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Global hypoelliptic and symbolic estimates for the linearized
Boltzmann operator without angular cutoff

Radjesvarane Alexandre* Frédéric Hérau T Wei-Xi Li *

Abstract

In this article we provide global subelliptic estimates for the linearized inhomoge-
neous Boltzmann equation without angular cutoff, and show that some global gain in
the spatial direction is available although the corresponding operator is not elliptic
in this direction. The proof is based on a multiplier method and the so-called Wick
quantization, together with a careful analysis of the symbolic properties of the Weyl
symbol of the Boltzmann collision operator.

Keywords: global hypoellipticity, subellipticity, Boltzmann equation without cut-off,
anisotropic diffusion, Wick quantization
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1 Introduction

We consider the non-cutoff inhomogeneous Boltzmann equation:
WF +v.0,F =Q(F,F), (1)

with F' standing for a probability density function, and a given Cauchy data at t = 0,
while the position z and velocity v are in R3, see [14, 35] and references therein for more
details on Boltzmann equation. In (1), the collision kernel @ is defined by

Q(G, F)(t,z,v) = / B(v—wy,0) (F'G, — FG,) dv.do
R3 J 52

where Iy = F(v;) and F{ = F(v;) for short. v and v, are the velocities after collision, v’
and v/, before collision, with the following energy and momentum conservation rules

Vvl = ot 0P U= o el (2)
and we will choose the so-called o representation, for o on the sphere S2,

/ V+U4 ‘U—’U*I
v 2 | 2 ‘c
/ V+vs V—Vy
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We define the deviation angle by

U — Uy
cos=(—,0).
o= ]
In the case of inverse power laws, the collisional cross section B is approximatively given

by
B(v —vy,0) = |v — v b(cos ). (3)

Without loss of generality, we assume B(v — vy, 0) is supported on the set (v — vy, o) > 0
which corresponds to 6 €]0,7/2], since as usual B can be replaced by its symmetrized
version

B(v —v4,0) = B(v — vy,0) + B(v — v, —0).

Moreover, we assume that b has the following expression and singular behavior when
0 €0, 7/2 :
0 < sinfb(cosf) ~ Cof 7%, as § — 0T,

for some constant Cy > 0, where the symbol ~ means bounded from below and above by
some positive constants. In the preceding formulas, we will impose the following range of
parameters, coming from the physical derivation,

se€(0,1), ~ve€(=3,00), ~v+2s>-3.

Note that the last condition on 7+ 2s is weaker than in [7, 21] since we will deal only with
the linearized part of Boltzmann collisional operator.

The behavior of this singular kernel is strongly related to the following non-integrability
condition

w/2
/ sin 0b(cos(0)df = oo,
0

which implies some diffusion properties of the (linearized) Boltzmann kernel that we will
explain in a moment.

In some expressions involving the integral kernels, it may therefore happen that some
non-integrability happens and in this case the integrals in question have to be understood
as principal values (following [11]). Anyway we shall do most of the computations as if B
were integrable and use the principal value trick whenever needed.

In this work, we are interested in the linearized Boltzmann operator, around a normal-
ized Maxwellian distribution, which is described as follows. Let this normalized maxwellian

be )
p(v) = 2m) 2 e 2,

Setting I’ = p + /pf, the perturbation f satisfies the equation
Of +v-0uf — p=2Qu, VaI) = 1 PQVES, 1) = 1 PQWAL, Vi),
since W F +v -0, F — Q(F, F) =0 and Q(u, p) = 0. Using the notation

I(g. f)=n""?Q(Vag, Vi),

we may rewrite the above equation as

atf"_,Pf:F(fa f),



where the linearized Boltzmann operator P takes the form
sz-agg—ﬁ:?}-aa;—ﬁl—ﬁg
with
Elf = F(\/ﬁ, f)a £2f = F(fa \//7)

The operator P acts only in variables (x, v), is non selfadjoint, and consists of a transport
part which is skew-adjoint, and a diffusion part acting only in the v variable, see for
example [7, 21] and the references therein for more comments.

Our main goal is to improve these previous results, and the main theorem of this
paper deals with operator P, viewed as an unbounded operator in L2 (]R% X R%) with
norm denoted by HH

Theorem 1.1. For all | € R, there exists a constant Cy such that for all f € S(R®), we
have

[ @7 DI + 1L ) o A Do AP + o) 21|
+ H 'y/ (2s+1) |D |2$/(25+1 fH + H 'y/ (2s+1) |U/\D |2s/ (2s+1) fH

< (IIP7° + 11 w)' 117?)

where D, = %&,, D, = %836.

Note that we can take the index [ as negative as we wish on the r.h.s. Moreover, note
carefully that we do not need to take into account the finite dimensional kernel associated
with the linearized Botzmann operator [7, 21].

The previous result can be extended to a time dependent version as follows, by con-
sidering the time dependent operator

P=08+v-0,—L,

the functional spaces being now L? ([0, 7] x R x R3) and S ([0, 7] x R3 x R}) with norm
denoted by HH 2~ With this setting, one can show that
T

Theorem 1.2. For alll € R, there exists a constant C; such that for all f € S (0,T] x Rgv),
we have

| o) 172 DT ][ + ] G0)7 1D F|3s + [0 T A Do [, + 1) 2117,
+ || o)/ Dy /D £, || () o A D2/ g
T

< (WP, + 10 A1)

The preceding theorems are consequences of the fundamental pseudo-differential prop-
erties of the linearized Boltzmann operator. Indeed, as we shall see in Section 3, the
operator £ = L1 + L5 can be splitted as

ﬁl = —aw — ICl, ﬁz = —ICQ

where a > 0 is real, its Weyl quantization a" being a pseudo-differential operator of order
2s, and IC = Ky + Kq is controlled by a™ (see Proposition 1.3 below and the review about



Weyl Hérmander calculus in the appendix). Precise expressions of a and KC; will be given
in Section 3. The most significant part of £ is therefore of a pseudo differential type and
by the next result, we have fundamental symbolic estimates for a, implying in particular
that operator a® is elliptic in its own calculus (although of infinite order). This very
strong property allows to avoid the systematic use of Garding type inequalities which are
not available here.

In the following, 1 denotes the dual variable of v and I' = dv? 4 dn? is the flat metric in
Rgm. Standard notions concerning symbolic estimates and the pseudo-differential calculus
are explained at the beginning of section 4.

Proposition 1.3. Define
a(v,n) = ()7 (L4 + [n Aof® + [0]*)°, for all (v,1) € RS,
Then we can write L = —a® — K, where

i) the symbols a, a are temperate w.r.t. T, a,a € S(a,I'), and there exists a positive
constant C such that C~a(v,n) < a(v,n) < Ca(v,n);

it) for all € > 0 there exists C. such that

AN+ IR < ella” £ + Cell ) ]I

iii) for a sufficiently large constant K depending only on the dimension, ax ef g +
K (v)71% belongs to S(a,T), is invertible and its inverse (a')"" has the form

(ai) ™" = Hi (ay)" = (ai')" Ha,
with Hy, Hy belonging to B(L?), the space of bounded operators on L?.

Recall that in Hérmander’s terminology, a € S(a,I") means that for all multi-indices
a and 3, there exists a constant C, g such that

|05 0 a(v,n)| < Ca,pa

and the same for a. The temperance then implies a correct definition for the associated
operators. We postpone to section 3 and the appendix a review of these standard notions
of pseudo-differential calculus.

The exponents of derivative terms and weight terms in Theorem 1.1 and Theorem 1.2
seem to be optimal, since the symbolic estimates provided by Proposition 1.3 implies that
the operator P should behave locally like a generalized Kolmogorov type operator

at+7)'ax+ ‘DU‘Zsa

for which the exponent 2s/(2s + 1) for the regularity in the time and space variables is
indeed sharp by using a simple scaling argument (see also [28]). In the particular case
when s = 1, the coercivity estimate shows that the Boltzmann collision operator, is a
type of differential operator, just like the Landau equation which seems simpler to handle
than fractional derivatives, and our exponents in regularity terms and weight terms match
perfectly with thoses in [22].

The main ideas of our proofs of the above theorems rely on some formal computations in
[1], on the method by multiplier used in [22, 30] and some microlocal techniques developed



by Lerner while using Wick quantization [26]. Let us note that functional estimates from
a series of work of Alexandre et al. [9, 8, 7, 6] and Gressman et al. [21] are also helpful for
a clear understanding of the structure of the collision operator, but a nice feature of our
method is that we will be able to completely avoid the use of these previous estimates.
Note that there are some other methods to study the regularity of the transport equation;
for instance the average arguments used by Bouchut [13] and a version of the uncertainty
principle used by Alexandre et al. [5] to prove the regularity in the time and space
variables ¢, x. However, these results do not provide any optimal hypoelliptic estimate for
the spatially inhomogeneous Boltzmann equation without angular cutoff.

Let us end this introduction by giving some bibliographical references about the hy-
poelliptic properties of the non cutoff Boltzmann equation and related kinetic models.
Note that the angular cross-section b is not integrable on the sphere due to the singularity
6~272% which leads to the formal statement that the nonlinear collision operator should
behave like a fractional Laplacian; that is,

Q(g, f) = —Cy(—Ay)° f + lower order terms,

with C; > 0 a constant depending only on the physical properties of g. Initiated by
Desvillettes [17, 18], there have been extensive works around this result and regarding the
smoothness of solutions for the homogeneous Boltzmann equation without angular cutoff,
c.f. [4, 10, 15, 19, 20, 24, 31, 33]. For the inhomogeneous case the study becomes more
complicated. We remark that there have been some related works concerned with the
linear model of spatially inhomogeneous Boltzmann equation, which takes the following
form
O +v-0y +e(t,z,v)(—A,)°, inf e(t,z,v) > 0.

t,x,v

This model equation was firstly studied by Morimoto and Xu [32], where a global but non
optimal hypoelliptic estimate was established. This study was then improved by Chen et
al. [16], and also by Lerner et al. in [28] for an optimal local result. We also mention
[3] where a simple proof of the subelliptic estimate for the above model operator is given.
For general inhomogeneous Boltzmann equation we refer to [9, 8, 7, 6] for recent progress
on its qualitative properties. Finally, let us also mention a recent global result by Lerner
et al. [29] in the radially symmetric case and the maxwellian case (which corresponds to
v = 0 in our notations).

The paper is organized as follows. In Section 2, we provide precise estimates on the nice
terms appearing in the splitting of the collision operator £ = £ + Lo, involving compact
parts and relatively bounded terms w.r.t. the operator of multiplication by (v)?"2*. In
Section 3 we deal with the main terms, which appear to be of pseudodifferential type, and
give precise symbolic estimates in the sense of the Weyl-Hormander calculus. Section 4
is devoted to the proof of the main theorems. An appendix is devoted to a short review
of some tools used in this work (Wick quantization, cancellation Lemma and Carleman
representation).
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2 Estimates on the linearized Boltzmann kernel

In this section we study the linearized kernel £ in order to get the full symbol as well as
symbolic and other properties on the remaining non pseudodifferential parts. Recall that
the linearized Boltzmann operator £ is defined by

Lf=p ' 2QUu, 2 f) + Q' £, )
=12 // dv.do B (ui(u’)l/Qf’ — papt P f + (W)Y FL - u(u*)l/Qf*)

= [[ oo B2 (25 = 0 27+ )25 )V

= // dv*daB(M*)1/2 ((M;)l/zf/ _ (M*)1/2f) + // dv*daB(u*)l/Q <(M/)1/2fi B (Iu)l/Qf*)
=Lif+Laf.

We shall study more precisely each part of £. Let us immediately point out that
they have completely different behavior. The non local term Lo behaves essentially like a
convolution term, with nice estimates, and is relatively compact w.r.t. the main part of
L1 which will appear to be of pseudodifferential type.

To simplify the notation, by A < B we mean that there exists a harmless constant
C > 0, such that A < CB, and similarly for A 2 B. While the notation A ~ B means
that both A < B and B < A hold.

