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STOCHASTIC PROOF OF UPPER BOUND FOR THE
HEAT KERNEL COUPLED WITH GEOMETRIC FLOW,
AND RICCI FLOW

KOLEHE A. COULIBALY-PASQUIER

ABSTRACT. We give a proof of Gaussian upper bound for the heat kernel
coupled with the Ricci flow. Previous proofs by Lei Ni [5] use Harnack
inequality and doubling volume property, also the recent proof by Zhang
and Cao [6] uses Sobolev type inequality that is conserved along Ricci
flow. We will use a horizontal coupling of curve [1] Arnaudon Thal-
maier, C. ; in order to generalize Harnack inequality with power -for
inhomogeneous heat equation - introduced by F.Y Wang. In the case
of Ricci flow, we will derive on-diagonal bound of the Heat kernel along
Ricci flow ( and also for the usual Heat kernel on complete Manifold).

1. COUPLING AND HARNACK INEQUALITY WITH POWER

In the first part of this section, we will focus on the operator of the type
L, .= %Ag(t), where A/ is the Laplace operator associated to a time de-
pendent family of metrics g(¢). We will suppose that all considered g(t)-
Brownian motion is non explosive. For example when the family of metric
comes from the backward Ricci flow, this have been proved in [7]. Let ()
be a C1(M) geodesic curve such that v(0) = x and (1) = y and X;(u)
be the the horizontal L(t)-diffusion C! path space in C'*([0,T], M) over X°,
started at u — (4 ). Let X;(z) be a g(t)-Brownian motion that start at x,
//o,t the g(t) parallel transport, and W, the damped parallel transport that
satisfies the following Stratonovich covariant equation:

d((//o04)" (Woy)) = —%(//o,t)fl(Rng(t) —0u(g()))*9") (Wo,) dt

with
W07t : TxM — TXt(m)Ma W0,0 = IdeM .

Proposition 1.1. The process Xt('y(%)) satisfies the following stochastic
differential equation :

v V), = pte() g9 x0 1 AN
d"(X.(v(7)e = Py dm X, (@) + 7 WIX.(V()))ed () it
Proof. We pass to the Stratonovich differential and obtain the following chain

rule formula:
- to d X, ()
(X (1)) = (X (1) + 2T

1

t=to
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We use Theorem 3.1 in [1] to identify the last term of the right hand side:

dXt, () 1 to t
— = =-W(X (v(= S0

dt t=to T ( .(W(T)))tO(rY(T))
Now we come back to the It6 differential equation using the following rela-

tion:
05, = J4(d /O Jj71x dYy),

and we obtain

¥ (X (VDo = /1o ( / 5 d(X (2 ))) + = // WX ((5))s (3(

= % <X.<w<';9>>>t0 G ACTEONTE

We use again Theorem 3.1 in [1] to identify

t
4% (X))o = Py "

S

T))ds)

dVh X ().

T

Let
-1 / Py X0 ), WX (1(2))s () )t

Ry :==exp (N, — %(N)t)

In many situations the Novikov’s criterion will be satisfied, so we could expect
R; to be a martingale. Define a new probability measure as :

Q = RT]P’

Proposition 1.2. Suppose that Novikov’s criterion is satisfied for Ny. Then
under Q, the process Xt(*y(%) 1s a Ly-diffusion that starts at x, that finishes
at XT(y)

Proof. One could directly apply Girsanov’s theorem. We prefer here to give

a direct proof. Let f € C?(M,R). Recall that R; is a P-martingale, and
thf(')

PO 77 is an isometry for the metric g(t). Use It6 formula to compute :
T
t
d(Rtf(Xt(’Y(f))))

= Tmagaeya o

where M is a martingale for P. Also

Ref (X)) — 5 / A (Xe(r () ds =

t 1

Rtf<Xt<fy<f>>> -3 /0 RoAf(X,(y(3)))ds + NI,
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Where M ¥ is a P-martingale. Use the fact that U; is a Q-martingale if and
only if R,U; is a P-martingale. So f(X;(v(£))) — 2 gAsf(Xs(v(%)))ds is
a Q martingale i.e. Xy(y(%)) is a L; diffusion under the probability Q. It
is clear that it finishes at Xr(y), so X;(y(%))) can be seen as a coupling
between two L; diffusions that started at different point up to one change of
probability.

O

Let a; j(t) be a family of symmetric 2-tensors on M. We will consider the
following heat equation coupled with a geometric flow.

