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HEAT KERNEL COUPLED WITH GEOMETRIC FLOW,
AND RICCI FLOW

KOLEHE A. COULIBALY-PASQUIER

ABSTRACT. We prove on-diagonal upper bound for the minimal funda-
mental solution of the heat equation evolving under geometric flow. In
the case of Ricci flow, with non-negative Ricci curvature and a condition
on the growth of volume of ball for the initial manifold, we derive Gauss-
ian bounds for the minimal fundamental solution of the heat equation,
and then for the conjugate heat equation.

1. INTRODUCTION

Let (M, g(t)) be a complete Riemannian manifold, either non compact
or compact without boundary, g(¢) be a family of metrics on M, v9®) and
A,y the corresponding gradient and Laplace-Beltrami operator, Ricy ;) the
corresponding Ricci curvature, piq(;) the corresponding Riemannian volume,
dg(t)(x,y) be the distance function, and By (z,7) the geodesic ball of radius
r for the distance dy(;). Sometimes to reduce the notation, when there are
no risk of confusion concerning the family of metric we simply write V¢, Ay,
Mty -

Let o ;(t) be a family of symmetric 2-tensors on M. We consider the
following heat equation coupled with a geometric flow.

Orgij(t) = i j(t),
(11) 8tf(t,$) = %Atf(t,ﬂf),
f(0,2) = fo(x).

We are interested in estimating the minimal fundamental solution of (1.1).
For the existence of minimal fundamental solution in non compact case we
refer to Chapter 24 of [9]. An estimate of this fundamental solution, already
give an estimate of the conjugate heat equation, which is the density of the
g(t)-Brownian motion introduced in |1, 10] see also [11]. Moreover estimate
of the fundamental solution of the heat equation have many geometric ap-
plications, both in constant metric case and geometric flows for instance in
21, 8, 5, 23].

Such a flow, have been investigated in the literature. We mention the
following situations.

e The most famous case is when «; ;(¢) := 0. This is the case of
constant metric and equation (1.1) is the usual heat equation in M.
1
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e The Ricci flow corresponds to a(t) := — Ricy(y).

e We can also consider «; ;(t) := —2hH; j(g(t)), where H; ;(g(t)) is the
second fundamental form according to the metric g(t), and h is the
mean curvature, when the family of metric derives from the mean
curvature flow.

The existence of the Ricci flow dyg(t) = — Ric,y) for compact manifold was
proved in [18]. Under additional assumptions, the existence of the Ricci
flow for a complete manifold was proved in [24]. For the last example, the
existence result of the mean curvature flow for a compact manifold could be
found in [12].

Using stochastic calculus we prove on-diagonal upper bound for the min-
imal fundamental solution of the heat equation (1.1), for general geometric
flow. As far as we know this result is new. We derive a Gaussian upper
bound for the minimal heat kernel coupled with the Ricci flow, in the case
of positive Ricci curvature and condition on the growth of volume of ball for
the initial manifold (i.e Hypothesis H1 in Theorem 4.8).

Related results. Previous stochastic proof of Harnack inequality with
power appear in [3]| for the constant metric case. Note that our coupling is
different from the coupling in [3], and simplify the argument since we do not
need to take care of different cutlocus. The Harnack inequality with power
we obtain also appears in [7], and is obtain by different way.

For the Ricci flow, Gaussian upper bounds could be found as example in
[23] where the author use Harnack inequality and doubling volume property.
An over one by Zhang and Cao [5| uses Sobolev type inequality that is
conserved along Ricci flow.

Outline. The paper is organized as follows. In section 2 we define a
horizontal coupling. We use this coupling and Girsanov’s Theorem in or-
der to generalize Harnack inequality with power -for inhomogeneous heat
equation - introduced by F.Y Wang [25] see also [14, 3]. We also use this
coupling to give some isoperimetric-type Harnack inequality in Lemma 2.7
and ultracontractivity of the heat kernel in Corollary 2.11.

In Section 3, since the heat kernel of (1.1) is in general non symmetric,
the Gaussian bound is not a direct consequence of Harnack inequality with
power as in [14]. To overcome this difficulty we use the dual process and
derive on-diagonal upper estimate of the heat kernel of (1.1) in Theorem
3.1.

The Section 4 is devoted to the case of Ricci flow. We use modification
of Grigor’yan trick to derive Gaussian Heat kernel bounds from the on-
diagonal upper bound. The principal result of this section is Theorem 4.8
and Corollary 4.9.

2. COUPLING AND HARNACK INEQUALITY WITH POWER

2.1. Coupling. In the first part of this section, we focus on the operator
of type L; := %Ag(t), where A,y is the Laplace operator associated to a
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time dependent family of metrics g(t)¢cpo,7,- We suppose that (M, g(t)) is
complete for all ¢ € [0,T]. Let z € M and ¢t — X;(z) be the g(¢)-Brownian
motion started at x. The notion of g(¢)-Brownian motion, i.e. a L; diffu-
sion, parallel transport, and damped parallel transport has been given in
[10, 1]. We also suppose in this section that all g(¢)-Brownian motion is
non-explosive (i.e. stochastically complete).

Since we use different family of metrics all construction depends on the
family of metrics.

Let //f(t)’x' @) he the g(t) parallel transport above t — X;(z), which is a
linear isometry

N i E L (TaM, g(0)) — (T, M, g(t)
//g K

Let Wf ®X@) be the damped parallel transport that satisfies the follow-
ing Stratonovich covariant equation:

e d(ff{ )T WA,

= S UAOX )71 (Ricy ~org(1)

It is a linear operator between:

#4(t)
) 9 (WQ()X(x)>d )

WIOX@ M Ty (M

In |2] we give a construction of a process with value in a space of curves.
Since we sometimes change the underlying family of metrics, we incorporate
this family of metrics in the notation.

Let z,y € M, u — ~(u) be a g(0) geodesic curve such that v(0) = =
and v(1) = y and t — (X;(u)yep,1)) be the horizontal L-diffusion in C*
path space C1([0,1], M) over X;(x) that starts at v, where X;(z) is a g(t)-
Brownian motion that starts at . By assumption it is defined for all ¢ € [0, T']
with T' < T.

We will recall the usual properties satisfied by the horizontal L-diffusion
in C! path space Theorem 3.1 [2] :

The family

U= (Xt(u))te[O,T}

is a family of L;-diffusions. It is a.s. continuous in (¢,u) and C* in u, satisfies
X:(0) = X¢(z) and Xo(u) = v(u),
and solves the equation

(2.1) 0u X1 (u) = WYX (5 (w)).
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Furthermore, X (u) satisfies the following It6 stochastic differential equation

(2.2) AVt Xy (u) = PIDX0) gV x, (0),

Where
X (.
Fé],(t) ) :Tx,00M — Txy ()M

u

denotes usual parallel transport along the C'-curve
0,u] = M, v~ X;(v),

with respect to the metric g(t).

We often use the notation //; for //7 ® when there no risk of confusion
of the underling process and the family of metrics.