2.1 Study of £,

Starting from the expression of Lo given by

£af = [ [ dvndoBlu) 2 ()21 = ()1 21.)



we split it into four terms which make sense even for strong singularities of B, i.e. in
particular for s > 1/2. This point will be clear from the proof of Lemma 2.1 below.

£af = [ dv.doBiu) 2 (V212 - (0)'1.)
= // dv.do B ((umf)i(u’)”2 - (M”Qf)*uw) - // dv.doB(i')'/? <(M*)1/2 - (ui)m) fi
= // dv.doB(pu' f), ((//)1/2 - u1/2>
+ /2 // dv.do B <(u1/2f)L - (ul/zf)*>
+ 2 // dv.doB ((u*)”2 — (ui)m) £
4 [ [ oo (00072 = 02) ()2 = )17 1.

= E2,rf + E2,caf + £2,cf + £2,df-

L3 ¢, involves essentially a convolution term and can be treated using the cancellation
lemma (see [11] and the appendix herein), and the three other ones can be estimated by
hands. Let us note that the analysis of £o was already given by [7], Lemma 2.15, but we
provide a somewhat direct and shorter proof.

Lemma 2.1. For all f € S(R3) and for all o, B € R there exists a constant Cp 5 such
that

[ (0)* L2 ()7 F| < Cas]| £]]
Proof. We start with Lo .. f:

Locad = [ [ dvidan ((2720), = (u25).).

Applying the Cancellation Lemma (see [11] or the appendix), we get, for some constant ¢
depending only on b:

£2,caf - clu'l/Q / dv*\v - U*W(Mlﬂf)*-

This is an integral operator with the kernel K (v, v,) = cu/?(1us)"/?|v — v,|? for which we
can apply Schur’s Lemma to get

1L2.cafll < I

Note that the assumption v > —3 is needed at this point.
More generally, replacing Lo cqf by (v)* L2 cq (v>ﬁ f leads to a kernel

Ko s(0,0.) = e (0)° (1) (6%) Jo — v,
for which we can use the same argument to get

1(0) Loca ()7 fI| < Cagl /]|



Now we deal with Lo . f:

Laof = [[ oo ((u)'? = ()12 1.

We split this term into a singular and a non-singular parts. First consider the non singular
part:

L nonsing def 172 // dvido Bl _y|>1 ((M*)UQ - (M;)1/2> fi

As noticed in [7], one has plpu' = pep < (plp)'/® due to the kinetic and momentum
relations in (2). Therefore

Af = ‘£Z,C,nonsingf‘ ,S ,Ull/10 // dv*dU‘B’ﬂhﬂ—U\Zl ‘(Ml/lof);

which writes in Carleman representation

a-+h 1+y+2s
Af 5#1/10/ dh/ daﬂ|h\21ﬂ|a\z|h\%Kﬂl/mf)(a+U)|-
R3 Eo.n Al

Recall that FEy j, denotes the hyperplane orthogonal to h and containing 0. By duality, we
get, for all g € S,

‘Oz +h‘1+’y+2s 1/10
(Af,9)l S | dv | dh dalljp>1 Ljap>in =351 f)(a+v)
R3 R3 Eo.n ‘h’
alttr+2s
/ dv/ dh/ daﬂ|h\>1ﬂ|a\>|h\| | (O ) (e + )| [(1 0 g) (v)]
R3 R} Eo.n |h[3+2s
which upon using (75) yields

((Af,9)l < /RS dv /RS doc/E LIRS ENEY
v o 0,

5/ dv/ da|a|OF2) |10 (o 4 0) || g ().
RS JR3

’a"y+2s

W’Ml/mf(a +0)[[/g(v)|

Therefore
((Af.9)l < |20 £l /%]
from which we directly get

H <U>a £2,c7nonsing <U>B f” S CCVﬁHfH (4)

for all real o and £.
For the singular part Lo sing, Carleman’s representation (see 76) gives

Lo singf = MW/ dh/ dab(ct, B) L iy Ljpj<
R3 Egpn

a+h 1+~+2s
<u1/2(a +v—h)—p?(a —i—v)) %f(a—i—v).



Changing h — —h and adding the resulting two formulas (so we see that formally we
cancel higher singularities, recall also that b(«, h) = b(+a, +h)) yields

1 ~
£2,c,singf = 5/1/1/2/dh/ dab]l|a‘2|h‘]1|h‘§1><
h Eo.n

a+h 1+~y+2s
(ul/z(a +v—h)+p?(a+v+h) — 20 (a+ v)) %Jf(a +0).

Factorizing by p'/?(a 4 v) we get

1 A —z(aTv)- —2(a+v)-
£2,c,singf = 5#1/2 / dh/ dab]l|a‘2|h‘]1|h‘§1 <e 2(atv)-h +e 2(atv)-h _ 2)
h Eo.n

|a + h|1+v+28

et )

The term in parentheses is bounded by |h[21~'/*(ac + v) thanks to the condition on the
support for h, and since |h| < |a/, one has

ol1tr+2s
1Lacsingfl < Ml/Z/hdh/E daﬂ|a\2|h\n\h|§17‘h’1+25 pia + v)f(a + v)l.
0,h

Using again (75) and the duality argument as in the non-singular case (now the singularity
in h is integrable), we easily get

| (0)* Lae,sing (0)° || < Carg|| f] (5)

for all real o and (3. At this point the assumption v + 2s > —3 is needed.
We now analyze Lo, f. Recalling that

Loyf = // dv,doB(u? f), <(,/)1/2 _ M1/2)

we see immediately that, using the classical pre-post velocities change of variables that

(Lo f,9) = (f, L2.9)

and thus we are done for this term. It remains to study Ls 4f which is exactly

Loaf = // dv.doB ()12 = ()M2) ()2 = (u)12) 1!

Using the equality a? —b? = (a — b)(a + b) for the gaussian functions in the above factors,
we see again that we can put some power of a gaussian together with f, by using the
argument of [7]: that means that for some ¢ > 0,d > 0, one has

Coafl St [ [ oo ()74 = (01) ()4 = ) ) (o117

and then the remaining analysis is exactly similar to Lo ¢ singf-



2.2 Splitting of £,

The operator £ will also be cut into several pieces, which will require two different types of

arguments. For some of the nice parts, tools similar to the ones in the previous section will

be sufficient. The remaining pseudo-differential parts will be treated in the next Section.
Recall first that

£f = [ dvadoBiu) ()21 = (2)'25).

Let § > 0 be a small parameter, say 06 = 1/100 fixed once and for all. We first split
the above integral according to whether or not [v/ — v| 2 4. To this end, let ¢ be a
positive radial function supported on the unit ball and say 1 in the 1/4 ball. Consider
ws(v) = o(Jv|?/62), which is therefore 0 for |v| > § and 1 for |[v| < §/2. By abuse of
notations we shall also denote ¢s(r) = ¢5(v) when |v| = r. Set §5(v) = 1 — @s(v), which
is therefore 0 for small values and 1 for large values.

Then L1 f can decomposed as the sum of the following two terms

Lisf = [ [ dvadoBrye' = o)) V2 ()21 = (1))

and

Lrsf = / / dvado Bios(o! — )(ua) " ()2~ () 72f)

Note that 2175 is a cutoff type Boltzmann operator. We split it into two terms since
there is no singularity any more

Lisf = | [ dvedoBoye' = o)) 2 i) 2
([ o st = 3 0 5
= Lisaf + Lisnf-
As for L1 5, again we split it into four terms:
Lisf = // dv.doBeps(v' — v) ()" <(M;)1/2f/ - (M*)l/zf)
= [[ dvedoBaste’ = ) s = ) (00— )7
([ dendoBostsr = 2 (1 - )1 2)) £

+ / / dv,doBps(W' — v\, (f - f)

n <// dv,doBeps(v' —v) (il — M*)) f

=Liisf+Liasf+Liasf+Li3s

Let us immediately notice that this splitting takes into account all values of s. However,
for small singularities 0 < s < 1/2, a simpler decomposition is available and avoids some
of the issues dealt with below. We note that £145f and £y 35 are of multiplicative type,

10



and together with Zl,é,a f, they will be studied in the next subsection. They will appear
later as relativeley bounded terms with respect to L1 15 + L125f. These last two parts
will appear to be of pseudodifferential type, and we shall estimate them very precisely in
section 3.

2.3 Relatively bounded terms in £
Study of E17375

Using some arguments from the proof of the cancellation lemma, see for example [11], we
get the following

Lemma 2.2. For all f € S(R3), we have, for all s < 1
IL158fI7 S 87| <0 >7 f]

and L4 35 commutes with the multiplication by (v)® for all o € R.

Proof. The last assertion is trivial since £ 34 is a multiplication operator. For the
inequality, recall first that

zmgw=</ﬁmwBWW—w04—m0f

Going back to the proof of the cancellation Lemma, we get that
( [[ dvedoBesr = (- u*)> — S5, p(v)

where, letting ¥s5(|z]) def @s(z) for all z € R3, S has the following expression

w/2
S(2) E\z]“// df sin 6b(cos 0) <¢5( ’2‘0 sing)cos_g_y b wg(\z]sing)>
0

COS 5

2
w/2
\z[y/ df sin Ob(cos 0)1)s( 2| sin g) <cos_3_yg _ 1>
0

0
COS 5

2|

COS

/2
+ |z|“// df sin 6b(cos ) <¢5(
0

:Sl(z) + SQ(Z).

gmé—wwméﬂ

The first part S1(z) is less than |z|7 since the integrand has small enough singularities in

the 6 variable, and we have
1S1(2) S 1217 (6)
The second part is zero if |z| < 6/2, and we suppose therefore that |z| > §/2. Note also
that for z bounded, say for |z| < C where C' is sufficiently large to be fixed later, Sa(z) is
also bounded. Since o
z

.0 .0
g sin - > |z]sin ,
cos§ 2 2

11



we get that if |z|sin § > &, the integrand is 0, and similarly for small values of 6. In

conclusion when |z| > C, the second integral can be estimated as follows :

|

cd|z| 7t
Sa(z) = |z|7/ df sin Ob(cos 0) <¢5(

/5|z|—1

Ssin2) —¢5<|z|sin9>> ,

cos 3 2 2

where C' is a posteriori chosen so that C~'cd < /2. Using Taylor formulae, we get

cd|z| 7t cd|z| 7t

195(2)] < 611+ / d062b(cos 0)[cos—1 0/2 — 1] < 51|21 / 400" (cos 0)
c/§lz|~1 S|zt
cdlz| 1
< 5—1‘Z"y+1 / d002—25 ~ 5—1‘z’y+153—25’2‘—3+25
8|zt
< 52725‘z’7+2572.
From this estimate and (6), we get the result of the Lemma. O

Study of 2175@
We deal now with the non singular part 21757,1 of £ for which we have the following result

Lemma 2.3. For all f € S(R3) and for all a, B € R such that a+ B+ <0, we have

[ 0)° Brga 0)° f]) < 5712 Cap 1]

Proof. Recall that
Lusaf = [ dvdoBag! —o)(u) ) 21
so that
) Trsa @) £ = )" [ [ do.doBos(v’ = ) 202200} 1)
An application of Carlemann’s representation (see the appendix for instance) shows that

| ()" L1650 ()7 f] S (0)* /h dh/E dacll o> Ljse/21™? (o + v) ' (o + v — h)
0,h

‘h+a’1+v+2s
W(v—mﬁ!ﬂv—h)!

< (v>o‘/hdh/E da]lwz(;/z,ulﬂ(a +0)u?(a+ v —h)
0,h

‘a’1+v+2s
ThEE (v —h)?|f(v—h),

where we used that |« > |h| for the second inequality, and Ejj, denotes the vector plane
containing 0 and orthogonal to h. Now we can write

2 2 2 2
e—latol? _ —latS(h)l? SRy~ lo]
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and similarly

elotv=hl? _ —latSh) @) oIS ()w—h)~fo—h[>

so that

12 (04 o) (0 v — h) = el Sl (62(\S(h)v\2f|v|2)+|v|27|v7h|2>1/2

— ¢ latS(hf? (62(\S(h)v\2—|v|2)+2u.h—\h|2>1/2 .

