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Introduction

Let us fix a bounded plane domain €2 with a polygonal boundary. More precisely,
we assume that  is a simply connected domain and that its boundary I' is the
union of a finite number of linear segments fj, 1 <j < n. (T, is assumed to be an
open segment). In this domain we consider the p-Laplace equation

—div([VulP~2Vu)=f inQ,
(0.1)
u=0 onl,

where 1 < p < 0o, Vu is the vector gradient of w,

IV uf = (i (§;>2>57

and f is a given function in L4(2) (g conjugate of p). This equation occurs in many

mathematical models of physical processes such as nonlinear diffusion and filtration,
power-law materials, and viscoelastic materials.

In Farhloul and Manouzi [1], these authors have introduced a mixed finite el-
ement method for problem (0.1) based on the introduction of ¢ = [V u|P~2 Vu
as a new unknown and its approximation by the lowest degree Raviart-Thomas
finite element (cf. Thomas [2], Raviart and Thomas [3]). The old unknown w is ap-
proximated by a piecewise constant function on the triangulation of €2. They have
proved a priori error estimates without any restriction on p. In this paper, we are
concerned by the construction of reliable a posteriori error estimators for o, the
approximation of o and wj the approximation of u.

In section 1, we firstly introduce two residues R and r and we bound the norms
of the errors ||c —a n||0,q,0 and ||u—us||op,o in terms of these two residues (|| . ||o,p.0
denotes the LP-norm in 2 and % =1- %) In this part of the work, we distinguish
two cases : p > 2 and 1 < p < 2. Secondly, using a Helmholtz type decomposition
for arbitrary vector field T € [L9(f2)]?, we establish a bound of the norm of R

1

P
in terms of a local error estimator n; = ( Z m (K)P ) , where 7, denotes the
KeT,
triangulation of 2 and K an arbitrary triangle of 7. 01 (K) is function of A (o) =
lon|97 20 1, curl A (o), the tangential jump of A (o) at each interface of two
triangles [[A (o) t]] and the diameter hy of the triangle K.

The norm of r is easily bounded in terms of the local error estimator
1
q
= (5w
Ke?‘h

where n2(K) = ||f — P? f|lo,q,x- PP [ is the function constant on each K € 7, equal
on K to the mean of f on K.
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In section 2 of our paper, we introduce the hybrid formulation of the discrete
mixed formulation by expressing that the normal component of ¢, is continuous at
each interface between triangles of 7. We obtain in that way a nonlinear system
in the unknowns o5, up and A, where \;, is in some sense an approximation of u
along the edges of the triangulation 7;,. We next want to solve this nonlinear system

by a simple Picard scheme by replacing the non linear term / A(an). Ty dx by
Q

/ |72 g+t 7, dr. Introducing the “generalized barycenter” of K:
Q

/|oh< 72z do
/|a z)|7 2 dx

€K, (0.2)

and writing the lowest degree Raviart-Thomas vectorfield on K gﬁ“ = QZLHI o
K € Ty, in the form
g (@)=aP Tt + et (@ — W), Ve €K, (0.3)

where a ! € R? and Pt € R, we obtain the following expressions of ¢ 7! and

untt = ;"'HIK in terms of the Lagrange multiplier )\Z”HWK:

/ )\’,?HnK ds 1
o (2 / - — (2|K| /dex> (x —zR) Vax €K, (04)
| 7n|q dx

m4l _ —2 m2
uly 4K|2/ fdz </ lo % lz — z %] d:c) (0.5)

+ Am“(g—g%).ﬂxds,

n x denoting the unitary normal vectorfield along the boundary of K. Expressing
the continuity of the normal component of the vectorfield o ;L”H at each interface
(i.e. at each interior edge e) of the triangulation 7y, and applying the Picard scheme,
we obtain at step m + 1 a linear system in the unknowns A1 = /\;L”'Hle, e running
over the set of all interior edges of the triangulation 7} of the polygonal domain €.
Once A\;"*! has been calculated, we then use it in formulas (0.4) and (0.5) in order
to obtain ¢ j"* m+1

Finally, in section 3, we present a numerical test in the square Q =] —1/2;1/2[2.
Denoting by r(z) = r(z1,x2) the distance to the origin, we consider the bounded

function u defined in the square by

and u, ", and continue the iterations.

(0.6)
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f = —div(|[Vul|P~2 Y u) is easily computed and shown to be equal to:

p—2 2,
flz)=—2r"1gP"2(x) (2 * ig(x)> e g

r*(z)

X

20~ 1) (24 290)) @) + 20~ Dote) (3+ Lola))
- pota) (24 2| 0.1

where
9(z) = i —r?(z). (0.8)

Ones verifies that f € L%() if the conjugate p > 1+T\/g = 1.618... We test this
example for p = 1.8 and p = 3. For each of these two cases, four graphics are given:
lle — anllo.g., [|u— unllopq, the ratio between ||o — g 1l|o,q,0 and the estimated
error on ¢ 5, and finally the ratio between ||u — upl|o,p,o and the estimated error on
up, all with respect to the number of degrees of freedom. One verifies the predicted
order of convergence given respectively by theorem 3.2 for p = 1.8 and theorem 3.1
for p = 3 of Farhloul and Manouzi [1] and that the ratios between the errors and
the estimated errors are asymptotically independent of the number of degrees of

freedom.