X ()

Proposition 2.1. Suppose that the g(t)-Brownian motion starting at x is
non-explosive. The diagonal process t Xt(%) satisfies the following sto-
chastic differential equation :

. . 1 t),X(%).,1

th X (— :PQ( )vXt()thX 0 7Wg T NV dt

Proof. We pass to the Stratonovich differential to obtain the following chain
rule formula at time %g:

to

*d(X-(f))to = *d(X.(T))to + W

We use (2.1) to identify the last term of the right hand side:

dXpo(7), 1o g.x.(2), . to
T|t=to = fwto (V(f))~

Now we come back to the It6 differential equation using the following rela-
tion:

|t:t0 dto.

t
a=vi= Y (4 [ gyt ears)),
0
and we obtain

A0 (X ()
o (a [t ea(x () 4 g WO D (5 () as)

t 1 t0), X (L t
— Vi X ﬁ - 9(0)7 (T) £
dVto ( '(T>>t0+TWt0 A T)

We then use (2.2) to identify

tg
)T

AV (X (P = Py 00 Xi, (0,

Thus concludes the proof. O
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9().X:() 17, (5)X.(3), 8
=1 B0 0, WE D52,

Ry :=exp (N; — %(N)t)

In many situations Novikov’s criterion is satisfied. Therefore we could expect
R; to be a martingale. Define the new probability measure Q as :

Q := RrP.

Proposition 2.2. Suppose that the g(t)-Brownian motion starting at x is
non-explosive and suppose that Novikov’s criterion is satisfied for Ny. Then
under Q, the process Xt(%) is a Ly-diffusion that starts at x, and finishes
at Xp(1) = Xp(y), i.e. under Q, Xp(1) have the same distribution as the
g(t)-Brownian motion at time T that start at y.

Proof. One could directly apply Girsanov’s theorem. We prefer here to give
a direct proof. Let f € CZ(M,R), since N; satisfy Novikov’s condition R is
a P-martingale. We use [t6 formula to compute :

4 (X)) = (VI (X)), d¥ (X)) 0

5 Hessy G R)(A™ (X, G d¥ (X))

Since Pg( )X0) s an isometry for the metric g(t)

t

T
(X)) = (VE (X 2)), PAOX 0¥ x, 0)) 1

T 777 0% 9(t)

1 t o) X.(L) .t 1 t
+ T(vtf(Xt(T))awt g V(T»g(t) dt + §Atf(Xt(T))dt'
Moreover
t 1 t g(t), X (£). T

thd(f(Xt(f))) = —fRKth(Xt(f))th
This implies

AR (X)) = 5 R (X ()t + dMF,

where M is a martingale for P. On the other hand, since R; is a P-
martingale, we have

mAuJ( @-/RAf (D@+MP

where M! is a ]P’—martingale.

Thus
R - 3 [ A oxas)



6 K.A. COULIBALY-PASQUIER

is a martingale.
Since Uy is a Q-martingale if and only if R;U; is a P-martingale, f(Xt(%))—
: fg Asf(Xs(2))ds is then a Q martingale i.e. X;(%) is a L; diffusion under
the probability Q. It is clear that it finishes at X7 (y). Thus X¢(%) can be
seen as a coupling between two L; diffusions that starts at different points
up to changing probability.
O

2.2. Harnack inequality with power and some semigroup property.
Let T be the maximal life time of geometric flow g(t)icjo,[- For all T' <

T., let X} be a g(T — t)-Brownian motion and //Ot = //g (T-0X" pe the
associated parallel transport. In this case, for a solution f( ,.) of (1.1),
f(T —t,X'(z)) is a local martingale for any 2 € M. Hence the following
representation holds for the solution :

Porfo(z) == f(T,z) = Ey[fo(X])].

The subscript T refers to the fact that a time reversal step is involved.
_ T
Let WOt = ngtT DX be the damped parallel transport along the g(7'—
t)-Brownian motion. We recall the covariant differential equation satisfied

by this damped parallel transport (2.1):

*d((//50) 7 (WG,)) = //0 )~ Ricger —u(g(T — )T (WE,) dt
with
Wi i TeM — Ty ()M, Wi g = Tdr, -
By the over subscript 7' we mean that the family of metrics is g(T" — ).

Proposition 2.3. Suppose that there exist a,a > 0 , K > 0 such that for
allt € 10,T) :

—ag(t) < aft) <ag(t),

—(d— 1)K?g(t) < Ric(t)
then the g(t)-Brownian motion, and the g(T — t)-Brownian motion does not
explode before the time T

Proof. This is a sufficient condition but it is far from being necessary one,
for the process to do not explode. Let xz,y € M and let di(z,y) be the
Riemannian distance from x to y computed with the metric g(¢). Let Cut;(x)
be the set of cutlocus of z for the metric g(t). Consider a fixed point xy € M,
and X; a g(t)-Brownian motion starting at Xo. Using the Itd-Tanaka formula
for di(xg, X;) that have been proved for constant metric by Kendall, and
generalized to g(t)-Brownian motion in [20] Theorem 2, we have:

di(xo, Xt)
2.3)  =do(xo, X by A d 9ds(@0,)y(x ) d
(2.3) g(ﬂfo, 0) + Jo Lx,¢cut,(wo) (504(s)ds (20, ) + =522 ) (X) ds
+ fo ]lXS¢CutS(aco)<vsds(xOv Xs)v stXs>g(s) — Ly,



HEAT KERNEL COUPLED WITH GEOMETRIC FLOW, AND RICCI FLOW 7

where L; is the local time at Cut;(xp). The local time is non-decreasing non
negative process that increase only when X; touches Cut;(xg). Moreover
the distance dy(zg, ) is smooth if = ¢ Cuty(xg) Uxg. Let ¢ Cuty(xg) and
v : [0, d¢(x0, )] — M be the g(t)-geodesic from zg to x. We have :

. ds(zo,x) [
0d<ao> -2 /O a(s)(31(w), 3 (u)) du < Sdy(o,2).

Recall the Laplacian comparison Theorem:

Ay(syds(zo, ) < (d — 1)K coth(Kds(wo, x)).
We then get the following control of the drift term (using = coth(z) <14z

for x > 0), and F(x) := (d — 1)((6?_331) +14+K):

Ag(s)ds(xo,-) + EMS(»(;:L))(‘r)

Since ||V9®dy (X, Mgy = 1 and Cuty(wo) have 0 as g(t) volume, the mar-
tingale part of d¢(xo, X¢) is a real Brownian motion. We finish the proof us-
ing the comparison theorem of stochastic differential equation, and the usual
criterion of non-explosion of a one dimensional diffusion. For the g(7T" — ¢)-
Brownian motion, we simply to change @ by « in the above formula. U

Remark 2.4. For the backward Ricci flow, it is shown in [20] without any
assumption as in the above proposition that the g(¢)-Brownian motion does
not explode. But the sufficient condition for the existence of the forward
Ricci flow in complete Riemannian manifolds as given by Shi in [24, Theorem
1.1], that is the boundedness of the initial Riemannian tensor (for the metric
9(0)) also gives a bound of the Ric tensor along the flow (for bounded time).
Hence the conditions for non explosion of the g(¢)-Brownian motion given in
the above proposition is satisfied, at least for small time, if the initial metric
satisfies Shi’s condition for the complete manifolds.