Putting this in (7) gives

a~ a a 1+v+2s
’ <U> ﬁl,é,a <U>5f’ ,S <U> / dh/ dan\a|2\h|ﬂ|h\26/2ﬁ <1) _ h>5 ]f(v . h)’
R3 E |h[3+
h 0,h
o~ latS(h)of? (62(\5(@0\2f|v|2)+2v_h,|h‘2)1/2 ‘

Integrating with respect to o we have

) T (0 FIS 007 [ sy (S(0) 7 e (0= 107 (0 = 1)

(62(\S(h)v\2—|v|2)+2v-h—\h|2) 1/2

1
S /}R3 dzlljyy5572 (V)™ (S(v — 2)v) I+ v — 2 (2)°111(2)

z

(62(\S<v—z>v\2—\v\2>+2v.<v—z>—|v—z\2) 1/2
def
S Kas(w2)lfI(2)a:
R

with

1

1 2
Z)U> e ‘?} _ 2‘34—28

Ka,ﬁ(vv Z) = ]1|v7z\25/2 <U>a <Z>B <S(U -
1/2

(62(\5(2172)11\2f\v\2)+2v.(vfz)f|vfz\2)
We want to apply Schur’s Lemma. To this end, let’s first integrate w.r.t. to z, to get

1
=K, = [ de1,_ U2 (S0 = 2)o) T ——
/Rg 2Kq (v, 2) /]Rg 2y z>6/2 (V)" (2)" (S(v — 2)v) v — 2[3+2s

1/2
<ez(\5(u—z)u\2—|v|2)+2u.(v—z)—\u—z|2)

et § 1
= /RS dh]]‘|h‘25/2 <’U> <’U — h>ﬁ <S(h)’[)>1+’\/+2 ’h‘3+28
h

1/2

<62(\S(h)v\2—\v\2)+2v-h—\h|2>

13



so that

/ dzKq g(v, 2)
R3

> (14+7+2)/2 4

B
[R[3+2s {v =)

o h
= / dh]l‘h|25/2 (v) 1+ |v|2 —|v- |2

2 P2y 2u-h— |2 M2
e [k

>(1+v+28)/2 )

B
e (0

« |U| 2
= dhll Y (14 v = Y n
/Rg z5/2 {7) < ol [R[2 "ol |

BI2 1 ool v 2 w2\ V2
(1 + |v]? — 2M|_v| h+ ]h\2> (e 2z | p 4 2lol AR > .
v

Shifting to polar coordinates, with an axis along direction v/|v|, we obtain

dzK T drdo (00 im0 (14 1ol — ol cos? o) 1T1+29/2
2K 5(v,2) S rde (v) smcp( + |v]* — |v|* cos cp) o
R3 o Js rit

(14 [of? — 2elr cos p + 12)%/2 (€7 20F eost ot 2hireos o)

1/2

Note here that if [v| < 1, then we directly get that [p; dzK,g(v,2) < 1. Assuming now
that |v| > 1 and setting ¢t = cos ¢, we get

/ d2K o (v, 2)

/ / drdt (v 1_,_‘@‘2 ’v’2t2)(1+'y+25)/2e(—Q\U\2t2+2\U\rt—r2)/2 1

7’1+25

(1+ ]v[Q —2v|rt +r )ﬁ/2

1
) ol 1/ / drdt(1 + [of? — )T 202 (1 ol — 20t 40702
_UI

(1+ ]v[Q 2+ (r — t)z)ﬁ/Q.

Y Jo)~ 1/_ |/ drdt(1 + |of? — $2)1+1+2)/2~(r=0)" /2r1+28

In the inner term, note that |v|? — 2 > 0. We now use Peetre’s inequality
() (w+w) S () < ) (u ot w)

to get here
(Ut o =2+ (r = 0272 < (L o2 = 272 (r = 1) 7.

14



In addition, since 6 = 1/100, then r > ¢ implies that » > C§ (r), for some C. Thus

/ d2K (v, 2)

<O () |o|~ 1/ / drdt(1 + [v]? — 12)(Fr+25+6)/2 <<r—t>|5‘ e—(r—t)Q/z) : >11+28
|v| .,

S S 1
<oyt [ L

[ 1
S0 [T
)

Now for evaluating this quantity, we split the integral into two parts. First note that

/ " dt(1 + o — ) st _L < yittsts / gL
0 <t>1+2s ~ 0 <t>1+2s (9)
< <v>1+v+28+6 (v>_25 _ <U>1+v+ﬁ.

~

For the remaining part, we write

[v] 1
t(1+ |v 2 (1+y+2s+8)/2
/v/2 4l = £) )

|v]
5 <v>12s/||/2 (1 + |’U|2 ) (1+y+2s+8)/2

[v]

g <U>_1—28 /| o dt(l + ("U‘ — t)(’fl}’ + t))(l+’y+23+5)/2
|v]

S /| ALl (o] )

Posing s = |v|(|v] —t), ds = —|v|dt, we get

N

v|2/2

(v>_1_25 ]v[‘l/ " d8(1+3)(1+v+2s+6)/2
0
< <v>71723 |v|_1 <v>(1+’y+2s+5)+2
< <U>1+7+5_
(10)
Putting estimates (9) and (10) in (8) we get
/ dZKOC’B(’U,Z) S §5-1-2s <v>a71 <v>1+’“{+5
RZ
< 5—1—25 <v>a+’y+ﬁ

<61 ifa+ B+ <.

In conclusion, we have obtained that if o + 3 + v < 0, then

/ dzKo (v, 2) S 6712, (11)
RS

15



Now we look for the integration w.r.t. variable v of K, 3. We have

/RS dvK, g(v, z) = /RS dzlly_21>5/2 (v)® <z>5 (S(v— Z)U>1+w+25

(B\S(H)v‘z,|v|2+‘5(v,z)(z)‘Q,W) 1
v — z[3+28”

since by direct computation

2(1S (v — 2)v* — |v)?) + 2v.(v — 2) — |v — 2|?
=[8(v =)o = [v]* + [S(v = 2)(2)]* — |=]*.

Taking h = v — 2z, dh = dv, we get

/ dvKap(v,2) = / dh L p>5/2 (z 4 h)* <Z>ﬁ (S(h)(z + h)>1+7+25
R3 ®3

<e|5(h)(2’+h)|2—IZ+h|2+|S(h)(z)|2_‘Z‘2)1/2 1
|n|3+2s

_ /R A (o ) () (S()2) T
h
<e|s<h>z|27\z+h\2+\s<h>z\27|z|2) V21
|h|3+2s’

so that expanding again the brackets, we get

/ dvK, g(v, 2)
R3

, (14+7+2s)/2
")

a/2
= /RS dhlL 672 (1 + |22 + 22.h + | A ) / (z)? <1 + 122 = |z 7]
h

Y S PR AN
‘h’3+2s'

We shift to spherical coordinates (along axis w.r.t z) (h = rw) to get

/ K, 5(v,2)

/ / dosin gdr (2)7 (14 |22 4 2|z|r cos o + 122 (1 + |2)* — |2)? cos? @)1 T71+25)/2

—|2|? cos? p—2|z|r cos p—r2 —|z|% cos? o 12 1
€ € .
rlt2s

Set t = cos ¢ to get

/ QK 5(v,2)

/dt/ dr (2)° (1 + |2 + 2|z|rt +12)*/2(1 + 2] — |22 (1T7+2)/2

< o222z |rt—r2 f|z|2t2>1/2 1
(& € .
rl+2s
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We note again that if |z| < 1, this integral is bounded uniformly. We therefore assume in
the following that |z| > 1 and change variable ¢’ = |z|t to deduce that

/ dvK, g(v, 2)
R3

K
= || / dt/ dr (2)7 (14 |2)? + 2rt + r2)2/2 (1 + |2|? — £2)(0H7+29)/2

-2

—(r)2/2g-t22_ L
rl+2s

1

where the last inequality is a consequence of Peetre’s inequalities. With exactly the same
argument as before for the integration w.r.t. r, for small §, we obtain

/ dvKy g(v,2) S g1 (z>a+5+7
R?

and thus
/ Ky (v, 2) S 6177 (12)
R3

when a + 5+ v < 0. From (11) and (12), Schur’s Lemma applies and this concludes the
proof of Lemma, 2.3. O

Study of E17475
Recalling that

Liasf = f//dv*dchp5(yv _v, ) )1/2 ((M*)UQ _ (Mi)w)

one has the following Lemma

Lemma 2.4. For all f € S(R3), we have, for all s < 1
IL1a6fI1* S 6°7%| <0 72 ],

and Ly 45 commutes with the multiplication by (v)® for all o € R.

Proof. The last assertion is again trivial since £y 3 s is a multiplication operator. Using
the formula 2a(b — a) = b — a® — (b — a)?, we get

Lraaf = 5F [[ dv.doBostv' = 0) () - ()

- _f//dv*daB% o = v) <( )1/2 (,u*)l/z)
A()f + D(v

17



We first deal with the first term. Using Carleman representation, we have

1 ~ oo 4 h|1H7+2s

Again we have to kill high singularites and give a sense to this expression. For this purpose
we change h to —h and add the resulting two formulas; this gives

1 ~
= Z/dh/ dabﬂm‘zlh‘@g(h)x
h Eyn

+h1+’y+2s
(u(a+v —h) + pla+v + h) —2p(a—|—v))u

’h‘3+2s ’

and thus

QU / dh / devps(h) x ‘(eQ(a“)'h*hQ 4 o—2latv)h—h? _ 2)\
h Eo,n,

1

x Jaf T o+ U)W

1
< dh/ daps(h) x (a2 01 2 (a4 v)) ——ne,
/ [, daes(h) < (72w )

where we used that the big parenthesis is bounded by a constant times |h|?u~"?(a + v)
thanks to the condition on the support of h. Using (75) we get

1
A S [ da [ dbgsWlaP ot e+ o)
RS JEoa Al
S 52—25/ da|a|'y+25,u1/2(a —|—’U) 5 52—25 <v>'y+2s )
R3

Again the condition v 4 2s > —3 is need in the last step.
For the second term D(v) we essentially follow the same procedure, except that we
don’t need to use a symmetrizing argument to kill singularities. We write

1 1/2 1/2 2 a4 |t
= 5\/]1%3 dh\/EO’h da]l‘a|2‘h|(p5(h) (/1/ / (Q+U — h) — U / (Oé‘i"l})) W

a+v)-h—h2/2 2 | + h|1+7+28
< /RS dh/EOhdaﬂaem%(h) (elotrtrere ) plat o) s

1/ |a|1+v+28
dh dall h —_—
/]RS /EOh a \a|>\h|905( ) (Oé—|—’U) |h|1+25

< 52 25 +2s

following the same arguments as before. From the estimates on A(v) and D(v), the proof
is complete. O
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3 Pseudodifferential parts

In this section we deal with the remaining parts of £, namely a multiplicative operator
217571), the main term L; 2 s which will appear to be of pseudo-differential type, and the
term L1 are also of pseudo-differential type but with lower order, our goal being to
prove Proposition 1.3.

In the following, we keep the notation for g, the positive compactly supported function
equal to 1 in a d-neighborhood of 0 as introduced previously in the definitions of the
operators, and let Fy,, denote the vector plane containing 0 and orthogonal to w . We
study each operator separately. Proposition 1.3 will be obtained as a direct consequence
of Proposition 3.4 and Proposition 3.1 below.

3.1 Study of the principal term £, 5

Recall that
Liasf = // dvidoBeps(v' — o)l (f = f)

B(v,0) = |v — v[b <<’Z:Z‘J>> .

This will appear to be a genuine pseudo differential operator of order 2s for which we can
control the weigths. Namely one has

where

Proposition 3.1. We can write
£1,2,5f - _a/p(v7 D’U)f7
where a, is a real symbol in (v,n) satisfying:

i) there exists C' > 0 such that for all 0 < xk < 1,
C7H =k (@) 4k (0) (10 + I A o))
< ap(v,n) < C(0)7 (1+ [0 +n Avl*); (13)
ii) ap € S ((v)7 (14 [0]** + [0 + [n A v*),T) .

