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NEW COUNTEREXAMPLES TO THE CELL FORMULA IN
NONCONVEX HOMOGENIZATION

MARCO BARCHIESI & ANTOINE GLORIA

Abstract. In this article we show that for the homogenization of multiple integrals,
the quasiconvexification of the cell formula is different from the asymptotic formula
in general. To this aim, we construct three examples in three different settings: the
homogenization of a discrete model, the homogenization of a composite material and
the homogenization of a homogeneous material on a perforated domain.
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1. INTRODUCTION

For the homogenization of periodic integral functionals of the type
I.(u) == / W(E, Vu(x))dw,
QneP €
with suitable assumptions (recalled in Section 2.1), the I'-limit writes
Ihom(u) = / Whom (Vu(x))dx,
Q

where Whom is obtained by an asymptotic formula on the number of periodic cells con-
sidered. If the integrand W (z,-) happens to be convex almost everywhere, then the
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asymptotic formula reduces to a minimization problem on the unitary cell with periodic
boundary conditions, that we denote by Weo. A counterexample due to Stefan Miiller
in [13] shows that in general, for quasiconvex nonconvex energy densities, the inequality
Weell = Whom can be strict. More recently, Jean-Francois Babadjian and the first author
gave another such example in [4].

As will be made precise in Section 2 for both examples, the energy density Weey is not
rank-one convex. In addition, in both cases, considering the quasiconvex envelop QW of
Weenl surprisingly removes the contradiction which allows to conclude that Weey > Whom-
Hence, none of the known examples shows that the inequality QWeen > Whom can be
strict, although this is to be expected.

The aim of this paper is twofold: to show that the known counterexamples to the
cell formula are not rigid enough to prove that QWeen > Whom, and then to provide
some new examples for which the latter strict inequality can be shown. The article is
organized as follows. In Section 2, we recall standard results on homogenization as well
as the two counterexamples to the cell formula mentioned above. We then show for each
example that the methods used by their respective authors to prove the disagreement of
Weenn with Whem fail to prove the disagreement of QW with Wyem. The rest of the
paper is then dedicated to the construction of three different examples for which there
exists a deformation gradient A such that QWee(A) > Whom (A). The examples are built
in dimension two and they are based on the fact that replacing (0, 1)2-periodicity by
(0,2)2-periodicity is enough to relax significantly the energy to obtain the desired strict
inequality. The first example is a discrete example where the keyrole is played by the very
strong rigidity of discrete gradients. The second example is based on the same geometry
but is written in a continuous setting and exploits the rigidity of the incompatible two-
well problem together with an interplay between the geometry, the periodicity and the
zero levelset of the energy densities. These examples are presented in Section 3. The
last example is the object of Section 4. It relies on the homogenization of a homogeneous
material on a perforated domain, for which we prove that the zero levelset of Wy is
contained in a quasiconvex set which is strictly contained in the zero levelset of Wygp,.
This is in particular the first example which shows the disagreement of Wee and Wyom
(as well as QWee and Wiy, ) for the homogenization of a homogeneous material on a
perforated domain.

Although the main result of this article is technical, we believe the examples are of
independent interest. We therefore provide the non-specialist reader with the required
background on convexity properties in Section 2.2.

Throughout the paper, we employ the following notation:

e Q) is a bounded open subset of R?;

e Q = (0,1)¢ denotes the unit cell;

e Q,=(0,n) for all n € N;

Q™ =m+ Q for all m € Z4;

xu is the characteristic function of a subset U of R%;

M is the set of d x d real matrices;

ngm is the set of d X d symmetric real matrices;

SOy is the family of the elements A of M¢ such that det A = 1 and ATA = I, where
I € M? is the identity matrix;
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|A| := \/trace(ATA) is the Frobenius norm of a matrix A € M
L" denotes the n-dimensional Lebesgue measure;

Wr}é’ (Qn,R?) is the space of I/Vli’p (R%,RY) functions which are @,-periodic;

C
As a general rule, ¢ denotes a constant which may vary from line to line but which

is independent of the variables left.

2. HOMOGENIZATION OF MULTIPLE INTEGRALS AND THE CELL FORMULA

2.1. Continuous and discrete homogenization of nonconvex functionals. In this
section, we recall classical results of periodic homogenization of multiple integrals, as
well as (less) classical results of periodic homogenization of discrete systems. We refer
the reader to the monograph [8] for continuous homogenization and to the article [1] for
discrete homogenization.

Definition 1. Let U be a normed space. We say that I : Y — [—o0,+00] is the I'-limit
of a sequence Ij, : U — [—00,400], or that I, T'-converges to I, if for every u € U the
following conditions are satisfied:

i) Liminf inequality: for every sequence uy in U such that up — wu,

I(u) < liminf I, (up,);
() < lim inf T, (un);

ii) Recovery sequence: there exists a sequence uy, in U such that up, — u and

I(u) = hEIJ?oo I (up,).

Let d € N. We focus on I'-convergence of integral functionals on the normed space
LP(Q,R?%), p € (1,400), in the context of periodic homogenization.

Let a > 0. We denote by W(a, p) the set of all continuous functions W : M — [0, 4+00)
satisfying the following coerciveness and growth conditions of order p:

LIAP —a <W(A) < a(1+]AP) for all A € MY (2.1)
a

Hypothesis 1. W : R? x M? — [0, 400) is a Carathéodory function Q-periodic in the
first variable such that W(x,-) € W(a,p) for a.e x € Q.

Hypothesis 2. P is a Q-periodic and open subset of R? with Lipschitz boundary such
that @ \ P CC Q. Note that in particular P is connected.

Under Hypotheses 1 and 2, we consider for any € > 0 the functional I, : L?(Q,R?%) —
[0, 400] defined by

/ W(E,Vu(x))dac if wulonep € WHP(QNeP,RY),
I.(u) == ¢ Janep €

400 otherwise.

Definition 2. We call cell integrand related to (W, P) the function W : M? — [0, 4+00)
defined by

Wean(A) o= inf{ /Q W(e A+ Vo@)ds e WAL(Q.RY ). (2.2)
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If P =R we simply say that W e is the cell integrand related to W.

We call homogenized integrand related to (W, P) the function Wigy : M? — [0, 4+00)
defined by

Whom(A) :== lim idinf{/ W(z,A+Vo(z))dr : ¢ € WSé?(Qn,]Rd)}.
QnNP

n—oo n,
If P =R? we simply say that Wiom is the homogenized integrand related to W.

The following theorem is a standard result (See [8, Theorem 19.1 and Remark 19.2]).

Theorem 1. Assume that W satisfies Hypothesis 1 and that P satisfies Hypothesis 2.
Then the homogenized integrand Whyon, related to (W, P) is a quasiconvex function belong-
ing to W(b, Q) for a suitable b = b(a, ), and for any ey, \, 0 the sequence I., T'-converges
to the functional I @ LP(Q,R?) — [0, 400] defined by

/Whom(VU(m))dm if weWhw(Q,RY),
Ihom(u) = Q

+o00 otherwise.

In addition, if W(x,-) is convex for a.e. x € Q, then Whon, is also convexr and coincides
with the cell integrand Weey related to (W, P).