Orgij = aij(t)
(1.1) Ouf(t, ) = gAf(t, )
f(0,2) = fo(z),

Remark 1.3. Such flow, have been widely investigated in the literature.
Let us mention the following situation:

e The most famous case is when «; ;(t) := 0, this is the case of constant
metric and equation 1.1 is the usual heat equation in M.

e «; i(t) := —Ric; j(g(t)), that is the Ricci flow.

e One can also consider «; ;(t) := —2hH; j(g(t)), where H; ;(g(t)) is
the second fundamental form relatively to the metric g(¢), and h is
the mean curvature, when the family of metric comes from the mean
curvature flow.

In all these cases a notion of g(t)-Brownian motion, i.e. a A, diffusion,
parallel transport, and damped parallel transport has been given in [3, 2|.

Let T. be the maximal life time of geometric flow g(t),cjo,r,[- For all
T < T., let X! be a g(T — t)-Brownian motion and //OT,t the associated

parallel transport. In this case, for a solution f(¢,.) of (1.1), f(T —t, X} (z))
is a local martingale for any = € M. So the following representation holds
for the solution :

F(T,x) = By [ fo(X7))-
We introduced a further subscript T referring to the fact that a time
reversal step is involved.
Let Wat be the damped parallel transport along the g(7T — t)-Brownian
motion.Let us recall the covariant differential equation satisfied by this damped
parallel transport [3] :

*d((//6,) " (W) = —%(//g,t)’l(Ricg(Tft) —0u(g(T — 1)) T (W) dt

with
Wi TeM — Ty ()M, Wi = 1dg, a1 .

All the over subscript 7' we will mean that the family of metrics is g(7—t).
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Proposition 1.4. Suppose that there exist &, > 0 and K, K > 0 such that

—ag(t) < o(t) <ag(t),
—Kg(t) < Ric(t) < Kg(t),
then the g(t)-Brownian motion, and the g(T — t)-Brownian motion does not

explode before the time T,.

Proof. This is a sufficient condition but it is far from being a necessary
one, for the process to don’t explode. Use the It6 formula for di(xg, Xy),
the comparison theorem of the laplacian of the distance function, and the
comparison theorem of stochastic differential equation. O

Remark 1.5. For the backward Ricci flow, the g(¢)-Brownian motion does
not explode [7], but the condition of the sufficient existence of the Ricci flow
in complete Riemannian manifolds as given by Shi [8] theorem 1.1, that is
the boundedness of the initial Riemannian tensor (for the metric g(0)) also
gives a bound of the Ric tensor along the flow (for bounded time). So the
conditions for non explosion of the g(¢)-Brownian motion given in the above
proposition will be satisfied if the initial metric satisfy Shi condition for the
complete manifolds.

Proposition 1.6. Suppose that there exist C' € R such that in a matriz sens:
Ricy ) —a(t) > Cg(t).

Then Ry is a martingale, and for B > 1

Ct

a2 (wu)
(B—1) g = —

B[R] < e
Moreover suppose that there exist C' € R such that in a matriz sens:
Ricy ) +o(t) > Cg(t)
then Rl is a martingale and for 8 > 1

dT(z Y) 1—e —Ct

E[(R])’] < e

Proof. Let v € T,M. Then we use the isometry property of the parallel
transport i.e. //s: (T:M,g(0)) = (Tx, ()M, 9(s)) to deduce

+d(W (X (2))50, W(X.(2))s50) g(5) = *d{// 5 W(X.(2))50, /7 W(X.(2))50) 4(0)
= 2(xd//TTW(X.(2))sv, /T W(X.(2))s0)g(0)
= 2(//s % d// W (X (2))50, W(X.(2))50) g(5)
— ((Ricgay 04 (9(5)) ) (WX, (2))50), WX, (2))s0)y(s) d
—C | W(X.(2))sv ||* ds
By Gronwall’s lemma we get

1o
| W(X.(2)s50 )< €27 || 0 [l g(0)
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Recall that Ny := % [0(Py ifs“dvs)(O( )W(X.(W(%)))sﬁ(%»g(s),andP(i’gs(')

is a g(s) isometry and deXS( ) = //se;dw® where w is a R™-Brownian mo-
tion, and (e;);=1., is an orthonormal basis of T, M. Then

V=75 [ IWEGENAE) B ds
1 t

<z | O NG I ds

1 b s
< qadilen) [ s

So by Nokinov’s criterion, Ry is a martingale. Let 8 > 1,
B[R] = Ele™ 3]

By the same computation we have
., S
M= / | W (X GEAC) [ ds

< ﬁ e O | ’Y( ) HZ(T) ds

t ~
S—dQ Yy / e~ % ds.

