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Lucie Baudouin* Eduardo Cerpal
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Abstract

This paper concerns the inverse problem of retrieving the principal coefficient in a
Korteweg-de Vries (KdV) equation from boundary measurements of a single solution.
The Lipschitz stability of this inverse problem is obtained using a new global Carleman
estimate for the linearized KdV equation. The proof is based on the Bukhgeim-Klibanov
method.
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1 Introduction

The Korteweg-de Vries (KdV) equation

Yi(t, ) + Yowa (t, ) + y2(t, ) + y(t, x)y.(t,z) =0,

is a nonlinear dispersive equation that serves as a mathematical model to study the
propagation of long water waves in channels of relatively shallow depth and flat bottom
[33]. In this model, the function y = y(t,z) represents the surface elevation of the
water wave at time ¢t and at position x. Since the works by Johnson [32] and Grimshaw
[24] (see also the recent survey [25]), the study of water waves moving over variable
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topography has been considered. If we denote h = h(z) the function describing the
variations in depth of the channel, then the proposed model becomes (after scaling)

ye(t, ) + b2 (2)yeex (t, ) + (Vh(2)y(t, x))s + y(t, x)yz(t,x) = 0. (1)

1
h(z)
In a recent paper, Israwi [31] proposes a correction to this model by saying that the main
coefficient is not h?(z)yzzz(t, ) but hg(x)yzm(t,x). Thus, we are leaded to consider
variable coefficients KdV equations to model the water wave propagation in non-flat
channels.

The original inverse problem which motivated this paper can be stated in a informal
way as

“to recover information on the topography of a channel (denoted by h) by
means of boundary measurements of a water wave (given by y)”.

This kind of coefficient inverse problem is by now classical and referred to as the deter-
mination of coefficients in evolution partial differential equations (pde’s) by means of
the partial knowledge of a single solution.

Many other inverse problems on KdV equations could be studied with possible ap-
plications. For example the pulsatile blood flow in an arterial compartment can be
modelized by KdV equation, see [20] for details. It leads to several open inverse prob-
lems, as the determination of the flow at the input of the arteria with only one measure
at the output, or the determination of physical coefficients like stiffness of arterias.
Those open inverse problems are very relevant for cardiovascular medicine.

Since the pioneer works by Bukhgeim, Klibanov and Malinsky [13] [35], there have
been a number of papers devoted to the proof of uniqueness and stability for inverse
problems concerning the determination of source or coefficients in pde’s by means of
the localized knowledge of a single solution.

The problem of recovering sources has been first addressed for hyperbolic equations
in [39 40] and for parabolic equations in [27]. The determination of coefficients has
also drawn the attention of many authors. Among the most classical results for the
wave equation, we can mention the determination of a potential from boundary [45] or
internal [28] measurements and the determination of the main coefficient from boundary
[7, [36] or internal [29] observation. Regarding the problem of recovering coefficients in
parabolic equations, we send the interested reader to the survey [44] by Yamamoto and
the references therein.

Concerning dispersive equations, a stability result was obtained in [5] for the prob-
lem of recovering the potential in a Schrédinger equation. That paper motivated several
further works as [14], 37], where appropriate Carleman estimates were proven in differ-
ent contexts. To the best of our knowledge, there are no previous works concerning
coefficient inverse problems for KdV equations.

Most of the references given above are inspired by what is often called the Bukhgeim-
Klibanov method (see the recent book [6] or the survey [34]), which was meant to prove
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global uniqueness results for single-measurement coefficients inverse problems. Roughly
speaking, it consists in two steps. The first step comprises the time differentiation of the
governing pde, getting an auxiliary system, in which the unknown coefficient appears
now in the initial condition. The second step relies on the application of a Carleman
estimate whose parameters and weight are crucial to drive to the conclusion. An idea of
Imanuvilov and Yamamoto, presented for the first time in [27] (for parabolic equation)
and then often used (for other pde’s), allows to use the appropriate global Carleman
inequality to estimate the unknown coefficient in terms of internal or boundary mea-
surements of the solution. The main drawback of this method, that is not lifted yet
is the hypothesis that at least one initial condition, (or some of its derivatives) never
vanishes in the domain.

This article is a first step in order to address the problem of recovering the topog-
raphy of the channel by means of boundary measurements of the water wave. Indeed,
we will deal with a KdV equation posed on a bounded interval [0, L] with an unknown
third-order coefficient:

Yy + a(x)yxxx + Yr + Yy =0, V(JZ, t) € (07 L) X (07 T),
y(0>t) = y(Lvt) = yz(Lat) =0, Vi€ (OaT)a (2)
y(x,0) = yo(x), Vo € (0, L),

where the initial data yo is known. The unknown coefficient a = a(z) is assumed to
be time independent. The case where we have several unknown coefficients (as in the
equation ) is very hard to deal with. There are few results in this direction and
they ask many conditions on the coefficients. See for instance [I5] where a Schrodigner
equation is considered on an unbounded strip.

