 4 tells us that
SOLEEN + 1)+ 2N +1) = 203,)" + 2 (LN + Dt 2N +1) = 24m)”| <M, (14)
i

by the definition of 7% and (72) in terms of the variables z, ¥, 2.
Now, we have

) 1 1 )
ZoN+41 — ZoN+41 = 2N+123232+1+ 2N+128i

1
= o (st e’

1

This, together with the estimate zon11 — Zoyy1 = O(1/N) from Lemma 3, implies that
D (2N +1) + i1 (2N + 1) = 229341)° = O(1) v
Finally, we have proved

> (RN + 1)+t (2N +1) = 20)* = > (2N + 1) + i1 (2N + 1) — 2za541)°
+ (2N + 1)(272n11 — 2b)°
=0(1) (15)

Furthermore, denoting
pi(N) = (t;(2N + 1) 4+ ti41 (2N + 1) — 2b)* + (2N + Dtip1 (2N + 1) — 24im)?

11



we get from (14) and (15):

2N+1

> pi(N) < M. (16)

i=1

The next lemma tells us that the smallness of p(/V) on an interval implies that t(2N+1)
is close to one of the two dimerized states on this interval.

Lemma 5. There exist v > 0 and C' > 0 such that: given N > 1 and any pair of integers
I <JeZ,if

then there is Ty € {0, 1} such that for alli € |1, J]:
(2N + 1) — b — (—1)*F™5|* < Cps(N).
We shall say that [I,J] is of type 1 when Ty =0, of type 2 when Ty = 1.
Proof. In the interval [I, J] each couple (¢t;(2N +1),t;,1(2N +1)) solves the second-degree
equation X? — S;(N)X + P;(N) = 0, where
Si(N)
Bi(N)
pi(N)
Hence, {£;(2N + 1), ;11 (2N + 1)} = { 2SN Gith A(N) = S2(N) — 4P(N).

Note that the roots (N)if V2N re differentiable functions of (Ai(N), p;(N)) near (0,0),
taking distinct values b+ g at (0,0). So, for v small enough, there is a constant C' such
that exactly one of the following two estimates holds:

12N + 1) = b — (=1)'60] + [t (2N + 1) — b — (—1)"*16| < /T (V)

or
[t:(2N +1) — b — (=1 6| + [tig1 (2N + 1) — b — (=1)"+25| < /Cpi(N).

Assume, for instance, that the first estimate holds for ¢ = I. Then the same estimate
holds for any i € [I, J], by induction on 7. In this case we define 7y = 0. Similarly, if the
second estimate holds for ¢ = I then it holds everywhere in the interval, and we define
75 = 1. In both cases, Lemma 5 is true.

ti(2N + 1)+t 1(2N + 1) =20+ N\;(N)
ti(2N + 1)t; 1 (2N 4+ 1) = zgim + 1i(N)
N(N) + p2(N) <

O

Now, the estimate (16) gives us a bound M’ independent of N on the [; norms of
the (2N + 1)-tuples p(N) = (pi(N))icz/en+1)z- By an easy argument in the spirit of
the concentration-compactness method, we find, up to extraction of a subsequence, a
nonnegative integer p < M’/27, and p sequences of integers 0 < i} < i% < -+ < i <
2N + 1 , such that:

12



1. limNﬁoo(z?\?Ll ik)y=oofor 1 <k <p-—1,limy_ (il + 2N +1—4%) = 00
2. pir (N) >~

3. There is a constant A > 0 such that, if dist(i, {ik, - ,ix}+ (2N +1)Z) > A, then
pi(N) <.

A priori p might be zero (this is called "vanishing" in the concentration-compactness
theory). In such a case, for all i € Z, p;(N) < 7. By Lemma 5, this would imply the
existence of 7 such that for all integers i € 7Z,

|t:(2N +1) — b — (=1)"™ 5| < /Cpi(N).

Taking ~ small enough we see that this is impossible since for every i we have
tivon+1(2N +1) = t;(2N + 1) and p(N);ran+1 = p(N);. So vanishing is excluded and p
must be positive.

