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Convex order for path-dependent American options
using the Euler scheme of martingale jump diffusion
process

GILLES PAGES *

December 13, 2012

Abstract

We explore the functional convex order of martingale diffusions and stochastic integrals with
respect to their diffusion coefficient in both a Brownian and a jump framework. We finally extend
this result to the Snell envelope of functionals of these process i.e. to American options with
pathwise payoffs.

Keywords Convex order, local volatility models, It6 processes, Lévy-Ito processes, Laplace trans-
form, Lévy processes, completely monotonic functions , pathwise European options, American options.

1 Introduction

We aim at elucidating the behaviour of the réduites” in optimal stopping theory, or equivalently the
American options, with respect to the convex order when viewed as functionals of the “volatility” of
the “underlying” process supposed to be a martingale diffusion possibly with jumps. We propose an
approach based on a transfer from discrete time dynamics to continuous time dynamics relying on the
convergence properties of the Euler scheme. On our way to this target, we establish several convex
order results for functional s of solutions of diffusions driven by Brownian motion or more general
Lé vy processes. We also consider the case of (martingale) stochastic integrals with respect to Lévy
processes (when one of the two integrated processes is deterministic). We also obtain similar, although
less general result since it only involves completely increasing functions on the real line, for stochastic
integrals at a fixed time when both integrated processes at time t are functions of the driving processes
at time . We provide several counter-examples which show that our assumptions cannot be relaxed
so easily and could possibly be sharp.

This kind of problem has been extensively investigated in the literature, often motivated by risk

modeling in Finance. Among other, we can cite e.g. for American options several pioneering works
like [3, 15, 11].

Our approach differs from that developed by Ruschendorf in a series of paper, especially as concerns
the case of American options written on a cadlag traded asset : the direct approximation by Snell
envelopes of the Euler scheme does not work by elementary arguments like with martingale Brownian
diffusions. So we propose an abstract approach using a filtration enlargement combined with a classical
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H-assumption, without relying on the PDFE aspects. The key is a continuity result of the Snell envelope
established in an abstract framework in [10]). The case of Brownian diffusions remains closer in spirit
with his results (see [15, 16]).

NOTATION: e For every T' > 0 and every integer n > 1, one denotes the uniform mesh of [0, 7] by

ty = %, k =0,...,n. Then for every t € [%, (ktll)T), we set t, = % and t, = W with the
convention I'), =T.

e For every u = (u1,...,uq), v = (v1,...,vq) € R, (ufv) = Z?Zl wivg, |u] = /(ulu) and zp,., =
(Tmy - -+, Tp) (where m < n).

o L = L7([0, T}, dt).
e If 7 denotes a filtration, T[({T T = {r:Q — [0,T], F-stopping time}.

o FY = (]—"tY)tE[O,T] is the smallest right continuous filtration (G;);c(o.r) that makes Y a (G;)ic(0,17-
adapted process.

e ID([0,T],R)] denotes the set of right continuous left limited (or cadlag following the French acronym)
function defined on the interval [0,7], T" > 0. It is usually endowed with the Skorokhod topology
denoted Sk (see [8], chapter VI or [1], chapter 3, for an intoduction to Skorokhod toplogy).

2 Functional convex order

2.1 Brownian martingale diffusion

Proposition 2.1. Let o, 0 : [0,T] x R — R be two continuous functions with linear growth in x
uniformly in t € [0,T]. Let X @) and X be Brownian martingale diffusions, supposed to be the
unique weak solutions starting from x at time 0 to the stochastic differential equations (with O drifts)

dX\ = o(t, X)W, X =2 and  dx” = o0(t, XV)aw?, x =«

respectively where W@ and W are standard one dimensional Brownian motions.

(a) If there exists k : [0,T] x R — Ry a continuous function with linear growth in x uniformly in
te [0,T], such that k(t,.) is convez for every t€ [0,T] and the SDE

dx\® = k(t, XNaw,, x{ =2

has a unique weak solution k(t,.) satisfying 0 < o < k < 6. Then, for every functional F :
C([0,T],R) — R, convex and ||.||sup-continuous functional with r-polynomial growth in the follow-
ing sense

Vae C([0,T],R), [F(a)| <C1+ |allg,y) for anr =1,

one has
EF(X©)) <EF(X®).

(a') An equivalent form for claim (a) is: if o(t,.) is convex for every t€ [0,T] or 0(t,.) is convex for
every t€ [0,T] and if 0 < o < 0, then the conclusion of (a) still holds true.
(b) If |o| < 6 and 0 is convex, then

EF(X©) <EF(X®).



Lemma 2.1. (Extended Jensen’s Lemma) Let Z = (Zy,...,2Z) : (Q,A,P) — R? be an integrable
centered R%*-valued random vector with independent components.

(a) Assume that Z € L"(P) for an r > 1. For every Borel function ¢ : R — R, such that |¢o(x)| <
C(1+|z]"), € R?, we define

Vu=(up,..., ug)€ RY Qp(u) = Eo((u]Z)).

If v is convez, then, Qp is conver and, for every i€ {1,...,d}, u; — Qp(u) non-decreasing on R,
non-increasing on R_.
(b) If Z has exponential moments in the sense that

Vue R, E(e™?)) < 400

(or equivalently E(e®?l) < 400 for every a > 0), then item (a) holds true for any convex function
¢ : RY = R satisfying the exponential growth condition |p(z)| < CeCl*l, z e Re.

(¢) If Z; has a symmetric distribution for everyic {1,...,d} and ¢ : R® — R is conver, then Qyp is
an even function in each variable u;, hence satisfying the following “local” maximum principle: for
every a€ Ry, or every i€ {1,...,d},

d—1
\V/(Ul,...,Ui_l,Ui+1,.--,Ud)€ R ) |Sl|lp Q(p(ul:d) = Q(p(ulv"'7ui—17a7ui+17"'7ud)'
u; | <a

Proof. (a)-(b) The existence and the convexity of Q¢ are obvious. Temporarily assume that d = 1.
The function Q¢ is clearly finite on R and convex. Furthermore, Jensen’s Inequality implies that

Qp(u) = Ep((ul2)) = ¢ (E (ul2)) = ¢(0) = Qp(0)

since Z is centered. Hence @ ¢ is convex and minimum at v = 0 which implies that it is non-increasing
on R_ and non-decreasing on R. The multi-dimensional extension follows from pre-conditioning by
each one dimensional components Z;.

(c) is obvious. O
Definition 2.1. (a) For every integer n > 1, let i, : R" — C([0,T],R) be the piecewise affine
interpolation operator defined by

n
T

(b) For every integer n > 1, let I, : F([0,T],R) — C([0,T],R) be the functional interpolation operator
defined by

Vagn€ R" VE=0,...,n—1, Vte [t 17 1],  in(zon)(t) = = (R — ok + (E — t7)Tpt1)-

Vae F(0,T],R), In(a) = in(a(t}),...,a(t?)).

Lemma 2.2. Let X", n > 1 be a sequence of continuous processes weakly converging towards X for
the || . ||sup-norm. Then the continuously interpolated process X™ = I,,(X™) of X™ is weakly converging
toward X for the || . ||sup-norm topology.

Proof. For every integer n > 1 and every a€ F([0,T],R?%), the interpolation operators I,,(a) reads

n n n n n n n
In(a) = T((tk—i-l —ta(ty) + (t —th)altiy)), t€ [th tia], k=0,...,n— 1.

Note that I, maps C([0,7],R?) into itself. One easily checks that ||I,(a) — alsup < w(a, T/n) and
1 n () = In(58)lsup < |l — Blsup.- We use the standard distance for weak convergence on Polish spaces
defined by

4y (L(X), L(Y)) = sup {[EF(X) = EF(Y)], [Flup < L, [|Fllsup < 1}.