Thus R} is a martingale. Given 8 > 1 we have similarly,
2y) _o—C
E[(RT)Y] < 306 E 1=
O

Remark 1.7. In the case of Ricci flow, 9;g(t) = —Ricy(y), then 0yg(T — 1) =
Ricyp_y) so the process X' (x) does not explode (we do not need proposition
1.4, but [7]) and the condition of the above proposition is satisfied with C' = 0
and ,
E[(R])?) < e300,

We are now ready to give the Harnack inequality with power. Let f be a
solution of (1.1) and let Py be the inhomogeneous heat kernel associated
o (1.1),1e

Porfo(x) = f(T,x) = Eu[fo(X7))-

Theorem 1.8. Suppose that the g(T — t)-Brownian motion X; does not

explode, and that the process R? 1s a martingale. Then : for all o > 1 and
fo € Cy(M) we have :
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| Porfo|* (@) <E[R])=T)" Por | fo |* ()-
Moreover if there exists C € R such that in a matriz sens:
Ricy ) +a(t) > Cy(t)

then we have:

% (2,y) 1_=CT

| Porfo |* (@) Sexe0 2 =0 Py | fo | (y).
Proof. We write X/ := X[ (v(#)), and use 1.2, and Holder inequality.
| Porfo | (x) =| BR[fo(X7)] |

=| E¥[RT fo(XT)] |*
< EF((RD)=T)° TR fo |I* (X7)]
= EF[(RD)=T1" "By fo |* (X7))
= EF((RD)=1 " Ror | fo |* (v).

The last part in the theorem is an application of proposition 1.6. U

We will denote by p; the volume measure associated to the metric g(t),
and for A a Borelian, V;(A) := [, 1du, and By(z,r) the ball for the metric
g(t) of center z and radius r. .

Corollary 1.9. Suppose that the hypothesis of theorem 1.8 is satisfied, and
that there exist C € R such that Ricyy) +a(t) > Cg(t). Let fo € L%(uo).
Moreover suppose that there exists a function 7 : [0,T] — R such that :

1

5 tracey(a(0)(y) < (1), V(t,y) € [0,7] x M

then

fOT T(s)ds+1

[ [e%
| Porfo (x) < —— || fo llze(uo) -
(Vr(Br(z, %»)a
e

Proof. 1f foy € Cy(M) N L*(up) we apply theorem 1.8 and get :

2 -
A7 (z,y) 1_e—CT

| Porfol® (z) < e2e-D) 72 ¢ Por | fol* (y)

2(a—1)T2
lfe*éT

=)

We integrate both sides along the ball Br (ac, ), with respect to

the measure p, in y and obtain :

2(a — 1)T?

VT(BT (1’, (lfef_éT)
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We have that &1 (y) = %traceg(t)(a(t))(y)d,ut(y), and by Stokes theorem
we have :

d
— | Pou| fol® (y)due(y / Poy | fol® ) d#t( )
M

dt
<o) [ Pl fol” )t
We deduce that :
JE7(s)ds «
POt | fo |* (y) dpe(y) < elo | fo HLO‘(HO) :

So for fy € C'b M) N L*(up) we have

fO T(s)ds+1
e @

| Porfol () < |l fo I (o)

o— 2 S
(Vr(Br(z, %)))
C

and we conclude by a classical density argument that the same inequality is
true forfo € L (o) - O

Corollary 1.10. If the family of metric comes from the Ricci flow and if
1
(1(t)) = —= inf R(t,y) < o0,Vt € [0,T]
2 yeM

then we have

fOT T(s)ds+1
(&

(Vr(Br(z, M)))é

«

| Porfol(z) < | fo llLeuo) -

Ifinf e (VT(BT(x, 2(0‘_1)T))) =: Cr > 0 then as an linear operator :

a

f(? T(s) ds+1
(& «@

1Po,2 M| Lo (g s Lo () < 1
Cr

2. NON SYMMETRY OF THE INHOMOGENEOUS HEAT KERNEL, AND HEAT
KERNEL ESTIMATE
Let a%g(t) := «a(t) where « is a time dependent symmetric 2-tensor; and

consider L, = _8% + %Ag(t). Let z,y € M and 0 < 7 < ¢ <t and denote
by P(x,t,y,7) the fundamental solution of

(2.1)

Ly P(x,t,y,7) =0
limp - P(z,t,y,7) = 04

Recall that [3]:
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Let v,u € CY2(R, M), that is differentiable in time, and differentiable
twice in space. Consider the adjoint operator L* of L with respect to
(Lu,v) := fOT S (Lu)vdpg dt. Tt satisfies

19)
The fundamental solution P*(y, T, xz,t) of L*, satisfy :

1 0 1
L;‘,x = §At + _t + §traceg(t) (a(t)).