Proof. From the expression of £ 25, using Carleman’s transformation as in previous
arguments and as in [1] (see also the Appendix), we get

R 1
Liosf = . dh/E Ljaj>(n@s(h)dag(o + v)|a+ BT (v = h) — f(v)) T
h 0,h

This integral is typically undefined for large values of s, and we have to use its symmetrized
version in order to give a meaning in the principal value sense: for this, we change h to
—h and add the two expressions so that

1 )
Lrasl =3 /hdh/E dablLjo > ny s (h) (e + v)|a + B[ F7H2
0,h

(Fo—h)+ F(o+h) — 2£(v)) ﬁ

=~ (0. D)f(0) = = [ ay(om)f e

3
mn
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with

1 ~ . . 1
ap(v,n) = —= / dh/ dobll o> s (R) (o + v) | 4 B2 (eimh +elmh — 2) 3425
2 Jr3 Eo.n i

- 1
= / dh/ dabll|g> n s (h)p(a + v)|a + hIFT7F25 (1 — cos(n - h)) PR
R3 Eon |l

(14)

The non-negativity of a,(v,n) is clear and we work now with this symbol. First recall
that on the support of the integrand, we have |h| < ¢ < 1 and that o L h, so that

s 1
0 <ap(v,n) < / dh/ Loy Lnj<sdap(e +v) (a) 77 (1 — cos(n - b)) s
®3h JEy, Al

Now we can shift to spherical coordinates h = rw, and (forgetting the truncation in «) we
get

6
1
ap(v,m) S /0 /52 drdw/E dap(a + v) (@) 725 (1 = cos(rn.w)) T
%) 0,w

It is possible to integrate directly w.r.t. r, and use the fact that
é 1 )
/0 (1 — cos(rn.w)) mdr < Csln.w|*.
In fact, note that
6 1 0 O|w-n| 1
/0 (1 = cos(rn.w)) mdr = |w -7 /0 (1 = cos(r)) mdr

Next, we choose a small constant ¢ such that 1 — cosr > 72 if r < c.
If |w - n| > ¢, then we get

J cd
1 1 _
/0 (1 — cos(rn.w)) mdr > |77.w|25/0 (1 — cos(r)) 701+2Sdr > 52 25|w . 77|25,

while if |w - n| < ¢, then we get

4 §
1 1 _
/0 (1 —cos(rn.w)) —T1+28dr 2 |w- 77’2/0 Tzrl zsdr 2 52 QS]w . 77]2.

On the whole, we get

§
1
/0 (1 — cos(rn.w)) R dr > 6> min{|w - n|%, |w - n|**}. (15)

In fact the same type of arguments show that we get a similar upper bound, and eventually

6
1
6 min{|w - 9%, |w - 7>} < /0 (1 — cos(rn.w)) T dr < 6% 2w - n|*. (16)

Next, we deal with the upper bound on a,. A crude estimate is enough and we get
ap(v,m) S/ dw/ dopi(a + v)|w - | (@) T (17)
S2 Eo,w
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i=S(v)n/|S(v)nl|

k =/l
Figure 1: Polar coordinates
Splitting v = S(w)v + (w - v)w, we have
la+ v = |a+ Sw)v + (w-v)w? = |a+ S(w)v]* + |(w - v)|? (18)
since a and w are orthogonal. We can therefore write
pa + v) = e latS@PR i@
to get
ap@%ﬁ)<:j[ ‘h”][ dave™ IS ) gy 2 () HHEES (19)
S2 Eow

Next, note that
Bv,w) = / dae1oHS@RI (NIF1H2s | g(p)y S1+7+2s
EO w

and thus
ap(v,m) < / dwe @O < §(wyp 12y ) (20)
S2

We introduce polar coordinates in a coordinate system where i = S(v)n/[S(v) - nl,

k =v/[].

In this system, we note that (w - k) = cos(y¢). Besides we have n = (n.k)k + S(v)n so that

)+ (S(v)n) - w
w) + (S(v)n) - (S(v)w)
)+ (i (S(v)w)) [S(w)n]
=1 - kcos(p) + |S(v)n] sin(p) cos(0).
and in a similar way

[S()vl* = o = [(vw)]” = [u*(1 = cos® () = |v]* sin® ().

We therefore get

™ 27
ap(v,m) < /0 dap/o do sin(ap)e_‘”‘2 cos? () (1 + \0\2 sin2(<p))(1+7+2s)/2

0 kcos(p) + [S(v)n] sin(p) cos (8) >

21



Setting cos ¢ =t in the preceding formula, we get

2T 1
ap(v,n) S/O da/o dte*‘”‘QtQ (1 4 Mz(l . tz))(1+7+25)/2
n -kt +|S(v) U|MCOS |25_ (21)

If we bound roughly 1 — ¢ and cos(y) by 1 we get

2T
v 1 2s)/2 S S
ay(01) < / de/ dt P (14 o) TR (P4 (S ).

If we set y = |v|t, we get

1 . 27 [v] o, . y2$ .
a,,@,n)gmww [ [Ty e (s L ison)

1 S S S
< o 00472 (g K 150 (22)
< >1+7+28 ) < >1+7+2s )

’S | |1+25 |77| ’ + |U| |S(U)77| .

For |v| > 1, we therefore get

ap(v,m) S (0)7 10> + ()T [S(0)n]*,

and thus

ap(v,n) < ()7 (Inl* + o An*)

since |v A n| = |[v]|S(v)n]. For [u|] <1, a rough estimate gives directly |a(v,n)| < (1)** so
that the preceding estimate is also true. The proof of the upper bound is complete.

Now we deal with the lower bound. In order to prove this result we shall use the
formula (14) that we recall

~ 1
(o) = [ [ dabps(Waizpynla + o)l -+ AT (L cos ) g
RS Fon > || 3+2s

As we want a lower bound we can restrict the integration range to {|a| > 10} since the
integrand is non negative. We use also the facts that b is bounded from below by a positive
constant and that |a + h| ~ |a] since a L h and |h| < || in the preceding integral. This
gives

s 1
ap(v,m) 2 /R3 dh/E @5(h) Lo >10dap(a +v) <a>1+7+2 (1 —cos(n-h)) 7|h|3+25'
h 0,h

We can use some of the previous computations, and from (15)-(16) we get as in (19), with
here Cj5 ~ §%725,

e @I min{lw 92, w - p?} (a) T

ap(v,n) Z Cs /52 dw/E daﬂ|a\21oe’|a+5(@v
w 0,w
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Consider

Prol, ) = / doljgs10e” P TI@M (0) I L Gw)p ST
0,w

Then
ap(v,m) 2 Cs / dwe™ O < Swyo ST minflw g lw-nl*). (23)
S5
We now consider an arbitrary real 0 < x < 1. Using the fact that
min{|w -, |w - 7[>} > |w 9> — 1,

and that the right member in (23) is non-negative, we get that

2 /<;C(;/ dweI@I” < S(w)v ST (j6 - n2 —1)
82

2 /<;C(;/ dweI@0I” < S(w)v ST |y |2 (24)
83

2
- /<;C(;/ dwe™ @I < §(w)y >+
82
= kCsap, — KCsap,.

We split the study of the two terms ap, and a,,. For a,,, we can use the computations
thereafter and similarly to (20). This gives

2T 1
app(v,m) = /0 d@/o dte= 0Pt (1 + ’U’2(1 _ t2))(1+ﬂ/+25)/2

‘77 -kt + |S(v)n|v1 — t2 cos(h)

‘25
Now an easy remark is that the symbol a has the following parity properties:

app(iv, +n) = app(v, 7).

We can therefore suppose that 77-k > 0 in all the computations. Moreover we can restrict
the above integration to the following subsets

te(0,v3/2], 6e[0,x/3], (25)
which implies that all terms inside the absolute value
In -kt + |S(v)n|v 1 —t2cos(0)]

are non negative. We therefore get, when (25) is fulfilled, that

Z Cs;y <v>1+’y+2s

|v|2 (1+v+2s)/2
+)

(1 + |U|2(1 _ t2))(1+’7+25)/2 > (1 4+
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and

In -kt + |S(v)n|V/1 — 2 cos( |25>4 2s|77 kt + |S(v)n ||2S
> ¢ (In - kt[* + [S(v)n[**) .

Therefore we have

T \/3/2 242 1+~v+2s 2 2
app(v,) 2 /0 d /0 dt e TP YIS (kPS4 (S (o))

As in the case of the upper bound, we set y = |v|t, and get for |v| > 1 that

1 14+~v+2s /3 \/_|v|/2 2s 2 2s
(0.7 2 o (01 / de/ dy & (In- kU + 15000

L 14y+2s v3/2 —y? 25 Y° 2s
Zm@ ; dé’ ; dy e n - k| B + [S(v)n]
> L iytes 251 2s
< Tl (v) n - k| R (v)n]

2 (@7 I+ @) S@m).,
where in the last inequality we use that 1 -k > 0 and the fact that if n - k < |n|/2 then
|S(v)nl = V3n|/2.

Since |v A 5| = |v||S(v)n| we get for |v| > 1 the desired result

app(v,1) 2 (0)7 (In** + o Anl*). (26)

For |v| <1, a direct verification, without the change of variables |v|t — y, gives

f/2
i (0,7) / a6 / 0kt 4+ 1S@m®) 2 kP4 Sl
> n* + v Al

So the preceding estimate (26) is also true for |v| < 1.
For the remainder term in (24), we can use similar computations as the ones done for
the upper bound for a,, and we easily get

apr S <U>7+2s .

Putting this estimate and (26) together into (24) completes the proof of the lower bound
n (13).

Now we deal with estimates on the derivatives in 1 and v of a,. Recall that

- 1
o) = [ dh [ dabbiapspes (et v)la+ T (1 cosn - ) s
R3 Eon = |h|3+2s
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which is clearly smooth with respect to v and 7. Let us consider for vy, € N? the
derivative

9,1 0rap(v,n) = /hdh/E da511|a‘2|h‘(p5(h) (0 pu(a + v)) |a + B2
0,h

((9;2 (1 —cos(n-h))) \hl?’%

Setting again h = rw, and (forgetting the truncation in «)) we get

é
|0k 02 ay(v,m)| S /0 /52 drdw/E da|d (o + v)| ()28 |02 (1 = cos(rn.w))| ﬁ
W 0,w

(27)
Since r € [0, ] we claim that we have the following rough estimate
Lemma 3.2. V v, € N3, f06 dr |8}7’2 (1 = cos(rw - 77))| 7’1% < Cs.s (n.w)* .
Proof of the Lemma. This is clear for v9 = 0 from the previous upper bound

computation. For |v5] =1 we have to estimate

0 1 J 1
I(1n) = / dr ‘(3;2 (1 —cos(rw - 77))){ i < / dr [sin(rw - n)| 5
0 T 0 T

Firstly, when s < 1/2, we directly get

)
1
I(ry) < / dr—- < Cys < Cys <77.w>25.
0 T

When s > 1/2 we have

1 [ sin(t _
I() < |nwl|® 1/ %dt < Cylnwl>~1 < Oy (nw)®.
0

Eventually considering the case when |va] > 2 then

5 1 P . 1 .
I(1y) = /0 dr ‘(3;2 (1 — cos(rw - 77)))| TTi2s < /0 dr [sin(rw - n)| p < Cy < Cgs <77.w>2 .

The proof of the lemma is complete. O

End of the proof of Proposition 3.1 Now we go back to (27). We have also to estimate
the term (04! (v + v)) in this integral. For this purpose, we directly use the fact that for
all v,

0 e+ )| < Coy P (a4 0). (28)

Thanks to Lemma 3.2 and the preceding estimate we get from (27) that

o0a 0| S [ do [ dop! (a0 (@) ™.
w 0

sw

For the final estimates, we can repeat exactly the proof of the case v; = o = 0, to get the
desired result. The proof of Proposition (3.1) is complete. O

For further use we shall also need the following estimate.
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Proposition 3.3. The symbol a,, also satisfies the following estimate:
dyap € S <(v>7+1 L+ > L 2+ AvPH),P) if s >1/2,
and Onap € S ((v>7+23 ,F) if s <1/2.