Then

oy (LI (X™), LX) < duy (LI (X™), LT (X)) + disty, (£(1 (X)), £(X)

<
< disty, (£(X™), L(X)) +E (w(X,T/n) A2)

which goes to 0 since X has continuous paths. U

Proof of Proposition 2.1. (a) STEP 1 (Discrete time). Let (Zj)1<k<n be a sequence of independent,
centered, R-valued random vectors lying in L" (2, A,P), r > 1 and let (]:kZ )Jo<k<n denote its natural
filtration. Let @ : R™™ — R be a convex function such that |®(z)| < C(1+ |z|"). Let (Xk)o<k<n and
(Y )o<k<n be two sequences of random vectors recursively defined by

X1 = X + 0u(Xi) Zi1, Vi1 =YV + 0 (Vi) Zig1, 0<k<n—-1, Xo =Yy == (2.1)

where o, 0, : R - R, k£ =0,...,n — 1, are Borel functions with linear growth. This implies by an
easy induction that the r.v. X and Y} all lie in L". Then, one defines the following martingales

My, =E(®(Xon) | FE) and Ny =E(@(Yo) | FF), 0< k< n.

Their existence follows from the growth assumptions on F, o and 0, k = 1,...,n. Now we define
two sequences of functions ®,: R¥*! - R, k =0,...,n by the backward inductions

¢, = F and Pp(xgx) = (Q@kﬂ(xo;k,xk + ))(ak(a:k)), ror€ RF k=0,....n—1
on the one hand and, on the other hand,
U, =F and Uy(zgy) = (QCIDkH(a:O;k,xk + ))(Hk(a;k)), zor€ RFFY k=0,...,n—1.
It is clear by a backward induction and the definition of the kernel @ that for every k€ {0,...,n},
My = @p(Xo:e) and  Np = U(Xoyp).

Let Q) denote the operator attached to Z; by Lemma 2.1. One derives from that for a convex
function G : R¥*! — R such that G(z) < C(1+ |z|"), the function (zg., u) = (Qri1G(To.k, Tp +.)) ()
is convex, non-increasing on (—oo,0), non-decreasing on (0, +00) as a function of u. This implies that,
if v: R — R, is convex (and non-negative), then = — Qr41G (o, zx + .) (y(2)) is convex.

As a consequence, one shows by a backward induction that, if the functions oy, k=0,...,n — 1,
are all non-negative and convex, then the functions @, are all convex.

Finally, we prove that ®; < Wy for every kK = 0,...,n — 1. We proceed again by a backward
induction on k. First note that ®,, = ¥,, = &. If ;1 < U4, then

(QPpy1 (ks Tr + ) (O (1))

P (wo:k) = (Qrs1Prs1(@op, Tk + ) (on(xr)) <
< (Qrr1 Pk (Tok, Tk + ) Ok (1) = Yr(zo.k)-

In particular, when k = 0 we get ®¢(z) < ¥o(x), which also reads, taking advantage of the martingale
property, E®(Xo.,) < E®(Y.,).

If all the functions 0y, k =0,...,n — 1 are convex, then all functions ¥y, £k =0,...,n, are convex
and @5 < Wy, for every kK =0,...,n — 1 as well.
The proof for functionals with exponential growth and sequences 7., having exponential moments of
any order is the same.



STEP 2 (Continuous time). We consider now for both diffusion processes X (%) and X(?) their contin-
uous (also known as “genuine”) Euler schemes with step %, starting at . To be more precise, this
Euler scheme related to X (@) is defined by

XD = XD+ ol X (W

k+1

_Wtz), k=0,...,n—1, X()U)m:a:
gOn _ Xt(n) + o(t} 7t(7l) YWy = Win),  te [t} ti4),

make up sequences are of the form (2.1) with the Brownian white noise sequence Zj, = (th — I/thc 1)
k=1,...,n. Furthermore, owing to the linear growth of o and 6, it is classical background on Euler
scheme of Brownian diffusions that these sequences lie in LP for any p€ (0, 00), uniformly in n, namely

sup || sup |X |H + Sup H sup |X |Hp < +o00.
t€[0,T) t€]0,T)
Furthermore, I,,(X (") = zn((X (")’")t&n) is but the piecewise affine interpolated Euler scheme
(which coincide with X(®)™ at times 7). Note that the sup-norm of I,,(X(°)™) also has finite polyno-
mial moments uniformly in n like the genuine Euler scheme.

Let F': C([0,T],R) — R be a convex functional with r-polynomial growth. For every integer n > 1,
we define on R"*! the function F), by

Fo(z0:m) = F(in(70:n))s Tom € R™ML (2.2)

It is straightforward that the convexity of F' on C([0, T, R) is transferred to the functions F,,, n > 1. So
does the polynomial growth property. It follows from Step 1 applied with o, = o(t},.) and 6, = 6(¢7,.)
that, for every n > 1,

E F(I(X ™) = E By (X" imom) < EFo(X")kmomm) = EF (L (XOm))

On the other hand, it is a straightforward consequence from Theorem 3.39 in [8], p.551 that the
genuine (continuous) Euler schemes X7 weakly converges for the |[|. ||sup-norm topology toward
X (@) unique weak solution of the SDE = dX, = o(Xy)dWy, Xo =z, as , n — +00,.

It follows from Lemma 2.2 and the LP-boundedness of the sup-norm of the sequence (I,,(X(?)")), 5,
for p > r that

EF(X©)) = imE F(L,(X")) = im E F, (X7 Jo<k<n).-

The same holds true for the diffusion X and its Euler schemes. The conclusion follows.

(b) The proof follows the same lines by calling upon item (c¢) of the above Lemma in Step 1, having in
mind that the distribution of standard Brownian increment is centered and has polynomial moments
at any order (as Gaussian random vector). [

Corollary 2.1. If 0,6 : [0,T] x I — R, where I is a nontrivial interval of R, are continuous with
polynomial growth and if the related SDE’s satisfy a weak uniqueness assumption for every I-valued
weak solution starting from (t,z), x€ I, t€ [0,T]. Then the above Proposition remains true.

Proof. (a) is obvious. O

Proposition 2.2 (Extension to drifted diffusions). Let b : [0,T] x R — R be a continuous function
with linear growth in x uniformly in t and such that b(t,.) is convex for every t € [0,T]. Then, the
conclusions of the above proposition remain true for the SDEs dY(U) = b(t, Y(J))dt + o(t, Y(J))dW

and dY(e) b(t, Y(e))dt + 0(t, Y(e))th, both starting from x and non-decreasing convex functions
p:R—=R.



Proof. We have to introduce the operators @ ~, v > 0, defined for every function ¢ : R x R — R
(satisfying appropriate growth assumption in connection with the existing moments of Z) by

Qb () (x,u) = Ep(z, 2 +b(z) + uZ).

One shows as in Lemma 2.1 above that Q¢ is convex in (z,u), non-decreasing in u on R, non-
increasing in ue R_. [

APPLICATIONS TO FUNCTIONAL PEACOCKS. We consider a local volatility model (on the discounted
risky asset)

dSt = StO'(t, St)th, SO = Sg > O, (23)
where o : [0,7] x R — R is a bounded continuous functions so that the above equation has at least
a weak solution (St(a))tE[O,T] with distribution on a probability space (€2,.A,P) on which is defined
a Brownian motion (B;)epo 7] (with augmented filtration (F).cjo77). Then, (Si)epor) is a true
(FP )ielo,7)-martingale reading

St(a) _ Soefg o(5,5)dBs— 1 [ 02(5,5))ds

(so that St(a) > 0, t€ [0,7]). One can introduce likewise the local volatility model related to the
(bounded) volatility function 6 : [0,7] x Ry — R, still starting from sy > 0. Then, if one of the
following two additional conditions hold

(i) (z — xk(t,T))zer, has a non-negative convex extension on R, te [0, 7]
&0<o(t,.) <k(t,.) <6(t,.) on Ry, te [0,T],
(it) (x — 26(t,x))scr, has a non-negative convex extension on R, t€ [0,T] & |o(t,.)| < 6(¢,.), te [0,T],

for every then, for every convex (hence continuous) function f : R — R with at most polynomial

growth . .
(o) 0)
B ([ suan) <ms ([ sOutas)

where p is a signed (finite) measure on ([0, 7], Bor([0,T1)).