1. Definition of residues and bounds of the errors

Let us first recall the weak formulation of the mixed method for the p-Laplacian
introduced by Farhloul and Manouzi in [1]. Let M denotes the Banach space LP(2)
(I <p<+o00)and X the following:

X ={r € [LYQ)]*divr € LI(Q)}, (1.9)

where g denotes the harmonic conjugate of p. Endowed with the norm

1
q

Izllx = (N8 go + 114V 11 40)

X is also a Banach space. For every 7 € [L9(Q)]?, let us set A(r) = |7]9 1.
It is straightforward to check that when 7 € [L9(Q)]?, A(r) € [LP(2)]%. The
weak formulation of the mixed method related to the Dirichlet problem for the p-
Laplacian (0.1) reads as follows [1]: Find (g,u) € X x M such that the following
equations are satisfied:

/A(g).zdw—k/udivzdmzo vr € X (1)
Q Q
(1.10)
/(divg)vdw—i—/fvdx =0 YWweM (i%)
Q Q
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It is proved in [1] (theorem 2.1) that (1.10) possesses one and only one solution
(o ,u) and that u is the weak solution of (0.1) and ¢ = |V u|P~2V u. Now let us
consider a regular family of triangulations (75,)n~0 on Q [4]. The following finite
element spaces are defined in [1]:

Xn = {14 € X7y € RTy(K),VK € T}, (1.11)

My, = {vy € M;vp i € Po(K),VK € Ty, }, (1.12)
where Py(K') denotes the space of constant functions on the triangle K and [2, 3]:
RTy(K) = By(K)* @ Py(K) z, z = (z1,22). (1.13)

Then the finite element approximation to problem (1.10) is given by [1]: Find
(o h,upn) € Xy x My, satisfying

/A(gh).zhdx—l—/uhdivzhdaﬁzo, V1, € Xn
Q Q
(1.14)
/(divgh)vhder/fvh dx =0, Vv, €M,
Q Q

The existence and uniqueness of the solution of the discrete problem (1.14) follows
from the uniform inf-sup condition [1]. A priori error estimates are also proved in
Farhloul and Manouzi [1]. Now, we define two residues R on X and r on M by:

<R,z>=(A(gn),z)+ (divrt,up), Vr €X, (1.15)

<r,v>=(divap,v)+ (f,v), Yve M. (1.16)

R is a continuous linear form on X and r is a continuous linear form on M. When
we will speak of [|R|| (respectively [|r]|), it will mean the norm of R (respectively
r) as a continuous linear form on X (respectively M). We have the following bound
of (A(gp)—A(o),0n — o) in terms of the norms of these two residues:

Proposition 1.1.

(A(gn) —Alg),an—a) SRl lan —alloge
(A(c)—Al(zn),T)

Iz lx

+ |Ir]| sup + 2[[r[[ [ R]] (1.17)
TeX

Before proceeding to the proof, let us make the following remark:

Remark 1.1. For a, b € R, we use the notation a < b to mean that there exists
a positive constant C such that a < Cb. Similarly, we write a ~ b to mean that
there exists two strictly positive constants C; and Cs such that C1 b6 < a < Cyb.
Proof. Using the definition of R (1.15) and the equation (1.10 (i)), we obtain:

(A(cp)—A(g), )+ (divr,up —u) =< R,z >, Vr € X. (1.18)
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Substracting (1.10 (ii)) form (1.16), we obtain:
(div(gn) —div(g),v) =<r,v>, Yve M. (1.19)
Substracting (1.19) with v = uj, — v from (1.18) with 7 = g}, — o, we obtain:
(Alen)—A(g),on—0)=<Ron—0c >—<ru,—u>. (1.20)
By the inf-sup condition stated in proposition 2.1 of [1] and (1.18) it follows:

(divr,up — u)
llun — ullp S sup ——r——

rex IITIIX
< sup < Rz > sup (A(@) —A(gn),T)
P& Tzl 2ex I [1x
Alg)— A
— |||l + sup 2@) —4l2n)T) (1.21)
TeX Iz llx

From (1.20) and (1.21) it follows that:

(A(an) —A(a),an—a) SB[ lan —allx + [l | R]|
(A(c)—A(an),T)

+ ||r]| sup (1.22)
rex Iz |1 x
But:
lon —allx ~llan —alloge+ldivien —a)lloge
<div(ep—a),v>
= llzn -~ gllngo+ swp SHTERZZ)
veLr(Q) HUHO,p,Q
= llzn —alloga+ 7l (1.23)
by (1.19). The result follows now from (1.22) and (1.23). O

Our purpose now is to bound the norms of the errors ||g , — g ||o,q.0 and ||u, —
ullo,p,o in terms of the norms of the residues ||R|| and ||r||. We will have to distinct
two cases: p > 2 and 1 < p < 2. We begin with the case p > 2.

Firstly, we need the following inequality due to Sandri [5] (see also [1] p. 74):

Lemma 1.1. We suppose p > 2. Then:

(A(cn)—A(g),cn—0) 2 llen — UHO,q,

||0'hHOqQ + H—HO,qQ

+ (14 - A@)llon - alds. (120
Q

We will also need the following inequality:

Lemma 1.2. Supposing p > 2, we have VT € X :

(A(g) —Alan), [/ Algn) —A(@)l lan —aldz| |z]loge,  (1.25)
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the multiplicative constant hidden in the sign < being independent of T .

The proof of inequality (1.25) relies on the following technical lemma:

Lemma 1.3.

Proof.

(1)

V22 e,y €R l2l e~y [ Sle -yl (1.26)

Let us first suppose that |z| = |y| = 1. In that particular case, inequality

(1.26) reduces to [z —y|P~! < |z — y|. By hypothesis p > 2, which implies
z —y|

that p — 2 > 0. Let us set ( = < 1 which implies In(¢{) < 0. Thus

(P2 = (P=2)1(O) < 1, implying that ¢(?~! < (. Recalling the definition of (, it
follows that |z —y [P~ < 2°72|z —y|, ie. [z —y|P~! < |z — y| establishing
inequality (1.26) in the particular case |z | = |y| = 1.

One verifies easily that the left-hand side of inequality (1.26) is a homogeneous
function of degree 1, i.e. that

[tz |7tz — |ty |2ty [P = ¢ [|z]* %z — Jy|* |

for every t > 0 which implies using the first step of our proof that inequality
(1.26) is still true under the weaker condition that [z | = |y |.