Up to our knowledge, this paper solves the first coefficient inverse problem for the
KdV equation. As mentioned before, the Bukhgeim-Klibanov method requires a Car-
leman estimate for the equation. This type of inequalities has already been proven for
the KdV equation on a bounded interval in the framework of control problems. The
control of this equation from the left Dirichlet boundary condition have been studied in
[43] and [23|, where the authors get the null-controllability of this equation by proving
one-parameter Carleman estimates. Unlike those papers, here we will prove a two-
parameter estimate in order to be able to deal with a space dependent main coefficient.

The inverse problem we are interested in can be stated as follows.

Inverse problem: Retrieve the principal coefficient a = a(x) of equation from
the measurement of y,(0,t), yz»(0,t) and y.(L,t) on (0,7T), where y is the solution of

equation .

A partial and local answer for this nonlinear inverse problem will be proved in this
paper. To be more specific, let us denote by y and 4 the solutions of Equation cor-
responding to coefficients a and a respectively (we shall also use the notation ylal, y[a]).



Stability: Estimate ||a@ — al[z2(o,z) by suitable norms of the measurements ||7.(0,t) —
yﬂﬁ(ov t)”’ ngx(o’ t) o ymc(ov t)” and ngx(La t) - yxz(Lv t)”

The next theorem is the main result of this article and gives the stability result for
the inverse problem under consideration.

Theorem 1 Let rg, ag, a and K be given positive constants. Assume that the initial
data yo € {w € H(0,L); w(0) = w(L) = w'(L) = 0} satisfies for every z € [0, L]

Yo (x) = yo (L — x) (3)
and
lyo' (2)] = 70 > 0. (4)

Define the set
Y(ap, o) = {a € W6’°°(0,L)/Vx € [0, L], a(z) > ap > 0,a(z) = a(L — x),

and allwosor) < a}. (5)

Then, there ezists a constant C = C(L,T,ro,ap, o, K) > 0 such that

Clla = allr2(0,) < l|y2(0,8) = G (0, )| 10,1y + Y2 (0, ) — e (0, 1) || 511 0,1
+ |Yaa (L, t) — ?ij(th)”Hl(O,T) (6)

for every a,a in X(ag, ) such that the corresponding solutions of Equation satisfy

maX{H?JHWLOO(O,T;W&OO(O,L))7 HgHWLOO(O,T;W?’aOO(O,L))} < K.

Remark 1 In the Appendiz, we will sketch the proof of the fact that the required hy-
potheses on a € W%>(0,L) and yo € {w € H'(0,L); w(0) = w(L) = w'(L) =0} are
enough to guarantee that the solution of lies in W12°(0,T; W3°°(0, L)) (see Propo-
sition @) Thus, the set of trajectories where Theorem || is valid is not empty. We
mention that hypothesis yo € H'(0, L) is not sharp, see Remark;@ in the Appendix.

Remark 2 The symmetry hypothesis on the initial data and the main coefficient are
technical points coming from our proof. More precisely, they allow us to extend the
solution of KdV equation to megative times, in order to apply the Bukhgeim-Klibanov
method.

Remark 3 Concerning the question of the minimal number of boundary measurement
required in Theorem one could expect to get estimate @ with either one measurement
at x = L or two measurements at x = 0, but not with just one measurement at r = 0.
This is based on the fact that Carleman estimates imply some observability inequalities,
which do not hold for the linear KdV equation with only one observation at x = 0. This
lack of observability holds for some critical lengths L, as one can read in [§2, 19,16, 17).
On the other hand, we need in this paper three measurements because of the symmetry
assumptions and the extension to negative times used.
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Other related papers on this type of inverse problem for pde’s can be listed: [11 26]
(one dimensional fourth order parabolic equation), [10, 4 3] (discontinuous coefficients),
[2] (network of one dimensional waves) [0, 8] (logarithmic stability estimates), [21]
(parabolic system), [41] (unknown coefficient in the nonlinearity), [46] 15, 2I] (two un-
known coefficients). We also mention some important books which can be the starting
point to study inverse problems [30], Carleman estimates [22], and control theory for
partial differential equations [18].

Outline: In section [2| a two-parameters global Carleman estimate for the linearized
KdV equation with non-constant main coefficient is obtained. It is then used in section
[} following the Bukhgeim-Klibanov method, to prove the desired stability result. As
mentioned before, the Appendix [A]is concerned with the Cauchy problem.