This claim is a straightforward consequence of the fact that for any ||.|/sup-continuous linear
form L on C([0,T],R), F oL is a ||.||sup-continuous function. From a technical viewpoint, we apply
Proposition 2.1 to the diffusion(s) proceeses (with 0 drift) and diffusion coefficients given by the above
defined convex extensions of zx(t,x) on the whole real line, o and # in any appropriate way which
preserves the non-negativity of xo(t,z) a,d z0(t,z) on R_ as well as the comparison with zx(t,z). In
the end we take advantage of the a posteriori positivity of the solutions of these SDFE when starting
form a positive real number.

o2
This result can be seen as an extension of the fact that ( fOT e"Bt_ztdt> is a peacock (see [2, 6]).
o>0

APPLICATIONS TO VOLATILITY COMPARISON RESULTS. It also appears as a functional extension of
the comparison result in [3] since it shows that if

0 < omin(t) < o(t,.) < omax(t), t€ [0,T]
then for every || . ||sup-continuous convex functional F': R — R with at most polynomial growth
EF (sgamw) <EF (sg’)) <EF (sgamaﬂ) (2.4)

where the left and right hand side are usually considered as quasi-closed forms since they correspond
to Hull-White (or even Black-Scholes if oyin, 0max are constant) models.



2.2 Counter-example (discrete time setting)

The above comparison results for the convex order can fail when the assumptions of the proposi-
tion 2.1 are not satisfied by the diffusion coefficient. In fact the counter-example below is developed
in the discrete time framework corresponding to the first step of the proof. We consider the 2-period
dynamics. Let X = X7% = (X{) satisfy

Xl = a:+aZl

Xy, = X1+ V2u(X1)Zs

where Z1.9 £ N(0;I3), 0 >0 and v : R — R, is a bounded C?-function such that v has a strict local

maximum at g satisfying v/(z¢) = 0 and v”(zg) < —1 (s0 is the case if v(x) = v(z¢) — p(x — x0)* +

o((z—10)?),0< p < %, in the neighbourhood of xy. Of course this implies that /v cannot be convex.
Let f(x) = e®. Tt is clear that

o(z,0) == Ef(Xp) = e"E (741 Trletodn))
Elementary computations show that

4,0:7(33,0') _ exE(eoZ1+v(:B+ch1)(1 + U/(l‘ + O'Zl)Zl)
Oly(v,0) = € (E(e”zl+”($+gzl)(1 +'(z + O'Z1)2Z12) + E(eozﬁv(””zl)v”(:n + JZ1)212)).
In particular
&y (,0) = e (1 4/ ())E Z = 0

and
O (,0) = O (140 (2))” + 0" ()

so that ¢ (x0,0) < 0 which implies that ¢/ (zo,0) < 0 when o€ (0,0¢], o9 > 0. This clearly exhibits
a counter-example to Proposition 2.1 when the convexity assumption does not hold on the functions
(o) or (Kg).

2.3 Lévy driven diffusions

Let Z = (Zt)ieo,r) be a Lévy process with Lévy measure v satisfying / |z|Pv(dz) < 400, p €
|z[>1
[1,+00). Then Z; € L'(P) for every t € [0,T]. If furthermore, EZ; = 0, then (Z;);cpr] is an

FZ-martingale.

Proposition 2.3. Let Z = (Zi);cjo,r) be a martingale Lévy process with Lévy measure v satisfying

/ |z|Pv(dz) < 400 for some p € [1,400) and let k; = [0,T] x R — R, i = 1,2, be continuous
|z|>1

functions, Lipschitz continuous in = uniformly in t. For i = 1,2, let X5 = (Xt(M))te[o,T be the
unique diffusion process solution to

dX ") = wi(t, XNz, X8 = ze R, (2.5)
Let F : ID([0,T],R) — R be a convex Sk-continuous functional

VaeC([0,T],R), [|F(a)] < CA+ [laf§yp), 0 <r <p.



(a) There exists k : [0, T] xR — Ry such that, k(t,.) is convez for everyt€ [0,T] and 0 < k1 < k < Ko,
then
EF(X®")) <EF(X®2),

(a') An equivalent form for claim (a) is: if 0 < k1 < ko and k1(t,.) are convex for every te [0,T] or
ka(t,.) are convex for every te€ [0,T]. Then the conclusion of (a) still holds true.

(b) If |o| < 6 and 0 is convex, then
EF(X®)) <E F(X®#2).

Lemma 2.3. Let a€ ID([0,T],R). The sequence of stepwiseconstant approzimations defined by
an(t) = alt,), te [0,T],

converges toward o for the Skorokhod topology.

Proof. See [8] Proposition 6.37 in Chapter VI (p.387, second edition).
(]

Proof of Proposition 2.3. STEP 1. Let (X{L)te[oﬂ be the continuous (genuine) Euler scheme
defined by

X'=x —I—/ K(8,, X2 )dZs
(0,4] on
where k = k1 or ky. Then, owing to the linear growth of &,

H sup ]Xt]H —|—supH sup \X’f]” < +o00.
te[0,T n>11¢€[0,T) p

On the other hand we know from [7] that the stepwise constant Euler scheme (X&)te[O,T}, satisfies
diStSk((Xgl)te[O,Tb (in)te[O,T]) — 0 as n — oo in probability

where distgy, is a metric for the Skorokhod topology on [0,7] (in fact the result established in [7] is
a weak rate of convergence for the Skorokhod topology which is dramatically more sophisticated but
what we need here is simply the convergence in probability). On the other hand, it follows from the
above lemma 2.3 that distgk((in)te[o,T],X) — 0 a.s. As a consequence

distSk((Xﬁn)te[QT},X) — 0 in probability.

STEP 2. On the other hand, let F': ID([0,7],R) — R be a P, -Sk-continuous convex functional. For
every integer n > 1, we still define the sequence of convex functions F, : R**! — R by F,(zg.,) =

<Zxk1[tn 20+ 2nlry) 50 that (X3 )on) = F((X7 com)-

k:+1

Now, for every n > 1, the discrete time Euler schemes X (ki)n j = 1,2, related to the jump

diffusions with diffusion coefficients x1 and ko are of the form (2.1) and |F,(zo.n)| < C(1 + ||zon "),
re (0,p).

(a) Assume 0 < k1 < kg. Then it follows from the first step of the proof of Proposition 2.1 that, for
every n > 17 EFH((Xt(gl)m)O:n) < EFn((Xt(éiZ)m)O:n) i.e. EF((Xz(Sl)m)tE[O,T]) < EF((Xg(Sz)m)tE[O,T])-
Letting n — oo completes the proof since F' is P, -a.s. Sk-continuous. [

(b) is an easy consequence of the proof of Propossition 2.1(b) devoted to the discrete time setting
(Step 1).



2.4 Bounds for non Markovian Ité6 and Doléans martingales
2.4.1 It6 martingales

This theorem provides an extension of Hajek’s theorem (see [5]) and El Karoui-Jeanblanc-Shreve’s
Theorem (see [3]) which mainly deal with convex functions of the marginals of the processes.