* * _
(22) I.’T,yp (y;T,ﬂc,t) =0
lim; ~ P*(y,T,z,t) = 0,

The adjoint property yields:
P(x’ t? y? 7—) = P* (y’ T? x? t)'

After a time reversal, P*(y,t — s, x,t) satisfies the following heat equation

(2.3) { (?SP*(Z/J —s5,x,1) = %Ag(tfs),yp* + %traceg(t,s) (a(t —s))(y)P*
limg\ o P*(y,t — s,2,t) = d,

Suppose that there exist functions 7(¢) and z(¢)such that :

E sup tracegy) (a(t))(y) < 7(t)
yeM

%yiélj\f/f traceg (a(t))(y) > (t)
By Feynman Kac formula, we conclude that :
P*(y,t — s,x,t) < e fOST(t_SJr“)duﬁ(y, s, x,t).
We now fix t. Let P(y,s,z,t) be the fundamental solution, defined by :

asﬁ(y, S, &y t) = %Ag(tfs),y?(ya 5, &, t)
(2.4) o\ 5
limg 0 P(y,s,z,t) = 6y

We have in particular:

£0,2) = fo(x)

Theorem 2.1. Suppose that the g(% + s)-Brownian motion does not explode
before the time L and that there exists C € R such that Vs € [0, L]

Ricg(s) —a(s) > Cg(s).

(2.5) { Osf(s,x) = %Ag(t_s)f(s,x)
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Assume that g(t — s)-Brownian motion does not explode before the time %
and that there exist C € R such that Vs € |0, %]

Ricg(_g) +a(t —s) > Cy(t —s).

Then the fundamental solution of (1.1) that we note P(x,t,y,0) satisfies

P(.%' t,y O) <e 6% fg 7(s) ds eféfo% 7(s)ds
y Uy Yy >~ — T — .
(Vt(Bt(x, I(Qf)@%))) 2 <Vo(Bo(y, %))y
( _eé ) (1_ec )

Proof. By the Chapman Kolmogorov formula we have:

t t
P(z,t,y,0) = / P(z,t, z, §)P(z, §,y,0) d,u%(z)
M
t t
= / P(x,t,z, =)P*(y,0,2, =) dut (2)
M 2 2 2

< (/M(P(m,t,z,%))Qdu%(z))%(/M(P*(y,o,z,%))%zu%(z)) .

N

Recall that P(x, % + s, 2, %) is the fundamental solution, that starts at J, at
time s = 0, of :

asf(S,CU) = %Ag(%+s)f(8,$)
(26) { 10.2) = folx)

Then we have :
Pog @) == fo(5,0) = Elfo(X{ ()

)

According to the proof of corollary 1.9, we get that for fo € Cy(M)N L?(u

[SIES

t
f02 T(%+S) ds+1
€

| o, fo | () < o llzagey) -
2

(2)2
l—efé(%) ))

(=)

(W(Bt(%
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Given zyp € M and n € N, we apply the above inequality to fo(y) :=
P(xz,t,y, ) A (n11p(zyn)(y)) to obtain :

t t
/ P(x,t,z,—)(P(a:,t,z,—)/\nIIB(xo n)('z)) dlu’i(z)
M 2 2 ’ 2

[ (P2, 5) A (07T, () diy (2

t
f02 T(%«ks) ds+1
2

e . 2 %
< (Vi(By(x (%7)2)))% </M (P(x,t, 2, 5) A (I gz n)(2))) d,u%(z)) _
t [ACS] (ﬁ)

Letting n goes to infinity, we obtain that the heat kernel is twice integrable,
and that:

t
f02 T(%+S) ds+1

( (P(x,t, 2, z))2du%(z))§ < ¢ i — -
b 2 (Vi(Bila. [ 2o ))?

(e 2

Recall that:

t 1

t
P9,0,2, 5) < ez Jo TPy, %,x ¢

) 5)5
where P(y, %, x, %) is the heat kernel at time %, that start at time O at &, of
the following equation:

5sf(3735) - %A (%73).](.(37'7;)
27 { F(0.2) = folx)

We also have:
Py 1 fole) = folg, ) = Blfo(X{ (@)

Here the family of metric is s +— g(% — s), so many changes of sign are
involved. However, the proof of the following is the same as the proof of
corollary 1.9. We get for fy € Cp(M) N LQ(M%) :

i
— f02 7(s)ds+1
(& 2

(Vo(Boly, .| —CEL )3
’ (l—e_c(%))

|?o,%fo | (y) < | fo HL?(M%) .