Now, for N large enough, the set {i € Z : dz’st(' {ide, -, i%}+ N+ 1)Z) > A}
consists of intervals separating the integers i% + (2N + 1)m, and, by Lemma 5, each
interval must be either of type 1 or of type 2. Using once again an odd-period argument,
we see that there are necessarily two intervals of different types, hence the existence of
1 <k, <pand m, € {0,1} such that iy := i% + (2N + 1)m, has an interval of type 1
immediately to its left side, and an interval of type 2 immediately to its right side. Then
we may shift the (2N + 1)—tuple t(2NV + 1) so that iy becomes zero for all N. We finally
get the following estimates (after shifting and extraction):

po(N) >~ (17)

There is a sequence Ry — oo and, for all € > 0, an integer N, and a radius R, > 0
such that for all N > N,

Y. mlN)<e (18)

and

ST (2N +1) —b— (—1)%)* < Ce

—Rn<i<—R,
V=N S (@N 1) = b (“1)180)? < Ce "

E€<t<1‘_fN

Now, the estimate (16) gives us a bound M’ independent of N on the /; norms of
the (2N + 1)-tuples p(N) := (p;(N))icz/@2n+1)z- It also provides a uniform [, bound on
the (2N + 1)-tuples t(2N + 1). So, after extraction of a subsequence, we may impose

13



the pointwise convergence ¢;(2N + 1) — ¢, and, denoting pf® = (£ + 153, — 2b)2 +
(tf"tﬁl - zdim)Q, Fatou’s lemma guarantees that ZieZ P < M.

We also have that

Vi> A, |0 —b— (1) < /Cp
Vi< —A, 2 —b— (1) < /Cp,

which implies the kink property (2) of Theorem 1. Now, the pointwise convergence
[T2(N)];; = [(T)?]; ; obviously holds, but the pointwise convergence |T'(N)|;; — [T,
is less obvious. In order to study the absolute values of T'(N) and T, we shall use the
classical formula for the absolute value of a self-adjoint operator A,

1
A = ;/RAQ(WMA?)—MW. (20)

To exploit this formula, we shall need a decay estimate on the coefficients of the
matrices (w? + T%)~1 away from the diagonal.

Note that 777, (2N) commutes with the translation ¢ — i+1, and in the Fourier domain
it is a multiplication operator by a nonzero 2w-periodic scalar function my(p), which is
a complex-analytic function of the frequency p in a strip of the form {p : |Im(p)| < p}
for some p > 0 independent of N and w. Moreover, there is an estimate in this strip of
the form Re(my(p)) > r for some positive constant r independent of N and w. As a
consequence, there holds the estimate |(w? + my(p)) ™| < T+1w2
the Fourier coefficients ¢; of the analytic and periodic function (w? + my(p))~
decay estimate of the form

in the complex strip. So
L satisfy a

C
] <

—pl
_1+w26p ,LeZ.

As a consequence,

— C —pdist(i—j
H(WQJFszZ_m(N)) 1}1',]“ < me pdist(i—j,2NZ)

Similarly, for N infinite we have

[+ Th) "y < gm0
J 14w

For arbitrary N-tuples s, we are able to prove the following (weaker) estimate:

Lemma 6. Let M, wy > 0. Then there are two constants C,p > 0 depending only on M
and wg , such that, for any w > wy :

1. For all N > 1, if s € RENE satisfies (V1 <i < N) : |s;| < M, then

vijez) : |+ 897, < et
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2. For an infinite chain, if s € RZ satisfies (Vi € Z) : |s;| < M, then

C -
.. X 2 2\—1 —plt—
(Vi,j €Z) : |[(w®+ 5% LJ}SEe” ., (21)
Proof. The proofs for finite and infinite chains are similar, so we only treat the case of an

infinite chain: s € R% and S acts in I5(Z, C).

)

We first introduce a smooth function n : R — [0, 1] satisfying n(0) = 0, n(1) =
n(2) =1and 0 <7/(t) <1 for all t.