We will extensively use the following classical result:

If (Y},)n>1 is a sequence of random variables taking values in a Banach space (E, |.|g). If Y, weakly
converge toward Yy, and (®(Y;,)),>1 is uniformly integrable where ® : E — R is Borel function (going
to infinity at infinity), then for every Py, -a.s. continuous Borel functional F' defined on E such that
|F(u)] < C(1+ ®(u)) for every ue€ E, one has EF(Y,,) - EF(Yx).

Proposition 2.4. Let F': C([0,T],R) — R be a convez || . ||sup-continuous functional with exponential
growth
Vae (0, TLR), |F(@)] <O+ ally), 20,

sup

for a real constant C > 0 and let (Hy)icpor) be an (Fi)-progressively measurable process and let
h = (h¢)ieo,r) be a bounded Borel function, dt-a.e. left continuous, such that Assume that

P(dw)-a.s. t — Hi(w) is dt-a.e. left continuous.

(a) If |H¢| < hy P-a.s. for every t € [0,T], then

EF (/0 HSdWS> <EF </0 hdeS>.

(b) If Hy > hy > 0 P-a.s. for every t € [0,T] and ||H||2([0,17,4) € L (P) for ' > r, then

EF (/0 Hde8> >EF </0 hSdW8>.

Remark. The assumption h is satisfies as soon as h is left continuous over [0, 7.

Proof. STEP 1 (Discrete time). Let (Zx)i<k<n be a sequence of independent centered R-valued
random vectors satisfying Z € L"(Q, A,P), r > 1, and let (Hy)o<kp<n be an (f,f)ogkgn—adapted
sequence. Let ® : R""! — R be a convex function such that |®(z)| < C(1+ |z]"). Let X = (X1)o<k<n
and Y = (Y;)o<k<n be two sequences of random vectors recursively defined by

Xiy1 = Xp + HiZpr1, Y=Y+, 0<k<n-1, Xo=Yy=um.

Then one proceeds like in the Step 1 of Proposition 2.1 to prove by backward induction that if
|Hk| < hkv then
E®(X)<E®(Y)

and if Hy > hy, > 0, then E®(X) > E®(Y). We mainly rely on the fact that the sequence of functions
recursively defined by

O, =@, & = (QPpy1(zok, 71 + -)) (hi)
are all convex and satisfy ®x(Yp.x) = IE(<I>(YO;n) |]~'kZ) If el%kl ¢ L"(P), one shows likewise the result
for functions ® such that |®(z)| < Cel*l.

STEP 2. (a) The domination of H by h implies the existence of the stochastic integral since fOT EH?2dt <
fOT h2(t)dt < +oo. Let n be a positive integer. It is clear that

. . T
E</HSdWS—/HS dW8> :/ E|H, — H, Pdt -0 as 1n— +oo
0 o T Jo o
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so that, owing to Doob’s Inequality,

sup —> 0 as n— +oo.
te[0,T]
On the other hand sup (uni-
t€(o, T]
formly) continuous over [0, T ] In particular, / Hy dWs) weakly converges to / Hd )
o t€[0,1] te[0,7T]

for the || . ||sup-norm topology.
Let F), be defined by (2.2). One derives from Step 1 that, for every n > 1,

EFan</'HsndWs> - EFn< th AW, k=0, )
0 0

< EFn</tnh AW, k=0, ):EFOIH(/'hsndWS)
0 0

since F), is convex. Combining the above functional weak convergence and the uniform integrability
argument yields the expected inequality.

(b) Under the integrability assumption on [|H||12(j07),4r) one still gets the weak of the “discretized”
stochastic integrals for the || . ||syp-norm topology. Furthermore it follows from the B.D.G. Inequality

that, for any r’ > r,
3 T 3
< (/0 htndt> — ||hHL§F < 400
Pl

as n — 00. S0 we can apply Step 1 to get the lower bound for every n > 1 and as a second step, let
n go to infinity to conclude using a uniform integrability argument. [J

T
H? ds
0 2n

sup
t€[0,T]

< ¢

T/

2.4.2 Lévy-Ité6 martingales

Proposition 2.5. Let Z = (Zt)te[o,T] be an integrable centered Lévy process with Lévy measure v
satisfying v(|z|Plfy>1y) < +oo for a real exponent p > 1. Let F' : C([0,T],R) — R be a convex
Skorokhod-continuous functional with r-polynomial growth, 0 < r < p, namely

Vae D([0,T],R), |F(a)] <C(1+ |al,,)

for a real constant C > 0. Let (Hy)ejo,r) be an (Fi)-predictable process and let h = (hy)iejo,r) be a
dt-a.e. left continuous function such that ||h| 20,4y < +00. Assume that

P(dw)-a.s. t — Hy(w) is dt-a.e. left continuous.

(a) If |H¢| < hy P-a.s. for every t € [0,T], then

EF (/O'Hsdzs> <EF </0 hsts> .

(b) If Hy > hy > 0 P-a.s. for every t € [0,T] and || H || 120, 1],a4t) € L™ (P) for r < ' < p, then

EF (/O'Hsdzs> >EF </0 hsts> .

10



Proof. (a) We will rely on the Step 1 of the proof for Brownian It6 processes. We first consider the
Lévy-Khintchine decomposition of Z

Zt:CWt—FZZ?‘i‘ZZ], 620,

where Z7 is martingale with jumps of size at most n and Z" is compensated Poisson process with
(finite) Lévy measure v(.N{|z| > n}). Let n be a positive integer. Assume temporarily that pe (0, 2].
It follows form B.D.G. Inequality that,

t t
sup ‘/ Hsts—/ Hg dZ
te[o,7]'Jo 0o

T
< C/-ipH/ (Ht_Hin)2dtHP
0 2
p

+“pH Z (Hg — H§n)2(AZS)21{\AZS\>n}
0<s<T

+H’IJH Z (Hs - Hgn)2(AZs)21{\AZS\§n}H1
0<s<T

2
2

where we used in the last line that p < 2 and the monotony of LP-norm.
Owing to the compensation formula we have

D T
E‘ > (Hy - Hy Y (AZ)* 1gaz,ony | < E/O |Hy — Hy, [Pdt v(|z[PLz)>0y)

0<s<T

and

T
E| Z (Hs — H§n)2(AZs)21{|AZS\§n}‘ = E/o (H, — Hy )*dtv(|z]* An).
0<s<T

Since |H| < h(t) and the dt-a.e. continuity of t — H;, we get that these above three terms go to 0 as
n goes to infinity. It follows that

t t
sup ‘/ Hsts—/ Hs dZ
tef0,7] "' JO 0o

If p > 2, one proceeds by a standard “cascade” argument based on repeated applications of B.D.G.
Inequality to the martingales

LP
— 0.

k k
> (AZ)Y —tw(|z]* Lyjpsny)

0<s<t
to switch form p to p/2, p/22 until we get p/2~F < 2.
At this stage we call upon Proposition 6.37 in [8] Chapter VI (p.387, second edition) which states

that if o, LN then, the stepwise constnt sequence a(. ) 5K, . This shows as a straightforward
consequence that

/Ln H§ndZs i / HydZ,; in probability.
0 0

The same reasoning leads to the same convergence for the integrands related to h. Now one can con-
clude like in the proof of Proposition 2.5(a) by combining a functional Sk-weak convergence argument
and a uniform integrability argument. Of course the interpolation operator is replaced by the stepwise
constant approximation operator introduced in the proof of Proposition 2.3.

(b) is proved following the lines of Proposition 2.5.(b). O

11



2.4.3 Doléans (Brownian) martingales

A similar result holds true for Doléans exponential with obvious applications to the robustness of
Black-Scholes formula for option pricing.