Similarly we can show the square integrability of the kernel and the following
inequality:
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t
— f02 T(s)ds+1

1
(f, P s ) ) s —
(‘/O(BO(ya (17530(%)))))2
c
We obtain
t 1
(] (700,55 duy ()’
1 %TU U -2 4 4 3
< ez o' T (/MP (W55 5) dug(2))°
. 7f0% 7(s)ds+1
< e%fog 7(u)du € 2 )
- )2 1
(Vo(Boly, , |—Z2—)))>

(1_6*00(7))

O

Remark 2.2. Having a heat kernel estimate for the heat equation we have
simultaneously a kernel estimate of conjugate equation.

Remark 2.3. If g(t) = ¢(0) is constant, and Ricy) > 0 we have 7(t) =

7(t) = 0, C = C = 0 and we deduce Li Yau one diagonal estimate of the
usual heat equation on complete manifolds:

1 1
(Vo(Bow, /£)))* (Vo(Bow, /1) *

Remark 2.4. For the Ricci flow, in dimension 3, there is a result of Hamilton
that says : if the Ricci curvature is non negative at time 0, it is still non
negative for all time before the critical time. In arbitrary dimension n, if
we suppose that the Ricci curvature is positive at all times, we have the
following one diagonal estimate (use the above theorem 2.1 with C' = 0 and
C=0):

Pt(x’y) <e

1
6% fot 7(s) ds 67% Jo? (s)ds

(Vi(Bu( \/50)* (VolBo(y, \/5)*

Recall that in the case of Ricci flow : 7(s) = —3infy R(s,.) and 7(s) =
—1supy; R(s,.) so we have :

P(z,t,y,0) <e

1 rt . 1
e 4 f% infar R(s,.) ds ei Jo? (supM R(s,.)—inf s R(s,.)) ds

B /D)F (Bl /1)

P(z,t,y,0) <e
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3. GRIGOR’YAN TRICKS, ONE DIAGONAL ESTIMATE TO GAUSSIAN
ESTIMATE, THE RICCI FLOW CASE

In this section we use the one diagonal estimate of the previous section
to derive a Gaussian type estimate of the heat kernel coupled with Ricci
flow (for complete manifold with non negative Ricci curvature) . The proof
involves in several steps. In particular, we use a modification of Grigor’yan
tricks to control exponential integrability of the square of the heat kernel,
combined to an adapted version of Hamilton entropy estimate to control
the difference of the heat kernel at two points. This type of strategy, is a
modification of different arguments which appears in the literature on the
Ricci flow ( Hamilton, Lei Ni , Cao-Zhang). Unfortunately, we have not
been able to cover the case of general manifold (without assumption of non
negativity of the Ricci curvature).

We start this section by the following entropy estimate.

Lemma 3.1. Let f a positive solution of (1.1), where a; ;(t) = —(Ricy))i
,t€[0,..T.[ and M% := sup,ens f(%,2) then for all z,y € M

[(t2) < VI y) /Me™

Proof. By the homogeneity of the desired inequality under multiplication
by a constant, and the homogeneity of the heat equation under the same
operation, we can suppose that f > 1, in the proof.

Using an orthonormal frame and Weitzenbock formula, we have the fol-
lowing identity:

1 ik 1 vifev o
(o2 8y (L oty = () Hessr-TL2TL o 4 Riey +)(0 7).
2 f f f
Thus, in the case of Ricci flow we get :
1 v/
(—3t + §Ag(t))( 7 > > 0.
By a direct computation we have :
1 1] vfl?
(-0 + 5 850)(F1og Nlant) = 51 o),
Let
N L P et
o= h(s)( 7 )(t =5, X((2))) + (Flogf)(t — s, X(x),
. . . t/2—s
where X!(z) is a g(t — s)-Brownian motion started at z. If h(s) := /2

then by It6 formula, it is easy to see that Ny is a super-martingale. So we
have :

E[No] < E[N:],

t
2
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that is :
2
tvf
4 f

(t,2) + (f1og f)(t,) < E[(flog f)(5, X} ()]

)

Where we have used that f > 1 and that f(t — s, X!(z)) is a martingale.
The above computation yields:

| v/ | 2 My
G (te) < 2 log(52s),

~+

and consequently:
M

L 1
Vil log(—2=) 1< —.
After integrating this inequality along a ¢(t) geodesic between z and y, we
get :
M, My di(z
Y)
log ) < \/log A, ,
\/ T =V e T
that is

df (@)
f(t2) < VT /Mee™
O
Now, we adapt the argument of Grigoryan to the situation of Ricci flow

(with non negative Ricci curvature). We begin by recalling Remark 2.4. The
assumption of the positivity of the Ricci curvature gives R(x,s) > 0. Let

U(t) = e Josupn B(s,)ds g6 the estimate in 2.4 becomes :

v(t)