A result similar to Theorem 1 holds in a discrete setting, as shown in [1]. We give here
a simpler version, for which we only consider nearest-neighbors interactions. We also need
to slightly extend the result in [1] to take into account volumetric effects, which we will
need in Section 3. Yet, the result remains essentially the same as announced in [2], and
further details will be given in [3].

Definition 3. Let 7 be a Q-periodic triangulation of R% and P be the set of vertices of
7. We define the couples of nearest neighbors by

NN = {(z,y) € (P NQ)?: 3T € T having [z,y] as an edge}.
For all £ > 0 and for all bounded open subset U of R?, we define
S.(U,R?) := {ue CO(U,RY) : u is affine on each element T' € £7 N U}.
For € = 1, we simply write S(U, R?) = S. (U, R?%). Moreover, we write
Sper(Qn,Rd) = {u € S(Qn,RY) : u is Q—periodic}.

We are now in position to define energy functionals on discrete systems.

Definition 4. Let f1: Q x Q x R — [0,4+00) and f» : @ x R — [0, +00) be continuous
functions and let € > 0. For any bounded open subset U of R%, we define the energy of
u € S.(U,RY) as

F(wU):= Y F'(u),
mezZd : eQmCU
(with the convention Y, = 0) where, for any m € Z% such that eQ™ C U,
=<t Y (m y, Mo Zuem =)
() ENN e

>+€d/ f2(z, det Vu(em+ex))da.
Q
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If e = 1, we simply write F(u,U) = F.(u,U). Finally, we define the functional I :
LP(Q,R?) — [0, +oq] by

L(u) = F.(u,Q) if ue S.(Q,RY),
: ") 40 otherwise.

As for the continuous setting, we may define a cell integrand and a homogenized inte-
grand as follows.

Definition 5. For all A € M?, let @ : R? — R? be given by ¢a(z) := A - x. We call cell
integrand related to (7, F) the function Wee : M? — [0, 4+-00) defined by
chll(A) = lnf{F(QpA + ¢, Q) NORS Sper(QaRd)}'

We call homogenized integrand related to (7, F) the function Wiom : M? — [0, +00)
defined by

Whom(A) = lim - inf{Flpn +6,Q0) © 6 € Sper(Qu B},

n—0o0

We have the following result (see [1] and [3]).

Theorem 2. Let T, f1, fo, I. and Wyem be as in Definitions 3, 4, 5. Let us further
assume that there exist a > 0 and p € (1,00) such that

0< foz,2) <a(l+ |z|p/d) for all (z,z) € Q X R,
Ll —a < ful@,y,w) < a(l+ [wl) for all (2,y,w) € Q x Q x RY,
a

Then the homogenized integrand Wy, associated to (T, F) is a quasiconvex function sat-
isfying a growth condition (2.1), and for any e, \, 0" the sequence I., T'-converges to the
functional oy @ LP(Q,R?) — [0, +00] defined by

[ Waon (Va(e))doif u e Who(@,RY),
Ihom(u) == < Ja
400 otherwise.
In addition, if fo =0 and if fi(x,y,-) is a convex function for all z,y € Q, then Whep is

also convexr and coincides with the cell integrand Ween related to (T, F).

2.2. Short summary of convexity properties. In this section, we recall the notions
of polyconvexity, quasiconvexity and rank-one convexity of functions and sets. We refer
the reader to [9], [10], [14] for details. We also state and prove some elementary lemmas
that will be used in the analysis of the counterexamples.

Definition 6. (quasiconvex function) A locally bounded and Borel measurable function
W : M¢ — R is said to be quasiconvez if

W(A) = inf{/QW(A+ Vo(z))dr : ¢ € WOI"X’(Q,Rd)}.

Given W : M? — R we define the quasiconvez envelope of W as
QW (A) :=sup{V(A) such that V is quasiconvex and V < W'}
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with the convention sup @ = —oo. If QW # —o0, then it is quasiconvex function. More-
over, if W is also locally bounded and Borel measurable, then
QW (A) = inf {][ W(A + V(;S(x))dx NS Wol’oo(U, Rd)} , (2.3)
U

where U is any bounded open subset of R?. In particular, the infimum in the formula

is independent of the choice of U. If U = @Q, then VVO1 *°(Q,R?) can be replaced by
1,00 d

Wpar (@, R).

Lemma 1. (main property) Let W : Q x M? — [0, 4-00) be a Carathéodory function such
that W (x,-) € W(a,p) for a.e. x € Q and let U be a weakly closed subset of WP(Q,R?).
Then

inf{/QW(x,Vu(x))dm D u eu} = min{/Q QW (z, Vu(z))dz : u eu} > —o0,

and any weak limit of a minimizing sequence of the original problem is a minimizer of the
relaxed problem.

Remark 1. Assume that P satisfies Hypothesis 2. Since Q N P has Lipschitz boundary,
any function ¢ € WP(Q N P,R%) can be extended to a function g € WP(Q,R%). As a
consequence, {pjgnp @ ¢ € Wgéf (Q,R%)} is a weakly closed subset of W1P(Q N P,R%).

Definition 7. (polyconvex function) For any matrix A € M, let denote by M(A) the
vector that consists of all minors of A, and denote by d(d) its length. We can identify
M(A) with a point of R We say that a function W : M — R is polyconvez if there
exists a convex function ¢ : R4 — R such that for all A € M¢,

W(A) = g(M(A)).
Definition 8. (rank-one convex function) We say that W : M¢ — R is rank-one convex if
WA+ (1—t)B) <tW(A)+ (1—-t)W(B)

for all ¢ € [0,1] and for all A, B € M? rank-one connected, i.e., such that rank(B — A) = 1.
Given W : M? — R we define the rank-one convez envelope of W as

RW (A) := sup{V(A) such that V is rank-one convex and V < W}
with the convention sup @ = —oo. If RW # —oo0, then it is rank-one convex function.
Lemma 2. Let W : M? — R, then there holds

W is convex =—> W is polyconvex —> W 1is quasiconvex —> W 1is rank-one convez.

One can extend the notions of convexity, polyconvexity, quasiconvexity and rank-one
convexity to sets.

Definition 9. (polyconvex, quasiconvex and rank-one convex sets) Let K be a compact
subset of M?. We define the polyconvex hull K?¢, quasiconvex hull K9 and rank-one
convex hull K¢ of K by

KP:={Ae M?: f(A)=0 ¥V f:M?— [0,400) polyconvex such that f|x = 0},
K% :={A¢c M: f(A)=0 V f:M?— [0,400) quasiconvex such that f|x = 0},
0

K:={Aec M?: f(A)=0 V f: M — [0, +00) rank-one convex such that f|x = 0}.
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The set K is said to be polyconvex if K = KP¢ quasiconvex if K = K% and rank-
one convex if K = K" We have the inclusions K¢ C K% C KP¢ C K, where the
superscript co denotes the classical convex hull.

We have the following useful characterizations of K and KP°.

Lemma 3. ([14, Theorem 4.10]). Given a compact set K C M?, a matriz A € M? belongs
to K% if and only if there exists a sequence ¥y, bounded in WH(Q,R?) such that

dist(Vy, K) — 0 in measure;
Yp(x) = Az for x € 0Q.