Thus it remains to prove inequality (1.26) when [z | # |y|. 2 and y playing a
symmetric role in inequality (1.26), we may suppose |z | > |y|. Considering y

and Az with A = % so that [Az | = |y|, it follows by the previous step of our
work that B

ly 9%y — Dz "2z P Sy — Azl (1.27)
But
ly —Az| <|y —z|+z]|l -}

ly |
=ly —z[+]z|]1- =
|z |
<2y —z| (1.28)
From (1.27) and (1.28), it follows that
ly 1772y — e[z P Sy — . (1.29)

On the other hand:

qg—1
e — ez = () 1) g
|2 |

=y 9" = |zt P (1.30)

p—1
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But it is elementary to prove that for s > 1 and a > 0, 5 > 0:
@/ =Y < Ja — . (1.31)
Applying (1.31) with a = |y |, 8 = |z | and s = p — 1, we get:
ly 177" =l 1P <yl =zl < ly —z]. (1.32)
From (1.30) and (1.32), it follows that:
Az |972Az — |z|" %z [P <z -yl (1.33)
From (1.29) and (1.33) we obtain:

ly 1972y — |z |92z [P~ <227 ([ly |7y — Az |22z P~ + Az |72 Az — [z Pz P7T)

5 |£ 7Q|a

what was to be proved. O
Now we give the proof of lemma 1.2:

Proof.

1/p
|A<o>—A<ah>|de) Iz lloae

1/p
_ ( / ||aq-2a—|ah|q-zah|pdx) Iz lloe
Q

)

1/p
/ ||aHa—|oh|q—%h|p-1|A<o>—A(ah>|dx) Iz llo.ae
Q

A

1/p
2 - 2ullA() - Aanlds]  Ilzlloas (1.34)
Q
due to lemma 1.3. This proves the result. O

Using lemma 1.1, 1.2 and inequality (1.22), we are now in a position to prove
the following result:

Proposition 1.2. Supposing p > 2, we have the following bounds in terms of the
norms of the residues:

lan —all§ g0 SRIP+ [+ (7RI (1.35)
and

/QIA(Qh) —A@)llen —aldz SIIRIP +[rl]” + [[r[] | BRIl (1.36)
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Proof. Reading inequality (1.24) from right to left and using inequality (1.17), we
obtain:

ag —a 2
l2n — 2600 +/|A(gh)—4(g>||gh—g|dx

o nlll oo + e 116 o%
(A(e) —A(an),1)

|7 [|x
1/p

§||R||0'h—0'|O,q,Q+||T||[/Q|A(0'h)_A(U)||O'h_Udx +2[[r[[ [| Rl
(1.37)

SRl len = allo.g.e + ||| sup +2[|r|[ | R]|
TeX

by lemma 1.2. Now using Young’s inequality, i.e. Va > 0, Vb >0, ab< %ap+ébq,
we obtain Ve > 0 and V& > 0 from the previous inequality:

g —0'2
lo .~ 2 loqa + [ 1Alen - A@llen-glds
||0h|‘0q9+||0||0q9
lon —allfen
Se M llenllgt + e |6 )R + a8
|| hHO,q,Q—i_H—HO,q,
@7+ @ [ 1A(en) - @)l —alde+ IRI. (139)

Choosing adequately ¢ > 0 and € > 0, it follows from the previous inequality the
two following ones:

th_7| ,q,QN(HO’hHO,q,Q—i_H—HO,q, )
x { e alls g + 12 G o) LRI + 1lrll? + I IRN - (1.39)
/\A on)=A(@)llen—glde £ (lealld oI lF %) I RIP+Ir+Ir] || 2]].(1.40)

On the other hand, following the proof of theorem 2.1 of [6] (see also theorem 2.1
of [1]), we have

lellx <[fllo.q.0 and [lgnllx <|[fllo,q.0- (1.41)
Using this fact in the right-hand side of (1.39) (respectively (1.40)), we obtain the
inequality (1.35) (respectively (1.36)). |

From (1.21), lemma 1.2 and (1.36), it follows that:

Corollary 1.1. Supposing p > 2, we have the following bound for the norm of the
error u — up, in terms of the norms of the residues:

llun = ullop.e S [1RII+ (IRIP + [l + [l IRID?. (1.42)

We now turn to the case 1 < p < 2. Firstly, we are going to bound the norm of
the error on gy, i.e. |lan — a|lo.g.0-
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Proposition 1.3. Supposing 1 < p < 2, we have the following bound on the norm
of the error on g p:

llon — o llogs S IRIP/E+ |Ir[2/¢ + (el RIDY. (1.43)
Proof. By inequality (3.14) of [1] (see also Sandri [5]), we have:
llan—all§q0+ / (o|+1en)?2lon—cPde < (A(on) —Alo),on — o ).(1.44)
Q

Using inequality (1.17) from proposition 1.1, it follows from the previous inequality

llon —al

0g.0 T /Q(|Q| +lon)Plon —ol?ds

(A(c)—A(an),1)
SR lgn —alloga+ [lr]] sup
rex |7 | x

+2[r[[|[R]]. (1.45)

By inequality (3.15) of [1],

1/2
IA(g)=Alan)llopo S [/§2(0|+|Oh)q‘2lah—alzd4 llzllo.q.0 + llel

and Young’s inequality, we obtain from inequality (1.45) that, Ve > 0 and V& > 0,

len =l o+ [+l e, —af s
1 _ _
Sellan el + IR+ [ (el + Iz 2la, — e

1 —2
+= lllellog.o+lleallogel” 1717 + 7RI (1.46)

Choosing adequately € > 0 and € > 0, il follows from the previous inequality the
following one:

-2
lzn = el g0 SIRIP+lzlloge + llealloqel " lIrlZ + [ RI. (1.47)
Using (1.41), it follows that
len = all§ g0 SNRIP+ el + e[ 1R,

and taking the two-sides of this inequality to the power %, we obtain the result. O

Proposition 1.4. Supposing 1 < p < 2, we have the following bound on the norm
of the error on up:

llu = unllope S INRI+ |7 + 1R, (1.48)

Proof. By the definition of R (see (1.15)) and equation (1.10 (i)), we have

(A(gp)—A(o),7)+ (divr,up —u) =< R, >, Vr € X. (1.49)

q—2
0.g.0] ?