1 1
(Vi(Bia.\/£))? (Vo(Bolw,/$)?
Lemma 3.2. Suppose that the family of metrics g(t) comes from the Ricci
flow, and let B be a Borelian in M. Then:

1 Wt
)
Vi(B)z  Vo(B)z
)y = 0 then for all z,y € M and r > 0 we have :
1 1
TS 1
VO(Bt(xvr))Q VO(BO(xvr))Q
Proof. A simple computation computation shows that:

d

1 )
=3 trace () (9(t)) e

P(x,t,y,0) <e

Moreover if Ricy.
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In the case of a Ricci flow this becomes 4y (dx) = —1 R(x,t)ui(dx). Thus,
the first inequality of the lemma follows from a direct integration. For the
second point, it’s clear that Ric > 0 yields that d;(x,y) is non increasing in

time. So By(z,7) C Bi(z,r), which clearly gi < .
ime. So By(z,7) (2, ), which clearly gives T Vo(Bo(m,r))%D

The above lemma immediately yields the following remark.

Remark 3.3. If Ricy() > 0, and (g)(t) = — Ricgy() then we have:

L
(Vo(Bo(, \/£)

Proposition 3.4. Let g(t) be a solution of Ricci flow such that Ricg(t) > 0,
andr >0 ,tg>t>0, A>1. Let also :

t)?
(Vo(Boly, /)

—~

P(z,t,y,0) <e

N

—(r— T 2 i
E(y,t) = i dy(wy) <
, 0 Zf dt(x’y) >r

and A(t) = fg infyers(R(s,x))ds. Then for f(t,x) a solution of (1.1) we

have for to < t1 < ty:

/M P11, )0y, (dy) < e M0)-AG2) /M P2t ) W), (dy).

Proof. By direct computation and using intensively that Ricg) > 0. O

Let
L(t) = / P2t y)ua(dy).
M\B¢(z,r)

Proposition 3.5. Under the same assumptions as in the above proposition,
and if, p < r we have:

—(r—p)

( 2
I (tr) < e MR (L (1) 4 et / (2, y) s, (dy)) -
M
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Proof.
L(t) = / £t ), (dy)
M\Bt, (z,r)
< / F2(t1,y)eS W 1y, (dy)
MA\Bt, (z,r)
/ F2(t1,9)eE00 y, (dy)
< g~ (M)=AG) /Mf (t2, )€ ")y, (dy)

Se_(A(tl)—A(tg))(/B ( )fQ(tz,y)eg(y’tQ)Mtz(dy)
to P

+ / F2(ta,y)et¥12) pyy, (dy))
M\Bi, (2.0)

< o~ (A1) -A(t2) ( I,(ts) + / P2 (2, 9)et ) (dy))
B

—(r—p

Se*(A(tl)f/\(m))(I (tg) + eAto— t2)/ P2t y) s (dy)

to (x,p)

Then remark that the definition of I,.(¢) is independent of ¢y and of the
corresponding &, so we can pass to the limit when o \, ¢; in the following :

—(r—p

Ir(tl) < e—(A(tl)—A(tz))(I (tg) 4+ eAlto—t2) t2) / f t1, th(dy)
to obtain the desired result. O

We apply the above proposition to the heat kernel P(x,t,y,0) of the
equation (2.1) that also satisfy (1.1).

Theorem 3.6. If §(t) = —Ricyy) and Ricyyy > 0, and the following techni-
cal assumption is satisfied for the initial manifold

e HI : if M is not compact, we suppose that there exists a uniform
constant ¢, > 0 such that Vol(By(w,7)) > cor™ (that is a non
collapsing condition )

e H2 : all the curvature tensor is bounded for the metric (M, g(0).

Then for all a > 1 there exist two positive explicit constants qq,, mq de-
pending only on a and on the dimension, such that we have the following
heat kernel estimate :

t .
efo %supM R(u,.)—%me R(u,.)du  dy(2g.w0)?

(VolBolaos V) VoBalyo vD)E

P(y07t7x070) < da

N
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Proof. Let f(t,x) := P(z,t,y,0) be the heat kernel of (1.1) that is the
solution of equation (2.1). Then we have by the proof of theorem 2.1:

/ P2t ) () = / P2z, 1.y, 0)uy(de)
M M

=/ P**(y, 0,2, t)u(dx)
M
6f0 )—1(u) du

(Vo(Bo(y, V)

efg sup,s R(u,.)—inf s R(u,.)du

(Vo(Bo(y, V1))

Let 0 < p<r,A>1andty <t < typ then apply proposition 3.5 to
f(t,z) == P(x,t,y,0), to get :

—(r=p)?