2 Carleman estimate

In this section, a global Carleman inequality will be proven for the linearized KdV
equation on the domain denoted here by @ := (0,L) x (=T,T'). As mentioned in the
introduction, there are in the literature some Carleman estimates for the KdV equation
with constant main coefficient posed on a bounded interval [43, 23]. In this work we
deal with non-constant coefficients a = a(x). We prove a two-parameter (s, A) Carle-
man estimate in order to avoid extra hypothesis on the coefficients when solving the
inverse problem.

Let us consider d € L®((=T,T) x (0,L)), b € L®(=T,T; WH*(0,L)) and a €
W3°°(0, L), with a(z) > ag for every = € [0, L], and lallws.c(,) < a, where ag, a > 0.
We define the operator

P =0, + a(w)pes + bz, )0y + d(z, 1) (7)
and the space
V= {U € L3(=T,T; H* N HL(0,L)) / Pv € L*((0,L) x (-T, T))}. 8)

Consider 3 € C3([0, L]) such that for some r > 0 we have

0<r<p(z) and O0<r<p(z), Vze(0,L). (9)
We define, for each A > 0, the functions
2AMBllee _ AB(z) eMB()
S e s i R Gl oy i (10)

for (x,t) € [0,L] x (=T, T). Let us notice that there exists a constant C' = C(T) such
that

0< % <O(x.t) and  |6(x.0)| < COw.t), Y(mt) €[0,L] x (<T,T). (1)

We will prove the following Carleman estimate.



Theorem 2 Let ¢ and 0 be defined by , and let P be the linearized KdV operator
defined in (7). There exist so > 0, A\g > 0 and a constant C(L, T, sg, N, @, ag,7) > 0
such that for every s > so and A > Ag,

T L
/ / e~ 250 (s° X007 |ul? + s X103 ug|® + sA?0|ugs|?) dudt
-1J0

T L T
<C / / e~ 29| Pu)?dxdt + Cs® A3 / e~ 2N G3 (L, 1) ug (L, t)|?dt
-7 Jo =T

T
+ C's\ / e B ENG(L, 1) | uge (L, t)|?dt (12)
=T

for all u € V defined by .

Remark 4 When looking for a one-parameter Carleman estimate (as in [23, [45] where

o= %}, some hypothesis on the second derivative of the function 3 have to be

imposed. The use of the second parameter \ allows to omit them.

Proof: Let s > 0 and define Wy = {e*%u /u € V}. For u € V, we set w = e~*%u and
we define the operator Py from Wy to L?((0, L) x (=T, T)) by

Pyw = e *?P(e*w).
After straightforward computations, we write
Pyw = Piw + Pow + Rw

where, for a constant m > 0 to be chosen later,

Pw = w+ 3a32d>:25wx + AWapy + 3ams® Py dupw, (13)
Pw = as3¢iw + 308G, Wesr + 35wy (ady)z, (14)
and
Rw = bso,w + bw, + asopz.w + 3as2¢z¢mw + dw
+504w — 3830wy — 3aMS> pPgr. (15)
Therefore,
[ Pyw — RwH%Q(Q) = Hle”%Q(Q) + 2 (Piw, Pyw) + HPZWH%Q(Q) (16)

where (-, -) is the L?(Q) scalar product.

Step 1. Explicit calculations

Notice that w(0,t) = w(L,t) = 0 for all t € (=7,7T) and w(z,+T) = 0 for all z €
(0,L). This is due to the fact that w = e *%u, with v € L*(—T,T; H}(0, L)) and
tl—ing o(z,t) = +o00.



By developing (Pyw, Pyw), we get

(Prw, Pow) = I ;

where I; ; is the L?(Q) scalar product of the i-th term in with the j-th term in
. By integrations by parts, we obtain:

3
o I = —?’;// a2 ut|w|*dadt = %s?’x” // aB20%0|w|*dxdt ;
Q Q

o [15=-3s // (ady)rwywpdxdt + % // a¢$t\w$l2dxdt
Q 5 Q
= —3s // (a¢y)pwpwpdxrdt — —sA // aﬁx9t|wz|2d$dt :
Q 2 Q

o [13=3s // (ady)zwpwpdxdt ;
Q

3s° 2,5 2
o [h1=—— (a“P2)z|w|*dzdt
b 2 Q
3 15
=" > // (a*B2):0°|w|?dxdt + —s°\° // a?B56° |w|*ddt ;
2 Q 2 Q
3 3 T =1L
. [22__95// (a2¢§)m\w$2daﬁdt+98/ a23fw, | at
’ 2 Q 2 0 =0
9 27
= —s3\3 // (a262) 03| wy|?dedt + ——s3X\1 // a? B3 |w, |2 dadt
2 Q 2 Q .,
r=L
—983/\3/ a? 3363w, |* dt ;
2 0 =0
o I3 =295 // a2 (agy)p|wy|?drdt
Q
= —9s53\3 / / aB2(afy) 0wy |*dxdt — 953\ / / a? 3203 |\w, |2 dxdt ;
Q