)
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By the inf-sup inequality (cf. proposition 2.1 of [1]) and the previous equation, we
have the following bound on ||up, — ullop.0:

<R, T > A(on)—A(a),r
lun = ullope < sup 2L 4 sup (A(en) —A(g),7)
rex lzllx  rex Iz |lx
SR+ 1[A(en) — Ao (1.50)

By inequality (3.15) of [1] and (1.41), it follows that

1/2
(@)~ A@)llopa S [/<|a| Floa)len—oPd| . (151
Q
On the other hand, inequality (1.46) implies
/Q(lgl +lan)?lan — al?dz SIR[P +[[r[]* + |Irl] |RI]- (1.52)

From (1.50), (1.51) and (1.52), it follows that

llu = unllop. S IRI+ (IRIP + [Ir[[* + |7/ [|RI))'/?
SR+ RIP A+ [lrf] + [l R
S el + [[RI+ IRI[P. 0

Now, in both cases p > 2 and 1 < p < 2, we are reduced to bound the norms of
the residues R and r in terms of computed or known quantities. This is immediate
for .

1/q
Proposition 1.5. ||r|| = ne where 1y = < Z 772(}()<1> and
KeTy,
n2(K) = [|f — P fllo.g.x, YK € Tj.

Proof. r has been defined by equation (1.16) as being div o ,+ f. But by the second
equation of the discretized mixed formulation (1.14), we have divo j, = fP,? f, where
P,g denotes the projection operator defined by:

P): LY(Q) — M,
v+— Plu, (1.53)

PPv being the function constant on each triangle K equal to the mean of v on K.
Thus r = f — P)f and

1/q
<7rv>
[r[| = sup = ||f_P}?fHL‘1(Q) = ( Z 772(K)q> . O

vemnfor |1vllar KeT,,

We turn now, to the far more serious problem to bound the norm of R which has
been defined by equation (1.15). To do that we need the Helmholtz decomposition
of arbitrary vectorfields 7 € [L?(Q)]? with estimates.
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Theorem 1.1. Let q €]1,+00[. For an arbitrary vectorfield = € [L9(Q)]? such that
divr € L9(R), there exists a function z € W29(Q) and a function ® € W1(Q)
such that:

7 =Vz+curl ® (1.54)
zllw2a) + [|@[lwra) S lIzllo.g.0 +[ldivTlog.o- (1.55)
Proof. Let D be a bounded domain of the plane, with a regular boundary and

containing Q. Let us denote by (divz )™ the extension of divr to D by 0 out of €.
Of course, (divz)™ € LI(D). In D, we consider the boundary value problem:

AS = (divz)~inD
(1.56)
Sjop = 0.

This problem possesses one and only one solution in H} (D). Moreover by theorem
2.4.2.5 of [7] p 124-125, the variational solution S € W%4(D). It follows from the
closed graph theorem that also:

1S]lwza(py S 11(divz)™[loq,n = [|divT[fo,q.0- (1.57)
Let us set z = S)q. Consequently, we have:
l2llw=.a() S [1divZ[fo,q,0- (1.58)
By (1.56), we have that div (V z) = divz. Let us set:
v=r1-Vz (1.59)
v is a divergence-free vectorfield in €2, v € [L?(Q)]? and
[ llo.g.0 S 1T lo,q.0 +[ldiv T (o0 (1.60)

by inequality (1.58). We now suppose that ¢ > 2 (the proof in the case 1 < ¢ < 2
will be done later). This hypothesis implies that v € [L?(Q2)]?. This allows us to
apply theorem 1.3.1 p 37 of [8] which tells us that there exists one and only one
function ® € H(Q) N L3() such that the divergence-free vectorfield v may be
written in the form

v = curl P. (1.61)
Obviously, [®|w1.a) = || [lo,q.0 asv1 = g—g and vy = —g—fl. Moreover by Sobolev’s

imbedding theorem and Poincaré’s inequality for functions in H*(£2) of mean zero
[9]:

1®llo.g.0 S 1@l @) S [@lH1 @) S [Plwra@)-

Putting these two facts together, it follows that:

1@llwra@) S Il llo.g.0- (1.62)
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Using inequalities (1.62) and (1.60), we obtain that

[[®]|lwra@) S Iz 0.0,9- (1.63)

Adding the two inequalities (1.58) and (1.63), we obtain (1.55). Also from the
equalities (1.59) and (1.61) follows (1.54).

We now turn to the case 1 < ¢ < 2. The proof of this case requires the following
density lemma.

0,q,0 + [[div T |

Lemma 1.4. Let us suppose that q €|1,2[. The wvectorial subspace {v €
[L2(Q)])%;dive = 0} is dense in the vectorial space {v € X;divv = 0} for the
norm of X.

Proof. By lemma 1.1.2 p. 16 of Mghazli’s thesis [10], we know that [D(Q)]? is
dense in X. Let v € X such that dive = 0 be given. There exists a sequence of
vectorfields (v})r>1 C [D(Q)]? such that (v})r>1 tends to v in the sense of the
norm of X. Proceeding like in (1.56)-(1.58) but with the vectorfield v} instead of
7 in the right-hand side of the first equation of (1.56), we construct a sequence
(26)k>1 C W24(Q) (theorem 2.4.2.5 of [7] p 124-125 that we have used is also true

in the case 1 < ¢ < 2) such that
2kl lw2a(0) S lldiveglloq.o (1.64)

and div(Vz,) = divey, Vk > 1. Let us set vy = vi — V2. v is a square
integrable vectorfield and also divergence-free. Thus v belongs to the vectorial
subspace {v € [L%(Q)]?;dive = 0}. It remains to prove that the sequence (v g)g>1
tends to v in the sense of the norm of X.

ok —ullx <l —vllx + 1V 2]l x- (1.65)

v} tends to v in the sense of the norm of X. On the other hand by inequality
(1.64) :

IV 2] |x < [ldivellog.e (1.66)

and as divu j; tends to dive = 0in LY(Q2) as k — +o0, it follows that ||V zx||x — 0
as k — 4o00. From these two facts and inequality (1.65) it follows that |[vy—v||x —
0 as k — 4o0. |

We now turn back to the proof of theorem 1.1 when 1 < ¢ < 2.