Proof. We can partially use the preceding arguments. We begin again with (27) and
we can write for |va| > 1,

6
|(951(9,l7'2ap(v,77)| < C/ / drdw/ do (07 (o +v)) |
0 JS2 Fo,w

1

(a)tt7tes (952 (1 = cos(rn.w))) T

An inspection of the proof of Lemma 3.2 also shows that we have in fact for |va| > 1
’ 1 21
/0 dr |(87’;2 (1 — cos(rw . 77)))‘ m < C(;’S(l + <?7.W> s )’
and we therefore get using also (28) that

o200l S [ do [ dopt (a0 (@) (14 ™).
w 0,w

For the remaining parts of the proof we can proceed exactly as in the case of the upper
bound without derivative.

Suppose first that s > 1/2. Then we can write

o opa | S [ do [ dot ok o) @) (.
w 0,w

We then follow the computations from (17) with |w-7|?* there replaced here by (w - 7)* "

With the same computations, we then get after (22) that when |vs] > 1,
|3515;;2ap(%77)‘ S <U>“f (1 + ‘77’2st + ‘U A n‘stl) 7
which is the result.

Suppose now that s < 1/2. Then we have

o opapon] 5 [ do [ dot o) e
w 0,w

and the preceding computations from (17 ) are valid with |w - 1|?* there replaced here by
1. We therefore get that when |vg| > 1,

|05 Ot ap (v, )| S (0)F

which is the result. The proof of Proposition 3.1 is complete. O
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3.2 Study of the multiplicative term Zl,g,b

Recall that the multiplicative part 217571) has the following form

Lispf =— <// dv.doBps(v' — U)M*) I

A nice feature of the multiplicative function defining £; 5, is its good symbolic properties.
Proposition 3.4. We can write
Lyspuf = —am(v)f,
where a., is a function in v satisfying the following symbolic estimates:
i) there exists C' > 0 such that C~' (v)71 < a,, (v, 1) < C ()71

i) am € S((v)77% . T).

Proof. Let us again use Carleman’s representation. We get

- 1
am(v) = / dh / dodll)>n@s(R) (v + o — h) | + | T7H28 . (29
R Eon 2 |h|3+2s

In this integral h L o and |a| > |h| so that there exists Cs such that
C;l‘a’1+y+23 < ‘Oé + h’1+'y+25 < Csla‘l—f—'y—i—Qs. (30)

Using this and shifting to spherical coordinates gives

_ 1
am(v) < // dwdr/ dal‘a|2,ncp5(r2)u(v +a— rw)\a!“ﬂﬁsm.
EO,UJ

Now we know that
v+ a—rw)? = |a+ Swv)? + |(w-v) —r)?
exactly as in (18) so that
e~ lvta—rw? _ o—latS(w)ul? —|(wv)-r|?
Now we use that

/E dala"72 p(a + S(w)v) ~ (S(w)o) T
0,w

and we get (forgetting the truncation function in «)

an() § [ [ ddry(r?) Sy T e low

We can now integrate w.r.t. r and compute by virtue of Peetre’s inequality (forgetting
now the dependance on ¢ for the constants)

1
/ drgy(r?)e 1 S / drgs(r2)e = (r — o 0) 120 () 702
T

< <w . v>7(1+23)

)
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and thus
am(v) < / dw (w - 0) U2 (S(w)o) IR
S2

We therefore have a similar integral as in (20) and using exactly the same change of

polar coordinates and computations as therein with e~ @) replaced by (w - v>_(1+28)

(see Figure 1), we get

T 2
am(v) < /0 dgo/o dé (Jv| cos ) "2 gin (1+ |v|? sin® go)(erQs)/Q < ()2

For the lower bound we can do essentially the same computations : because of the
non-negative sign of a,, we can restrict the computations to subdomains in («, h) namely

{la| > 10} and {|A| < 10},

and following (29) and using (30) we get

1
am(v) 2 //dwdr/E da]l‘a|210111§r§10u(v+a—rw)\a,1+w+25m
0,w
w2 (1tyt2s L
> // dcud?“/E0 dodljg>10l1<r<10p(a + S(w)v)e -] I Eaths Sm

since Ps = 1 in the set {1 <r <10} (recall § = 1/100), and
v+ a—rw? = [Sw)v+al* 4+ |w-v—7* <[S(wW)v+al® + |w-v* 4100
for r < 10. Then as before we can use the fact that

/da]la|210|a|1+v+25u(a+s(w)v) -~ <S(w)v>1+7+23

and )
/drﬂ1§r§10m ~C

and we get for a new constant C' that
am(v) > C7! /dw (S(w)p) s el

and again we can follow the computations as in (23) and after to get
am(v) > C71 (0)7H25

The proof is thus complete. a
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3.3 Proof of Proposition 1.3 i)

In this subsection we prove part i) of Proposition 1.3 concerning the so-called symbol a.
We first give its definition, the prove the Proposition, and we shall en this section by giving
additional properties of a needed in the sequel.

Definition 3.5. We define a to be the following real symbol:
a = ap + A,
where a, s defined in Proposition 3.1 and a,, is defined in Proposition 3.4.

We now give the proof of Proposition 1.3 i). From Proposition 3.1 and Proposition 3.4
we know respectively that

CH W) < ap(v,m) < C (0)7
and for all 0 < k <1,
C7H (= () o) (L4 I+ I A ) < ap(v,m) < C () (14 [0 + [y A of),

where in both cases C' denotes a constant independent of x (but depending on 4§, s).
Choosing « sufficiently small and fixed from now on, and adding the two inequalities gives

CTH ()2 4 @) (10 + [ A 0f*)) < alv,n) < C @) HC ) (L4 + Iy aof).
so that
CTH ) (1ol + Inf + ln A ol?) < a(,m) < C @) (1+ ol + Inf2 + [ A o)

for a new constant C. This proves the lower and upper bounds for a. Using the definition
of a S

afv,m) = ()7 (14 ol + Inf2 + In A of?) (31)
we get

Cla<a<Ca. (32)

From the same Proposition 3.1 and Proposition 3.4, we also directly get by addition
that
acSa,l).

A direct computation also gives that
aeSa,l),

and it only remains to check the temperance of a and a. From (32) it is sufficient to verify
that there exists N such that for all Y = (y,n), Y/ = (¢/, ) there exists Cy > 0 such that

a(Y') < Cya(Y)1+T(Y = Y")V.

This is a direct consequence of Peetre’s inequality since we have powers of polynomial type
quantities. The proof is complete. O

For further use we also give here two propositions concerning a and a, which will be
of great interest in the next section.
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Proposition 3.6. We have

i) for any |a] >0 and any |B] > 1, there exists a constant Co g > 0 such that

IN
®
IN

1
o, b @ (LRl P I AvP)
> Lo 254y

S -
AN
VA
AN

o505a(v,m)

= =

{v)

and 1/2
.
806] < Cap (o) (14 1o 4 Il 4 A o)

i1) the following estimate is true for any 0 < e < 1, with semi-norms independent of €:

Oya, dya € S (a1/2 (0)/*Fs r) C S(ea+et (), 1), (33)

iii) there exists a constant such that

5— 1/2

€ gl S (@) (1+ ol + P+ In Av2) " (16 + o A (34)

Proof. The point i) holds because of Proposition 3.3 and direct verification for a, while
the first conclusion in (33) follows from the estimates in i) and the second one is obvious.

Point iii) in Proposition 3.6 is a direct consequence of the estimates on a. The proof is

complete. O

3.4 Study of the subprincipal term £, ;5

Proposition 3.7. We can write
El,l,éf = _as(v, Dv)fa
where ag is a (complex valued) classical symbol in (v,n) satisfying

i) we have

@ (@ @) AT D) s 212

as(van) € { o 425 .
S((v)77*,T) if s <1/2;

it) for all0 < s <1 and any 0 < e < 1, we have, with semi-norms independent of €,
1/2 v/2+s -1 Y425
as(v,n) € S (a (v) ,F) cSs (6(1 +e  (v) ,F) . (36)
Proof. We recall that
Liaaf = [ dvadoBos(v’ = 0P 2L = 1 (0 = () 7).
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We shift to Carleman’s representation and get
~ 1
Liysf= dh/ dabl|g > pila + b5 (1h[*)pz (o + 0)[f (v — B) — f(v)]
R3 Eon
1 1 1
<M2(a+v—h) —W(OHLU)) DBES
— [ Fea, (o, mn
R3

n
with

(o) == |

~ 1 .
h [ dabtipspula+ B (P @+ o)l - 1
3 Eo,n
1 1 1
(W(oﬂrv—h) —w(a+v)> TP

For the study of this symbol, we shall essentially follow the same computations as in
the £y 95 case. We first note that we have the following bound for all h # 0

‘(M%(a+v—h)—u§(a+v)) ﬁ‘ <c.

So that using also that |a + h| < 2|a| we get

s L e~thn 1
ool 5 [ b [ @ e+ s
® JE, ||

Now we shift to spherical coordinates taking h = rw and we get
1 e—irw-n -1
o)l S [ awtr [ (@ bk opsr)
w 0,w

We can directly integrate w.r.t. r and this gives

OO(P (T2)|6—irw.n _ 1| - Cs’n-w’%il, if s > 1/2 :
0o r2s ~ 1 Cs ifo<s<1/2,

which yields

(a+v)nw®t ifs>1/2;
(a+v) ifo<s<1/2.

‘/‘S‘% deT fEO’w <a>1+’}/+2slu

s (37)
fsg dwdr fEO,w ()28,

1
2
1
2

las(v, )] S {

Suppose now that s > 1/2.

In this case we can do exactly the same computations as in the L£; 25 case, with the
factors p(a 4+ v) and |n.w|?® in formula (17) replaced respectively by p'/?(a + v) and
|n.w|?*~! here. We directly get, following the computations after (17), that

jas(o,m| S @) (0P~ o AgP

for [v] > 1. For |v| < 1, a rough estimate gives directly |a(v,n)| < (n)** so that the
preceding estimate is also true in this case.
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Suppose now that s < 1/2.
We can follow the same type of computations as after (17), and we get easily

jas(v,m)| S (o). (38)

Again the proof of the estimates for higher order derivatives of a; is similar to the one
of order 0, and we skip this part of the proof. This completes part i) of proposition 3.7.
The second part ii) is just an immediate consequence of the estimates in i). The proof of
Proposition 3.7 is complete. a

4 Proof of the main results

This section is devoted to the proof of the main Theorems 1.1 and 1.2. We shall use
extensively properties of the classical, Weyl and Wick quantization, for which we postpone
a brief review in the Appendix. In Section 5.2, we give some coercivity estimates, and
recover a result of coercivity of [7] implying the so-called triple norm. In 4.1 we make the
reduction to the hypoelliptic problems for a simplified operator, by virtue of Proposition
1.3 whose proof is also presented in this subsection. In Subsection 4.2 we give a direct
proof of the well-known coercivity. The proof of the main results is then achieved in the
last subsection, Subsection 4.3.

4.1 Proof of Proposition 1.3 ii) and iii) and related results

In the previous sections, we splitted operator £ into several pieces in the following way,
with @ = a, + a,, defined in Proposition 3.1 and Proposition 3.4, and a, defined in
Proposition 3.7,

L = —a(v, Dv) + £2 + Zl,é,a + £1,3,5 + £1,4,5 + Z1,5,a - as(v7 Dv)
= —a"— (—Lo—Lisa— L13s— L1as+ as(v,Dy) + (a(v, Dy) — a)),
K

so that we can write
P=v-0, +ad¥+ K.

Notice that the diffusion term a" + K above is only an operator with respect to the
velocity variable v. So we only work on the resulting operator after performing partial
Fourier transform in the x variables, considering the dual variables £ of x as parameter.
More precisely we will study the operator

Px =i(v-&) +af,

where
ag = a+ K ()17

with K a fixed number, constructed in Lemma 4.2 and Lemma 4.8 below, depending only
on the integer N in (77). Accordingly we also introduce the weight function

ax =a+ K (0)*17
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where @ is the weight function given in Proposition 1.3. We note that ax € S(ag,I")
uniformly in K, and more generally (ax)” € S(a@,I") uniformly w.r.t. K for all r € [0, 1].
The advantage of working on a% instead of a" is that we can construct the inverse of the
former; see Lemma 4.2 below. This is of big importance in the following, in the treatment
of hypoelliptic estimates.