3 33 T
® [31=— // ¢3 |wx| dxdt — // (a2¢i)xm‘w|2dxdt B 2/ a2¢i
Q 0
=S | / (@ 1ot Pt~ 558 [ [ a2520% s P
2 0 2 Q

3)\3 SAS T =1
+"”2// (a25593)m\w|2da:dt+32/ Q320w |t
0 =

=L
. / @) |waa Pt + 2 / Poulun?|

SA// (a2B2) 20| wes | dxdt + sA2// 2ﬂ29|wm| dzdt

2 o|2=L
N / 02 Bublwa 2|t
2 0 =0




o [33=—3s // (aby)e|Wee|*dzdt + // (ad2) ez we|*drdt

3s z=L

5 [ atatmtarabon?| 35 [ atateuvaned

= 35\ / / a(afBy) 0| wee Pdadt 4+ 35)\? / / a? B20|wy, |*dadt
Q Q
3 T o |o=L 3 )
+250 [ (a(aBub)y), [wal ] dt — 25\ [ [ (a(aBub)s),, lwe|2dwdt
2 0 =0 2 Q

z=L

T
—33)\/ a(af340) Wy Wy Odt;
0

xr=

o Iy =3ms® // a2 G e |w|?ddt
Q
= —3ms°\? // a? B2 B0 |w|>dadt — 3ms® A8 // a? 3865 |\w|*dxdt ;
Q Q
3 2.2 2 9Ims’ 2,2 2
i I4,2 = —9ms a begb:mc‘wx’ dxdi + 2 (a ¢x¢mx)zx’w| dzxdt
Q Q
= 9ms3\3 // a? B2 00 |we | Pdadt + 9ms3 N // a? B20° |w, [P dxdt
Q Q
f%ms?u?’ // (a2ﬁgﬂm€3)m|w|2dxdt—97m53)\4 // (a®B26°) Jw|?dwdt ;
Q Q

9ms3

° Iy3=—

/ /Q (abs 0 (ad2)s), [ drdt
— 977”5%3 //Q (0B Bzt (aB:0)c), |w[2dxdt+ s3\ // (aB36%(aB:0)c) , lw|*dadt.
Therefore,
(Piw, Pow) = <—3m> §°\0 // a?B80° |w|*dxdt (17)
+ 9ms3\? //Q a2 3203w, | dmdt+§s>\2 //Q a?B20\wye |*dxdt + B + X
where X, and B satisfy the following. The term X; gathers the non-dominating terms

and satisfies that there exists a positive constant C' = C(L, T, «,r) independent of s
and A, (which may change from line to line) such that, using , we get

| X1 §0(53)\6+55>\5)// 0| w|? dzdt + C(sA* + s°\3) // 0%|w,|* dzdt.  (18)
Q Q

The term B gathers the boundary terms. We split them as follows
B:=B"+ B +B* (19)

with the notations
T 3 T
Bt = 4533 / (&5393)‘ (0, 1) 2dt + 2 s\ / (a%e)‘ |y (0, 1)[2dt,
-T z=0 2 -7 =0
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T T
B~ = —4s°)} / (a28260%) | Jwa(L,t)Pdt - on / (a23:6) | _ fwar(L, DI dt,
-T =L 2 -T =L

3 T
el 0Pt = 3o [ (a(asio).)

3 T
B =+ 2o /_ (a(ape0))e

D|wgﬁ(0, t)2dt

T T
—38)\/ a(af.0)s sz(L,t)wm(L,t)dt—}-%)\/ a(afz0)g wa(O,t)wm(O,t)dt.
Step 2. Dominating terms
By choosing, and fixing, m such that
5
0<m< -, (20)

2
we obtain that there exists a constant C' = C(L, T, ag,r) > 0 such that:

1
(25 —3m> §°\0 // a?B80° |\w|* dxdt Cs°\ // 0% |w|*dzxdt;
Q Q

Ims3 At / / a? B3 |w, |2 dadt Cs3\ / / 603 |w, |2 dadt;
Q Q

9
—s\? // a?B20\weg Pdzdt > Cs\? // O|we, |2dadt.
2 Q Q

We introduce the notation given by

Hw”iw = 59\° // 0°|w|?dxdt + s\ // 03w, [2dzdt + s\? // O|wy, |2dadt.
Q Q Q

From ([18) we obtain that

Y

v

1 1
|IXi| < C <$2 + A) [|w g,,\,e-

Therefore, choosing s and A large enough, from we get some C' > 0 depending
only on L, T, a,ag, T, so and Ay and is such that, for all s > sg, A > Ag,