(Proof of theorem 1.1 when 1 < g < 2.)

By the preceding lemma, there exists a sequence (vy)r>1 of square-integrable
divergence-free vectorfields on {2 converging to the vectorfield v defined by (1.59) in
the sense of the norm of X. Applying theorem 1.3.1 p. 37 of [8] to the vectorfield v g,
there exists one and only one function ¢, € H'(Q) N L3(Q) such that curl ¢ = vy.
As vy — v in [LY(Q)]?, the sequence (V ¢x)r>1 is a Cauchy sequence in [L7(Q)]2.
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Moreover, by a compacity argument similar to that used to prove lemma 1.8 in [11],

/\I/dx
Q

is an equivalent norm on W14(Q2). In view of (1.67) and the fact that the functions
¢r, Kk > 1, are all of mean 0, it follows that (¢r)r>1 is a Cauchy sequence in
Wha(Q). Let us set ® = limy_, 1o ¢ in WH9(Q). @ is also of mean 0 and curl ¢ =
v. By these facts and (1.67), it follows:

it is easily seen that the mapping:

ov

o o
8(E1

; H .
0,q,Q Oz

0,9,

wWhi(Q) = Ry : ¥ H (1.67)

[[@]lwra) S [@lwra) = 2o, (1.68)

Using (1.68), (1.60) and (1.58), we obtain inequality (1.55). By (1.59) and v =
curl @ follows (1.54).

Lemma 1.5. For everyt € X:

<R, T >= Z (A(cn),Yz—mV 2)

KeT,

+ ) (curl(A(n)), ® — 1a(®))
KeTy,

=Y <[Agn)t] ;@ —1a(®) > (1.69)
Eecé&y,

where:

o (2,®) € W2(Q) x WH4(Q) denotes the Helmholtz decomposition of the vector-
field T € X,

I.;(®) is the Clément interpolate of ® (see [8] p. 109-111),

o is defined by (1.14),

En denotes the set of all edges of the triangulation Tp,

[A (o h))t]]E denotes the tangential jump of A (o),

7w,V z is the Raviart-Thomas interpolate of lowest degree of V z.

Proof. By (1.15) for every 7 € X,
<R >=(A(an), 1)+ (divr,up). (1.70)

By theorem 1.1, for every 7 € X, there exists (z,®) € W24(Q) x Wh4(Q) such
that 7 = V z+ curl ® and the estimates (1.55) holds. Using this Helmholtz decom-
position, (1.70) may be rewritten:

<R,7 >=(A(chr),Vz)+ (A(cp),curl @)+ (div (V 2),up). (1.71)

Now, V z € [W14(2)]? and thus its Raviart-Thomas interpolate of the lowest degree
is well defined (see (14) of [11]). Let us denote it 7, (V z). We have:

(divwh(Zz),vh) = (le (Zz)mh),Vvh € My,
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Thus (1.71) may be rewritten:
< R,7 >=(A(chn),V2)+ (A(an),curl @)+ (div (7,(V 2)), up). (1.72)
Now by the first equation of the discrete formulation (1.14):
(A(an),zp)+ (up,dive,) =0, vV, € Xp. (1.73)

Applying (1.73) with 7, = 7,(V 2) and 7, = curl (I(P)) successively, we obtain
the following equations:

(div (ma(V 2)), un) = —=(A(ar), (V¥ 2)) (1.74)
and

I (®))) = 0. (1.75)

(

Injecting the relations (1.74) and (1.75) in the right-hand side of (1.72), we obtain :
)
)

+ ) {(curlA(gn), @ — 1a(®)— < A(gn)-t, P - Ia(®) >ok}
KeTy,
(by Green’s formula by adapting (1.31) p. 19 of [10])

= Y (Alen), Yz —m(¥2) + Y (cwrlA(gy), @ —La(®))

KeTy, KeTy
— Z < [[A(Qh)zﬂE;(I)_Icl((I)) >Eg . (176&
Eecé&y

Remark 1.2. The summation ZEe€h < [[A (o h).zﬂE, ® — [4(P) >g appearing
in the right-hand side of formula (1.76) contains the terms < [[A (gh).ﬁ]]E,q) -
I1,(®) >r where E is an edge of the triangulation 7, contained in the boundary
of 2; in this case it must be understood that A (o).t is 0 outside of Q2. Note also

that [A(c).¢]] p = 0 for every E € &, contained in 0S2.

We now define the error estimator 7;:
Definition 1.1. For each K € 7, we define n; (K) by:
m(K)? = Wl A (a6 i + Piclleurl (A (20)I[6  x
+ > hell[A@n)t] b,z

ECOK

and we define 7; by

1/p
m= [Z nl(K)p] .

KeTy,
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We are now in a position to bound ||R|| by a constant times the error estimator

M-
Theorem 1.2.

RIS m-

Proof. It follows from lemma 1.5 that for every r € X:

<Rz >15 > lA@n)llopxll¥z—mY 2llo

a4, K
KGEL
+ Y llewrl A (@ n)lop x[[® = Ta(®)]]0,q.x
KeTy,
+ > MA@ t] pllopsll® = La(@)]]o,q,2-
Ecéy,

By (3.6) p. 72 of [1] (see also lemma 3.1 p. 125 of [6]):
IV 2 =71 ¥ 2ll0,q,x S hiIV 2|14,k
By lemma 3.1 p. 57 of [12]:
1@ = Let(®)[o,.5 S hrc|Pl1,gxc
and

1/
1® — L(®)lo.g,8 S 7”1 g

(1.77)

(1.78)

(1.79)

(1.80)

(1.81)

Let us recall that wy denotes the union of K with all the triangles from the tri-
angulation 7; adjacent to the triangle K and that wg denotes the union of the at
most two triangles of 7, admitting F as an edge. Using inequalities (1.79)-(1.81) to

bound the right-hand side of inequality (1.78), we obtain:
| <Rz >|5 D hrllA(@m)llopx|V 21k
KeT,,

+ ) hxlleurl A (n)lo.p.x|Pl1qw
KeT,

+ 3 hPI[A @) ] llop.el®lgws

Ee€&y

1/p
S (Z h%IIA(Uh)H'S,p,K) IV 2]1,4,0

KeTy,

1/p
(Z AP ||curl A o’h)||0pK> |®

KeTy,

1/p
+ (Z hEH[[A(O'h)tﬂE%,p,E) ‘¢|17Q1Q

Ecgy,

1,4,
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and so:

|<R,T>|s{2 (A @I i+ WillemT A (e )8
KeTy,

1/p
1/q
+ Z hEH[[A(Qh ]]EHOp, )} {'zz‘?q,ﬂ—’_kb‘?,q,ﬂ} .