Given m € N and R > 4, let 0, r(t) == n(WTmR). This function of ¢ is even and
satisfies 7, g = 0 on [-mR,mR], 3 < nmpr < 1on [(m+ 1)R, (m+ 2)R], e =1 on
[(m + 2)R, 00]. Moreover, |1}, z| < %, hence |9y, z(t +2) — gmr(t)] < 2.

Take an arbitrary j € Z . Let e; = (0; j)icz and consider the vector V := (w?+ 5?)te;.
The coordinates of V are V; = [(w? + Sz)_l]ij . Now, for each integer m > 1 we define

the vector V™ of coordinates V;™ = ny, r(i — j)Vi. We have 5y, z(i — j)[(w? + S*)V], =0,
hence

N[ =

(w2 + SV, = g
with

&" = 5811 ((m,r(i +2 = J) = Nm,r (i — 7)) Vige
+ 5i5i71(<7]m,R<Z’ —2— J) - nm,R(i - j))vi*2
hence, remembering that |s;_1|, |s;, |sit1| < M, we get

oM
€6 < —= (Visal + [Vieal) -

When m > 2, we see that ™ = 0 when |i — j| < mR — 2, while for all (4, j) such that
i — j| > mR — 2 we have n,,_1 g(i £2 — j) > 1, since R > 4. As a consequence,

4M?
€l < (v + V)
Finally, we get the estimate
4 M?
(@® + SVl < —= V]2
and for all m > 2 ,
8 M _
I(w® + SV s < == V"2

Clearly, ||(w? 4+ 5?)7!| < Z5, hence ||V||s < 5 and, by induction on m > 1:

1 8MA\™
m < _ .
IV < 202 (sz)

Assuming w > wy and choosing R > 8 M? /w? we easily derive the decay estimate (21). O
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Thanks to Lemma 6, we are now able to prove the desired pointwise convergence
result:

Lemma 7. Tuoke a finite constant M. Assume that we are given a sequence of N -tuples
s(N) € RZNZ sych that for all i, N: |s;(N)| < M. Assume, moreover, that for each
i € Z, the sequence s;(N) has a limit s3° as N — oo. Then:

Vi,j €Z, |[S(N)|i; — [S¥li; -

Proof. First of all, note that for any bounded, self-adjoint operator A, the integrand in
|A] = £ [ A% (w?+ A?)"'dw has operator norm ||A?(w?+ A?) 7| < min{1, || A||*/w?}. So,
by Lebesgue’s dominated convergence theorem, we just have to prove that for each w > 0
and any i,j € Z,

[(w?+ 52(N))’1]m. = [+ (SOO)Q)’ILJ. as N — 0o .

’,

So, from now on, we fix w > 0. We denote L(N) := (w? + S%(N))~! (acting in CZ/N?%)
and L>® := (w? + (5*)?)7! (acting in l5(Z, C)).

For each positive integer IV, we consider the infinite sequence (sfo’N) such that sfi]]\\,f =

sV (Vi € Z) and 57N = 5° when 0 < i < N. Let (SE’N)MGZ be the associated
operator. By construction, S, considered as an operator in ly(Z, C), commutes with
the shift on : (2;) — (2i_n). So the operator LV := (w? 4 (S°")?)~! also commutes
with 0. Again by construction, the coefficients of SV converge pointwise to those of
S as N — oo. So, writing

(2= = 1], | = [L=N(5™)? = (5%)) 1]

i, 1,
one easily proves, thanks to Lemma 6, that the coefficients of L>" converge pointwise to
those of L™ as N — oo.