Cllwliap < (Prw, Pyw) — B. (21)

Step 3. Boundary terms
From and , considering that BT and —B~ are non-negative, we write

Cllw|? 9+ BT < (Piw, Pyw) — B~ — B*. (22)

Now, we shall deal with the boundary terms in B*, that has no sign. We will bound | B*|
by above. For the four integrals one by one, using and Cauchy-Schwarz inequality,
this gives:

T T
5 [ (@(aset))]_ua(mPar| < 058 [ wpnemfu (P

9



T
|wz<o>\2dt\ < CsX? / a2 (0)32(0)6(0) [ (0) [t,

3 T
‘25A | (atasio))]

-T
T
3sA /T a(af.0)g szx(L)ww(L)dt‘
T T
<0 [ LB LPd+ ON [ P LIBLL) ose(L)
-T =T
and
T
35 /_ alaB.0), x:me(O)wm(O)dt‘

T T
< 082/\3/ a*(0)5;(0)6(0)|ws (0)[*dt + CA /_T a*(0)532(0)0(0) [waq (0)*dt.

From these last four inequalities we get that

|B*| < Cpt + Q|B—y.
S S

Therefore, taking sg large enough, inequality becomes, for all s > s,
lwll2rp + BT < C(Prw, Pyw) + C|B~|. (23)

Step 4. Carleman estimate for w.
Since B* > 0, inequality yields

T
||w||§7/\,9 < C(Piw, Pyw) + 053)\3/ a*(L)32(L)03 (L, t)|wy (L, t)|2dt
-T

+ CsA /T a*(L)Bs(L)0(L,t) | waw (L, t)|*dt.  (24)

-T
Moreover, from we have
[Pyw — RwlZ2g) < 201Pywl72g) + 201 RwlZ2)

< 2”P¢w”%2(Q)+054)\6 //6202]w\2dxdt+032)\2/69\w$\2 dzxdt.

Therefore, choosing again sy and Ag large enough, we have proved the following.

Proposition 1 There exist so, Ao > 0 and a constant C = C(L, T, s, N, @, ag,7) > 0
such that for all s > sg, for all A > Ao,

55A6/ / 05 w2 dmdt+s3)\4/ / 68w, 2 dmdt+s>\2/ / Oluwpe [2dudt
/ / |P1w\2dxdt+/ / | Pyw|?dadt < C/ / | Pyw|*dxdt

+Cs3)\3/ 63 (L, 1) wa (L, 1)| dt+Cs)\/ O(L, 1) [wan (L, )2t (25)
-T T

for all w € Wy :={e™%%v : v € V}.
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Step 5. Back to the variable u

The Carleman estimate stated in Theorem [2] will now be deduced from Proposition [I}
It is only a matter of going back to the variable u € V. Recall that u = e*®w and
u(0,t) = u(L,t) =0 for all t € (=T, T). One easily checks that there exists a positive
constant C' = C(L, T, sg, \o, @, ag,r) such that for all z € (0,L) and t € (—=T,T),

e 2 ? < 2w + CsPA%0%|w|?, and
e BNuge? = 20wes|* + CPN20?|w,|* + CsN0?|w)?.
Hence the left hand side of is estimated by the left hand side of .

Moreover, we have Pyw = e *?Pu, and concerning the boundary terms, using
u(0,t) = u(L,t) =0 for all t € (=T, T) we obtain that in {0, L} x (=T,T),

Ce %9|u,|?, and
Ce™29 (Juzs|* + 52)\2¢92|uxl2) .

‘wx’2 <
’wmc’2 <

Therefore, for sy and Ag large enough, Theorem [2| directly follows from Proposition

3 Inverse Problem

This section is devoted to the proof of the Lipschitz stability result stated in Theo-
rem [1| about the inverse problem of retreiving the main coefficient a in Equation ({2)
from boundary measurements of the solution. We recall here that we will use the
Bukhgeim-Klibanov method. In the sake of clarity, we divide the proof in several steps.

Step 1. Local solution of the inverse problem
We consider two coefficients a,a and the corresponding solutions of , y and g, and
we define

u(z,t) = y(x,t) —g(x,t), and o(x):=a(x)—a(x).

The function u satisfies

up + a(2)ugre + (1 + §)uz + Yot = 0Ygae, V(x,t) € (0,L) x (0,T),
uw(0,t) =0, u(L,t)=0, wugy(L,t)=0 Vte(0,T), (26)
u(z,0) =0, Vo e (0,L).