In the following proposition R} is defined as R; but according to the
family of metrics g(7' — t) instead of g(t).

Proposition 2.5. Suppose that the g(t)-Brownian motion started at x is
non-explosive for the first point, and the g(T — t)-Brownian motion started
at x is non-explosive for the second point .
(1) If there exists C € R such that Ricyy) —a(t) > Cg(t), then Ry is a
martingale, and for § > 1
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(2) If there exists C € R such that Ricy(y) +a(t) > Cy(t) then R is a
martingale and for B > 1

d2(zy)1 e ~Ct

(2.4) E[(RT)?] < e2PP- D72 =5

If C =0 then we take for convention that for all t, 1_6(;Ct =t.

Proof. Without loss of generality, we just make the proof for R;, the com-
putation is the same as for R}. Let X;(x) be a g(t)-Brownian motion and
let v € T, M. We use short notation for the g(t) parallel transport and the

damped parallel transport along X(z), //¢ := //g(t @) and W(X () :=
WY X Then we use the isometry property of the parallel transport,
ie., //s: (T:M,g(0)) = (Tx, )M, g(s)), to deduce

* d(W(X (2))sv, W(X.(2))s0)(s)

= +d(//TTW(X.(2))50, [/ WX (2))50) 4(0)

= 2(xd /[T W(X.(2))sv, /5" W(X.(2))s50)g(0)
2(//s * d/f W (X ()50, W(X.(2))50) g(s)
—((Ricg(s) —05(9(5) 1 (W(X (2))50), W(X.(2))50) g(s) ds
—C | W(X (z))sv ||* ds.

By Gronwall’s lemma we get
_les
I W(X.(2))50 g < €2 || v [lg(0)
$),Xs(. s 2 (S
Recall that Ny := —4 [ (P55 d¥ X, (0), W(X.(5))54(5))g(s), and

Pog,(g)’XS(') is a g(s) isometry and dV:X,(0) = //se;dw’ where w is a R"-

Brownian motion, and (e;);=1., is an orthonormal basis of T, M. Then

N = TQ/ | WX DA 3 d

< 7 ; e | ’Y( ) 50y s

< ﬁdg(x,y) /Ot e Y% ds.

So by Nokinov’s criterion, R is a martingale. Let 8 > 1,
E[R}) = E[e?M )

— B[N Mo L (V)

d3(z,y) 1_.—Ct

18(8—1) 5w 1=c”

IA

e
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By the same computation we have
1 [t s, .,8
V= g [ IWIE GG B s
1 t

Gy 8
<75 | “ 19(5) lgery ds

1 t A
< TQdZT(a:,y)/O e 9% ds.
Thus R? is a martingale. Given 8 > 1 we have similarly (2.4). O

Remark 2.6. In the case of Ricci flow, d;9(t) = — Ricy(y), then 9yg(T —t) =
Ricy(r_4) so the process X7 (x) does not explode (we do not need proposition

2.3, but [20]) and the condition of the above proposition is satisfied with
C =0 and
T 1 A
E[(RF)?) < 20075
Using the horizontal L;-diffusion, we could give a alternative proof of
Theorem 3.2 in [4] (isoperimetric-type Harnack inequality) for the constant
metric case, and also a generalisation for inhomogeneous diffusions.

Lemma 2.7. If there exists C € R such that Ricy( +a(t) > Cy(t) and if

the g(T —t)-Brownian motion does not explode then for every measurable set
A

Por(Ta)(z) < Por(1ger)(y).
Where pp := e_%dT(m,y) and Ay == {z € M s.t.do(z, A) < €}

Proof. We could give a proof with the usual Kendall coupling, but we have
to manage the different cutlocus. We prefer here give a proof using the
horizontal L; diffusion in C! path space. Since the g(T — t)- Brownian
motion does not explode, it is the same for the Lp_;-horizontal diffusion.
Let v be a g(T') geodesic such that v(0) = x and (1) = y. By 2.1,

OuXe(u) = WX (4(u))e((u)

and
1

| WHXT (@)5v g9 < €2 | 0 g -
We then get

1 _
do(XE(2), XE () < /0 10, (W)l du < € 3T dr(z,y) = pr.
Hence {X7%(z) € A} C {XE(y) € AST} and

Por(La)(2) = E[La(X7 (2))] < E[Lyor (X7 ()] = Por(L4or)(1).

Thus concludes the proof. O
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Corollary 2.8. (1) If § = 0 and Ricy, > K then we can take pr =

e‘gd(z, y). This as actually Theorem 3.2 in |4] for the Riemannian
case.

(2) If g(t) satisfies the Ricci flow, dyg(t) = — Ricy(yy, so X[ (x) does not
explode (|20]) and since the damped parallel transport is an isometry
we could take pr = dp(z,y)

We are now ready to give the Harnack inequality with power. Let f be a
solution of (1.1) and let Py be the inhomogeneous heat kernel associated
to (1.1), i.e.

Porfo(x) = f(T,x) = Eo[ fo(X7)].

Theorem 2.9. Suppose that the g(T — t)-Brownian motion X{ does not

explode, and that the process R} is a martingale. Then for all a > 1 and
fo € Cp(M) we have :

| Porfo|* (@) <E[(RP)=T]* " Por | fo|* ().
Moreover if there exists C € R such that
Ricy) +a(t) > C’g(t)

then we have:

o « d%(z,y) 1fejéT o
| Porfol® (z) <e2eD) 72 ¢ PRl fol*(y).

Proof. We write X/ := X[ (%) the diagonal process associated to the family
of metrics g(T" — t), and use Proposition 2.2, and Holder inequality:

| Porfo|* () =| E9fo(X7)]
=| E¥[R} fo(X1)] |
< EF((RD)=T*'EF ]| fo |* (XT)]
= E*[(RD)™T)° B[] fo |* (X7 (y))
=E (R Por [ fo|* (v).
The last part in the theorem is an application of Proposition 2.5. U

We will denote by p; the volume measure associated to the metric g(t),
and for A a measurable set, p;(A) := [, 1du;, and By(x,r) the ball for the
metric g(t) of center z and radius r.

Corollary 2.10. Suppose that the g(T — t)-Brownian motion XTI does not
explode, and there evists C' € R such that Ricyy) +a(t) > Cg(t). Moreover
suppose that there exists a function 7 :[0,T] — R such that :

5 tracey (a(t)(y) < (1), ¥(ty) € 0,7 x M
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then for fo € L*(po)

f(;T T(s)ds+1
e @
| Porfo | (x) < RN I follze(uo) -
(w7 (Br(z, qme=er ))°
5

Proof. By Proposition 2.5 R} is a martingale. If fo € Cy(M) N LY(uo) we
apply Theorem 2.9 and get :

o o d%(xyy) 1—ejéT o
| Poorfol|® (z) < e 72 ¢ Porl fol* (y)

We integrate both sides along the ball Br (:c,

’ ), with respect to
)

the measure ur, in ¥y and obtain :

<e / Por | fo|* (y) dur(y)

&)

a(

<e /M Por | fo|* () dur(y).