Now, for each N > 1 we define a new matrix (Si,j(N))i,jeZ/NZ by the formula S; ;(N) :=
Y mez Sﬁ}]\ym ;- Note that only a finite number of terms in this series are nonzero, so that
there is no problem of convergence. Similarly, we define L; ;(N) =", _, L;’i]]\\,[m ;- This
time we have an infinite series, but thanks to Lemma 6 its terms decay exponentially, and
the coefficients of IZ(N ) — LN converge pointwise to zero as N — oo. By construction,
L(N), considered as an operator in C%/N% coincides with (w?+ (S(N))?)~'. Our last step

is to write

[L(V) — L(N)],, = [L(V) (32(N) - S*(N)L(V)],., .
From this we see, thanks once again to Lemma 6, that the coefficients of L(N) — L(N)
converge pointwise to zero as N — oco. Combining the successive pointwise convergence

results obtained above, we finally get the desired convergence L;;(N) — Lf5 .
O
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We recall that the assumptions of Lemma 7 are satisfied by our minimizers t(2N + 1),
up to extraction of a subsequence. So we can conclude that

Now, our goal is to prove that t> is a relative energy minimizer. For this purpose, we
need a better understanding of the possible lack of invertibility of 72(2N + 1) and (7).
We recall that T2 (2N) = 2(b* + 635)1 + (b* — 055 )Qan, with doy — dp as N goes to
infinity. Similarly, for the infinite chain 737 = 2(b* 4+ §2)1 + (b* — 63)Q.

Lemma 8. There is a positive constant k such that, when N is large enough or in the
case of the infinite chain, if s satisfies (s7+s7_; —2b* —202)* 4+ 2(s;si01 —b*+03)? < k (Vi),
then S is invertible and its inverse has operator norm less than 2/53.

Proof. We only give the proof in the case s € CZ, the case “N large" being similar. In the
Fourier domain, 77  is a multiplication operator by a function of the form o cos?(k) +
62sin(k). Since § < b, the smallest value of this multiplier is §2, so the inverse of T2,
has operator norm 1/§2. Now, if x is chosen small enough, then the hypothesis on s

implies that ||S? — T3, || < 63/2, hence the lemma. O

The next lemma tells us that 7%(2N + 1) has a bounded inverse with bound at most
4/52 on the orthogonal complement of a subspace of C*/?N+1Z the dimension of which is
bounded independently of N.

Lemma 9. There is a finite constant D such that, if N s large enough, then the rank of
Xj0,62/4(T?(2N +1)) is at most D. Similarly, the rank of X0 52/4(T%) is at most D,

Proof. We first treat the case of an infinite chain, which is easier. We consider a normalized
eigenvector V of T2 with eigenvalue A < 62 /4. We follow the same kind of strategy as in
the proof of Lemma 6, in order to get a decay estimate on the components of V. We shall
only prove the decay for positive values of i, the case of negative values being similar.
We take the same function 7 as in the proof of Lemma 6, but our definition of 7,, g is
slightly different: we take 1, (t) := n(*=p£), so that 7, r vanishes on the whole interval
(—oo, mR]. We define a sequence of vectors V™ by V™ = n,, r(i)V; for m > 1. We know
that there is 7 € {0, 1} such that ¢2° —b— (—1)"""y — 0 as i — oo. Now, we take a large
integer Ry and we define s; := b+ (—1)"7§5(Vi < Ry) and s; := t2° (Vi > Ry). Then, if
Ry is chosen large enough,

(sz2 + 31271 — 20 — 258)2 + 2(8;8i41 — b + 53)2 <k (Vi) .

So Lemma 8 tells us that S? is invertible and that the operator norm of its inverse is less
than 2/62. We now take R > Ry. Proceeding as in the proof of Lemma 6 we find estimates
of the form |[(S2 = NVl < O(1/R), [[(52 = MV |l2 < O(L/R)[V; Y (vm > 2). But
the norm operator of (S* — \)~! is less than 4/62. So, choosing R large enough, we get a
decay estimate of the form |V;| < C'e™®". The positive constants C,«a do not depend on
), and arguing in the same way for negative values of i, we get the estimate |V;| < C el
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for all normalized vectors in the range of xs2/4 (T%). This implies that the unit ball of
this range is compact, 50 xos2/4(7%,) has finite rank.