We consider now z(z,t) := us(z,t), which satisfies the system

2zt +a(®)zger + (1 +9)2e + Yoz = f, V(z,t) € (0,L) x (0,T),

2(0,t) =0, =2(L,t)=0, z,(L,t)=0 Vte(0,T), (27)
2(2,0) = o (@)l (2), vr e (0, L)

where f = 0(2)Yrazat — Yzttt — Jrtz. One should notice that we have now o, that we
seek to estimate, appearing not only in the source term of the equation, but also into
the initial condition.

Step 2. Extension to negative time

In order to estimate o through z(x,0) using the Carleman estimate of the previous
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section, we shall extend the partial differential equations in 4 and in z to
negative times. In order to extend these linearized KdV equations to the interval
(=T,T), we define the symmetric extension of any function g defined on [0, L] x [0, T
by
oo t) = {g(m,t) %f x €[0,L], t€[0,T], (28)
g(L—z,—t) ifxel0,L], te[-T,0).

One should notice that this extension satisfies f g = E We also define the following
anti-symmetric extension to [0, L] x [T, T of any function g defined on [0, L] x [0, T]
by
B g(x,t ifxe|0,L], te|0,T],
g(x,w:{( ’ O te 0] (20)

—g(L — x,—t) if x €[0,L], t €[-T,0).

Therefore, we first assume that the initial data zo(z) = z(z,0) of equation ({27))
satisfies
20(z) = 20(L — x) Vz € [0, L], (30)

meaning that we have to assume this for a, @ and yj’, as we did in assumptions

and ([B]). We define the extension of y (resp. §) solution of equation (2) by § (resp. y).
Now we can define v := 2 on [0, L] x [T, T], which satisfies the equation given by

vt 4 a(x)Vaze + (1 + 9z + v = f, Yz € (0,L), t € (=T, T),

v(0,t) =0, w(L,t)=0, vVt e (-T,7),

vz (L, t) =0, vt e (0,7), (31)
vz (L, t) = —25(0, —1), vVt € (-T,0),

v(z,0) = o(x)yy (z), Vx € (0,L).

The partial differential operator of this equation is eligible for the Carleman esti-
mate of Theorem according to (7)) with b = 1 + ¢ and d = ¢, provided that
be L°(=T,T;Wh*(0, L)) and d € L®((=T,T) x (0, L)). This regularity is fulfilled
thanks to the hypothesis on the regularity of g, a and @, which ensures the correspond-
ing solutions y and ¢ to be regular enough. See Proposition [3]in the Appendix.

Step 3. First use of the Carleman estimate

Following the definitions stated in the proof of Theorem [l we set w = e~*?v and since
we have w(0,t) = w(L,t) = 0 and w(z, £T") = 0 (because of the weight function ¢), we
can either compute or estimate the following integral

0 L
I ::/ / w Prw dxdt
-TJo

0 L
:/ / w(wy + 3a82¢§wz + aWgpr + 3as2¢m¢mw) dxdt
-1 Jo
where P; has been defined in and m = 1 chosen according to ([20)).

First of all, making integrations by parts, it is not difficult to see that

1 [ )
I=— |w(x,0)|*dx + R,
2 Jo

12



where

0 L
R :/ / (3as2¢§wxw + aWgppw + 3as2gbxgbm|w|2) dxdt
T JO0

3 0 L 0 /L 0 L
:—82)\2/ / (aﬂﬁ@z)xlw|2d:cdt—/ / AWz Wy da:dt—i—/ / az|we|? dadt
2 ~1Jo ~rJo ~17Jo

1 [0 L 0 L
~5 / / amm|w\2 dxdt + 3ms>\? / / aBy Bz + /\ﬂg)QQIw\Z dxdt
-1 Jo -1 Jo

Using a € X(ag,), 3 € C3([0, L]), the property of § and Cauchy-Schwartz in-
equality, one obtains

T L
IR| < c/ / (2363w + |wa|? + [wael?) dudt
T JO

for the same generic constant C' > 0 as in the previous section.

Hence, estimating the quantity s21 by Carleman inequality , and choosing sg large
enough to absorb the terms of R by the dominant ones of the left hand side of , we
prove

5 L ) 5 T L ) T L ) 5
52 |w(z,0)]“de < 2s |w|* dzdt + 2 |Pyw|* dzdt 4+ 252 | R|
0 -TJ0 -TJ0

T L T
< c/ / 628¢]f(m,t)]2dxdt+033/\3/ 63(L, ) wo (L, )2 dt
T JO -T

T
—i—Cs)\/ O(L, 1) wan (L, )2 dt.
-7

On the one hand, since we assume that |y{'(x)| > ro > 0, we have

L L L
/ \w(w,0)|2da¢ = sg/ efzs‘zﬁ(o)la(x)y(’]”(x)ﬁdw > sgrg/ 6728¢(0)‘0($)|2d$.
0 0 0

ol

S

Therefore, by these two last estimates, fixing A > Ag, we get

. L T L 3
52/ e~ 2@ 0) 5 () Pdr < C'/ / e 25| f(x,t)|? dedt
0 -7J0

T T
+Cs3/ 93(L,t)]wx(L,t)]2dt+Cs/ O(L, )| wee (L, t)|? dt
T

and using the definition of f from (29), and the fact that # and ¢ are even in time,
w = e %%y = e7*?% with definition (28, and the boundary properties of z in , we
obtain