Notations. In what follows let K be fixed, satisfying the assumptions in Lemma
4.2 and Lemma 4.8 below, and let £ € R be an arbitrary number, fixed and as small as
we want. To simplify the notation, by A < B we mean there exists a positive constant
C, which may depend on K and ¢ but is independent of the parameters &, such that
A < CB, and similarly for A 2 B. While the notation A ~ B means both A < B and
B < A hold. Given a symbol ¢ and a weight function M, by ¢ € S(M,T") we alway mean,
in the following discussions, ¢ lies in S(M,I") uniformly w.r.t. K and &.

Now we state the main result of this subsection, which shows it is sufficient to study
the operator Py instead of the original one.

Proposition 4.1. The conclusion in Theorem 1.1 follows if the estimate

la(v, &) 7% 1| + [|a £]| <

pKfH]ﬁ"’_HfHL; (39)

holds uniformly with respect to .

We proceed to prove the above proposition through several lemmas. Firstly we begin
with constructing the inverses of operators.

Lemma 4.2. There exists a Kq large sufficiently, which depends only on the dimension,
such that for all K > Ky we have

(i) ay- is invertible and its inverse (a') " has the form
(ai) ™ = Hi (ax")" = (ai)" Ha.

with Hy, Hy belonging to B(L?), the space of bounded operators on L?, and HHJ-HB(LQ)
independent of K for j =1,2;

(ii) (a}(ﬂ)w is invertible and its inverse [(a}f)w]*l has the form
[(a}(ﬁ)w]_l =G <a;(1/2>w = <a;(1/2)w Go
with G1,Gs € B(L?) and HGjHB(LQ) independent of K for j =1,2;
(iii) (&zza}(/z)w is invertible and its inverse [(d}(/Qa;ﬂ)w]*l has the form
(@) )" = Qi (a0l )" = (e )" @

with Q1,Q2 € B(L?) and HQj independent of K for j =1,2.

HB(L2)

Proof. We firstly prove the conclusion in (i). Using (78) and (79), we may write

a¥(az)” =1d — RY, (40)
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where

1

1
Ry = _/ (Onax) o (Du(ay')) do +/ (Ovaxc) o (On(ar)) d
O 0

with gfgh defined by

gieh(Y / / ~2io(Y-Y1,Y - Y2>/9 (Yl)h(Yg)ledYg/(ﬂa) (41)

In what follows let N be the integer which is given in (77) and depends only on the
dimension. By [12, Proposition 1.1] we can find a constant Cy and a positive integer ¢y,
both depending only on N but independent of K and 6, such that

H (Onax) B (av(af_(l)) HN;S(l,F) < CNHanaKHeN;S(aK,F)H ( b (ag ) HzN S(agt,r)”
Moreover, using (33) for ¢ = K~1/4 yields
_1
HaWaKHZN;S(aK,F) <CnK™3
and
Hav < C~’N

HzN iS(ag'I)

with Cy a constant depending only on N but independent of K. As a result,

H (ana’K) ﬂ@ (av(a[_(l)) HN;S(I,F) S (/\1]\/6\1]2\[[{7i

Similarly,
H (Ovarc) to (377(%_(1)) HN-S L) S CNCYJZVK_%'
S
Then
HRKHN;S(LF) < QCNCYJZVK_%’

and thus by (77)

HR%HB(B) < QCCNOJQVK_i

with C' a constant depending only on the dimension. This implies Id — R} is invertible
in the space B(L?) of bounded operators on L? if we choose K in such a way that K >

<4CCN C'JQV) 4. Moreover

(Id—R¥)™" = (R¥) € B(L?).
7=0

Taking into account (40), we conclude

a¥ ((a;(l)w (1d — R%)’l) = 1d.
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Similarly we can find a Rx € S(1,I") such that
SN
((Id - R%) (ay )W> a¥ = 1d.

These imply a¥- is invertible and its inverse (a}‘é)_l has the form

()™ = (0 (- B = (10— R (0"

We have proven the conclusion in (i) in Lemma 4.2. The remaining ones in (ii) and (iii)
can be deduced quite similarly. So we omit it here for brevity. The proof of Lemma 4.2 is
thus complete. O

In what follows we always let K be fixed satisfying the condition in the above lemma
4.2.

Corollary 4.3. Let € be an arbitrarily small number and let g € S (8(1 ) Bt F)
uniformly with respect to €. Then

lotw, Do) fll 2 + ll9™ Il S ellake £+ @) £l o

Proof. This is just a consequence of the conclusion (i) in Lemma 4.2. In fact by Lemma
4.2 we see the operator ag.-1-2 = a +e 2 (v)*17
that

is invertible and its inverse satisfies

-1
VhesS(agiz T), A <aK te? <v>2s+7) e B(L?).
Thus the assumption on g allows us write

9" =(""9)" <aK +e7? <U>28+V)71€ (aK +e? <v>25+7) :

c B(L?)

which yields the desired estimate for ¢g*. The estimate for g(v,D,) is similar, since
g(v,D,) = (Jfl/Qg)w with J~1/2g belonging to the same symbol class as g. We have
obtained the desired estimate in Corollary 4.3. The proof is complete. a

We will apply the preceding lemma to precise pseudodifferential operators:

Lemma 4.4. The symbols of as(v, Dy) and a* — a(v, Dy) lie in S (aa + e (0) F)

for all e > 0 with seminorms independant of ¢.

Proof. For the first operator as(v, D,), this is point ii) of Proposition 3.7. For the
second one a* — a(v, D,), we enter more deeply into the theory of Weyl and classical
quantization. In order to get the result, we use the expansion of J 1/2¢ which reads (c.f.
[25, Lemma 4.1.5] and the appendix)

a® —a(v,D,) = <J1/2a) (v, Dy) — a(v, Dy) = R(v, D,)
with

Rleon) =5 [ (42 (D, 0,)) (v, ).
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Proposition 3.6 implies D, - 0ya € S (M., I') uniformly with respect to e, where
M, =ca+e ! ()7,

Then proceeding as in the proof of [25, Lemma 4.1.2], we conclude J%2 (D, - d,a) belongs
to the same symbol class S (M., I') as D,, - ya, due to the fact that

M.(v+2z,n+¢) < CM:A(v,n)H((2),(C))

with H((z),(¢)) being some polynomial of (z), () and C' a constant independent of e.
Observe a < agk due to Proposition 3.1. Then we have proven that the classical symbol of

the difference a(v, D,) — a® lies in S <6a + e (0)* F). The Weyl symbol therefore

also belongs to this class by direct transformation. The proof is complete.

Proposition 4.5. For any ¢ there exists a constant C. such that

VFESRY. | @ | < ellaf s o+ C ([lGo- €= OF a1 z) - (42)

Proof. The starting point is the weight estimate
ST 5 2 . —S— 2
VIESRY), [T S| SRe((iv = L)f, £+ [0 f L, (43)

which is just an immediate consequence of the coercivity estimate established in [7].
Thanks to the explicit symbolic estimates for a", we are able to give here a direct proof
of such a coercivity estimate. Indeed, let

L=Ly+Lis+Lisa+ Lisp

be the splitting given in Section 2.2. Straightforward computation shows that

(~L1sf. s = [ [ dvadoBoste’ = o) (W) 25 = (u)'28) " 20,
and

(=Lispfs £y 2| )72 fH;

because of Proposition 3.4, and

‘(52,5.]07 f)LQ{ + {(21,5,04.]07 f)LQ‘ S H <U>’Y/2in2

due to Lemma 2.1 and Lemma 2.3. These estimates, together with the fact that s > 0,
yield

100725 £|[30 S (<LF, £+ el )24 72, + gl @) £]3

for any ¢ > 0 and any / € R. This gives the estimate (43).
Now applying the estimate (43) to the function (v>5+:2Z f yields

| @7 £7. S Re ((o- € = £) )3 £, @3 1) +]1£]7
s |(Gu-g=or @) |+ (@3 2, @315 1) L+ 1]
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This yields

¥

| @)% Allze S €= 0075 + 11l + [ (@02 (£, @37, 1) -

(44)
We have to treat the last term in the above estimate, which is bounded from above by
(03 a2, @211, f)

We apply (33) and [25, Theorem 2.3.19] to conclude that for any ¢ €]0,1[ the symbol of
the operator

+ (@ [k @ s ) |-

. (45)

<U>—(25+’y—1) <v>s+§ [aw7 <U>s+%]

belongs to
S <€aK + e ()2 F>

uniformly with respect to €. Then Corollary 4.3 gives, with £ arbitrarily small,
(2 [, @211 1) | s (elaisllpe + 7 @ £l ) 1@ £l

ellak fllza +ell )% £z + Ceel £z,

N

N

where in the last inequality we used the interpolation inequality:
)™ ] <l @) £l 2 + Cell -

Now we have to deal with operator

in (45). For this we split K into three parts :

K = —Lo—Lisa—L135— L1as+as(v,Dy)+ (a(v,Dy,) —a). (46)

’Csmall ’Cmult Kpseudo

For the second part IC,,.¢, the estimate is easy since, as recalled in lemma 2.2 and 2.4,
operators L3¢ and L4 commute with the multiplication with a function of v. We
therefore have

(" Pomaaes 0311, 1) | = 0.

For the first part Kgqy of K in (46), we develop the commutators and use Cauchy Schwartz
inequality to get
()% [Komars 01311, £)
S Cel| )™ F L2 () () P 4 Cef| L2 ()7 () £
+ Cc|| ()72 Laga ()72 () f|° + Cel|Lrga (o) () £
+el| ()2 712
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We use then Lemmas 2.3 and 2.1 with either « = —s—v/2, S =s—v/2ora =0, f = —v
(for which we have in both cases a+ 5+ v < 0) and we get

(0% Kamars 07315, 1) | S Cell o) £+l >+ £

< Cell Al + 2e]l )™ 1

L2

since s > 0.
Next we deal with the last part Kpseudo of K in (46). From Lemma 4.4, we already
know that Kpseudo belongs to

S <sa + e () I‘)

with uniform semi-norms with respect to e. We follow the same strategy that after (45)
for commutators involving a®. Using that 9, (v)* = O((v)* 1) for all u € R, and applying
[25, Theorem 2.3.19] (see also appendix), we get that for any € €]0, 1[ the symbol of the

operator
()70 @) [Kpseudor ()]

belongs to
S <eaK + e ()2 F>

uniformly with respect to €. Then Corollary 4.3 gives, with £ arbitrarily small,
(0077 psentor @215, 1) | S (llatef o+ 1@ o) 10077 1)

ellait £l + & ) £l[70 + Cocl £17

N

N

Combining these estimates we obtain

(0 *F [k, @31 f)

Now taking into account (44), the desired estimate (42) follows if we choose € small enough.
The proof is thus complete. a

S ellaf e +ell @ £l + Cecl £II7:-

In order to prove the main result, Proposition 4.1, we will need the conclusion in
Proposition 1.3. So let us firstly present the latter’s proof.

Proof of Proposition 1.3 ii) and iii). = We have shown Proposition 1.3 iii) in Lemma
4.2. For the conclusion ii), let us rewrite the linearized Boltzmann operator £ as

L = —a"+ Lo+ Lisa+Lis3s+ L1as— as(v,Dy) — (a(v, Dy) —a™).