Lemma 4. ([12, Lemma 1]). Given a compact set K C M?, a matriz A € M? belongs to
KP¢ if and only if M(A) lies in {M(A) : A € K}.

The sets we will be interested in are the zero-levelsets of energy densities defined as
follows.

Definition 10. Let W : M? — [0, +00) be a continuous function, we define its zero
levelset as

WH0) = {A e M W(A) = 0}.
In particular, if W is a quasiconvex function, then W~1(0) is a quasiconvex set.
Lemma 5. If W € W(a,p), then
QWH(0) = (W1(0)%.

Proof. Let K := W~1(0). The inclusion K% C QW ~1(0) is trivial and we only need to
prove the opposite one. This proof makes use of Young measures, for which we refer the
reader to [14] for a comprehensive treatment.

Let A € QW~1(0). By formula (2.3), there exists ¢, € Wy ™(Q,R?) such that

0=0W(A)= lim W(A+ Véy(z))dz.
h—+4o00 Q
As a consequence of the p-coercivity of W and Poincaré’s inequality, the sequence ¢y, (z) :=
A-x + ¢p(x) is bounded in WHP(Q,R%). Thus, up to extraction, Vi), generates a Young
measure y : Q > x — py € P(M?), where P(M?) denotes the family of probability
measures on M¢,
By the fundamental theorem on Young measures (see [14, Theorem 3.1]), we get

0= lm_ ; W (A + Vp(x))dr > /Q< » W(A)d,ux(A))dx

and therefore by [6, Lemma 3.3] suppu, C K for L%.e. x € Q. Again by the fundamental
theorem, this implies that

dist(Vy,, K) — 0 in measure. (2.4)

By using Zhang’s lemma (see [14, Lemma 4.21]), ¢, can be modified on small sets so that
its gradient be bounded in L*>°(Q, M%), while keeping conditions (2.4) and ¢y, (z) = A -
for € 0Q). The thesis follows now by Lemma 3. O
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We will also make use of the following results about the cell integrand.

Lemma 6. Assume that W satisfies Hypothesis 1 and that P satisfies Hypothesis 2. Then
the cell integrand Weep related to (W, P) is a continuous function.

Proof. This property is a direct consequence of the following inequality:
chll(Al) < chH(AQ) + C(Al,Ag)’Al — AQ’ for all Al,AQ € Md, (2.5)

where ¢(A1, Ag) is locally uniformly bounded.
Let us prove inequality (2.5). By Lemma 1 and Remark 1, we have

Ween(A) = min{ QW (z, A+ Vo(z))dx : ¢ € WE(Q, Rd)} . (2.6)
QNP

Due to the growth condition from above satisfied by QW (x,-), there exists ¢ > 0 such
that for every Aj, Ay € M9, there holds

|QW (z, A1) — QW (z, A2)| < ¢|Ay — Ag|(1 4 |A1 P~ + [AgP7h)

This property, which is classical for convex functions, holds for rank-one convex functions
(see [11, Lemma 5.2]). Let now Ay, Ay € M?, and let ¢1, ¢y € Wa(Q,R?) be minimizers
associated with A; and Ag through (2.6). We then have

Weenn(A1) — Ween(A2) = - QW (2, A1 + Vi (x)) — QW (2, Ay + Vo(x)) da:
N

< onp QW(CE,Al + V(;Sg(:v)) — QW(Q:,AQ + ngQ(a:))dm
n

< / clAr = Ao (1 + [ALP7h + A2~ + A2 + Vo ()P~ da.
QNP

Using the coercivity of QW (lower bound in (2.1)), we may bound [[As + V¢o|?, from
above by the energy, which is less than ¢(1 4 |A2|P) using the test function ¢ = 0 and the
upper bound of (2.1). Hence, there exists a constant ¢ > 0 such that the inequality

Ween(A1) = Ween(A2) < e[Ay — Ag|(1+ [A[P71 + [AoP™ 1),
holds for any A1, Ay € M¢, which proves the claim. O

Lemma 7. Let W € W(a,p) and let P satisfy Hypothesis 2. Assume in addition that W
is quasiconvex, and that W~1(0) is not empty. Then A € M? belongs to the zero levelset
of the cell integrand Weey associated to (W, P) if and only if there exists a Q-periodic
Lipschitz function ¢ : R4 — R satisfying

A4+ Vo(x) e W H0) for ae. z€QNP.

Proof. The condition is obviously sufficient. By Lemma 1 and Remark 1, we have
Weenn(A) = min {/ W(A+Vo(z))ds : ¢ € W;é{’(Q,]Rd)} ) (2.7)
QNP

Let A € W, ;1(0) and let ¢ € Wa(Q,R?) be a minimizer associated with A through (2.7).
Then

W(A+Vé(z)) =0 for ae. z€QNP.
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Since W~1(0) is compact and Q N P has a Lipschitz boundary, the function d|gnp has a
Lipschitz representative. The conclusion follows by taking a Lipschitz Q-periodic extension
of ¢|gnp on R O

A similar characterization of the levelset of the cell integrand holds in the case of
mixtures.

Lemma 8. ([4, Lemma 4.4]). Let Wi, Wy € W(a,p) be two quasiconvex functions such
that W 1(0) and W5 1(0) are not empty. Given a measurable subset U of Q, let set
W :R? x M?% — [0, +00) as

Wiz, A) := x(z)Wi(A) + (1 = x(2))Wa(A),

where x is defined by x = xu in Q and extended by periodicity to the whole R:. Then
A € M? belongs to the zero levelset of the cell integrand W associated to W if and only
if there exists a Q-periodic Lipschitz function ¢ : R4 — R satisfying

-1
A+ Vo) € {W1_1(0) forae. x €U
Wy 2(0) forae ze€Q\U

Remark 2. The previous lemma shows that in the case of a mixture of the type W =
XxW1 + (1 — x)Wa, the zero levelset of Wee depends only on the zero levelsets of Wi, Wa
and not on their global shapes or growths. The same property can be proved for the zero
levelset of Whon, (see [7, Theorem 1.3]). This fact is one of the keys of our counterexamples:
we have to introduce suitable zero levelsets first, and only afterwards construct suitable
functions.

2.3. Stefan Miiller’s counterexample. The energy under consideration W7 : R? x
M2 — [0, +00), (x, A) — x"(z)Wo(A) models a two-dimensional laminate composite, made
of a strong material and a soft material. The coefficient x” is the Q)-periodic extension on
R? of
e) = {1 ifa € (0,1/2)
n ifz €[1/2,1)

where Q > x = (x1,22) and > 0. The energy density Wy : M? — [0, +00) is given by
Wo(A) = |A|* + f(det A) where

8(1 2
M—S(l—i—a)—él if z>0
L Z+a
fe)= 8(1 + a)? 8(1 + a)?
——-8(lta)—d- e 2 <0

for some a € (0,1/2).
In particular, W"(x, -) is a nonnegative polyconvex function satisfying a standard growth
condition (2.1) of order p = 4. Its zero levelset is SO; for all x € Q.