ECOK

Using (1.55) and definition 1.1, we obtain:

1/p
|<Rr>|5S (Z m(K)p> (1 g2 + 1[40 2 lo.02)

KeTy,
Smllzllx (1.82)

This proves (1.77). O

Remark 1.3. As already said in the introduction:

1/q
0,4, = < Z 772(K)q> )

KeT,

Il = Ilf = Pyf]

where
n2(K) = ||f = P flloqx, VK €T (1.83)

Thus ||r|| is immediately bounded in terms of the data. We may now turn to the
hybridization of the discretized mixed formulation (1.14).

2. Hybridization of the discrete mixed formulation

The construction of a basis of vectorfields in X}, presents the difficulty that for
a vectorfield 7, to be in X, its normal component must be continuous at each
interface between two adjacent triangles of the triangulation 7. To overcome this
difficulty, we introduce the enlarged space

X, = {jh € [LUY)% 7 i € RTH(K), VK € Th} (2.84)
and also the space of Lagrange multipliers
M, = {,uh 10T, — R; Hng is constant for every edge e of 7j,

and pp o = 0 if the edge e C 89} . (2.85)

le
In (2.85), 97, denotes the “skeleton” of the triangulation 7y, i.e. the union of all the

edges of the triangulation 7, and for an edge e of 7y, ¢ denotes its “interior”, that
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is to say the edge e without its extremities. We are now in a position to introduce
the “hybrid formulation” of (1.14): find (&, Un, An) € Xp X My, x M), such that:

/A(Qh).jhdx+ > / apdiv 7 da
Q K

KeT,
- > MTpngds=0 Vi, e X,
3]
Ken, T8 (2.86)

Z /(divéh)vhdx—k/fvhdxzo Yo, € My,
K Q

KeT;,

Z/ uhjh.@de:O V,LLhGMh.
KeT, oK

In (2.86), n x denotes the unit exterior normal to the triangle K. Arguing as in [11]
p. 527, it is easily seen that if (g, @n, An) € X}, x My, x My, is a solution of the
hybrid formulation (2.86), then necessarily &, = g, and @y, = up. Now let us prove
that (2.86) possesses at most one solution. Thus, let (& ;,, Un, Ap) € X}, x My, x My, be
a solution of (2.86). We know already that this implies that &, = o, and @y, = up.
Let us consider for 7, € X n the vectorfield 7 K,e € X n such that for the edge e of
the triangle K € 7p,, fK,e-EK equals 1 on e and 0 on the two other sides of the
triangle K, and 7 f , is null on all other triangles K’ # K of the triangulation 7j,.
Putting it into the first equation of (2.86), we obtain:

‘6|)\h|e :/I(A(gh)'fl(,edx—"—‘/KuhdinK,edm' (287)

Equation (2.87) shows that the Lagrange multiplier A\j is also completely deter-
mined. Note that the existence of the above vectorfield 7, is proved in lemma 2.2
of [11]. Thinking a bit to equation (2.87) shows that it proves also the existence of
a solution to the nonlinear system (2.86). Taking &, = o, and @y = up, we can
define \j, by equation (2.87) noting that these special vectorfields 7 j . form a basis
of the space X),. Let us observe that if e has two adjacent triangles K; and Ko,
we may choose any in the right-hand side of equation (2.87) as it gives the same
result. This follows from equation (1.14)(i) with 7, equals to 7 g, , on K1, —T f, .
on K5 and 0 on the other triangles of 75,. Note also that if the edge e is contained
in the boundary of €, then 7 ;- , € X}, and thus by the first equation of (1.14), the
right hand side of (2.87) is zero showing that Ap|. = 0 in this case. We have thus
established the following result:

Proposition 2.1. The hybrid formulation (2.86) possesses one and only one solu-
tion (G 1, Un, An) € Xp X My, x My. Moreover, 6, = o, and Uy = uy,.

Numerically, we may try to solve the nonlinear problem (2.86) by a simple Picard
scheme also called the method of successive substitutions. Thus we construct a
sequence (o™, u™, A"™) € X}, x My, x My, by the following iterative algorithm: Given
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(c™, u™ A™) € X}, x My, x My, compute (¢ ™1 w1 A1) e X}, x My, x M,
solution of the linear system

/|‘7 |97 2gmtl F ndx + Z/ m+1d1v7hda:
KeTy,

— Z Am+1 wengds =0 Vi, e Xy,

KeTn (2.88)
Z / dlvam+1 vhdaz—i—/ fopdr =0 Vv, € My,

KeTy,
Z/ pno ™ n eds =0 V,uhEMh.
KeTy, 9K

It is not evident that the linear system (2.88) possesses one and only one solution
(g™t ym 1l XM +1) € X}, % My, x Mj,. Let us observe that if (g ™+ ym+1 \mtl)
is a solution to (2.88), then a fortiori (¢ ™1, u™*!) € X} x M, due to the third
equation of (2.88) and is solution of the following linear system:
/ \gm|q*2gm+1.zhd:z: +/ umﬂdivzhdx =0 Vr, € Xy,
Q Q

(2.89)

/ dive ™o, de +/ fopdr =0 Yo, € My,

Q Q

We first give a sufficient condition for the linear system (2.89) to have one and only
one solution.