Now, we shortly explain how these ideas can be adapted to the case of a large finite
chain. Combining Lemmas 4 and 5 we find that for any € > 0, there are a positive constant
Ac , an integer p. > 1 independent of N (for N large enough) and p. + 1 sequences of
integers 0 = i < i) < --- < ik = N such that:

1. limpy (it — k) =cofor 0 <k < p. — 1.

2. For each 0 < k < p. — 1 there is 7 € {0, 1}, such that, when i varies in the interval
(ik., kYY) if dist(i, {i%, %)) > A, then [t;(2N +1) — b — (=1)"F 5| < e.

Now, we fix a small enough value of ¢, and we denote P = p.. By arguments similar
to those used for the infinite chain, we can get a decay estimate of the form

for all normalized vectors V' in the range of x[os2/4(T 2(2N + 1)). This implies that for
any r > 0, the unit ball of this range can be covered by a finite number ¢(r) of balls of
radius r where ¢(r) is independent of N. So there is a constant D such that for any N,
the rank of (o 42,4 (T%(N)) is at most D.

O

Now we consider a sequence u € [1(Z,R). Given N > 1, we call u(N) the N-periodic
sequence such that u;(N) = u; (V1 < i < N). We have the following result:

Lemma 10. The difference (|7 + U| — |T°|) is a trace-class operator in l3(Z,C), and
for any € > 0 there is A, such that, for any N large enough, denoting

Jo={i€Z: dist(i,(2N + 1)Z) > A},
and recalling our notation 04 for the operator of multiplication by x4, we have

(72N +1)+U@2N +1)| — |[T(2N + 1)])0,

(CZ/(2N+1)Z) S €. (22)

Proof. We take wy > 0 (to be chosen later), we denote S(2N+1) := T(2N+1)+U (2N +1)

and using (20) we write |S(2N+1)|—|T(2N+1)| = 2(A(2N+1)+B(@2N+1)+C(2N+1))
where, omitting temporarily the (2N + 1) argument, we have:

A ::/ w?(w? + S%)7H(S? = T*)(w® + T?) 'dw (23)
|w|>wo

B = / (S*(w? + 57 = T*(w? + T%) 1) xpo,62 /4 (T7) dw (24)
|w|<wo

o / WH(w? + S2)THSE = T2 (@ + T2) ™ X g2 ey (T2) (25)
|w|<wo
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The operator norms of w?(w? + S%(2N + 1))7', S?2(2N + 1)(w? + S*(2N + 1))},
T?*(2N +1)(w? +T?*(2N + 1))~ ! are at most 1, and the operator norm of (w? + T?%(2N +
1) X(52/4,00)(T?(2N + 1)) is at most 4/03. Moreover the trace norm of S*(2N + 1) —
T?(2N + 1) is bounded independently of N, and [|x[o62/4(T*(2N + 1)), < D thanks to
Lemma 9. So, choosing wy small enough (independently of N), we can impose ||B(2N +
Doy +|C(2N +1)||5, < €/2. It remains to study A(2N + 1). Since wy is now fixed, we
can apply Lemma 6 to (w? + S?*(2N + 1))~ and (w? + T?*(2N +1))~', and we easily find
A, such that

||A(2N + 1)976 o1 (CZ/(2N+1)Z) < 6/2 .
This proves (22). Using a similar decomposition |1 + U>| — |T>| = 1(A* 4+ B> 4+ C*),
one shows in the same way that this operator is trace-class, and the lemma is proved.
U

Now, by Lemma 7 applied to T'(2N + 1) and T(2N + 1) + U(2N + 1), we see that
for each i € Z, (|T(2N + 1) + U2N + 1)| — [T(2N + 1)])is — ([T 4+ U=| — |T*]),..
Combining this with the uniform estimate (22), we conclude that

Tr(|T(2N +1)| — |[T(2N + 1)+ U(2N +1)|) = Te(|T>| — [T + U|) as N — o0
and finally

HPND (2N 4 1) + u2N + 1)) — HVD (42N + 1)) — AH(u) .
But t(2N + 1) is an energy minimizer, so
HEPND(E(2N 4 1) + u(2N + 1)) — HEVHD(£(2N + 1)) > 0 (VN) ,
hence AH(u) > 0. We have proved that t> is a relative minimizer.