L T rL
S% / 6_2S¢(z’0)|0'($)|2d33 < C/ / (6—2s¢(m,t) + 6—2$¢(L—z,t)) |f($,t)|2 dxdt
0 0 0
T
+ o5 / 259D g3 ([, 1) [2,(0, )2 dt
0

T T
+Cs / 29D Y(L, 1)) 200(0, )2 dt + C's / 29 Y(L, 1)\ 20n (L, 2 dE. (33)
0 0
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On the other hand, since ¢(x,t) > ¢(z,0) for all (z,t) € (0, L) x (=T, T), and §, Yar
and fpze¢ belong to L°((0, L) x (0,T)) (recall that yo € {w € H'(0,L); w(0) = w(L) =
w'(L) = 0} and a,a € X(ag, ), which implies that y, 7 € W1°(0,T; W3(0, L))), we
can write

T L T L
/ / 6728¢(17t)‘f(x7 t)‘Z drdt = / / 672S¢($7t) ’O'(x)gmx:ct — YxtU — gtuz|2 dxdt
0 0 0 0
L T L
<c / 2590 (1) 2 dp + O / / 2590 (uf? + |ug|?) derdt.
0 0 0

and also,

T L T L
| et = [ [ e 00Ol @) g — o~ o] dod
0 0 0 0
L T L
<c / 25020 | ()2 d 4 C / / e 25002 (|2 1 |y |2) dadt
0 0 0
L 0 L
gc/ e2s¢(x’0)\o(aj)|2daz+0/ / e~ 259D (|a)? + |a1y|?) dadt
0 T JO

Thus, we get,

T L
/ / e 20| f(x,t) | dedt
=T JOo

L T L
<c / 25905 ()2 dp + O / / 250w (a2 4 ||?) dedt (34)
0 T JO0

Here, the second term in the right hand side has to be estimated, and this is done
using again a Carleman inequality.

Step 4. Second use of the Carleman estimate

Applying now Carleman estimate to the equation satisfied by « that is the extension
of to negative times, and where the first and zero-th order potentials are b(x,t) =
1+ y(z,t), and d(x,t) = §.(x,t), we obtain

T L
/ / e 25 (|a)? + |i|?) dedt
-TJo

T L T
<C / / e 2|0 e |2 dxdt 4+ C's3 / e~ 29D 3 (L, 1) |t (L, t) |2t
-TJO =T
T
+Cs / 2L (L V|1 (L, ) 2d
-T

L T
<C / e~ 250@0)| () 2 dzdt + C's> / e 2 NG(L, )| ug (0,8))? di
0 0

T T
+Cs / 25D ) (0, )2 dt + ' / 25D (L Y g (L, )2 d.
0 0
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Thus, from , we can write,

T L §
/ / e~259| (3, 1) Pdadt
0 0

L T
<C / e~ 250@0) |5 () [2dxdt + C's> / e 2 NG(L, t)|ug (0,1)]? dt
0 0

T T
+Cs / e 22N (L, 1) |uge (0,8) 2 dt + Cs / e 22 ENG(L, )| uge (L, )| dt - (35)
0 0

and from and , choosing sg large enough, we deduce that

5
2

L T
s / e=259(0)| () 2z < O3 / 20D G(L 1) ([ (0, 1) + |20 (0, 1)[2) dt

0 0

T
L Os / 20D 0(L, 1) (1t (0, ) + | 200(0, 1)) dit
0

T
+Cs / e 200D (| (L, 0] + |zae (L, O)]2) de - (36)
0

Taking into account that z = uy = 9y(y — §) the result of Theorem (1| directly follows

from .

A Cauchy problem

In this appendix, we state the well-posedness results for the KdV equation considered
in the paper. We only give the main ideas in the proofs because the tools are pretty
similar to those applied for the constant coefficient case, which is already standard in
the literature (see [11], [12], [42], [19] and [18]). It is worthwhile to emphasis that these
results allow to get, under smoothness hypothesis on the data, the existence of solutions
for the KdV equation with the regularity required for our approach in order to prove
the stability of the inverse problem.