-K

As a direct consequence of Lemma 2.1, Lemma 2.3, Lemma 2.2, Lemma 2.4 we have

H (/32 + Zl,5,a + L35+ 51,4,5) fHLz S H <U>28+v f”L2-

Moreover from Lemma 4.4 we know that for any € > 0,

Kpseudo = —as(v, Dy) — (a* — a(v, Dy)) € Opuyeyi (€a +e ()t T)
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uniformly with respect to ¢, and thus

| Kpseudof || 2 S ellaie f]] + e () ],

due to Corollary 4.3.
The proof of point ii) of Proposition 1.3 is complete. a

The rest of this subsection is occupied by the

Proof of Proposition 4.1.  Now supposing (39) holds, we have

(o, &7 £l| + a £ S || Gv-€ = £) Fll o + £z + || (i € = £= Pic) ]
On the other hand, note that
w-E—L—-Px=a"+K—(a+K@»MY =K K@,
and thus Proposition 1.3 yields, with ¢ arbitrarily small,
| (iv-e=£=Pic) fllo S ellatiflle+Cell @ £l
S ellag sl +Ce (|G- € = £)Fll + 15 2)

the last inequality following from (42) . Combining these inequalities and letting the above
€ be small sufficiently, we get

(o, &) 7% £l| + a £ S [[GGv - € = £l + [1£]]
Taking into account the relation that

<v>'y/(28+1) <§>28/(28+1) + <v>'y/(28+1) <1) A §>28/(28+1) ~ ~(’U,§)28/(28+1)
and that

1) (D)™ Fll2 + [ 0)7 0 A D)™ f o+ [ )" ]2 S Ml

due to the conclusion (i) in Lemma 4.2, we obtain the desired estimate in Theorem 1.1.
The proof of Proposition 4.1 is complete. a

4.2 Coercivity and boundedness estimates

In this section we prove the following result that can be understood as an exact estimate
for the so called triple norm introduced in [7] and recalled in Remark 4.7 below. It involves

the pseudodifferential part a*, for which we have elliptic properties stated in Proposition
1.3.

Lemma 4.6. We have for a sufficiently large constant C and for alll € R with | < ~v/2+s,

| )2 (D) FI* + || )% (0 A DY FP + || ()72 £
~ (@ f )+ C )2 1P~ = (Lf, )+ || () £

where in the last equivalence the constant depends on .

2
)
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Proof. The second equivalence is a consequence of Proposition 1.3 and estimate (43),
while the first one holds because of the coercivity estimate (47) below, since

1 (a32)" £I22 ~ | @72 (Do) £+ [ 0)72 (w0 A D)* £+ || )2+ £

due to the conclusion (ii) in Lemma 4.2. O

Remark 4.7 In [7], the authors introduced the following non-isotropic norm

11 [ [[ @ = vubiteos o (= )7+ [[ [ @(to = vpieoso)s2 (v = i)

where the integration is over R? x R3 x SZ. For such a norm Theorem 1.1 of [7]) says,
with [ € R arbitrary (and equivalence norm depending on [),

|72 (D) £+ 1| )72+ £ S WA < (24, £) + Cal| ) £

provided the Boltzmann cross-section B satisfies (3) with 0 < s < 1 and v > —3. In
Proposition 4.6 above, we were able to exhibit the complete form of this triple norm || f].

Now we focus on the more difficult subelliptic estimate stated in 1.1. we begin with
an other coercivity estimate for the Weyl quantization a’;.

Lemma 4.8. Let Px be the operator defined at the beginning of Subsection 4.1. Then
there exists a positive number ko > 0 such that for all K > ko and any f € S(R?), we
have

| <a}(/2> fH (ak f, f)r2 =Re <15Kf7 f>L2 (47)
and -
| (20i2)" £ ~ (@xcar)” 1, £)ye (48)

Proof. The argument is similar as in the proof of Lemma 4.2. Using (78) and (79), we
may write

(ay®y“(a)?y" = a¥ — R, (49)

where
1 1
R:—/ 1/2 ' 1/2 d9+/ (a2 ' 121\ 40
[ (0n(ai)) 1o (90id) (0(ai) o (9n(ai®))
with ggh defined in (41). Using (33) for e = K~'/4, we conclude
Oy(ail®) € S(K~ail?, 1)

uniformly with respect to K. On the other hand, it is clear that &,(a%z) € S(ay 2 I).
As a result, [12, Proposition 1.1] yields

(9uail®)) 20 (9u(ai®)) . (2ulail®)) 20 (94(ai)) € S 4ax, 1)
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uniformly w.r.t. K. Thus R € S(K~"*ag, T) uniformly w.r.t. K. Then the conclusion
(i) in Lemma 4.2 allows us to rewrite R" as

R = G RO ) R )]

€B(L?2) uniformly w.r.t. K

which gives
(RUF, [zl < CoK~Y4|(a®ye £

with Cp some constant independent of K. Taking into account the relation (49) we obtain
@f. P < (@) @8, f) L +Cok ™A @) " < (Co+ 1)@ f|?
and

(@@ 5. 1) |, < @F. Dia+ CoE™ @) 1|

The desired estimate (47) follows if we take K sufficiently large such that K > ko o 16C3.

Since the second estimate (48) can be deduced similarly by virtue of (iii) in Lemma 4.2,
we omit it here. The proof is thus complete. O

Corollary 4.9. The following estimate

VeS| fll + [ (@) W)y e S

1Al (50)

holds uniformly with respect to .

Proof. We use the above coercivity estimate (47) to the function (v)*77/2 f, and argue

as in the proof of Lemma 4.5; this gives the conclusions . a

Corollary 4.10.

(> 1) s (@) s ) s|(Pes 1) |- 6D

L2

Proof. The first inequality is due to the positivity of Wick quantization. The second
one is just an immediate consequence of (47) and Lemma 4.2, since we may write

(a0, m) ™V = (a))" ()" @w.m) V™ [(alf)"] ™ (al?)".

€B(L?)

The proof is complete.
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4.3 Hypoelliptic estimates

We prove in this last subsection the main results, Theorem 1.1 and Theorem 1.2. As
explained in Proposition 4.1, we only work on P instead of P. So in this subsection &
and 7 are considered as parameters. Recall @ is defined in (31), whose explicit form, as
to be seen below, will be convenient for use. The main result we will show here can be
stated as follows.

Proposition 4.11. Under the conditions in Theorem 1, we have, for any £ € R,

(. &%= £l + ae £ | < (1Bl + | @) 7] o

We will prove the above proposition in several steps, following the multiplier strategy
announced in [22]. To this end we let, throughout this section, x € C5°(R; [0,1]) such
that y = 1 in [—1, 1] and supp x C [—2,2], and let g be a symbol given by

g(v,m) = ge(v,n) = %w(vm), (52)
a(f(}jé‘) 1+2s
where )
o) = x <M> (53)
a(v7§) 112s
and
as(wn) = (o) (14 o+l +lone?) (ent @A wan). (69

The main property linking as and a is that

fas(o.m), v € = a(w,&) — 2 (L pP 4P+ one?) . (69)

where {-, -} is the Poisson bracket defined in (84). Thanks to the explicit symbolic esti-
mates for a, g and 1 also have good behavior as symbols; that is,

2 2
g, ¥ € S(1L, |dv|” + [dn]”)
uniformly with respect to £&. Moreover direct computation shows that

€ Oyl < alv, m). (56)

Lemma 4.12. Under the conditions in Theorem 1, we have

v ieSE®), |law O™ | S [1Prsllge + |1£1]

Proof. The proof is divided into three steps.
Step 1) Let g™V be the Wick quantization of the symbol g given in (52). We claim

‘(az}u{f’ gWiCkf)B S ‘(pKf’ f)L2 '

(57)
To confirm this, let’s write, denoting by H the inverse of (a}(ﬂ)w,
w ic w w 1/2\% ic 1/2\ ¥
(akes. gV%r) |, = (Hag (ak®)" £, (i) oV (a®)" 1) -
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wo
Note that Ha'-H and (a}?) gVikH are bounded operators on L? due to Lemma 4.2.
Then one has

‘ < all f, gWick f)

the last inequality following from (47).
Step 2) We now prove

SI(ail®)" 7l < |(Brer 1) )

L2

(v, €)%+ f| 12 S [|a(v, )25 P f| .- (58)

Note that g € S(1,T') and a(v,§)" € S (a(v,£)",T) for any r € R. Then the above estimate
will follow if we can show that

law,oy= s 117, S |(Prcts ) |+ | (Prcss 97) |- (59)
To prove the above inequality we make use of the relation
Re (i(v-&) f. gV'%f)  =Re (Puf. gV'%f)  —Re (aitf, V) |
and (57), to conclude
Re (i(v-) f, V) S| (Put. 1) |+ |(But. aV5F) | (60)

Next we will give a lower bound of the term on the left hand side. Observe that by (82),
veE= (v

Then we have, by (83),

Re <% (v-€) f, gWiCkf>L2 <{g, vV >L2' (61)
Using (55) we compute
{g’ v - 5}
s—1
()2 (14 ol + €7 + o A €P?
( - — ) ¢+~a3(7)77/’2)s 56777,[)
a(v,§) Tz a(v, &)1+
W7+ (1 ol + 16+ o ael)

_2s
a(v, §) T

= a0, Ty -

= a(0,6) % — (0, &) T (1- ) -

1 aa©n) e g

a(v,§) T
This along with (60) and (61) yields

(07", 1), £ 37+ (P 1),,
j=1

(62)

( Py f, gVick f) .
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with

1 Wick
1= ((awom=a-0)""r 1)
L2
1 9e Wick
T, - << 2 (14 o + €2 + o A g2) a(v,g)‘w—%w) f, f> ,
L2
Wick
T - <( 25 D ou)  f. f) .
L2
Note that d(v,{)ﬁ < a(v,n) on the support of 1 — 1, and thus

a(v, €)% (1 — ) < (v, 7).

Then the positivity of Wick quantization gives

T S (@)™ £ £ s | (Pt 1) |- (63)

where the last inequality follows from (51). Similarly, observing

+2 2 2 2\ . — 2 25+

W) (14 o + I+ o AEP) T av,€) T < (),
we have
Wick
< 2S+’Y < ‘ ®
T, < ((<v> ) f> 5| (Presr) (64)

As for T3, it follows from (56) that

O r )

a(v,§)

Thus
Ty 5 (@)™ £ £),. S |(Prcts 1)
This, together with (62), (63) and (64), gives
(5, ), 5 (e 1) | (s ),

As a result the desired estimate (59) folows, since by (82),

2l

( (U 5) 1+28 )Wle /d(v _ ”6, 5)?125@_2”62 23d,6,

which is bounded from below by a(v, &)Y (1+25) by direct verification (see for instance the
arguments used in the proof of [22, Lemma 3.14]).

Step 3) Now applying the inequality (59) to the function a(v, £)T14$f, we get

(v, )55 . S alv, &) 25 Pra(v, )55 £,
<

1P f|| o+ ||a(v, )55 [0, a(v,&)775 ] f]) o
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In view of (79), the symbol of a(v,&) Y349 [a%, a(v, &)/ (2+49)] has the form

a(v, &) 7 /0 (00 (0.(@/49)) ab,
which, arguing as in the proof of Lemma 4.2, belongs to
S (a1/2 <U>s+y/2’ F) .
As a result, we can use (ii) in Lemma 4.2 to write

(U 5) 2+4s [ w, d@@)ﬁ]
1 wy —1
= a(v,§)” s [ v, @(U7§)m] <U>—(5+7/2) <<a}(/2) > (a}(/Q)w <v>s+v/2.

/

B(L?)
This gives

|a(v, &)~ 7% [0, a(v, &) f||,. S i 12yw oy 2 g
<

{151z

where the last inequality follows from (50). Combining these inequalities, we get the
desired estimate

(.7 £l 2 S 1B fl o+ 1] 2

The proof of Lemma 4.12 is thus complete. a

Lemma 4.13. Under the conditions in Theorem 1, we have, for any { € R,

+ H <”>ZfHL2'

Proof. The proof is divided into four steps. In what follows let € > 0 be an arbitrarily
small number, which is to be determined later, and denote by C. the different suitable
constants depending only on €.