Proposition 2.2. If for every triangle K of the triangulation Ty, o™k £ 0,
then the linear system (2.89) possesses one and only one solution (¢ ™!, u™*1t) €
Xh X Mh,

Proof. By corollary 1.4.1 of [8] it suffices to prove that the bilinear form

a(.,.): Xp x X, — R (I/h,z;:) »—>/ |gm|q721;1.1;;dx
Q

is coercive on Vj, = {1, € Xh;/ div 7 popde = 0,Yu, € Mp}. One must in fact

check also that the bilinear form

b(o,.): Xp x My, — R (7,,,03) — / div 7 ,vpdx
Q

satisfies the inf-sup condition but this results from proposition 3.1 of [1]. Let us
consider 7, € Vj,. As T K € RTy(K),VK € Ty, it follows immediately from the
condition 7, € V}, that 7, must be constant on each triangle K of the triangulation
T5,. Thus for such a vectorfield, one has:

)= [l fie = Y izl [ et > o

KeT,
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Due to our hypothesis on o™, it follows that:

1
c= inf —/ lc ™9 %dx > 0.
KeTy, K| K

Thus:

1/27 2
a(Tp,Tp) 2c (Z |K]| |Th|K|2> ~ Izl

KeT,

all norms being equivalent on finite dimensional vector spaces. This proves the
coercivity of the bilinear form a(.,.) on Vj,. O

Now, it remains to prove that under the same condition on g™, that the linear
system (2.88) possesses one and only one solution (¢ ™1, u™ LA™+ € X x M), x
Mjp,. This is the purpose of the following corollary.

Corollary 2.1. If for every triangle K of the triangulation Ty, g‘"}( Z 0, then the

linear system (2.88) possesses one and only one solution (g™ ymTt \mtl) ¢
Xh X Mh X Mh.

Proof. We know already that the linear system (2.89) possesses one and only one
solution (¢ ™*1 u™*+1) € X}, x M},. Now, we put that solution in system (2.88) and
define A™*1 by the first equation of (2.88). More precisely, we define )\‘TZH by:

le[A™ T, = /K \Qm|q’2gm+1.fK,eda:—|—/Kum+1diva’edm, (2.90)

where K is an arbitrary adjacent triangle to the edge e and T j . is the same
vectorfield that appears in formula (2.87). Let us note that if the edge e is contained
in the boundary of €2, then 7 i . € X}, and thus the first equation of (2.89) implies
that )\TZH defined by (2.90) must be 0. Thus A+ € Mj, which proves that the
linear system (2.88) possesses one and only one solution. O

Definition 2.1. In the sequel, we will denote for a triangle K € 7;, by z % the

o™ k|72

barycenter of the probability measure of density Tlo™ [72dx with respect to
K 1= K

Lebesgue measure on R restricted to K that is ([13] p. 146):
1

o // ple )
o™ |9 2dx T
K

It is well defined for every K € 73 under the hypothesis of proposition 2.2 on
a™.
Proposition 2.3. Under the hypothesis of proposition 2.2 on o™, for every triangle
K of the triangulation T, we have:

ok AT gds [ fdx
mtl _ o X nds —z) VzeK 2.91
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where | K| denotes the area of the triangle K.

Proof. Let K be an arbitrary triangle of the triangulation 7. Putting in the first
equation of (2.88), any vector field T, constant on K and nul outside K, we obtain :

/ |gm‘K|q_2gm+1‘de = / N geds. (2.92)
K oK
Writing the unknown vectorfield o m+1| x in the form:

" k(@)=a+clz —zR) (2.93)

where a € R?, ¢ € R and 272 has been defined in definition (2.1), it follows from
equation (2.92):

g/ |gm‘K|q_2dg;:/ A" peds. (2.94)
K K

Thus we have:

a=J0K (2.95)

By the second equation of (2.88):

1
dive™ o = —— | fdx. (2.96)
IR K
By (2.93), we have also
divg’”"'llK =2c (2.97)
From (2.93), (2.95), (2.96) and (2.97) follows our claim (2.91). |
For u‘";(“, we have the following formula:

m

Proposition 2.4. Under the hypothesis of proposition 2.2 on o™, for every triangle

K of the triangulation T, we have:

m+1 m — m f fdx
it = ([ el - ) S
1

m+1(

(2.98)

+ PR
2K Jox

Proof. Let us take for the vectorfield 7, in the first equation of (2.88), the vec-
torfield equals to z — 2 7% in the triangle K and to 0 outside of K. We obtain using
(2.91) and the fact that [} |o™(z)|9?(z — 2 %)dz = 0:

1
- [ lem el — apPds - g [ sde 2Kl
« K] i

= N (g — 2™ n kds.
OK
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From this last equation, (2.98) follows easily. ]
Remark 2.1. Equations (2.91) and (2.98) show that gm"‘l‘K and ur}jl are com-
pletely defined by the restriction of the Lagrange multiplier A% to the boundary
of K. Thus, we are reduced to the determination of the Lagrange multiplier A™*+1.
To obtain the linear system from which A™*! is the solution, it suffices to express
that ¢ ™% has its normal component continuous across each interior edge e of the
triangulation 7p,.

Proposition 2.5. The Lagrange multiplier \™ 1 is the solution of the linear system
obtained by associating to each interior edge e of the triangulation the equation:

; |6|Am+1 — |d1‘2 + |6|2 _ |gl|2Am+1 _ |gl|2 + ‘6‘2 — |d1|2/\m+1
/ ‘O’m |q72d:17 le 2|e| |da 2|e| lg1
9 K,
Ky
TN S 5SS e 1 RS e TN
/ om i2dp L 2le| 2 2e| 192
9 K,
K>
1 m 1 N
~ 2Ky /s fdy ) (@ —2R)-n e + a5 ). F@)dy ) (@ —2)n e
! 2
(2.99)

In equation (2.99), K7 and K denote the two triangles of 7}, sharing in common
the edge e. di and g1 (resp. do and g2) denote the two other sides than e of the
triangle Ky (resp. K3) (for an arbitrary edge b of 7j, |b| denotes its length). In
the right-hand side of equation (2.99), z denotes an arbitrary point of the edge e
(usually we will take its midpoint).