We have that %,ut(y) = %traceg(t) (a(t))(y)dpe(y), and by the Stokes theo-
rem we have :

G| Pl o @dut) = [ ol fol” ) grdats)

dt Jas
< 7'(75)/ Pot
M
We deduce that :

t
/M Pos | fo |* () dyuely) < el8 70 || o o,

Hence for fo € Cyp(M) N L*(po)

fo I* (v) dpe(y)-

f(;T T(s) ds+1
[ [e%
| Porfo | (x) < RN I fo llLe (uo) -
(k7 (Br(z, qme=en ))°
=

We conclude by a classical density argument that the same inequality is true
for fo € L*(uo). O

Corollary 2.11. If the family of metric comes from the Ricci flow and if

(r(t) = _;yié‘zﬂ R(t,y) < oo, Vt € [0,T]
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where R(t,y) is the scalar curvature at y for the metric g(t) then we have

fOT T(s)ds+1
(&

(pr(Br(z, W)))é

| Porfo | (x) < I follLe(uo) -

If inf e (,uT(BT($, 2(0‘_1)T))) =: Cr > 0 then as a linear operator :

07

e
120, 7| Lo (o) s L% (o) <

I
Cp
Proof. If g(t) comes from Ricci flow then g(7" — t) satisfies a backward Ricci
flow. Then the process X/ (x) does not explode before T' [20]. Moreover we
have C' = 0 in Proposition 2.5, then the process R! is a martingale and we
could apply the above corollary. O

3. NON SYMMETRY OF THE INHOMOGENEOUS HEAT KERNEL, AND HEAT
KERNEL ESTIMATE

Unfortunately the non homogeneous heat kernel is non symmetric in gen-
eral. The goal of this section is to by-pass this difficulty. This will be achieved
by the study of the dual process and time reverse.

Let C%g(t) := a(t) where « is a time-dependent symmetric 2-tensor. We
suppose that there exist functions 7(¢) and 7(¢) such that :

3 SuDye s traceg (a(t))(y) < 7(t)
(3.1) { ginfyyeM traceg ) (a(t))(y) > z(t).

Consider the following heat operator where the subscript mean the variable
in which we differentiate: L;, := —8% + %Ag(t). Let z,y e M and 0 < 7 <
o < t. Denote by P(z,t,y,7) the fundamental solution of

' limy - P(.,t,y,7) = 0y(.)

Using Itd’s formula we obtain as in [10]:

_ L
X;—(z) = Pz, t,y,7) dur(y)

Let v,u € CL2(R, M), the space of functions that are differentiable in
time, and differentiable twice in space. Consider the adjoint operator L*
of L with respect to (Lu,v) := fOT S (Lu)vdpy dt. As in Guenther [17], it
satisfies

. 1 o 1
Ly, = iAt + % +3 tracey(y) (a(t)).

The fundamental solution P*(y, T, x,t) of L*, satisfies :
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L P*(y,7,xz,t) =0
Y g 1y Ly
(3.3) { lirm, s~ P* (o7 2,1) = 8,(.).

Using Duhamel’s principle the adjoint property yields:
P(z,t,y,7) = P*(y, T, 2,1t).
After a time reversal, P*(y,t — s, x,t) satisfies the following heat equation :
(3.4) { ﬁ;i \(gzifysf_tli %)A:g@é;),yp "+ § tracey( g (a(t — 5))(y) P*
Using the Feynman-Kac formula, we conclude that :
P*(y,t — s,x,t) < ez Jo TPy s 2. 1),
where P(y,s,x,t) be the fundamental solution of

asf(sa:E) = lAg( —s)f(sv'r)
(3:5) { £(0,2) = fol):

ie., P(y,s,z,t) satisfies :

(36) asﬁ(yv S, T, t) = %Ag(t—s),y?(ya $Z, t)
limg 0 P(.,5,2,t) = 05(.).

Theorem 3.1. Suppose that (3.1) is satisfied and that:

e the g(s)-Brownian motion does not explode before the time % and

there exists C € R such that Vs € [0, §]:
Ricg(s) —a(s) > Cg(S);

e the g(t — s)-Brownian motion does not explode before the time % and
there exist C € R such that Vs € [0, £]:

Ricg(_g) +a(t —s) > Cy(t — s).

Then the fundamental solution of (1.1) that we note P(z,t,y,0) satisfies for
all 0 <t < Tyg:

P(x,t,y,0) <e
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Proof. By the Chapman—Kolmogorov formula we have:
Platn0) = [ PGtz )P ,g,y,om%(z)
= [ Pt )P .05 D) diny(2)
M 2

< (/M(P(x t,z, t)) d,l,Lt( ));(/M(P*(y,o z, t)) dl“( )2

t\.’)\»—‘

Recall that P(z, % + s, 2, %) is the fundamental solution, which starts at d,

at time s = 0, of :

0sf(s,x) = lA of(s,x)
D | Fio) 2 e
Then we have :
P g folw) i= £(5,2) = Elfo(X} (@)

According to the proof of Corollary 2.10, for fo € Cyp(M) N L?(u

) .

w\w

t
f02 T(%+S) ds+1
e 2

| Fo,t fo | () < I fo llz2guy)

1y2 1 3
(,ut(Bt(xv %)))2
(=)
Given g € M and n € N, we apply the above inequality to fo(y) :=
P(x,t,y, %) A (n]lB(xo7n) (y)) to obtain :
2
[ (P2 ) A 0 (21) iy (2)
<

/ P(z,t,z, ;)(P(x,t,z, %) AnLp(zon)(2)) d,u%(z)

fO T(§+S) ds+1
(& 2

(Mt(Bt(5U> %)))%

(le

IN

)

Letting n goes to infinity, we obtain that z — P(z,t, z, %) is in L2(u
t > 0, and that:

) for

N+

t
joj T(%JrS) ds+1
2

(=2

=

</M (P(:E,t, z, %) A (7’LILB(350771)(Z)))2 d,u%(z)) .



HEAT KERNEL COUPLED WITH GEOMETRIC FLOW, AND RICCI FLOW 15

Recall that:

P* yOacE <e%f0%7(“)d“? yéxE
) 72 — 727 72 Y

where P(y, %, T, %) is the heat kernel at time %, which starts at time 0 at d,,
of the following equation:

(3.8)

We also have:
_ t .
Py 1 folx) = f(5.7) = E[fo(X{" ()]
To make a direct link with 2.10, we could think that the family of metrics
is s — g( % — s), so many changes of signs are involved. However, the proof

of the following is the same as the one of Corollary 2.10. We get for fy €
By(M) N L2 () -

— e
| Po.efol (y) < o 1 | fo HLQ(;L%) :
(MO(BO(Z/a 1_370(%))))2
(—=)
Similarly z = P(y, £,2,%) is in LQ(/L%) and

(1o(Bo(y ()? )))%
’ (178706(7))
We obtain :
1
([ (P*(y,0,2 2))dpe(2))?
M 2 2
1 LT’LL U 52 t t 3
< ez Jit mwd (/MP (507 5) dng (2))°
. 7_]0% 7(s)ds+1
< 6% Jo2 T(u)du € 2
(1o(Boly. . |—22 )2
’ c(3)

O

Remark 3.2. Having a heat kernel estimate for the heat equation we have
simultaneously a kernel estimate of conjugate equation.