We respectively denote by W', and W," = the cell integrand and the homogenized
integrand associated with W".

Using the one-well rigidity (Liouville theorem) on the unitary cell and using ‘buckling-
like’ test-functions on several periodic cells (see Figure 2.3), Stefan Miiller obtained the
following result.
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FiGure 1. Compression of one periodic cell and buckling of several peri-
odic cells

Theorem 3. [13, Theorem 4.3] For all A\ € (7/4,1), there exist c1,ca > 0 independent of
n, such that

Wlfom(A) < nct
WCneH(A) 2 C2,

where A := diag(1,\), hence proving that the strict inequality W' ,(A) > W,. (A) holds
provided 1 is small enough.

However, in view of the following proposition, Theorem 3 does not allow to conclude
whether the inequality QW (A) > W,. (A) may be strict or not. Note, in particular,

hom

that W is not even a rank-one convex (and a fortiori not quasiconvex).

Proposition 1. For all A € (0,1), there ezists ¢ > 0 independent of n such that
RWIL,(A) <ne, (2.8)

where A = diag(1, \).

Proof. Let {e1, e} be the canonical basis in R?. Since, by Jensen’s inequality,

RW!

cell

1
(A) < inf {/0 Wi (A+ ¢ (t)er @eq)dt = ¢ € W ((0, 1))}

it is enough to exhibit a test function ¢ € Wpléfo((O, 1)) such that the majoration in (2.8)
holds. Let ¢ € Wpe((0,1)) be such that

¢'(t) = X() V1= N2,

where x is the (0, 1)-periodic extension on R of

1 ifte(0,1/2)
(1) = {—1 ifte[1/2,1)
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We also choose ¢ € L>=((0,1), WSé?O(Q, R?)) such that

Vye(t,y) = X(y1) ( _X(;;\;ll——)\? 8 ) ’

Then, in the strong phase (x(y1) = 1), the test function A + ¢'(t)e; ® e2 + Vyp(t,y) is

the rotation
A +v1 — \2
IZR oA )

and, in the soft phase (x(y1) = —1), the deformation gradient is of the form

A 2-A  EVI-N 29)
“Nevice a0 ) |
Hence,
1
1
WL < [ ] WAt o (0er &+ Typlt )yt < (),
for some A of the form (2.9). O

Remark 3. Asshown in the Appendix, Proposition 1 holds in dimension three in a weaker
form, by substituting the rank-one convex hull with the quasiconvex hull of W(?ell’

2.4. Counterexample by comparison of the zero levelsets. Let us consider the
following matrices of M?

O := diag(0,0), I:= diag(1,1), A :=diag(—1,1), B := diag(0,1), and C := diag(0,1/2),
and two quasiconvex functions Wy, Wy € W(a, p) such that

W 0) = {0, A} and W, '(0) = {0,T}.
We define W : R? x M? — [0, 00) by

Wz, A) := x(2)W1(A) + (1 — x(x))Wa(A),

where x is given by X := X(0,1/2)x(0,1) in & and extended by periodicity to the whole R2.

Then, Jean-Francois Babadjian and the first author proved in [4, Example 6.1] that
Weet(I) = Ween(B) = Whom(I) = Whem(B) = 0 and Ween(C) > 0. Since C € {O, B}™
and Whep is rank-one convex, this implies that Wy, (C') = 0 < Ween(C). However, one
also has RWeen(C) = 0.

3. COUNTEREXAMPLES FROM COMPOSITE MATERIALS

In this section, we propose two examples for which QWeen(A) > Whom(A) for some
A € M?. The first one relies on the rigidity of periodic discrete gradients, whereas the
second example uses the rigidity of the incompatible two-well problem together with the
periodicity constraint. Both examples are based on the same geometry (see Figures 2
and 4).
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3.1. Discrete example. Let us first describe the geometry of the model.

Geometry. The triangulation 7 of R? is the Q-periodic replication of the triangulation
{T1,..., T3} of Q (see the numerotation of Figure 2) defined as follows.

T = {er : 3722.’1}1-1-1/2}, Ts :=T4—(1/2,—1/2),

T3 := {er : $2§—$1+1/2}, T := T3+(1/2,1/2), (3 1)
T = {xGQ : 3722—371-1-3/2}, T7 = TQ—(1/2,1/2), ’
(

Ty={reqQ : xo <z —1/2}, Ts =T, + (1/2,-1/2).

We will make use of the following notation: for all n € N, 7,, denotes the restriction of 7°
to Qy, while for all m € Z? and 7 € {1,...,8}, T™ = T, +m. Moreover, for i € {1,2,3},
we denote by 27", the i" vertex of the triangle 7™ and we set N := {aly, 2y, 23}
For the vertices in dQ we use a simpler notation: y' := (0,1/2),y? := (1/2,0),9° :=
(17 1/2)7 y4 = (1/2a 1)a y5 = (07 1)7 y6 = (07 0)7 y7 = (17 0)7 and yS = (17 1)

y4

y2

FIGURE 2. Geometry.

Energy. Let U be a bounded open subset of R2. Given v € S(U,R?), m € Z?, 7 €
{1,...,8}, and i € {1,2,3}, if UNT" # @ and 27", € U, we set
Vul' := Vupm (which is constant on 77")

T
= u(al).

m

u'r,i

Let f1, f2 : R? — [0, +00) be defined by

As in Definition 4, for all n > 0 we consider the energy

F'(u,U) :== Z F (w),

meZ?:QmCU
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where, for any m € Z? such that Q™ C U,

4
1 |ufly — uly
F™ (y) ::Z gfz(det Vau) + Z gfl (ﬁ)

=1 i, JEN™ i<

8 n n ’uny__unp
m T77/ T?]
—i—Z ng(detVuT)—i- N Z Sl e
=5 1,JENT <]

The model satisfies the assumptions of Theorem 2. We respectively denote by chell and
W, the cell integrand and the homogenized integrand associated with (7', F').

Theorem 4. For all A > 1 and n > 0 the following properties hold
1) QW (AL) is bounded from below by (A*> —1)%/2;
2) there exists ¢ > 0 independent of n such that W, (AI) < nec.

Therefore the strict inequality QW (AI) > W/

hom

(ML) holds provided n is small enough.