Our last task is to prove that t°° satisfies the self-consistent equations. We recall that
[ := X(—00,0)(T"°). Taking as before u € [;(Z,R), we denote @ := I'*° —x(_o,0) (T +U).
We know that U and (|7°°| — |7 + U|) are trace-class. But |T*°| = T°°(1 — 2I'"*°) and
T +U| = (T +U)(1 —2I"° + 2Q), hence

T —|T*+U| =-U+20I'* = 2(T* 4+ U)Q .
Remembering that '™ is a projector, we see that tr((7T>° 4+ U)Q) > 0. Moreover the
diagonal coefficients of U are zero, so tr(U) = 0. As a consequence,
2tr(UT*°) > tr(|T>| — [T + U))

and finally

1

59 > (ui+ 263 — 2b)u; + 2tx(UT™) > AH(u) > 0 .

1€Z

But tr(UT'>) =23, ., Re(I'?5,,)u;, hence

1
> 5oui+ (ARe(I, ) + g (£ = b))ui > 0.

i>1
Varying u, we conclude that 4Re(I'$5,,) + g(;° — b) = 0 (V). This ends the proof of
Theorem 1.

19



Acknowledgments. M.G.A. acknowledges financial support by Mexican Institutions
CONACYT and SEP. This work has been partially supported by the ANR project
NoNAP.

References

[1] D.K. Campbell and A.R. Bishop. Soliton excitations in polyacetylene and relativistic
field theory models. Nuc. Phys. B, 200:297-328, 1982.

[2] H. Frohlich. On the theory of superconductivity: The one-dimensional case. Proc.
R. Soc. Lond. A, 223:296-305, 1954.

[3] A.J. Heeger. Conducting polymers: The route from fundamental science to tech-
nology. In W.R. Salanek, D.T. Clarck, and E.J. Samuelsen, editors, Science and
Applications of Conducting Polymers, pages 1-12. Adam Hilger, 1991.

[4] T. Kennedy and E.H. Lieb. Proof of the Peierls instability in one dimension. Phys.
Rev. Lett., 59(12):1309-1312, 1987.

[5] S. Kivelson, Ting-Kuo Lee, Y. R. Lin-Liu, Ingo Peschel, and Lu Yu. Boundary
conditions and optical absorption in the soliton model of polyacetylene. Phys. Rev.
B, 25(6):4173-4184, 1982.

[6] P.L. Lions. The concentration-compactness principle in the calculus of variations. the
locally compact case, part 1. Ann. Inst. H. Poincaré, Anal. Non linéare, 1:109-145,
1984.

[7] E. Peierls. Quantum Theory of Solids. Clarendon Press, 1954.

[8] W.P. Su. Existence of neutral kinks in polyacetylene. Solid State Communications,
35(11):899-901, 1980.

[9] W.P. Su, J.R. Schrieffer, and A.J. Heeger. Solitons in polyacetylene. Phys. Rev.
Lett., 42:1698-1701, 1979.

[10] W.P. Su, J.R. Schrieffer, and A.J. Heeger. Soliton excitations in polyacetylene. Phys.
Rev. B, 22:2099-2111, 1980.

[11] H. Takayama, Y.R. Lin-Liu, and K. Maki. Continuum model for solitons in poly-
acetylene. Phys. Rev. B, 21(6):2382-3938, 1980.

[12] F. Vos, D. P. Aalberts, and W. Van Saarloos. Su-Schrieffer-Heeger model applied to
chains of finite length. Phys. Rev. B, 53:14922-14928, 1996.

CEREMADE (UMR 7534), UNIVERSITE PARIS-DAUPHINE, PLACE DU MARECHAL
DE LATTRE DE TASSIGNY, F-75775 PARIS CEDEX 16, FRANCE.
E-mail address: garcia@ceremade.dauphine.fr, sere@ceremade.dauphine.fr

20