Proposition 2.6. Let (Hi)cjor) and h = (hi)iejo,r) be like in the previous proposition 2.5. Let
F:C([0,T],R) = R be a convez || . ||sup-continuous functional with exponential growth

Vae C([0,T,R), [|F(o)] <O+ algy), > 0.

for a real constant C > 0.
(a) If |H¢| < hy P-a.s. for every t € [0,T], then

EF(&(/O'HSdWSD gEF<5</O'hSdWS>>.

(b) If Hy > hy > 0 P-a.s. for every t € [0,T] and ||H||2([0,17,a) € L (P) for ' > r, then

EF(&(/O'HSdWSD 2EF<5</0'hdes>>.

Proof. STEP 1: For a fixed integer n > 1, we consider the sequence of random variables defined by

= =1 and
0
T
n n 2
Zr =ZL_1exp (Ht}g,lAwt}g — _Qnthfl)’ k=1,...,n

(where AWip = Wyn _Wtﬁfl) and we also define a sequence (zy, »)o<k<n recursively defined in backward
way by

T T
G = oxp (hiy AWy = 5=hf ). Gun = Eeinexp (hg AWy = o—hf ), k=0,....n—1.
We introduce the family of continuously interpolated processes
n,k . =
X, = Zn(:tg:k7£t2?+1:n,n)(t)7 te [OvT]

We define the operator @(”) on Borel functions f : R — R with polynomial growth by

A (n T 2
QU (f)(w,h) = Ef (wexp (W — 5-h?))
It follows from general results on peacocks (see e.g. [2, 6, 13]) that, as soon as f is convex, the function
h— QU (f)(x,h) is (even and) non-decreasing on R

We consider the discrete time filtration G;' = Fi» and set By, = E(. |G).

Now let F': C([0,7]) — R be a (Borel) functional with linear growth with respect to the sup-norm
and let F,, = F o1,

We will show by a backward induction on k€ {0,...,n} that

Ean(EOn) < Ean(EO:ka gk-i—l:n,n)- (26)

12



For k = n the equality is s trivial. Assume it holds true for k€ {0,...,n —1}.

_ o T
ErFn(Zok41, Ebr2:nn) = Ek<Fn(\:0:k7Xk exp (Hyp AWy —%Hfg)afkw;n,n))

k+1

T
= <E (Fn(x():k,xk exp (UAWT/n - %n2)7£k+2:n,n))>
‘IO:k:X&kvn:H{Z

= (Q(Enlets - Gerona) X )
LO:k=X0:1

< (Qv(n) (Fn($0:ka . 7£k+2:n,n)(X]?7 ht};))

‘xO:k:X&k

= E; (Fn (Zo:k, fk-q—l:n,n))

where we used the convex order property of the operator @(”) in the penultimate line. Plugging this
inequality in (2.6) and using teh chain rule for conditional expectation completes the induction.
Inequality (2.6) at k = 0 reads
EF(X™") <EF(X™?)

STEP 2: Under the assumptions made on H and h, it is clear that log X™" and log X™ converge
in L*(PP) for the sup norm, hence in distribution, toward E( [; HsdW) and E( [; hsdW) respectively.
Elementary about uniform integrability imply that

limEF(X™") =EF <5< / | Hdes)> and lmEF(X™") =EF (5( / | hdes>>
n 0 n 0
which completes the proof. Claim (b) follows likewise. [J

2.4.4 A counter-example

The counter-example below shows that Theorem 2.5 does not remain true if we relax the assumption
that the dominating process (h¢);c(o,r) is deterministic.

We consider the 2-period dynamics. Let X = X7 = (X{,) satisfy
X1 = o4

Xy = X1+V20(21)Z

where Z7.9 LN (0;13), 0 > 0 and v : R — Ry is a bounded non-increasing sequence.
Let f(x) = e®. Tt is clear that

p(0) = Ef(Xa) = E(e% ).
Elementary computations show that
(‘0/(0_) — E(eozl—l—U(Zl)Zl)

so that
¢0) =E(e"? 7)) <Ee"PEZ =0

by a one -dimensional co-monotony argument: z — ¢*(*) is non-increasing and z — z is non-decreasing
and none of this functions are Pz, -a.s. constant (which implies the strict inequality).
As a consequence, ¢ is decreasing on a right neighbourhood [0, o¢] (o¢ > 0) of 0.

13



To include this into a Brownian stochastic integral framework, one proceeds as follows: let W be
a standard Brownian motion and o,5 € (0,0¢], 0 < 7.

Hy = o1y (t) + /20 (Wi)1(9(t), Hy =510 1(t) + /20(W1)1(1 9 (t).
It is clear that 0 < H; < fIt, t€ [0,2] whereas
E(efoQ HSdWS) S E(ef02 ﬁSdWS).

This makes up a counter-example to Proposition 2.5.

It has to be noted that if v is non-decreasing, then choosing f(x) = e~* leads to a similar result
since

P(0) = Ef(Xs) = E(e~7Z+0()

satisfies U'(0) = —E (e“’Zl+”(Zl)). In particular one still has by a co-monotony argument that ¢'(0) <
0 is v is not constant.

2.4.5 A comparison theorem for Laplace transform of Brownian stochastic integrals

As usual we start by a discrete time result which has its own interest for applications.

Proposition 2.7. Let (Zy)i>1 be a sequence of N(0;1)-random variables. We set Sop = 0 and Sy =

Zi-+ Zi, k=1,...,n for convenience. We consider the two discrete time stochastic integrals
k k
Xk :ng(Sg_l)Zg and Yk = Zgg(Sg_l)Zg, k= 1,...,n
=1 =1
with Xo =Yy =0 and fi, gr : R =Ry, k=1,...,n are non-negative Borel functions satisfying:

all the functions fi, are non-decreasing or all the functions g are non-decreasing.
IFurthermore, if 0 < fr. < g for allk =1,...,n, then

VA>0, EeMr <EeMn,
Proof. We start from the Cameron-Martin identity
2
Voe R, Ee??+¢4) = ¢FT Ee?(410),

which holds true in R for any Borel function p:R—=R.

First we define in a backward way functions fr and gg, k = 1,...,n+1 as follows: fnﬂ = gnt1 =0,
~ A2 ~
fu(@) = 5 fRaa (@) + logE(eka(w“fk(m”@), k=1,....n, (2.7)

where Z ~ N(0, 1), teh functions g being defined from the g; the same way round.
Then, we check by induction relying on the chaining rule for conditional expectations that that

EeMn — EAXkta1(S8) | =1, p.

so that ﬁnally~Ee)‘X” = O 1t follows from (2.7) using a backward induction that, for every
k =1,...,n, fi is non-decreasing if the functions f; are so and idem for g; with respect to the
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functions gr. Assume e.g. that the fk are non-decreasing. Then, a backward induction shows that
fr < gk since f, < gp, and if friq < ggr1, for every x € R,

Fer1(@ + Mi(@) + 2) < frra(@ + Age(@) + Z) < Gera (@ + Age(@) + 2).

Plugging this inequality in (2.7) with f2 < g2, one concludes that fk < gk- A similar reasoning can
be carried out if the functions g; are non-decreasing. [

A continuous time version of this result is the following

Theorem 2.1. Let f,g:[0,7] x R — Ry two bounded Borel functions such that

(1)  f,g are dt ® dx-a.e. continuous,
(i) 0<f<g (28)
(#31) <Vt€ [0,T] f(t,.) is non—decreasz'ng) or <Vt€ [0,T] g(t,.) is non—decreasz'ng).