Proof.
Property 1). For all n > 0, let consider the energy

Flw,U)= >  F"(u),

meZ2:QmCU
where, for any m € Z? such that Q™ C U,

8

4
F (y) = Z éfg(det Vu,) + Z gfg(det Vu,).
T=1 T=5

Let WCZH be the cell integrand associated with (7, F ™). Since we have neglected the

contributions of the terms involving fi, we have W > Wg’en.
For all n > 0 and A € M? invertible, we claim that

WCZH(A) = F(pn, Q).
Let ¢ be an admissible deformation of the form ¥ = pp + ¢, ¢ € Sper(Q,]Rz). Due to the
periodicity constraint on (), we have that

1

7 (det Vo, + det Vebyr, + det Vi, + det Vajyry) = det A,
(3.2)

1

7 (det Vi, + det Vibyr, + det Vo, + det Vibyr,) = det A,

To prove this assertion, up to multiplying V4 by A™1, it is enough to consider A =1I. Up
to a translation, we can write

Y(y') = (a1,1/2 4 B1) Y(y°) = (
P(y°) = (1+a1,1/2 4 B1) P(y®) = (
Y(y?) = (1/2 4 az, f2) (y") = (
Y(y*) = (1/24 az, 14 (2) Y(y®) = (
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2\

-
)\—Z)\

FIGURE 3. Deformation of Q2 by the Q9-periodic competitor ).

for suitable aq, s, 81, B2 € R. A straightforward calculation then shows that
det Vi, = 4(a1fe — (81 — 1/2) (a2 +1/2))
det Vi1, = 4(—a1fz + (61 — 1/2)(az — 1/2))
det Vb, = 4(—anfa + (61 +1/2) (a2 +1/2))
det Vipip, = 4(a1fe — (b1 +1/2)(c2 — 1/2)).
Thus, as expected,

1
Z(det V¢|T1 + det V’l/J‘TQ + det v¢|T3 + det VT/J\TJ =1

and the second equation of (3.2) follows now from the fact that fQ det(A 4+ Vo) = det A
because + det is quasiconvex.

Hence, by Jensen’s inequality (fs is a convex function),

W’?

cell

1
(A) = 51+ m)fo(det A)
Since W o1 1s a polyconvex function (hence quasiconvex) not greater than W o O M2,
for all A > 1 there holds
—~ 1 1
QW (A = Wiy (AT) > 5 fo(det Al) = §(>\2 —1)2
Property 2). Let z) be a solution of z) (A—z)) = 1/8. We define a Q2-periodic competitor

1 as on Figure 3. The deformation is the symmetrization in Q5 of the following deformation
of the unit cube Q:

Y(y') = (0,21) Y(y°) = (0,X)
YY) = (A — 2\, ) ¥(y°) = (0,0)
Y2 = (A A —2)) ¥(y") = (X,0)
Y(yt) = (21, ) Y(y®) = (A N).
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Us

FIGURE 4. Geometry.

Since in triangles of the form 77™,i € {1,2,3,4}, where the material is strong,
det Vip =1 = fo(det Vo) =0,
one has F"(1,Q2) = nF' (¥, Q2). Hence, since 1) — o1 € Sper(Q2, R?), we have
Wit D < F(1, Q2) < nF (4, Q2).
O

3.2. An example from solid-solid phase transformations. To build the following
counterexample, we introduce energy densities on () such that a phenomenon similar to
the one on Figure 2 may occur at the continuous level. The rigidity now relies on the set
of matrices we introduce hereafter.

e Matrices in M?
Ay = diag(1,1), As := diag(4,3), B; := diag(1,3), By := diag(4, 1),

1. 1 1 1
C:= §d1ag(5,4), R:= 7 ( 11 > .

e Compact sets in M?
K1 :=5S05A1US03A5, Ky:=S505B1US0O3B,,
Hy == K\R, Hy = (KyR)™.

e Geometry (see Figure 4)

4
U=JT,  Ua:=Q\Uy,
=1

where T1, ..., Ty are defined as in (3.1).

The counterexample is as follows.
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Theorem 5. Let Wi, Wy € W(a,p) be two quasiconvex functions (to be built later) such
that
W 0)=Hy, and W, (0) = Hy. (3.3)
Consider the energy density W : R? x M2 — [0, +00) defined by
Wz, A) == x(@)Wi(A) + (1 = x(2))Wa(A),
where x is given by x = xu, in Q and extended by periodicity to the whole R%. The
following properties hold:

1) the cell integrand Weep related to W is bounded from below by a constant ¢ > 0;
2) CR belongs to the zero levelset of the homogenized integrand Whon related to W.

Therefore QWeen(CR) > ¢ > Whom(CR).

We will make use of the following facts in the proof.

i) The compact set K is polyconvex and rigid, i.e., if U C R? is an open connected
set and 9 : U — R? is a Lipschitz function such that

Viy(x) € K; for a.e.z €U,
then # is affine. We refer to [16, Theorem 2] and [14, Theorem 4.11] for the proofs.

Since R is a rotation, the same properties hold for Hj.
ii) Hy N Hy = @, because by Lemma 4
Hy € {A €M : detA € [3,4]}.
iii) Aj is rank-one connected to By and Bs, and As to By and Bs also. More precisely,
denoted by {e1,es} the canonical basis in R?,

A1 — B = —-2e9 ® ey
A1 — By, = -3e1 ® e
Ay — By = Jer ® e;
Ay — By = 2e0 ® eo.

Proof of Theorem 5.

Property 1). Since W grows superlineary at infinity and is continuous by Lemma 6,
it is enough to prove that Wee(A) # 0 for any A € M2, We procede by contradiction
and assume there exists A € M? such that W (A) = 0. By Lemma 8, there exists a
Q-periodic Lipschitz function ¢ : R? — R? such that

H; forae zelU

. (3.4)
Hy for a.e. x € Uy

A+ Vo(x) € {

Due to the rigidity, we infer that there exists D; € Hj such that A+V¢(x) = D; for a.e.
x € T;. Again by the rigidity, the periodicity condition implies that there exists D € H;
such that D; = D for all i € {1,2,3,4}.

By observing that ¢(x) := (A— D) -x + ¢(x) belongs to Wol’oo(Ug) (up to a translation),
from the definition of quasiconvexity we get

Wy(D) < ][

U2
and so D € Ho, which contradicts H; N Hy = .

Wa(D + Vip(a)) dr = ]{, Wa(A + Vé())de = 0
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Property 2). It is sufficient to find ¢ € Wpléf (Q2,R?) such that

/ W (z,CR+ Vé(z))dx = 0.

2

This can be accomplished by using the following function 1 : (—1/v/2,1/v/2)? — R2,

T if v € (—1/V2,—v2/4) x (=1/v/2,1/\/2)
W () == { dxy — 3v2/4 if w € [—vV2/4,V2/4] x (=1/v2,1/v/2) ;
1 +3v2/2  ifxe (vV2/4,1/V2) x (—1/v2,1/V/2)

T if 2 € (=1/v2,1/v2) x (=1/v2,—v/2/4)

PP (2) == 3y —V2/2 ifx € (=1/v/2,1/V2) x [-V2/4,v/2/4]

z2+ V2 if 2 € (=1/v2,1/v2) x (v/2/4,1/V/?2)

Let ¢ be the (—1/v/2,1/v/2)%periodic extension of ¢ : x + () — C - 2. Then ¢ : x —

©(R - x) does the job. Actually, as illustrated on Figure 5, CR + V¢(z + m) € H; for
(z,m) € Uy x Z* and CR+ V¢(z +m) € Hy for (z,m) € Uy x Z2.

0

FIGURE 5. The values of CR + V¢ in R71(—1/v/2,1/v/2)%2. On the left
the axis are oriented in the directions R 'e; and R 'es.

To complete the counterexample we need to build two quasiconvex functions Wy, Wo
satisfying (3.3).