L (tr) < e WOTAED(T (1) 4 e A0 t2>/ F2 (b2, y) e, (dy))
M

—(r—p)? sups R(u,.)—inf s R(u,.)du *
< e~ (NN ([ () + et efo” supas R(u,)—infar ()
(Vo(Bo(y, v2)))

Let a > 1 be a constant. Following Gregorian we define : rj, := (3 + k%q)r
and t, := ai,c

Thus proposition 3.5 can be applied to ripy1 < i and tx11 < tg, yielding
to the same estimate as before :

*(Tk Tr1)? f0k+1 sup,s R(u,.)—infys R(u,.)du

I, (t) < e~ (M) =Altesr) (7, o (b)) + ee A=ty
' U i (VO(BO(% Viki1)))

—(rp—rr41)” fO Y supyy R(u,.)du—A(tg,1)
< e_(A(tk)_A(tk+1)) I, trit) + ee Aty —tpy1)
Uri (i) (Vo(Bo(y, VTrt1)))

Applying recursively this inequality, we have for all & :
(3.1)

t,
k —ri=rr)? o fy" T supyy R(u,.)du

I, (ty) < e_(A(tO)—A(tk+l))Irk+1(thrl) + ez o~ At0) ATt 114 1)

i=0 ([O(Bo(y V t2+1)))
_“(t )_A(t +1))l ( ) /\(t f sup JE( d ((77, 7.+])) ]
<e 0 k tk 1 ee 0 elo M Uu,. u§ :e A(t;—t;41
i=0 ([0 BO ) +1

where in the last inequality we use that Ricyy) > 0 so R(z,t) > 0.
We have limy_ o0 I, (tx) = 0, by Levis asymptotic of heat kernel. This
can be seen, using a probabilistic argument: use that for small ¢, P,(7, <
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t) < Ce~ 2, where 7, := inft > 0,d;(X;(z),z) = r, and

cst
/ P2(at,y, 0)pe(dy) < 5 / Plast,y, 0)yue(dy)
(M\Bt(x,r)) t2 (M\Bt(zx,r))

P, (7 < t)
2
e_QLt
ts
and the right hand side goes to 0 when ¢ goes to 0. (we used H1 to get a
global bound of the heat kernel i.e. remark 3.3).

So we can pass to the limit when k goes to infinity in equation (3.1) to
get :

< cst

< cst

_(rz_r'ﬁ»l) 1
Iy (to) < eeAt0) eJo® supar Rlu)du N a6 =r,41) .
"0 ZZ% (Vo(Bo(y, vTi+1)))
m and tl — tz‘+1 = %( — é) Also By
Bishop-Gromov theorem in the case Ric > 0 we have

Vo(Bo(y, Vtit1))

[terating the above inequality we get :

Vo(Bo(y, vto)) < (ca)it
Vo(Bo(y, VEiz1) — % 7

Recall that r; — rip1 =

n
<a? :=cq.

So we have :

L. (o) o—Mt0) o Jo® supyy R(u,.)du >0 _,:(Tf_?ﬂ);( )i+1
tO S e e 141 C
"0 Vo(Bo(y: vto)) 4 ‘
()2
L Al swar R )i i R i log(ea)
<e e al
Vb(BO(ya \/—
—A(to) o fo° R(u,)du > Q1,2
< 66 (to) o Jo" supns R(u,.)du ZBW—I—(z—H)log(c(z).
To(Boly Vio) 2
There exists a constant m, 4) such that ﬁti”)“ > Mg, (i + 2), and
thus we get :
t —m 7‘2
I e~ AMt0)Jo” supar Rlu)du 20 ZMwd)™ ;o) i 1)iog(ca)
ro(to) < e e o
TolBoly, Vi) 2
- ee_A(tO)e 00 supy R(u, )due_m(a ) i o (a,EA)ﬂ —log(ca))
- Vo(Bo(y, vt0))

=
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m r2
If AT Jog(c,)) > log(2) then

e—A(to)ef(fO sup s R(u,.)du —m(a’A)TQ
I, (ty) <e e o

Vo(Bo(y; Vo)) ’
m 7"2
If % —log(cq)) < log(2) then

Lo(to) < / P2(z, to, y, )y (d)
M

— [P0, 0 ()
M
e 50 supys R(u,.)—inf s R(u,.)du
<e
(Vo(Bo(y: Vo))
efgo sup,s R(u,.)—infyr R(u,.)du

<e
- (Vo(Bo(y. Vo))

Take A =1, we have that for all a > 1 there exists a constant g, := 2ea?
and mg 1= m, 1) such that :

2
M(a, A"

log(2)+log(ca)— i

efg sup,s R(u,.)—infyr R(u,.)du

(Vo(Bo(y, vo)))

Let zo,y0 € M such that dy(zo,y0) > V1, let r := M, then by
(3.2) (with I.(t) defined with f(t,z) = P?(x,t,0,0) ), there exists zy €
Bi(yo, \/%) C M\By(xo,r) such that :

_mar?