Then,
v A 2 0, Ee)\ fOT F(s,Ws)dWs S Ee)\ fOT g(s,Ws)dWs

so that, for every completely increasing function ¢ : R — R4

Eo( [ " i, woaw.) <z ( [ e Woa,).

Remarks. e The finiteness of these integrals follows form Novikov’s criterion.

e Completely increasing functions are defined as Laplace transform of non-negative measures supported
by the non-negative real line, namely

o) = [ eutan).

e One can reformulate (2.8) into

(i)  f,g are dt ® dz-a.e. continuous,
<ft<h<
(1) 3h:[0,7] x R — Ry such that { () 0= f<hsgand (2.9)

(b) Vte[0,T] h(t,.) is non-decreasing.

Proof. Assume e.g. that f(¢,.) is non-decreasing for every ¢t € [0,7]. It follows form the above
assumption (2.8)(¢) that

| [ swawe— [ sswojawi]) = [ B0~ oW, s 0

as n — +oo. It suffices to show that E(f(s, W) — f(§n,W§n))2 — 0 ds-a.e. since f is bounded.
Furthermore, ds-a.e., x — f(s,z) is dz-a.e. continuous hence Py, -a.s. continuous. the convergence of
Wy toward W completes the proof of the convergence.

Now, define for every k =1,...,n,
T k T
X = [ Han W )W = S0 Wy )07
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where Uj' = /(Wi — Wi ), £ =1,...,n. We define likewise (Y})r=0:n With respect to the function
g. It is clear that (Xj) and (Y%) satisfy the assumptions of the above Proposition 2.7 so that

VA0, E Mo f(8:We,, )dWs <Eé Jo 98, W, )AWs

One concludes by combining the above quadratic (hence weak) convergence and the uniform integra-
bility argument since

2
A\ > 0’ SupEeAf()T f(§n7W§n)dWS é e%”f”SupT < 400. O
n

3 Application to the “réduite” and to path-dependent American
options
3.1 Bermuda options

We consider the same discrete time dynamics as for the “European” case. Let (Zk)i<kp<, be an
iid. sequence of R-valued random vectors satisfying Z, € L"(Q, A,P), r > 1. Let (Xk)o<k<n and
(Yi)o<k<n be two sequences of random vectors recursively defined by

X]‘lg_i_l == X]f + O'k(X]f)Zk—i-l, Ykm+l = Ykm + ek(ka)Zk-i-l, 0 < k <n-— 1, X(:)E = }/0.’2 =X

where oy, 0 , k =0,...,n are functions from R to R, all with linear growth. This implies by an easy
induction that the r.v. s X7 and Y}’ all lie in L". We define the “réduite” associated to these two
dynamics

ug(z) = sup {E F(X§..), 7 F-stopping time} and wvo(z) = sup {E (F-(Y{,), 7 F-stopping time}.
These quantities are closely related to the optimal stopping attached to these dynamics (see [12, 4]
for details).

The proposition below is the counterpart of the first step of Proposition 2.1 (discrete time).

Proposition 3.1. Let Fj, : RF*1 - R, k=0,...,n be a sequence of nonnegative convex functions
satisfying a polynomial growth 0 < Fi(xo.x) < C(1+ |zox|"), k=0,...,n, r > 0. Let F = (F)o<k<n
be a filtration such that Zy, is Fi-adapted and Zy, is independent of Fr_1, k=1,...n.

(a) If, for every K{O,...,n — 1}, there exists a convex function ki such that 0 < o, < K < 0, then,
for every xe R,

sup {E(FT(X(”]CZT)), T F-stopping tz’me} < sup {E(FT(YO”:”T)), T F-stopping tz’me}.

(b) If the r.v. Zy have symmetric distributions, O, k = 1,...,n are conver and |og| < O, k=1,...,n
then the same result holds true.

Proor. We introduce U = (Uy)o<k<n and V = (Vi )o<k<n be the F-Snell envelopes of (Fk(XO;k))
and»(E%(Yb%))

0<k<n

0<k<n respectively 1i.e.

Up = ]P’—supess{E(FT(Xo;T) ].Fk), T F-stopping time, 7 > k:}

and
Vi = ]P’—supess{E(FT(Yo:T) \]—"k), T F-stopping time, 7 > k:}
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The connection between “réduite” and Snell envelope is a classical fact from Optimal Stopping Theory
(see e.g. [12]), namely

E Uy = sup E{(F-(X§.,) | F), T F-stopping time, T > k:}

(idem for Vp and Y'*).
Following the lines of the proof of Step 1 of Proposition 2.1, one shows that the sequence of
functions wuy, : RF*! — R defined by

uk(x();k) = max (Fk (LEO:k), Quk+1(a;0;k, T + ))(O’k(xk)))>

are convex owing to Lemma 2.1. On the other hand, relying on the Backward Dynamic Programing
principle satisfied by the (P, F)-Snell envelope

Up = Fo(Xowm), Up = max (Fi(Xox), E(Ug+1 | Fi)), k=0,...,n— 1.

We prove by a backward induction that Uy = ug(Xo.x) a.s., k = 0,...,n. One defines likewise the
functions vy, : R**! — R in connection with the (P, F)-Snell envelope V.

Assume that 0 < o, < 0, £k = 0,...,n and o} are all convex. One shows by a backward induction
that up < v, K =0,...,n. If kK = n this is obvious. If it holds true with £ + 1 < n, then for every
To:k € Rk+l
ug(zox) < max (Fk (z0) - (Quit1 (Towk, T + -))(Qk(xk)))
< max (Fk((iﬂo:k),(kaH(iEo:k, Ty + -))(9k($k))> =vk(Zo:1)

is non-decreasing on R since ujy is

where we used successively that u — (QUk_ll_l(f]:(];k, T + ))(u)
= 0 reads

convex and that ug4q1 < vg4q. Finally, the inequality for k
uo(x) =EUy <EVy = vo(x)

which yields the announced result. Other cases follow from using similar arguments. [

3.2 American options
3.2.1 Brownian diffusions

This result is an genraliszation to path dependent “payoffs functionals of El Karoui-Jeanblanc-Shreve’s

Theorem (see [3]) which mainly deal with convex functions of the marginal of the processes at time
T.

Proposition 3.2. Let (Xt(a))te[O,T} and (Xt(e))te[o,T] be the martingale diffusions with o and 6 as
diffusion coefficients, continuous on [0,T] x R, Lipschitz in x uniformly in t € [0,T], driven by an
(Ft)e>0-Brownian motion W defined on a probability space (2, A,IP). Assume that there exists K :
[0,T] x R — R such that k(t,.) is convex for every te [0,T] and

0<o(t,.) <k(t.) <0(t.), telo,T]

Then for every functional F' : [0,T] x C([0,T],R) — Ry be a continuous functional (w.r.t. the ||.||sup-
norm), with polynomial growth uniformly in t in the sense

vte [0,T], Yae C([0,T],R), 0<F(t,a)<C1+||a|ly,), = 0.

sup
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and such that, for every t€ [0,T], F(t,.) is convex on C([0,T],R), one has

sup {E(F(T, Xéf’)’“"’)), TE 7-[0f7T}} < sup {E(F(Tv Xo(:erm))’ TE T[(JJT-,T]}

where T[(J]T’T] ={7:Q —[0,T], F-stopping time}.