16 K.A. COULIBALY-PASQUIER

Remark 3.3. The hypothesis Ricy_s) +a(t —s) > Cyq(t — s), for s € [0, ]
is a kind of quantitative super Ricci flow as defined in [22] (if C' = 0 this is
exactly the definition of super Ricci flow). This quantitative version of super
Ricci flow allow us to control the rate of expansion of the damped parallel
transport along the g(t — .)-Brownian motion.

The hypothesis Ricy(s) —a(s) > Cg(s) for s € [0, £] allow us to control the
rate of expansion of the damped parallel transport along the dual process,
namely the process associated to P i.e. g(.)-Brownian motion.

Remark 3.4. If g(t) = g(0) is constant, and Ricygy > 0 we have 7(t) =

7(t) =0, C = C = 0 and we deduce a Li-Yau on-diagonal estimate of the
usual heat equation on complete manifolds as in [21] (up to some constant):

1 1
(HO(BO(%\/%)))%(MO(BO(% %)))%.

Using the symmetry of the heat kernel in the constant metric case we do not
need to consider the dual as in the above theorem.

Pt(l",y) S €

) T - ESTIMATE T
4. GRIGOR'YAN TRICKS, ON-DIAGONAL ESTIMA! O GAUSSIAN
ESTIMATE, THE RICCI FLOW CASE

In this section we use the on-diagonal estimate of the previous section to
derive a Gaussian type estimate of the minimal heat kernel coupled with Ricci
flow (for complete manifold with non negative Ricci curvature). The proof
involves several steps. In particular, we use a modification of Grigor’yan
tricks [16, 15] to control integrability of the square of the heat kernel outside
some ball, combined to an adapted version of Hamilton entropy estimate to
control the difference of the heat kernel at two points. This type of strategy,
is a modification of differents arguments which appears in the literature on
the Ricci flow (e.g. Cao-Zhang [5]).

Proposition 4.1. Let g(t)icpo7.[ be a family of metrics that satisfy the Ricci
flow i.e. g(t) = —Ricyy). Suppose that for all t € [0,T;[, Ricyyy > 0 then
we have the following on-diagonal estimate for the heat kernel and so for the
conjugate heat kernel:

6_% f% infar R(s,.)ds 1 fo% (supM R(s,.)—infps R(s,.)) ds
1 1
(1e(Be(z,1/3)))? (ko(Bo(y.1/3)))?

Proof. We could use Proposition 2.3 with K = 0 and @ = 0 to get the non-
explosion of the g(¢)-Brownian motion, and as in [20] the ¢(7" —t)-Brownian
motion does not explode. We then use Theorem 3.1 with C' =0 and C =0

P($7 t? y? 0) S e
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to get the following on-diagonal estimate, for all ¢ €]0,T,| :

t
6% fg 7(s)ds e—% J2 (s)ds
P(x7t’y’0) ge 1 1-°
(e (B, \J£))* (o(Boly, \/£)))?
Recall that in the case of Ricci flow : 7(s) = —3 infy R(s,.) < 0. O

Remark 4.2. Note that in the proof of Theorem 3.1 the time % is arbitrary
and so in Proposition 4.1. Thus if we have only a control of sup,; R for small
time, we also have a on-diagonal estimate.

We start this section by the following Hamilton estimate.

Lemma 4.3. Let f be a positive solution of (1.1), where a; j(t) = —(Ricy)i s,
t €]0,T.] and M% = SUPgc s f(%,x) then for all x,y € M,

F(t.2) < VI )y /Mae

Proof. By the homogeneity of the desired inequality under multiplication
by a constant, and the linearity of the heat equation, we can suppose that
f > 1, by taking for e > 0, f. = inff;?ire and take the limit in e.

Since no confusion could arise, we will simply write without subscript V, ||.||,
and ||.|[ s , for VIO |[]l;¢, ... Recall the Hilbert-Schmidt norm is defined
as |lal|4 g = g% g™ aijauy, for a 2-tensor a := q;;dr; @ dx;.

Using an orthonormal frame and Weitzenbock’s formula, we obtain the fol-
lowing equation

(_at—l_%Ag(t)) <H v/ H ) (t,x) =

f
1 VI®Vf
?(H Hessf—#

I3rs +(Ricgy +9)(7 £, 7)) (&, ).

Thus, in the case of Ricci flow

1 vf?
-0+ 38,0 () 20

By a direct computation

1 1 §
(=00t 58 Tog0)(t.0) = 3 L)
Let )
N, := h(s) ” v]{ | (t — s, Xo(x)) + (flog f)(t — 5, X (),
where X!(z) is a g(t — s)-Brownian motion started at z. If h(s) := t/22_s

then by It6 formula, it is easy to see that Ny is a super-martingale. So we
have :
E[No] < E[N:],
2
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that is :
tvf?

() + (o8 f)(t.2) < E[( log £) (5. X (@)

where we use f > 1 and that f(t — s, X!(z)) is a martingale. The above
computation yields

Iv/ll 2 My
and consequently
M% 1
VVeelsm )| < v

After integrating this inequality along a g(t)-geodesic between x and y, we

get
M, M dy(z,y)
1Og<f(y,1t)>S 1°g<f(x,t))+ i

Ft,2) < VI )y /Mae

that yields to

O

Now, we adapt the argument of Grigor’yan to the situation of Ricci flow
(with non negative Ricci curvature).

Lemma 4.4. Suppose that (3.1) is satisfied, the family of metrics g(t) comes
from the Ricci flow, and let B be a measurable set, then:
e=5 Iy T(s)ds 1 e~ 3 Joz(s)ds
<

1 —

1 — 1
po(B)z u(B)Z  po(B)?
Moreover if Ricgyy > 0 for all t € [0,T.[ then for all x € M and v > 0 we
have :

1 1

<
po(Bi(x,7))>  po(Bo(z,r))

[SIE
[NIE

Proof. Recall that:

d 1 )

= 5 traceg( (9())pu-
In the case of a Ricci flow this becomes %,ut(dx) = —1R(z,t)p(dz). Thus,
the first inequality of the lemma follows from an integration. For the second
point, it is clear that Ric > 0 yields that d;(x,y) is non increasing in time.

Then By(x,r) C By(x,r), which clearly gives < 1 g
o(@,r) € Bul,m) Y Bue)E  mo(Boler))
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The above lemma immediately yields the following remark.