Lemma 9. Let H be a compact, polyconvexr and frame-invariant subset of M?. Given
p € (1,400), for a suitable a > 0 there exists a quasiconvex frame-invariant function
W e W(a,p) such that

w~1(0) = H.
If p > 2, then W can be chosen polyconvex.
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Proof. Let V(A) := dist(A, H)? and set W(A) := QV(A). By Lemma 5, W~1(0) = H.
Since the Frobenius norm is frame-invariant, the same holds for V', and therefore for W
since for all A € M? and all R € SO,

W(RA) = inf{/ V(RA+V¢)dz : ¢ € Wol’p(Q,RZ)}
Q
- inf{/QV(RA+RVR—1¢)dx L pe Wol’p(Q,Rz)}
= inf{/QV(R(A+ Vo) )dz : @€ Wol’p(Q,RQ)}

= inf {/Q V(A+Ve)dz : g€ W(}’p(Q,R2)} = W(A).

A different construction allows us to consider a polyconvex energy density in the case
p € [2,+00). We define the functions

Vi(A) := dist(A, H)? and  Va(A) := dist(M(A), L) ¥,

where L := {M(A) : A € H}*. Both are polyconvex and with p-growth, moreover V; is
p-coercive and, by Lemma 4, the zero levelset of V5 is H. The function W := max{V;, V,}
does the job. In addition, it is easy to verify that also in this case W is frame-invariant. [

Remark 4. The previous lemma is optimal, because a polyconvex function with sub-
quadratic growth is convex (see [9, Corollary 5.9]).

3.3. Comparison of boths examples. In the discrete example, the zero levelset of the
energy density of the strong phase is J = {A € M?,det A = 1}, the space of isochoric
deformations, which is not rigid. The rigidity comes from the structure of Q)-periodic
discrete gradients on 77.

In the continuous example, we replace Séer(Q,]Rz) by Wr}é{) (Q,R?), hence adding much
more flexibility to the periodic gradients. In order to keep the required rigidity, we then
replace J by Hj in the strong phase.

The rigidity of the discrete example lies in (3.2), whereas the rigidity of the continuous
example lies in (3.4).

Compared to Stefan Miiller’s example, the repartition of the strong phase in @) allows
to take full advantage of the constraint of periodicity in both examples of this section. On
the contrary, in Section 2.3, the periodicity constraint is lost in the x1-direction, as shown
by Proposition 1.

4. COUNTEREXAMPLE ON PERFORATED DOMAINS

We obtain the counterexample using the same strategy as for the case of mixtures: we
choose a suitable polyconvex function W : M¢ — [0, +00) by focusing on its zero levelset
K C M first. Since Q N P is connected and we need a certain flexibility to construct a
(QQ2-periodic competitor, the set K shall not be too rigid.

Let us begin by describing the geometry of the subset P, sketched on Figure 6.

Definition 11. The set P is the complement in R? of the set Upmezz O +m, where
O:={zreQ : z €[1/8,7/8] and 3z1 < 4zy < 3z + 1}.
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l3

L

FIGURE 6. In grey the set Q@ N P.

Let us introduce some sets in the space M?, that we will use to describe the energy
density.

Definition 12. Let [; := 3/4, Iy := 9/16 and I3 := 1/4. We consider the following sets
(see Figure 7):

Ky := {diag(s,0) : s € (0,1]} and K, := {diag(0,t) : t € (0,1]};

e K := K;UK,U{diag(0,0)};

H := {diag(s,t) : s,t€[0,1] and t <1 — s};

L= {diag(s,t) :0<s<hlg/laand 0 <t <l3— lgs/ll};

o M = {diag(s,t) :0<s<l/2and 0<t< lg}.

s/l 1 /2 1

FIGURE 7. A representation of K U L and K U M in R?, identified with
the set of the diagonal matrices.
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The counterexample is as follows.
Theorem 6. Let p € [2,+00) and let W : M? — [0, +00) be given by
W(A) = dist(A, H)? + |det(A)]?

where H is as in Definition 12. Then, W is polyconvex and belongs to W(a,p) for a
suitable a > 0. Moreover, with the notation of Definitions 11 and 12, there holds

1) the zero levelset of the cell integrand Weey related to (W, P) coincides with K U L;

2) the zero levelset of the homogenized integrand Wheom related to (W, P) contains

KU M;

3) K UL is quasiconvex.

Therefore, for all A € (KUM)\ (KUL)# @, QWeen(A) > Whom(A) = 0.

Proof. The set H being convex, A — dist(A, H)? is a convex function. Since A — |det A|2
is polyconvex, W is polyconvex. It is easy to verify that W satisfies (2.1) for a suitable
a > 0. The strict inequality OWee(A) > Whom(A) is a direct consequence of 1)-3) using
Lemma 5. Let us split the proof of 1)-3) into three steps.

Step 1. Since W=1(0) = K, by using ¢ = 0 as a test function in (2.2), we obtain
K CW_i(0). Let us check that L C W_}1(0). Given s € (0,1113/l2) and ¢ € (0,13 —las/l1),

we define 9 : Q — R? by

0 if z € (0,1/2) x (0,1)
M) =S 2 —1/2 ifze[1/2,1/2+s] x (0,1) ;
s ifze(1/2+s,1) x(0,1)
(4.1)
0 if z € (0,1) x (0,5/8 — t)
PP () =S 2y —5/8+t ifxe(0,1)x[5/8—1t5/3.
Lt if z € (0,1) x (5/8,1)

We have that ¢(x) := ¢(x) — diag(s,t) - x is Q-periodic and that V¢ (z) € K if x € P.
More precisely, Vi)(z) ¢ K only if x belongs to [1/2,1/2 + s] x [5/8 —¢,5/8] C O. There,
Vi = diag(1,1) (see Figures 8 and 9).

It remains to procede with the delicate part of the argument: the opposite inclusion
W 1(0) C KUL. Let C = (cij) € W;;(0). By Lemma 7, there exists a Lipschitz function
¥+ Q — R? such that Vi(z) € K for L2a.e. 2 € QN P and ¢(x) := ¢(x) — C -z is
Q-periodic. We will show that v is substantially a laminate as in (4.1). Let us point out
that if A € K, then either A1; = 0 or Ags = 0.

We use the following notation:
={re(0,1) : (s;1) € ({s} x (0,1)) N P};
Lo {r €(01) : () € (0.1 x () " P).
Notice that L* = (0,1) if s € (0,1/8)U(7/8,1) and that L*® has two connected components
if s € [1/8,7/8]. S1m1]arly, Ly, =(0,1)if s € (0,3/32)U(29/32,1) and it has two connected
components if s € [3/32,29/32].
Since dotp™M (z) = 0 for L2a.e. € QN P, (U (s,-) is constant along any connected
component of L* for all s € (0,1). In particular for s € (0,1/8) U (7/8,1), (s, ")
is constant and therefore the (0, 1)-periodicity of ¢(s,-) imposes that c¢;o2 = 0. For s €
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1/2

FiGURE 8. The first component of ¢ is flat on Q N P with the exception
of the grey zone, where the gradient is equal to (1,0).

5/8

FIGURE 9. The second component of v is flat on Q N P with the exception
of the grey zone, where the gradient is equal to (0, 1).