Proof. Before beginning really the proof, let us explain why x is an arbitrary point
of e in the right-hand side of (2.99). Let us take two arbitrary points ' and 2’ on
e. Then

(2" —2R)nge=@" —2%) 0K (2.100)

fori=1,2as 2z’ —z" is orthogonal to n f,|.. Now let us prove (2.99). To do that,
let us express that

m—+1 m+1 _
Q\Kl -@Kl\e +Q|K2 ‘QK2|6 =0

using formula (2.91). To alleviate the notations, we will write in the sequel n % for
N K,les (i = 1,2). We obtain from (2.91):

m—+1 e m—+1 e
fal(l)‘ ﬂKl'@K1d5+faK2)‘ N1, N5, ds

/ lo ™9 2dx / lo ™9 2dx
K1 K2

Jdx fdx
K1

= W@ —zR,)ng, +
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for every = € e; but due to (2.100) it suffices to express it for one z € e. Decom-
posing each of the integral above on 0K; (i = 1,2) as sums of integrals on each
side, we obtain:

1
m+1 m+1 m-+1
W [|e|)\|e —|d1|cosoz1)\‘d1 — |gl|cosﬁl)\|g1 }
e
1
m—+1 m+1 m+1
+ W [|€|)\|e - |d2|cosoz2)\‘d2 - |gg|cosﬁg)\|g2 }
, 1
Ji, fdo Jx, fdz
= S & TR e T e (@ ) (2.102)

where «; (resp. ;) denotes the angle in the triangle K; between the sides d; and e

(resp. g; and e), (i = 1,2). Using the law of cosines we have:
|dil* + [ef* — |gil? il + lel? — |di]?
cosa; = and cos 3; = ,
’ 2|d;ille| ' 2|gillel

and replacing in (2.102) we obtain (2.99). |

3. Numerical Experiments

The following experiments will underline and confirm our theoretial predictions.
These numerical tests consists in solving the mixed formulation of the p-Laplace
equation (0.1) for the value of f given by (0.7) with € = 0.05 on the unit square Q =
]—-1/2,1/2[, using the Raviart-Thomas finite element of degree 0. The correponding
exact solution is given by (0.6) and displayed on Figure 1.

The computations are performed for p = 1.8 and p = 3.0, each of these two
values ensuring that f € L9(€2), with % + % = 1. Firstly, with the knowledge of the
exact solution u given by (0.6), the order of convergence (function of p) is verified,
using theorem 3.2 of [1] for p = 1.8 and theorem 3.1 of [1] for p = 3.0 (one verifies
that (o,u) € WH4(Q)?2 x WhP(Q) for p = 1.8 or p = 3.0). Secondly, the ratios
between the errors and the estimators are plotted, to verify the reliability of the
estimators. The numerical tests are performed using quasi-uniform meshes similar
to the one displayed on Figure 2, and characterized by the number of nodes n in
each direction of space. If we note h the diameter of any triangle and DoF' the
number of degree of freedom associated to the mesh (i.e. the number of segments),
we have h = v/2/(n — 1) and DoF = (n —1)(3n — 1).

3.1. Order of convergence of the methods

Let us quantify how the numerical solution converges towards the exact one. To
this end, we plot the curves :

o |lon —alloq0 as a function of DoF (see Fig. 3),

o |lu—upllopa as a function of DoF (see Fig. 4).
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The predicted orders of convergence in h are given in [1], and summarized in table

1. The corresponding order of convergence in DoF' are mentionned into brackets
(DoF = O(h™2)).

llen —allogo | llu—unllopo
(s) 1+ (3)
_Z 1 _Z

9 2

3 1

8 4

Table 1. The predicted orders of convergence in h (and in DoF).

= w|lol
N | =

For p = 1.8, the numerical results always give slightly better orders of conver-
gence asymptotically whatever the error considered. For p = 3.0, the good order of
convergence is asymptotically achieved for the error on oy, and a better order of
convergence than the one expected by the theory is obtained for the error on wy,.

3.2. Reliability of the estimators

Proposition 1.5 proves that ||r|| = 72, and theorem 1.2 allows to bound ||R]| by a
constant times the error estimator 7;. As a consequence, following proposition 1.3
(resp. proposition 1.4), we plot on figure 5 the ratio r1 (resp. r3) defined for p = 1.8
by :

o= lon —alloge
1 — 2 )
'+ + ()
_ u—upllope
o = —p/2
n o+ N2+

Similarly, following proposition 1.2 (resp. corollary 1.1), we plot on figure 6 the ratio
r3 (resp. r4) defined for p = 3.0 by :

llgn —alloqe

Vg +mem

|l — unllo.p.0
m + (f +n3 +mam) /P
The meshes used are the same than the ones involved in part (3.1). We see that
whatever the ratio r; chosen (1 < i < 4), the ratio is asymptotically constant. In
other words, it appears that all these ratios are asymptotically independent of the
number of degrees of freedom DoF' associated to the mesh. As a consequence, it
shows that the estimators are actually reliable.

T4 =
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Remark 3.1. Our computations show that the effectivity index, which is equal

to 1/r;, 1 <4 < 4, is very high for some of the examples. This fact is due to the

presence of unknown constants that enter into the calculation. Using recovery type

estimators, one can adjust these constants properly to match the predictions of the

residual and recovery estimators.

Remark 3.2. Computations have been performed with the use of the code Simula+
developed by the LAMAV laboratory (University of Valenciennes, France) and the
LPMM laboratory (ENSAM of Metz, France).
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Fig. 1. The exact solution u.

Fig. 2. Quasi-uniform mesh with n = 5.
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Fig. 3. |lan — allo,q,0 as a function of DoF : p = 1.8 (left) and p = 3.0 (right). The slope of the
dashed line corresponds to predicted results and the squared-composed line to computed results.
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Fig. 5. r1(left) and ro (right) as a function of DoF for p = 1.8.
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Fig. 6. r3(left) and r4 (right) as a function of DoF for p = 3.0.