Step 1) We define p. by

1
_ [ alw,
Pe(Uﬂ?) =X ( 8&(’0,7’]) ) ’
where x € C3°(R; [0,1]) such that x = 1in [—1,1] and supp x C [—2,2]. Let A . and g
be two symbols defined by

Ae(v,m) = p=(v,n)a(v,n) (65)

and
Aoe(v,m) = (1= pe(v,m))alv,n). (66)
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Then p-(v,n) € S(1, T'),
e Mo € 8 (av,n), T) and Ao € 8 (7la(v,€) 7%, T) (67)

uniformly with respect to £ and e, due to the conclusion (i) in Proposition 1.3 and the

fact that a(v,n) < 6_1d(v,£)rl25 on the support of Ay .
Step 2) Let A\io(v,n) be given in (65). In this step we show

(& xeds, f) | < ellaserz (63)
In fact, the symbol of the above commutator [v e 11“5] is

1
A%

5 : 87])\175(1), 77)7

which belongs to S (6(1+25)/255L(v,77)2, F) uniformly with respect to & and ¢, due to (34)
and the fact that

1425 1425 ol

€]+ [0 A €] S @(v,6)% ()72 <& 5 alv,n) T (v)7%

on the support of A\; .. Thus writing

[v-& AY.] =eak (ag) " v & AMe](ak) " ak,

€ B(L?)

we obtain

< ellak Iz

([v-& AL D)

This gives the desired upper bound. We have proven (68).
Step 3) Let Aa.(v,n) be given in (66). We claim

(& M1 7)

To confirm this, we write [v &, 12”75] = v - Ay, — Ay v - & this gives

Sellw-f 7+ ]

Prcf |+ 17122) (69)

(o6 MLF )] <2000 Sl e o

Moreover it follows from (67) that

148l S M a0V o £ 7 (1Pl + 1]z

the last inequality using Lemma 4.12. Combining these inequalities, we obtain the desired
estimate (69).
Step 4) Now we are ready to prove

a% £][72 < |

Pt + 1712, ()
which will follows if we can show that

Re (i(v- &)f. a5 f)pel S ellajef |7+ C- (

Picfle +1717) ()
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and

laff|” < Re (afff. @t f)pa +ella | + Ce (

due to the relation

PefP+0fF), ()

Re (Prf, ff),, =Re(i(v-&)f. @ f)s +Re(aff, aif)pe.

To prove (71), we compute

%([U.S’ &w]f’ f>L2

7

Re (i(v-&)f, agf)2| = 5([”'57 ag] s f)L2
< Mv.g, VAN f)L2‘+‘([U‘£a Apel S, f>L2

with A1, A defined in (65) and (66). Combining the above inequalities and the conclu-
sion in the previous two steps, we have

[Re (i(v- €)f, @5f)gel S ellai (7 +ellw- |72 +C (|

Prcflly + 1£17:)
This along with the relation
I 112 S 1Pl + i 7

implies the desired estimate (71).
We now prove (72). In view of (79) we may write

(CNLKﬁaK)w = (&KCZK)w +7“w, (73)

where
1
r(y) = / / / e*2i0<Y*YhY*Y2>/9%a(ayl,aYZ)a(maK(yg)dyldme/(we)ﬁ.
0 7

Note that (33) also holds with a replaced by ax or ax. Then by view of [12, Proposition
1.1], we can verify that

res <a?;(/2 ()72 F) ,

and thus we may use Lemma 4.2 to rewrite " as

v = e 2a (a) ™ e (o) T ()] e (o) (),

/

eB(L?)
This gives
0°F, Dzl 5 ellaie 7 +=7 (i) @ £
< ellageslls + 7 (I12a sl + 11717
the last inequality following from (50). Taking into account (73), one has

Re ((axar)” f, )2 SRe(agf, axf);2 —i—aHa}"(inQ +e72 (

Pt + 1£1172) -
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which along with (48) yields

H ( %2 %2) fHLz S Re(agf, axf)pe +’5HaKfHL2 +e <

Moreover note that

+111%) -

o 12 < Il (arai®) " £11

due to the conclusion (iii) in Lemma 4.2. Then the desired estimate (72) follows from the
above inequalities, completing the proof of Lemma 4.13. a

Combining the conclusions in Lemma 4.12 and Lemma 4.13, we obtain Proposition
4.11. Thus Theorem 1.1 follows due to Proposition 4.1. Now it remains to do the

Proof of Theorem 1.2. Let 7 be the dual variable of ¢ and let P, be the operator
defines as follows

P.=ir+iw-£—L=i(r+v-& +a"+K.
Just proceeding as in the proof of Lemma 4.12 and Lemma 4.13, we have the maximal
hypoelliptic estimate

0 _2s
@ fll e+ 1 (7 v €) Fll o+ [l F [ o + | o) 705 ] 75 +[171lz-
4
(74)
Now it remains to prove
y=2s _2s
| (0372 (r) oo + {171l
To do so, we compute
W) I [T S ()T | v €T 4 ()T o g|TEE
S ()T |- €T+ (0) T g
y—2s 0 _2s
S VT €]+ (o) g
where the last inequality follows from the Young’s inequality:
y—2s 14+2s
7=2s 25 <<U> 1+25) 2s (1+2s)/(2s)
142s . 142s 1+25 .
(0) 1720 |7 o €T < S e e (\T+v | )

As a result we have,

| @)% 7|55 £l S | tv-8) fll e+ || )72 F|| + || )75 €755 £,
S + 11412

where the last inequality follows from (74). The proof of Theorem 1.2 is complete. O

5 Appendix

In this section we briefly review some tools used through the proofs. The first section
is devoted to the links between some integral concerning the Boltzmann kernel. In the
second one recall some basic facts about the Weyl-Hormander quantization, and in the
last one we recall some ideas and results about the Wick quantization.
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5.1 Integral representations

Throughout parts 2 and 3 of this paper, we change any time needed of integral represen-
tation for the singular Boltzmann kernel.

A basic formula

The first tool we use is the following Fubini-type formula, derived by rather explicit com-
putation:

Consider a measurable function 0 < F(a, h) of variables h and a € R3. For any h € R3,
we denote by Ey the (hyper-)vector plane orthogonal to h. Then

/R% dh [Eo’h daf(a,h) = /Rg da /EO’Q dh%f{a, h). (75)

Carleman representation

The second formula is the so-called w-representation. It says that we have the following
(almost) equalities when all sides are well-defined :

// dv.dob(cosd)|v — v |V F (v, v*, 0", v))

1
:4/ dh/ do—————b(cosd)®(|h))F(v,v +a — h,v — h,v + «
[an [ o reosne () P )

/ dh/ dall L b of” — |n” la+h|"F(v,v+a—h,v—h,v+«a)
e, 00 ot LA\ o+ AP | A
h 0,h

These formulae are consequences of the following properties (see picture 2):

1. We make the change of variables (vi,0) — (o, h) with o' =v —h, v, = v+ a — h,
vl =v+a.
2. Since we restricted by symmetrization to the case o-(v—wv,) > 0 (which is equivalent

to cosf) > 0), this implies |a| > |h|. Note also that h | o« and therefore |o + h|?> =
oo = BJ* = |af* + R,

o2 —|n|?
lat+h[?

2[a] |h|
lat+h[?

and sin§ =

3. By immediate trigonometric properties we have cos =

From the singular behavior of the singular kernel we deduce

s e py—2-2s _ o la B ATt B2
0 < b(cos) ~ KO ~ K(sin )" ~ K|a|2+2s|h|2+28 = s

since |a|? < |a + h|? < 2|af?, and where &~ means that the ratio is bounded from below
and above by universal constants. At the end we get

// dv,dob(cosd)®(jv — v.|)F(v,v*, v, v))

dh | dab(a, )1 lot AP —hov—h 76
R3 = « Oé || >R ’h‘3+28 (’U,U + « , U , U —{—Oé) ( )
0,h
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Figure 2: ¢ and Carleman representations

where b(a, h) is bounded from below and above by positive constants, and b(a, h) =

b(+a,+h). Figure 2 shows the preceding relations between all vectors and angles.

The cancellation lemma

We give here an other formula, in a slightly different version than the original one presented
n [11]. We consider a function G(|v — vy, |v — v'|). Then for smooth f, we have

<// dvidoG(Jv — vy, [v — v'|)b(cos 0) (fi — f*)> = S *y, f(v),

where for all z € R3, S has the following expression

w/2
S(z) :27?/ df sin 6b(cos 0) <G< |Z|€, |Z|€ sin €> cos ™3 Q — G(]z], |z| sin g))
0

CoS 5 COS 5 2 2

This applies in particular to functions of type

G(Jv — v, |v — V'], cos 0) = b(cos ) |v — vi|[T(v — V).

5.2 Weyl-Hormander calculus

We recall here some notations and basic facts of symbolic calculus, and refer to [23, Chapter
18] for detailed discussion on the pseudo-differential calculus.

From now on we pose I' = |dv|* + |dn|?, and let M be an admissible weight function.
Considering symbols ¢(&,v,n) as a function of (v,n) with parameters £, we say that ¢ €
S (M,T') uniformly with respect to &, if

Va,BeZd, Vv,neR?’, 6385(1(5,1},77) < Cqo M,

with Cy g a constant depending only on a and 3, but independent of §. For simplicity of
notations, in the sequel discussion we omit the parameters in symbols, and by ¢ € S(M,T")
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we always mean that ¢ satisfies the above inequality uniformly with respect to £&. The space
S(M,T') endowed with the seminorms

Hqu;S(m,F) - 0§|g\13|}/§|§k(val)lgﬂ§6

M(v,m)~ 950 a(v,)|.

becomes a Frchet space. Denote by Op (S(M,T')) the class of pseudo-differential operators
q“ with ¢ € S(M,T). Here ¢* stands for the Weyl quantization of symbol ¢, defined by

w 1 i(v—2)- vz
o) = s [ ¢! >"q< ! ,n)u<z>dzdn.

An elementary property to be used frequently is the L? continuity theorem in the class
S (1, g), which says that there exists a constant C' and a positive integer N, depending
only the dimension, such that

Vue L’ [lqul] 1 < Cllallyseryllul 2 (77)

We just recall here the composition formula of Weyl quantization. Given p; € S(M;,T)
we have

PPy = (p1fip2)” (78)

with pifips € S (M1 Ms, T') admitting the expansion

1
A 1
p1ip2 =p1p2+/ // G_ZZO(Y_YI’Y_YQ)/O%U((?YU31/2)pl(Yl)P2(Y2)dY1dYéd9/(W9)6, (79)
0
where ¢ is a symplectic form in R given by
o ((ZaC)a(g,é:)) :C Z—&Z

Given g € S(M,T'), we have the formula of changing quantization (see Proposition 1.1.10
and Lemma 4.1.2 of [25]):
" = (J'?q) (v, D,), (80)

where J1/2 : 8" — S’ is defined by

(Jl/zq)(v.n) =2" // e 4 Cq(v 4+ 2,m + ¢)dzdC. (81)

5.3 Wick quantization

Finally let’s recall some basic properties of the Wick quantization, and refer the reader to
the works of Lerner [27, 26, 25] for thorough and extensive presentations of this quanti-
zation and some of its applications. Let Y = (v,71) be a point in R®. The wave-packets
transform of a function u € S (R}) is defined by

WU(Y) = (U, SDY)LQ(]R?’) — 23/4 u(z)e—ﬂ|2—v|262i7r(z—1)/2).77 dZ,

with
QDY(Z) _ 23/46—7r\z—v\262i7r(z—v/2)-77, = R3.
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Then W is an isometric mapping from L?(R?) to L?(R%) with adjoint W*. We define the
Wick quantization of any L symbol ¢ as

The main property of the Wick quantization is the positivity, i.e.,

q(v,n) >0 for all (v,n) € RS implies ¢"Vik > 0.
According to Proposition 2.4.3 in [25], the Wick and Weyl quantizations of a symbol ¢ are
linked by the following identities

gVick — <q " 2367%\.‘2)10 — g (82)

with L
r(Y) = / / (1—0)q"(Y +62)2%12"2% azd6.
0 JRS

We also recall the following composition formula obtained in the proof of Proposition 3.4
in [27]

Wick
1

gWickgWick _ | VLT (83)

1, , 1
q q1G2 q1- 92+ 41.7T{Q1, g}
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with 7' a bounded operator in L?(R?"), when ¢; € L>®(R?") and ¢ is a smooth symbol
whose derivatives of order > 2 are bounded on R®. The notation {qi,q2} denotes the
Poisson bracket defined by

{o, = 5 -5 = . (84)
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