[1/8,7/8], ¥(I)(s,-) is constant on each of the two connected components of L*. Hence,
by periodicity, 1(!)(s, ) is constant on the whole L*.

From the fact that ¢)(1) (s, -) is constant along L® for any s € (0,1), we can deduce that
if 7 € QN P is a differentiability point for (), then ¥(!) is differentiable in all {Z;} x L™
and

VD (z) = vpD(@) Vo e {z} x L. (4.2)

Similarly, one can show that cs; = 0 and that if T € Q N P is a differentiability point
for 1), then ¢?) is differentiable in all Lz, x {F>} and

VB (z) = V@ (T) Vo e L7 x {Z,). (4.3)

Let X1, X5 be two L-negligible subsets of the interval (0, 1) such that 1 is differentiable
in P:=(QNP)\ (X1 x Xg) and Vip(x) € K for all z € P. Let us show that, if for some
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T € P there holds Vi) (T) € K, then
Vi (z) € K1 U {diag(0,0)} Va € PN ((0,1) x L™). (4.4)

In fact, since Vi (Z) # (0,0), we have Vip() £ (0,0) in {Z;} x L*' due to (4.2) and
therefore V¢ € Ky in {Z1} x (L™ \ X5). As now V) = (0,0) in {71} x (L™ \ X5),
(4.3) implies that Vop®) = (0,0) in P N ((0,1) x L™).

We are in position to conclude the first step. Given s € (0,1/8)\ X; and ¢ € (0,3/32) \
X5, we define the following two sets.

S:={s€(0,1)\ X1 : oW (s,7) >0};
T:={te(0,1)\ Xz : Ry E,1) >0}
Since V4 € K, 019V (s,1) < 1 for all s € S, and we infer from

1 1
e = / e + 019 (s,T)ds = / oM (s, )ds = / o (s, T)ds,
0 0 S

that 0 < ¢17 < £1(S). Similarly, 0 < cop < LY(T). In particular this shows that
c11, c22 €10, 1].
If ¢11 > 0, for any € > 0 there exist s1,89 € S such that so — s; > ¢1; — . Recalling
that if Vi(z) € K and 919 () > 0 then Vo(z) € K1, from (4.4), we obtain
Vi (z) € K1 U {diag(0,0)} Vo€ PN ((0,1) x (L U L)),
Since 7' C (0,1) \ (L** U L*?), we have the estimate

l l
cop < EI(T) < maX{O, —2(51 — 89) + lg} < maX{O, —2(—011 +e)+ lg}.
I I
The arbitrariness of € > 0 completes the proof of the step.

Step 2. Since Wyom is rank-one convex and W}En(o) D K, it is sufficient to prove that
C = diag(l1/2,13) € W; L (0).

hom

Let us construct a Lipschitz function 9 : Q2 — R? such that Vi € K a.e. in Q2 N P and
¢(x) :=Y(x) — C - x is Qa-periodic. In this way we get

1

Whom(C) < —/ W(C + Vé(z))dz = 0.

4 Q2NP

Despite the complexity of the following description, the function v is very simple.
Consider the following sets (see Figure 10):

U:={zx€[1/8,1] x[3/32,3/32 +la] : 4xs < 3z1};

Uy = ([0,1] x [0,3/32 4+ 15]) \ (U U O);

o Us:={xe[1/81] x [3/32,3/32 + 5] : 4xa < 3z1};
o Us:={xc[0,1? : (1,1) —x € Up};

e Uy:={rec[0,1? : (1,1) -~z €U}

o Us:=UU([0,1] x [0,1/8));
e Us:=1[0,1/8) x [3/32,3/32 + l3);



COUNTEREXAMPLES IN NONCONVEX HOMOGENIZATION 23

o Uy :={rc0,1? : (1,1) —z € Ug};
o Ug:={xc[0,1? : (1,1) —x € Us}.

Us

lo + 3%
U1 U4

I3+ 3% """"""""""""""""""
l U2 U6 U5

FiGURE 10

To simplify the exposition, we introduce two auxiliary Lipschitz functions ¢1, @3 : [0,1]%\

O — R:

0 ifx e U; 0 if x € Us
x9 —3/32 if x e Uy x9 —3/32 if v € Ug
e1(x) = . ;o pa(r) = . :
x9—1ly—3/32 ifxeUs x9—1ly—3/32 ifxe U
hs ifxeUy h3 if x € Ug

Both ¢; and @3 can be extended to Lipschitz maps in all [0, 1]?.
We are now in position to define the desired function 1 : Q2 — R? (see Figures 11, 12
and 13).

0 if z € (0,9/8] x (0,2)
YW (z) = wy —9/8 ifx € (9/8,9/8+1] x (0,2) ;

h if z € (9/8+11,2) x (0,2)

p1(z) if 2 € (0,1] x (0,1] (4.5)
@ () @a(x — (1,0)) if 2 € (1,2) x (0,1]

e1(z —(0,1)) + 13 if z € (0,1] x (1,2)

oo — (1,1)) + 13 if z € (1,2) x (1,2)

Step 3. The set H is convex and so the inclusion (K U L)% C H is immediate.
As a direct consequence of [15, Theorem 1], for any C € M2, the set

Sym
Ne:={D¢€ ngm : D — C is not positive definite}

is quasiconvex. Since for any D € H \ (K U L) there exists a C € H \ (K U L) such that
D ¢ No, whereas K UL C N,
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9/8

FIGURE 11. In [(0,2) x (0,1)] N P the first component of 1 is flat with the
exception of the grey zone, where the gradient is equal to (1,0).

FIGURE 12. In [(0,2) x (0,1)] N P the second component of v is flat with
the exception of the grey zone, where the gradient is equal to (0, 1).

we can conclude that

(KUL)Y* C HN ( N NC) —KUL
CeH\(KUL)

and then K U L is quasiconvex.

O

Remark 5. The proof of Theorem 6 does not take advantage of the particular structure
of W but it is based only on the fact that W~1(0) = K. Therefore, instead of W we
can consider the function V : M? — [0,4+00) defined as the quasiconvex envelope of
dist(, K)P, p € (1,400). Indeed, since K is polyconvex (because zero levelset of the
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FIGURE 13. The graph of the second component of ¥ in [(0,2) x (0,1)] N P.

polyconvex function W), by Lemma 5 it follows that V' ~!(0) = K. Note that in this way
our counterexample covers also the case of energy densities with growth p € (1,2).

Remark 6. Let N be a convex and compact subset of M2 sufficiently large so that Vi) € N
a.e. in Qq, where 1) is defined as in (4.5). Consider now the function V : R2xM? — [0, 4+00)
defined by
V(x,A) := xp(z)W(A) + (1 — xp(x))dist(A, N)P.

Since Ween < Veenl, we have the inclusion chﬁ (0) € K U L. We also have the inclusion
KUM C V. L(0): in fact K C V! (0) (because K C N) and diag(h1/2,h3) € Vi (0)
(by using again ). In this way we can conclude that also by mixing a polyconvex function
and a convex function, the inequality OVeen > Vihom can occur.