Remark 4.5. Suppose §(t) = — Ric,) and Ricy) > 0. Using the estimate
in Lemma 4.1 and Lemma 4.4 we have the following estimate :

1t : 1
o Jo (supM R(s,.)—infps R(s,. ) L (7 supy R(s,.) ds

oI Gt

Proposition 4.6. Let g(t) be a solution of Ricci flow such that Ricy(t) > 0,
and let r >0 , tg >t > 0, and define:

—(r—ds(z 2 )
E(y,t) = AR if di(ay) <
) 0 Z

P(z,t,y,0) <e

Zf dt(xvy)
and A(t) = %fot infyenr(R(s,2))ds. If f is a solution of (1.1) then for

to < 11 < tp:

/ F2(t1,y)et )y, (dy) < e (At)=Al2)) / F2(ta, y)e @12 1y, (dy).

Proof. Let ~(s) be the g(t)-geodesic between x and y. Using Remark 6 in
[22] and the fact that Ricg) > 0 we get

d 2 d 2
St = [ 146 13 ds

1
- /0 Ricy(o(3(s), 4(5)) ds < 0.
So for y € Bi(z,r) we have

d —(r — dy(z,y))?
%g(ya t) < (to — t)2

We also have

A(r — dy(,y))?

| V(Y. t) 1120 =

(to —1)?
Then
J | V(. 0) 12
- < _
dti(y,t) < 1 ,
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and the above inequality is clear if y ¢ By(x,r)

. Let f(t,x) a solution of
(1.1) then we have :

d

RGO

— | (remaisa + £
/ (V' V() g0y +f2§£65 - gﬂef pu(dy)
M

(A9 5T Pyt~ (', V) + 26 ) e — 5 7268 (i)

£(y,t) — ( ‘)

(t9)) <09 po(dy)

Il
—

M

<- [ (v v f>+2<vtf,fvt5>+lel VsH?) R
M

2
= [ (v aen e - LD e R

== [NV By ) = [ 5 )
_ 28
< /M 2f2€ pe(dy).

The result follows.

We define

I(t) = / P2t y)pe(dy).
M\ Bg¢(z,r)

Proposition 4.7. Under the same assumptions as in Proposition 4.6. Let
p <t and f be a solution of (1.1). We have:

,(T,
I(ty) < e~ (At1)= A<t2))< p(t2) +e @t / f2(t27y)ﬂtz(dy)>
M
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Proof. For ty < tq,
L) = / P2ty (dy) < / (b1, 9) eSO 1, (dy)
M\Bt, (z,r) M
< e~ (AE)—A(E2) / F2 (b2, y)e ") g, (dy)
M

Se—(A(h)—A(tz))( /B - F2(ta, y)ef Wty (dy)
to (TP

+ / F2(ta, y)es 2y, (dy))
M\B, (x,p)

S e_(A(tl)—A(tQ)) (Ip(tQ) +/
Bt2 (%P)
2

—(r=p)
< (NN (L (1) 4 5 [0,y (dy)
M

F2(ta, y)et W12y, (dy))

Then remark that the definition of I,.(t) is independent of ¢y and of the
corresponding &, so we can pass to the limit when tg \, t; to obtain the
desired result. O

We apply the above proposition to the heat kernel P(z,t,y,0) of the
equation (3.2) which also satisfies (1.1).

Theorem 4.8. If g(t) = — Ricyy) for all t € [0,T.[ and the following as-
sumptions are satisfied :

e HI : if M 1is not compact, we suppose that there exists a uniform
constant ¢, > 0 such that for all x € M we have po(Bgyy(z,7)) >
cnr™ (that is a non collapsing condition).

e H2: Ricyyy >0 for allt € [0,T¢[.

Then for all a > 1 there exist two positive explicit constants qq, mg de-
pending only on a, ¢, and the dimension, such that we have the following
heat kernel estimate for all t €]0,T.| and xo,yo € M :

efot 5 supyy R(u,.)— 7 infar R(u,.)du
1
(110(Bo(wo, v£))) > po(Bo(yo, V)

The values of q, and m, are given by (4.3) in the proof. Moreover we
could optimize mgy, in terms of a > 1, to get a better control for points which
are far.

7madt(woyyo)2
e 16t .

P<y07t7x070) < da

Proof. We could suppose that fg supys R(s,.)ds < oo for all t € [0,T], else
the conclusion is satisfied. Let f(¢,x) := P(z,t,y,0) be the heat kernel
of (1.1) that is the solution of equation (3.2). Note that H2 gives also a
condition for non-explosion of the g(¢)-Brownian motion by Proposition 2.3.
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Then we have by the proof of Theorem 3.1:

/ P2t )y () = / P2(a,t,y, 0)ue(d)
M M

:/ P*2(y,0,x,t),ut(dx)
M
efg 7(u)—7(u) du

= “lo(Bo(y, V1))

6% Jo supas R(u,.)~inf s R(u,.)du
(10(Bo(y, V1))

Let 0 < p < r,and te < t; < to then apply Proposition 4.7 to f(t,z) :=
P(z,t,y,0) to get :

=€

—(r—p

Ir(tl) < e—(A(t1)—A(t2))(I( )+6 (1~ tz) / f t2, Mtz(dy))

—(r-p)? 3 supy; R(u,.)—inf s R(u,.)du
<e (07 A(tz))( p(t2) +e- e<t<1 th)) o3 Jo? supas R(u,.)—inf s R(u,.) )
(10(Bo(y, vi2)))

Let a > 1 be a constant. Let us define rj, := (3 + k—}&)r and t := L.
Thus Proposition 4.7 can be applied to ri4+1 < i and {41 < tg, yielding
to the same estimate as before :

ITk (tk)

1 fotk+1 sup,s R(u,.)—inf s R(u,.)du

—(rp=rpr1)? e
(1t0(Bo(y, v/Te41)))

< e~ (M(tk) = Altri1)) (Irk+1(tk+1) +e-e Gk thi1)
—(rp— Tk-o—l) €2f0 supys R(u,.)—infyr R(u,.)du

< e~ (AltR)=Altk+1)) (T (1) +ee Bt
(I, * (10(Bo(y, Vtr11)))

Applying recursively this inequality, and use H2 to see that A is non decreas-
ing, we have for all k :

)

(4.1) k |
—(ri=rip1)? o3 [o0 suppy R(u,)du

I, (to) < e W) =Altkr)) (1) +e —A(t0) p (i —it1)
K - ; (1o(Bo(y, vEit1)))

We also have limy_,o0 I, (t) = 0 (see Lemma 5.1 in Appendix).
So we can pass to the limit when & goes to infinity in Equation (4.1) to
get :

—(ri— Tz+1) 1

I (to) S e - e_A(tO ez f() Sup]VIR du e T (ti—tip1) —tit1) .
" Z (1o(Bo(y, Vtis1)))
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Recall that r; — rjpq = m and t; — t;11 = (1 — 7) Moreover, by
Bishop-Gromov theorem, Theorem 4.19 [13] in the case Ric > 0 we have
to(Bo(y, v1i)) <a}—c
=c,.
to(Bo(y, v%it1))
Iterating the above inequality we get :
:U/O(BO(:% \/%)) < (C )i+1
= a .
to(Bo(y, VEi+1))
So we have :
—A(to) o1 [50 supys R(u,)du © —(ry—riy1)? '
e e2 Z(rizrip)”
Ly(to) < e ¢TI ()
_(+)2
- e—A(t0) 3 Jo® supay R(u,)du i %Hiﬂ)log(%)
<e e 7 a
1 rto o
e—Mto) 3 Jo® supas R(u,.)du i 7%((1 lt;l+3>4+(z+1)log(ca).
There exists a constant m, such that % > mq(i + 2), and thus we
get :
t
e_A(tO)eé fOO sup py R(uv')du ©° —mar (l+2) (Z+1) log(ca)
Iro (tO) <e Z e to
,MO(BO(y \/t.»)) i=0
S e A(tO e2 fO Sup s R(u —mar Z ’L+1 mar 7log(ca))‘
to(Bo(y, vto))