Proof. STEP 1 (Euler schemes) We consider the Euler schemes X (@)™ and X" of both diffusions (we
drop the dependency on the (common) starting value x). Both schemes are adapted to the filtration
]:(n) = (]:t;;)ogkgn-

It follows from the former Proposition 3.1, that the (P, F(™)-Snell envelopes U™ and V(" of the
F_adapted “obstacle” processes F<tz, [In (X(")’")]t;;), k =20,...,n, and F<tz, [In (X(e)vn)]tz),
k=0,...,n, satisfy

EUy <EVy.
STEP 2 (Convergence) Now set for convenience }7;%") = F<t£, [In (X(”)’”)]tz), k=0,...,n. We know
that
Ut(;?) = P—Supess{E(YT(") | Fip), TE 7;%"%}, k=0,...,n,

where 7;%"% = {7’ Q= {tE, .t ) F™)_stopping time}; we also know that the Snell
envelope of the process Y; = F(t, X!), t€ [0,T] is defined by

Us = P—supess{E(YT | ]:t), TE 7;]}}, t€0,T],

where 7;]: = {T : Q — [t,T], F-stopping time}. Note that this Snell envelope admits a version

which is a right continuous non-negative super-martingale whose compensator is continuous (and
non-decreasing) since t — F(t, X") is continuous.
For technical purpose we introduce an intermediate quantity defined by

ﬁt;; = ]P’—supess{E(YT | Fir), TE 7;%"%} <Um, k=0,...,n,

Our aim is to prove that, after canonically extending U™ as a stepwise constant process by setting
=0, te g, ipy,), UM to U in L7,
We start from the fact that

U = O] < U = Uy, | + Uy, — O + [0 — ).

First, the regularity of U implies in particular that it is left continuous in L' i.e. E|U; — Ugn| =0
as n — 0o.

As concerns the second term in the right hand side of the above equation, we proceed as follows
0< U — ﬁt(g) < IP’—supess{E(YT - Y ].Ft(;?)), TE ’E,T}
where 7(") = Shq kTTl{(k—nl)T <rgkry SO that

0< Uy — Uy <E(sup Vi - Y, || Fy) SE( sup Vi =Y, || Fy).
T

tn
k >t telo
'k )
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Doob’s Inequality applied to the martingale in the right hand side of the above inequality then implies
that for every pe (1,400),
p

r7(n) z
L P L L 1

— 0 asn— o

since Yin converges towards Y a.s. for the sup-norm which in turn implies that F(fn,an) a.s.
converges toward F(t,Y"'). The LP-convergence follows by uniform integrability since [|Y||sup has
polynomial moments at any order.

05 - Ul < swpess{BV -l | 7). re T}

n
k>

(1)
< n — n n |,
- E(ogll??n‘yk Y;k’ ’}_tk)

Now

V) = Yip| = | (8, (L(XOm)5) = P (8, (X))

Now, note that the functional defined from (C([0,77,R), || . ||sup) into itself by
a (t > F(t,]n(a)t)>

is continuous owing to the continuity of F itself on [0, 7] x C([0,T],R) since o + I,,(a)? is 1-Lipschitz
continuous with respect to the sup norm uniformly in ¢€ [0, 7] and [|a’ — a®||syp < w(a, [t —s]). O

APPLICATIONS TO COMPARISON THEOREMS FOR AMERICAN OPTIONS IN A LOCAL VOLATILITY MOD-
ELS. By specifying our diffusion dynamics as a local volatility model like (2.3) we can extend the
comparison result (2.4) to path-dependent American options provided the “payoff” functionals F'(t,.)
are convex with linear growth as specifies in the above theorem. This is again an extension of [3].

3.2.2 The case of jump martingale diffusions

In what follows the product space ID([0, T],R) x [0, T] is endowed with the product topology “Sk®]|.|”.
The canonical process on ID([0,T],R) is denoted X (i.e. X¢(a) = a(t)) and 6 denotes the canonical
r.v. on [0,7] (i.e. O(x) = z).

Let (-Ft)te[O,T] be a cad filtration and let Y be an (.Ft)te[07T}—adapted cadlag process defined on
a probability space (€,.4,P). We introduce the so-called (H)-assumption (also known as filtration
enlargement assumption) which reads as follows:

(H) =V He FY, bounded, E(H | F) =E(H|F)) P-a.s.

This filtration enlargement assumption is equivalent to the the following more tractable condition:
there exists D C [0,T] everywhere dense in [0, 7], with T'€ D, such that

Vn>1 Vt,...,ta€ D, Yhe Co(R™,R), E(h(Yy,,...,Ys,) | Ft) = E(h(Y,,.... Y, | F)) P-as.
We still consider the jump diffusions of the form (2.5) i.e.

dXt = li(t, Xt7 )dZt
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where k : [0,7] x R — R, is a continuous function, Lipschitz continuous in z uniformly in t€ [0, 7.

The aim of this section is to extend the result obtained for convex order of Brownian diffusions
to jump diffusions. We will rely on an abstract convergence result for “réduites” established in [10]
(Theorem 3.7 and the remark that follows) that we recall below.To this end, we need to recall two
classical definitions on stochastic processes.

Definition 3.1. (a) (D)-class processes: A cadlag process (Yi)iecpo1) s of class (D) if
{YT, TE ’T[Oﬂ} s uniformly integrable. (3.10)

(b) Aldous criterion: A sequence of F"-adapted cadlag processes (Yi")icpo,r) defined on a stochastic
space (2", F",P") , n > 1, satisfies Aldous criterion with respect to F if

Vn >0, limlimsup sup PM(|Y =Y} >n) =0 (3.11)
6—0 n T/ <(T+5NT

where Tand T run over T[OF;; Then (see e.g. [8], chapter VI), the sequence (Y™)n>1 is tight for the
Skorokhod topology.

Theorem 3.1. (a) Let (X™),>1 be a sequence of quasi-left cadlag processes defined on a probability
spaces (Q", F",P") of (D)-class and satisfying the Aldous criterion (3.11). Let (7,5)n>1 be a sequence
of (]:Xn,IP’")—optz'mal stopping times. If furthermore, (X™)n>1 satisfies

xn £ P, P probability measure on (ID([0,T],R), Dr) such that sup |X;| € L'(ID([0,T],R), Dr,P)
te[0,T

If every limiting value Q of L(X™,7%) on ID([0,T],R) x [0,T] satisfies the (H) property, then the
“réduites” converge i.e.

LmE U§ = E U

If the optimal stopping problem related to (X,Q,De) has a unique solution in distribution, say pr«,

0,7
not depending on Q, then 7, [—; s

(b) The same result holds with a sequence of “companion processes” Y™ taking values in a Polish space

FE i.e. we consider that the filtration of interest at finite range is now (}'fxn’yn))te[oﬂ such that X™ is
quasi-left continuous with respect to this enlarged filtration. We will only need that the couple (X™,Y™)
converges for the product topology i.e. on (ID([0,T],R),Skr) x (ID([0,T], E),Skg) since this product
topology spans the same Borel o-field as the true Skorokhod topology on ID([0,T],R x E).

We aim at establishing the following result

Theorem 3.2. Let F: [0, T]xID([0,T],R) — Ry be a functional satisfying the following local Lipschitz
assumption (w.r.t. to the sup norm) combined with a Skorokhod continuity assumption, namely

(1) F:[0,T] x ID([0,T],R) — R4 is Sk-continuous,
(i) |F(t.8) ~ F(s,0)] < O (It — sl + llo— BBy (1 + lalliaf + 1815af))- o2 /€ (0.1], v (0.p).
(3.12)

Let Z = (Zt)icjo,m) be a Lévy process with Lévy measure v satisfying v(|zP) < +oo for an exponent
p > 2. Moreover assume E Z, =0 so that the process Z is an L?>-martingale null at 0.
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If there exists k; : [0, T) xR — R, i = 1,2, continuous and Lipschitz continuous in x € R, uniformly
inte [0,T], and a continuous function k. : [0,T] x R — R, convex and Lipschitz in x € R, uniformly
in t€ [0,T], such that

K1 < Ke < Ra.
Let X5%) be the martingale jump diffusion driven by Z starting at the same v € R. Let U their
Snell envelope.