APPENDIX: STEFAN MULLER’S EXAMPLE IN DIMENSION THREE

To show that Proposition 1 is not peculiar to dimension two, let us consider the corre-
sponding energy for a three-dimensional soft material reinforced by a strong plate. The
energy is now given by Wy : M3 5 A — |A|* + f(det A) where

12(1 2
M—12(1+a)—9 if 2> 0
)= 12(Z1eraa)2 12(1 + a)?
e 12(1+a) -9 5z if2<0
a a

for a € (0,1/2). The energy density under consideration is still of the form W7 : R3xM? —
[0, +00), (3, A) — x"(y)Wo(A) where " is the Q-periodic extension on R? of

1 ity e (0,1/2)
x'y) = {77 if g € [1/2,1)

with @ = (0,1)> > y = (y1,%2,%3) and > 0. Such an energy density is nonnegative,
polyconvex, frame-invariant and its zero-levelset is SOs.
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Proposition 2. For all A;, A2 € (0,1), there exists ¢ > 0 independent of n such that
QWCZH(A) <nec,

where A := diag(1, A1, \2).

Proof. Essentially, one has to construct a Lipschitz domain U of R3, a function ¢ €

Wae®(U,R3) and a function ¢ € L (U, Wps®(Q,R?)) such that A+ V(z) + Vyp(z,y) €
SO3 for all z € U and y € (0,1/2) x (0,1)? (the strong phase of the material).

Notation. The canonical basis of R? is denoted by {e1, ez, es}.
We will use the angles # and v defined by

cosf = Ay, sinf=4/1—2}
cosy = A2, siny=4/1— A3

We set p := \/ sin? @ + cos2 fsin® v and define the unit vectors e4 and es by

e, := — (sinfey + cosfsinyes),
p
1, . .

€5 := — (sinfey —cosfsinyes).
p

Definition of U. In order to describe U, we need the following quantity
__cosfsiny
sin

We set U := Uy UUy U Uz U Uy, where

U := {(xl,xg,xg) 0<21<1; 0<23<1/2; 1/2—7a3<w9<1— Txg},

Uy = {(:cl,xg,xg) 0<21<1; 0<23<1/2; —T3 <9 <1/2 —Tacg},

Us = {(z1,29,23) : 0<a1<1; 1/2<a3<1; 1/2—7(1 —x3) <x9 <1—7(1 —x3)},

Up:i={(z1,32,23) : 0<z1 <1; 1/2<a3<1; —7(1 —x3) <a2 <1/2—7(1 —x3)}.
The domains Uy, Us, Us, Uy are sketched on Figure 14. Note that the interface between Uy
and Uy (resp. Us and Uy) is perpendicular to e4 (resp. ej).
Definition of ¢. We consider the piecewise constant function G € L°(U,M?) of the form

0
G=1|0
0

o X X

X
X
0

. . . xX X . .
where the non zero two-dimensional submatrix < < x > is one the following four pos-

sible submatrices:

A ::< sinf  cosfsiny ) iUy, A=

—sinf —cosfsiny \ .
0 —sinfsiny ) in Uy,

( 0 —sinésiny

—siné cosfsiny \ .
0 sin @ sin y > in Us,

Ay = < sinf —cos@sin~y > in Us, Ay

0 sin 6 sin y

according to Figure 14.
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\/

Zone Ui: A1 |Zone Us: As

/

Zone Us: As |Zone Uy: Ay

T2

T3

FIGURE 14. Domain U (in the plane generated by {es,e3}).

Let us check that G is a gradient field:

Ay — A3 = 2[cosfsinye; —sinfsinyes] ® e
Ay — Ay = 2[—cosfsinye; —sinfsinyes] @ es
Al — Ay = 2e; ® [sinfeg + cosfsinyes]

= 2pe;®ey
A3 — Ay = 2e; ® [sinf ey — cosBsinyes]

= 2p e ®es.

These couples of matrices being rank-one connected, G is actually a gradient field V¢ on
U. This gradient can be extended by periodicity (due to the boundary conditions).

Definition of . We consider the following specific rotations in 3D, which are composi-
tions of rotations around ey and egs:

cosa —sina 0 cosf 0 sing
R(a,B) :=| sina cosa 0 0 1 0
0 0 1 —sinf8 0 cospf
cosfcosa —sina cosasin(
=| cosfsina cosa sinasing |,
—sin 8 0 cos 3

where a and [ are the two angles. We also denote by Y the Q-periodic extension on R? of

B o 1 if y1 € (Oa 1/2)
X(y) == {_1 if y; €[1/2,1)

We construct a function ¢ of the form ¢(z,y) := Zj‘zl xu, (x)pi(y), where p1,..., ¢4
are defined as follows.
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Zone 1. For x € Uy,

1 sinf cosfsin~y
A+Vep(x)=| 0 cosf —sinfsiny
0 O cos 7y

We then choose ¢; € WSé?O(Q, R3) such that

cosycosf—1 0
Vei(y) =x(y) | —cosysingd 0
—siny 0

o O O

In the strong phase (x(y) = 1),
cosycosf sinf  cos@siny _

A+Vo(x)+Vpi(y) = | —cosysing cosf —sinfsiny | = R(6,7)

—siny 0 COs 7y

is a rotation, with = —6. In the soft phase (¥(y) = —1)

2—COS’}/COS§ —sin6 cosgsinw
A+ Vo(z) + Vi (y) = —cosysiné cosf sinfsinvy
sin vy 0 Cos 7y
Zone 2. For x € Uy,
1 —sinf —cosfsinvy
A+Vep(x)=| 0 cosf —sinfsiny
0 0 COos 7y

We then choose s € Wpi®(Q, R3) such that

cosycosf—1 0 O
Via(y) = X(y) cosysingd 0 0
sin 7y 0 0

In the strong phase (y(y) = 1),
cosycosf —sinf —cosfsiny
A+ Vo(x)+Vpa(y) = | cosysingd cosf —sinfsiny | = R(4,7)
sin 7y 0 COos 7y

is a rotation, with 7 = —~. In the soft phase (x(y) = —1),

2 —cosycosf —sinf cosfsiny
A+ Vo(z)+ Vpa(y) = —cosysinf  cosf sinfsiny
sin~y 0 cos 7
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Zones 8 and 4. Proceeding as above, one may find 3, ¢4 € Wplé?O(Q, R3) such that for all
z € Us and y € (0,1/2) x (0,1)2,

cosycosf sinf —cosfsin~y B
A+Vo(z)+Ves(y) = | —cosysinf cosf  sinfsiny = R(6,7)
sin 7y 0 COos 7y

is a rotation, with § = —6,5 = —v; and for all # € Uy and y € (0,1/2) x (0,1)2,

cosycosf —sinf cosfsin-y
A+ Vo(x)+Vps(y) = | cosysind cosf sinfsiny | = R(0,7)
—sin~y 0 cos 7y

is a rotation.

Finally, we are in position to conclude the proof. By using ¢ and ¢ defined above as
test-functions, one obtains

QW (A) < /U/QW" (4, A+ Vo(x) + Vyp(z,y))dy dz < e,

where ¢ = max(W(C;))/2 and {C;}; is the finite set of values taken by A + V¢(x) +
Vye(z,y) in the soft phase. O
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