=0
If m” —log(cq) > log(2) then

t
efA(tO)e% f()o sSup g R(uv)du 7'ma7‘2
t

Inlto) < e vy ¢ "

If m‘” —log(cq) < log(2) then
In(t0) < | P.to, .00 d)
M

= / P*Q(yaoamatO)Nto(dl')
M
e% ng sSup pr R(uz')_infM R(uv)du

(10(Bo(y,vt0)))

6% f(;fo sup,; R(u,.)—infps R(u,.)du

(10(Bo(y, Vo))

2
log(2)+log(ca) ==
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We have that for all a > 1 there exists a constant ¢, := 2¢as and
i 5
% < mg, so we could take in the following m, = % such
that :
6% fg supys R(u,.)—infas R(u,.)du mqr?
(42) IT(t) < Ga et

(1o(Bo(y, V1))

Case 1 points which are far.
Let xg,y0 € M such that d(zo,y0) > V1, let r := w, then by
(4.2) (with I.(t) defined with f(¢t,z) = P(x,t, x0,0), there exists zp €

By (yo, ﬁ) C M\B¢(zg, ) such that :

t
:U’t(Bt(y07 \/;)P2(Zo,t,l‘0,0) < Ir(t)

6% fot sup,s R(u,.)—inf s R(u,.)du
< {qa €

(10(Bo (o, V)))

_ madg(z0.y0)?

Then there exists zg € B:(yo, \/%) such that:

e% fot supys R(u,.)—infpr R(u,.)du
PQ(ZOatal'an) < qa e

(o(Bo (o VD)uu(Bulwo. /)

_ﬂ“uadt(ﬂvo,yo)2
4t

By Lemma 4.4 (comparison of volume)

ei fot supy; R(u,.)—inf s R(u,.)du

(1)) ¢
\ (o(Botao, VDo B, /)

_maﬂlt(ﬂﬂo,yo)2
8t

D=

P(Z(]at,xmo) < (Q(Z)

where ¥(t) = e% Jo supas R(u,.)du,
We conclude the proof by using Lemma 4.3 (for f(t,z) := P(z,t,x0,0))
to compare the solution of the heat equation at different points. We have :

t d (20,1 )2
Plyo,t,20,0) < v/ P01, xo,O)\/S“pP(.,Q,xo,o)ei%”O
M

t
< V P(ZO>ta IE(),O)\/SupP(-,,:E(),O)@‘ll
M 2
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Note that using Remark 4.5 and H1 we have, where ¢, is the constant coming
from H1:

S
© ol
—~
wn
=1
=]
g
=
~
)
N
5
(=
g
=
~
)
\/
S—

t
sup P(., £, 2,0) <
M

27

1

i
agew@%ei i (supM Rs,)—infag R<s,.>) ds
(

¢(t)%e% fo (supM R(s,.)—infps R(s, )) ds

(110(Bo (0, V) ? (110 (Bo(yo, V1)) *

where in second and last inequality we use Bishop-Gromov theorem to com-

pare volume of ball in positive Ricci curvature case to the corresponding

Euclidean volume, i.e. (r — %ﬁf’)) is non increasing and smaller than 1)

and ¢, is the volume of the Euclidean unit ball in dimension n, we have
1

< qn

Gn = %¢2"  ence we have for Gn = (qHZE)%:

c?
. w(t) eif (SupMR(s,.)—infMR(s,.))ds

P(yo,t,70,0) < Gn(qa)® 1
(10(Bo(o, V1)) 2 (10(Bo(yo, V1))

Case 2 points are close.

For points g, yo which are closed that is di(zo,yo) < V't the above in-

equality is a consequence of 4.5 since in this case e 16 < e 16¢ .

Then after changing the function v we get :

_madt(ﬂco,yo)2
e 16t

[ I

5 ef(f % Sup pr R(uy')_% infar R(u,.)du -
P(yo,t,l'(),O) < Qa e

(110 (Bo (0, v/2))) ? p10(Bo (3o, VE)

mady (20.0)?
16t

mg (elna)®

- - n 1 n
(4.3) o = (qn(2ea?)®) v (e22e16 )’ma:m-

O

Proposition 4.9. With the same Hypothesis as in the Theorem 4.8, there
exist ¢, A > 0 that depend on n, c,, mq such that we get the following lower
bound estimate:

efg —Asup,, R(u,.)-l—% inf s R(u,.) du —4d; (20,9)2
C t

4i0(Bo(z0, VD) o (Boly VB E

S P(207t7y70)'



26 K.A. COULIBALY-PASQUIER

Proof. We will get the lower bound from the upper bound. Since

i/M P(x,t,y,0)pu(dx) = —% /M P(xz,t,y, 0)R(t, z)ps (dzx)

1
>~y swR(t,) [ Pty 0)ulds)
2 M M

we have

/ P(z,t,y,0)u(dx) > e Jo 3 sup R(t.)
M

Let 8 > 0 large enough, we use Schwarz’s inequality :

2
1
P2 7t7 70 d Z A —— P ,t, ’0 d
/Bt@vW) (ot () p(Bi(y, v/Bt)) </Bt(y,\/@ ot Ot x)>

2
1
Mt(Bt(y RAORYED)) (/ P(x,t,y,0)u(dr) — /M\Bt(y,\/,ﬁ) P(a:,t,y,())ut(dx)>

We will use the upper bound in Theorem 4.8 and H1 to get an estimate of
t .
the last term in the above equation. Let I(t) := eJo 2 supa Rlu)— infar Ru, )du

I(t mady ()2
/ Pt Opaldn) < 226 | e ()
M\B:(y,v/Bt) cnl2  JM\Bi(y,v/Bt)
ma Z, 2 ma
< qal(f)/ 7%Mt(dx)ef372ﬂ
Cnt2  JM\Bi(y,v/Bt)
an(t)e_% > _ mgdg(z.y)?