(3.2) 1) < qa

t
‘/t(Bt(y07 \/;)P2(207 t7 Zo, 0) S Ir(t)
efg sup,s R(u,.)—infyr R(u,.)du
(Vo(Bo(xo, V1))

So there exists zg € By(yo, i) such that:

_madt(wo,yo)2

< qa

) efot sup,s R(u,.)—infps R(u,.)du mads (20,50)>
P*(z0,t,20,0) < qq e

(Vo(Bo(o, V) Ve(Be(yo, \/%))

We denote ¢, a constant that depends only of the parameter a and the

dimensions, that possibly changes from line by line. By the above lemma
(comparison of volume) we have :

6% fot supy; R(u,.)—infyr R(u,.)du  mady (20.0)2
P(Z(]a t, Zo, 0) S Qa¢(t) e 8t

\/(VO(BO(W V))Vo(Bo(yo, \/%)))
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We conclude the proof by using lemma 3.1 (for f(t,z) := P(z,t,20,0)) to
compare the solution of the heat equation at different point. We have :

t di (20,90)*
P(yO,taanO) S V P(ZO,t,fE0,0) SupP('555x050)6 t
M

t
<V P(Zo,t7xo70)\/supp(-, =, 2,0)ei
M 2

v(3)?
< qa\/ P(20,t,20,0) ——, use rmq3.3and H1
(Vo(Bo(zo,1/5)))2(t)*
_ Ib(t)%e% Jo supps R(u,.)—inf s R(u,.)du B madt%?’yop
> Ga 1 1 a2 C
(Vo(Bo(xo, \/£))) *Vo(Bo(wo, /1)) 313
- 0" ¢(t)%€% fg sup,s R(u,.)—infyr R(u,.)du - madtizg’yO)Q

(Vo(Bo (o, \/g)))%VO(Bo(yoa \/g))%

where in the two last inequalities we use Bishop-Gromov theorem volume
comparison theorem to compare volume of ball in positive Ricci curvature
case to the corresponding Euclidean volume :

1 csty 1 cstn(N)
S B W BoET) S Bl or A= 1

By the same argument we have in a more natural way :

and

efg 2 supyy R(u,.)— % infpy R(u,.)du

(Vo(Bo(zo, V1)) ? Vo(Bo(yo, V)2

_ mady(zg,v0)?
16t

P(y07t7x070) S da e

D=

O

Remark 3.7. The constant % and % are far from being optimal. More-
over,assumption H1 does not seem to be be necessary. Hypothesis H2 is a
sufficient condition for the existence in short time of the Ricci flow [8].

Remark 3.8. The above estimate also produce a control for the heat kernel
of the conjugate heat equation.

Remark 3.9. We could apply the same strategies for a general family of
metric.

REFERENCES

[1] Arnaudon, Marc and Coulibaly, Koléhe, Thalmaier, Anton. Horizontal diffusion in C' L
path space. Séminaire de Probabilités XLIII, Lecture Notes in Math, pages 73-94,
2011.

[2] Arnaudon, Marc and Coulibaly, Kolehe and Thalmaier, Anton, Brownian motion with
respect to a metric depending on time: definition, existence and applications to Ricci



20 K.A. COULIBALY-PASQUIER

flow. Comptes Rendus Mathématique. Académie des Sciences. Paris, 346, pages 773—
778,2008.

[3] A. K. Coulibaly-Pasquier. Brownian motion with respect to time-changing riemannian
metrics, applications to ricci flow. A.I.LH.P.

[4] A. K. Coulibaly-Pasquier. Some stochastic process without birth, linked to the mean
curvature flow. A.O.P.

[5] Ni, Lei, A note on Perelman’s LYH-type inequality, Comm. Anal. Geom.,2006,83-905

[6] Cao, Xiaodong and Zhang, Qi S. The conjugate heat equation and ancient solutions
of the Ricci flow. Adv. Math., 2011, 2891-2919.

[7] Kuwada, Kazumasa and Philipowski, Robert, Non-explosion of diffusion processes
on manifolds with time-dependent metric. Mathematische Zeitschrift,268, pages 979—
991,2011.

[8] Shi, Wan-Xiong, Deforming the metric on complete Riemannian manifolds. Journal of
Differential Geometry,1989, pages 223-301

NaNcy
E-mail address: kolehe.coulibaly@iecn.u-nancy.fr