U(gnl) < Uélig)

Remark. One proves likewise that
E(US™) <EUT),  te[o,T).

Lemma 3.1. Let G : [0,T] x ID([0,T],R) — Ry be a Skorokhod continuous functional such that
|G(a)| < C(1+ |lalliy,), 7€ (0,p). Then the “obstacle process” (G(t, X"))cpo,m) is regular for optimal
stopping (i.e. QLC).

tn

Proof. First we note that if o, 5%, o and tn, — t€ Cont(c) then (o, o) LN (o, at) (see Appendix?).

As X is QLC, if a sequence of FZ-stopping times satisfies 7, T 7, then X, = X, P-a.s. i.e.

T(w) € Cont(X(w)) P(dw)-a.s.. The continuity of G implies that G(7,, X™) Sk, G(1,X7). One

P

concludes by a uniform integrability argument that EG(r,, X™) — EG(r, X") since (G(r,, X™))"
is L'-bounded owing to the fact that || X||sup€ Lt O

Proof. STEP 1 (Aldous criterion) We denote by X" = (th)te[O,T] the stepwise constant Euler scheme
with step L (i.e. X' = Xﬁ) defined by
Xtril = X%,l + ’{(tfkl—lv)z%il)(ztk —Zm ), k=1,...,n, XSL = Xp.

k—1

Let oy, Th € T[Of ;], such that o, < 7, < (0, + 0) AT. In fact following Lemma 2.3, we may assume
w.l.g. that o,, and 7, take values in {t}!, Kk =0,...,n}. Then

E[F (70, (X™)™) = F(on, (X™)7™)] < C8p" + CE(I(X™)™ = (X™)7[lsup(1 + 2| X" [lsup))-

Holder Inequality applied with the conjugate exponents a = % and b = T%p.

v v
sup Xy — X7
on<s<(on+d6)AT

E ((X™)™ = (X)) lsup (1 + 21X [lsup)) <

T—p
L )

;(14—2“ sup \X't"H
te[0,T

o If re (0,1]

T

IN

v v
sup | Xin — X7,
Jngtzg(an-l—é)/\T

LS EY o cpctoronnylnltin X 2w~ 2y [
k

= E|Zy — Zyp "B Vopctn<(onsanry Btiy, Xin )"
p

_ E|z%|"1a(0<?3§_1 w(t g, XpI" x card{k = o < £ < (o + 6) A T})
on

_ r n YT
= BIZE( g o KEY)

T

5(EIZ2 " )E( max sy, Xp)I")

IN

IN

ty X’z‘
Crird| | max_ st . Xp)|

T
LT
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where we used that ¢ — 1E|Z,|" is bounded on [0, T7. )
Finally, owing to the linear growth of x and the fact that supy<s<, \X[%\ e L"(P) c LP(P), we get

v v
sup | Xp - X2
on§t2§(0n+5)/\T

1
‘ I < Cp,T’,Ii,Z,Té r

which implies in turn that

lim sup sup E‘F(Tn,Xn’T") _ F(O’n,Xn’U”)
n on<tn<(on+0)AT

1
< Cp,r,n,Z,T6 T

The conclusion follows.

o If r€ [1,2]: it follows from the B.D.G. Inequality applied to the local martingale (X | i — X2 )iso
that !

2
T
2

L) v
sup | Xp - X,
o‘ngt}gg(o‘n+5)/\T

IN

Cr

> sl Xe ) (Zg — Zg )
Un<tZ§(0'n+5)/\T

L

IN

C,E (Z 1{Un<t;cLS(Un+5)/\T}"%(tg—hX&il)‘T’Ztk - Zt}jl‘r>
k

and one concludes like in the former case.

o If r€ [2,4]: One writes

S 2 S 2
> et X P (Zg = Zg )" = > et Xl VP (Zg = 2 ) - E\Zg\2)
o‘n<t2§(on+5)/\T o‘n<t2§(on+5)/\T
> 2
+E|Z%|2 > w(tpo, X V2 (Zy — Zy )

on<tp<(on+d)AT

The second term of the sum in the right hand side can be treated as above (it corresponds to r = 2).
As concerns the first one, the i.i.d.sequence((Zy — Zy_ ) —E|Zz|?),_, . is centered and lies in Lz
with § € [0,2] which can be solved by the former two cases. By carrying on the process by induction

one can always lower r to r/2 thanks to B.D.G. inequality.

STEP 3. It follows from Step 1 of Proposition 2.3 (adapted to a vector valued framework with (k,1)
as a drift) that

<X”,In(Z)>P@>)(X,Z) as n — oo.

It is clear that in the discrete time framework, the existence of the optimal stopping time 7,, taking
values in {t}}, k =0,...,n} is obvious.
StEP 2: Let (ID([0,7T],R?) x [0,T],Sk®? ® |.|) be the canonical space of the distribution of the
sequence (X", I,,(Z), 7})n>1. For every (a,u)€ ID([0,T],R?) x [0,T], the canonical process is defined
by Zi(a,u) = a(t) = (al(t),a?(t)) € R? and the canonical random times is given by (a,u) = w.
Furthermore we will denote = = (=!,=2) the components of =.

Let

D) = Net0(Zu, {0 <u}, 0<u < s} if t€[0,7) and D} =0 (Z,,{0 <s},0<s<T)

the canonical right-continuous filtration. This canonical space is equipped with a structure of metric
space given by Sk®? ®|.| (product of the product scalar Skorokhod topology on ID([0, 7], R?) and the
standard topology on [0, 7).
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In order to conclude to the convergence of the “réduites”, we need, following Theorem 3.1 estab-
lished in [10], to show that any limiting distribution Q = lim, P(gn 1, (7)) -+ on the canonical space
(ID([0,T],R?) x [0,T], Sk®? @ |.|) satisfies the classical H-assumption

Eq(H | D)) =Eg(H | D) a.s.

for every random variable H defined on the canonical space.

Let Cont(f) be the complementary of Q-atoms of 6. Let ® : ID([0,7],R?) — R and ¥ :
ID([0,T],R) — R two bounded functionals, Sk®? and Sk-continuous respectively and let u€ Cont(6),
u<s<T.

Eo(2@)V(E*)cy) = HmE(S(X", 10(2) W(1a(2))1(rs<u) )
EFY

= 1@1@(1@[@()2",In(Z))\st]‘P(In(Z)S)l{T;Su})-

Up to an extraction we may assume that E[®(X",I,,(Z))|FZ] a.s. converges to E[®(X, Z)|FZ]
since ®(X", I,,(Z)) converges in probability toward ®(X, Z). Up to a new extraction, we may assume
that ¥(I,(Z)®) a.s. converges toward W(Z*) for the Skorokhod topology since P(AZ; # 0) = 0
(stopping operator at time s a +— «® is Sk-continuous at functions « continuous at s).

Consequently, going back on the canonical space

(E [q)(Xnyln(Z)”]:sZ]’ \II(In(Z)S)7 l{ﬁggu}) i> £Q (E[¢(E)|‘7:552]7\P(5278)7 1{0§u}> .
which ensures that

Eg (2(Z)¢(E**)1p<uy) = Eg (Eg[®(Z)|Ds_ | ¥ (E**)1ip<yy) -

One concludes by standard functional monotone approximation arguments that the equality holds
true for any bounded measurable functional ®, ¥ and any u€ [0,7]. Then by considering a sequence
Sn 48, sp > s, we derive that

Eq (2(2)| DY) =Eg(2(®)|D,).

This shows that the H-assumption is fulfilled so that by Theorem 3.1, U’ converges toward Up. [
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