E / (& 32t Mt (dl‘)
Cnt? 1 Y Bt (y,25v/BE)\Be (y, 25~ 1 /BE)

ma22(h=1) 5 N
Ze 7 u(Bily, 2"/5t))

cnt2

—maf oo o 22(k—1)
Sqal(t) 32 Ze 0.232 ﬂcn k\/>

C
n k=1

where use H2 and the volume comparison theorem in the last inequality. Let
B=2(3 fg supyy R(u,.) du + C)/(mq/32), since for all k > 0, 22(F) > k +1
and R(u,.) > 0:

2 mg22kDp n e ma(kt1)

0D S VRS (OEUED Sl L
k=1 k=0
_map 2”
5

1—2n(e™ "5 )

271
maB | *

1—2n(e” 32

)

< efl (fsupM R(u,.) dquﬂ%
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The last term goes to 0 as C' tends to infinity. Hence for a constant C' large
enough (that only depends on n ,c,, ¢, and m,) and independent on ¢, we
have:

maf

e 32 <

P(z,t,y,0)pu(dz) < e~ 3 Jo supar R(u,) du,

DO | =
N =

/M\Bt (y»\/m)
Thus

P2(x,t,y,0)ps(dz) > ! (6_% Jo supas R(u,.) duy2,

/Bt(%\/E) ~ 4p(By(y, v/ BY))
Hence there exist 1 € Bi(y, v/t) such that :
1
>
241 (Be(y, VBY))

Using the volume comparison theorem, Hypotheses H2 and H1, we have :

P(x17t7y¢0)

pu(Bi(y, V/BL)) < & B2tz < iﬁﬁ%uo(Bo(y, Vi),

so there exists a constant cst that depends on the dimension and the constant
¢, of H1

1 6_% Jo suppy R(w,.) du
10(Bo(y, V) ([ supps R(u, ) du +20)/(mq/32))%

Since for all x > 0 we have

P(x1,t,y,0) > cst

B

(& % > (&
(x+20)7 —  (20)

we get for a cst(n, ¢, my) that can change from a line to line and using H2 :

7(%4’4 )x

N3 Q

e—(%—f—%) fot sup,; R(u,.) du e—(%—i—%) fg sup,s R(u,.) du
P(z1,t,y,0) > cst > cst =
MO(BO(ya ﬁ)) 12
We conclude the proof by using lemma 4.3 (for f(t,z) := P(z,t,y,0)) to
compare the solution of the heat equation at different points. We have for
all zg :

t dy(20,21)2
P(x1,t,9,0) < v/ P(20,1,9,0)4 [sup P(., 5, y,0)e”
M

With the triangle inequality
di(z0,21)* < 2dy(20,y)* + 2Bt

and so

t 2d10w)? 95
P(x1,t,y,0) < /P(20,t,y,0) SupP(-,§,y,0)€ te.
M
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As in the proof of Theorem 4.8 and using H1 we get:

fo( supys R(s,.)— L infys R(s, )) ds

)—
sup (., ,y,0> < cst :
2

(10(Bo(20, V#))) 2 (10(Bo(y, V1))
efo (% supys R(s,.)— L infay R(S,.)) ds

t

1
4

D=

< cst

0[3

Hence :

e_(%+%) fot sup s R(u,.) du
(44) cst S P(ﬂf]_,t,y,())

ts
t 2d4(20,9)>
< v/ P(2p,t, y,O)\/8upP(.,2,y, 0)e S 28,
M

Thus

e~ (3+48) Jo supns R(u,.) du

cst —
t2

t 1 1.
efo (Z sup s R(s,.)—5 infas R(s,.)) ds 2y (20,)? 28
e t e

< P(ZOatayvo)

3

t

We recall the definition of 8 there exist some constants ¢, A > 0 that depend
on n, ¢,, Mgy such that :

ef(f —Asupys R(u,.)+ 5 infar R(u,.) du —2d; (20,1)
c - et < +/P(z0,t,9,0).
ta
After using H1 again for a constant that could change from line to line, we
have :

ef(; —Asup,, R(u,.)Jr% infps R(u,.) du —4dy(20.9)2
c t

vio(Bo(z0. vE) 0 Bolws Vi) E

which is the desired lower bound. O

S P(Zo,t,y,O),

Remark 4.10. The constants % and % are far from being optimal in Theo-
rem 4.8. Hypothesis H1 and H2 are used many time to compare the volume
of some ball and the Euclidean one’s.

Note that for manifold of dimension three, H2 reduce to Ricy) > 0 e.g.
in Corollary 9.2 [18] and page 193 in [8].

The existence of Ricci flow for a complete non-compact manifold at least
for short time have been proved in [24] Theorem 2.1, under boundedness
conditions for the Riemannian tensor of (M, g(0)). There also have some
uniqueness results in this direction in [6] Theorem 1.1.



HEAT KERNEL COUPLED WITH GEOMETRIC FLOW, AND RICCI FLOW 29

5. APPENDIX

Lemma 5.1. With the same hypothesis as in Theorem 4.8 and suppose
fg sup,s R(s,.)ds < oo for allt € [0,T,]. Let a > 1 be a constant, rj :=
2+ %ﬁ)r and ty, := L. We have

lim I, (t) = 0.

k—o00
Proof. We use H1 and fg supy; R(s,.)ds < oo to get a global polynomial
bound of the heat kernel i.e. Remark 4.5. We obtain that for all t < %:

Cst
P(z,t,y,0) < T 1
(ko (Bo(z, \/g)))iﬂo(Bo(y, \/g)))5
<ot
t2

Then for a constant which could change from line to line :

cst
/ P(xatvyvo)ut(dx)
(M\Be(y,r))

t

|3

Ir(t) :/ Pz(x,t7y70)/,ét(d$) S
(M\Bt(y;r))

<t P*(y,0, 2, t)j14(dx)
12 J(M\Bi(y,r))
<t Ply.t,, ) (dr)
12 J(M\Bi(y,r))
< est ol <)
t2

where in 7, := inf{t > 0,d:(X¢(y),y) = r}, and X;(y) is a g(¢)-Brownian
motion started at y, note that X;(y) does not explode using H2 and Propo-
sition 2.3.

Let p; = di(X:(y),y), use (2.3) and Ito’s formula we get for the real
Brownian motion b; := fot Lx,¢cut, (y)(V3ds(y, Xs), deXs>g(s)

dp; = 2pydpy + dt

8dt<yv )
ot

1
< 2p (]1Xt¢cutt(xo)(iAg(t)dt(ya )+ )(X¢)) dt + dt

+ 2p¢dby.

By the Laplacian comparison theorem (Theorem 3.4.2 in [19]) we also have,
since by H2, Ricyy) > 0 for all ¢ € [0, T¢[, within the cutlocus:

n—1 N 0dy(y,.)
dt (y, ) ot

<0.

Hence
dp? < ndt + 2pydby,
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at time t =7, ,

Tr
r? < nr, +/ 2p¢dby.
0

On the event {7, < t},

2 T
— t T
2 [
2 0

Note that [7 pdby = Wrp, where W is a Brownian motion and T' = [ p2 ds.
On the event {7, <t} we also have T' < r?t. Then the event {7, <t} implies

—nt
ron <Wr < sup W~ rvt|W,
2 s€[0,r2t]

hence for 72 —nt > 0,

2

re —nt
P,(r <t) <Po(——— < |W;
(7 <1) < Pol— = < W)
r2—n
22 t _(T\/Zt)2
- r“—"n
2(2T\/Z)

Since a > 1 be a constant ry := (% + k%m)r and ty 1= aik, we have

[P)y(T,ﬂ,c < tk)

z k—o00 0
tk
and then
lim Irk (tk) = 0.
k—o00
U
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