We consider a main coefficient satisfying
Jdap € R, Vz € [0,L] a(z)> ag > 0. (37)
Let us introduce, for any s > 0 the space
B = C([0,T], H*(0, L)) N L*(0,T; H**1(0, L))

and consider only the principal part of the equation, i.e. we study the problem

Y + a(m)yxac:v = f7 V($, t) € (07 L) X (07 T)’

y(0,t) =0, y(L,t)=0, Vte (0,T), (39)
Yo (L, t) =0, vt € (0,T),

y(0,z) = yo(x), Va € (0, L).
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In order to take into account the coefficient a = a(z) we work in the space X =
L?(0, L) endowed with the inner product

L
(wy,wa) x = /0 a(lx)wl(x)wg(x)dm.
Notice that since a € L*>°(0, L) satisfies , the norm defined by the inner product
(-,-)x is equivalent to the L?-norm.

In the domain D(A) = {w € H*(0,L) /w(0) = w(L) = w'(L) = 0}, we define the
operator A: D(A) C X — X as A(w) = —aw’'. Tt is easy to see that both A and its
adjoint operator A* are dissipative, and therefore, by standard semigroup theory (for
instance a corollary of Lumer-Phillips Theorem, see Chapter 1 in [38]), we get that A
generates a strongly continuous semigroup in L?(0, L).

Thus, if yo € L?(0,L), a € L>(0, L) satisfies and f € LY(0,T,L?(0,L)) then
the linear KdV equation has a unique solution (called mild solution) in the space
C([0,T),L?(0,L)). Applying the multipliers technique, we get a Kato smoothing effect,
which implies y € L2(0,T; H'(0, L)) and thus y € BY. This regularity is indeed obtained
by multiplying formally equation by ﬁy(t,x) and integrating in (0, L) x (0,7).
This proves the following result.

Proposition 2 Lety € L?(0,L), a € L>=(0, L) verifying and f € L*(0,T,L?(0,L)).
Then the linear KdV equation has a unique solution in the space BY. Moreover,
there exist C' > 0 such that

lyllze < C (llyoll 20,y + 121 0,7,0200,L))) -

Depending on the regularity of the data, we can prove the existence of more regular
solutions. Let us consider y solution of . The function u := g satisfies

up + a(T)Ugre = fi, V(z,t) € (0,L) x (0,T),
u(0,t) =0, wu(L,t)=0, vt € (0,7), 39
wn(Lt) = 0, Vi € (0,7), (39)

u(0,2) = f(0,2) — a(x)yogzs, YV € (0,L).

Assuming that f; € LY(0,T;L?(0,L)) and yo € D(A), we have that (f(0,x) —
a(2)Yozzz) € L*(0, L), and then Proposition [2] implies that u = y; € B.

If additionally we ask f € BY, then by equation we have a(z)Ypzz = f—y: € B°,
and if a € W1°(0, L) satisfies (37) we get that the original solution satisfies y € B2.

Analyzing in the same way each one of the equations fulfilled by vy and yu:, we get
the following result.

Proposition 3 Let yo € H(0, L) N D(A), a € W5>(0, L) verifying (37, and f € B
such that f, € B3, fi € B°, and fu; € L*(0,T, L%(0, L)). Then the linear KdV equation
has a unique solution in the space BY. This solution also satisfies y; € BS, vy € B>
and vy € BY.
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Remark 5 The hypothesis a € W%*(0, L) is used to ensure that the initial condition
of the problem solved by v belongs to the space L*(0, L).

In order to prove a similar result for the nonlinear system

Yt + a(2)Ypzs + Yo + yyz =0, V(z,t) € (0,L) x (0,T),

y(0,t) =0, y(L,t)=0, vt € (0,7), (40)
yz(L,t) =0, vt € (0,7),
y(O,m) = yo(CL’), Vr € (O’ L)7

we define the map

M:jeB’—TI(j) =yeB°
where II() = y is the solution of with f replaced by (i, — §7.). For §j € B°, we
have § € L?(0,T; H(0, L)), and therefore 43, € L'(0,T;L*(0,L)). Thus we are able
to use Proposition [2| with the right-hand side f = (—§, — 77.) to define II() = y € B°.
Applying a fixed point argument in small time and global a priori estimates to deal
with the long-time case, we obtain the following

Proposition 4 Let yo € L*(0,L) and a € L>(0, L) verifying (37). Then, the nonlin-
ear KdV equation has a unique solution in the space B°.

We can also prove the nonlinear result in the more regular framework.

Proposition 5 Let yo € H(0,L) N D(A) and a € W5*(0, L) verifying (37). Then,
the nonlinear KdV equation has a unique solution in the space B°.

The proof of Proposition |5 can be done as before (with a fixed point argument and
global a priori estimates) with the same map IT but now defined in the space

Vi={ye Bg/ yr € B®, yyy € B® and yy € B}

instead of B°. Let us notice that the nonlinearity 7, satisfies all the hypothesis required
in Proposition [3 for the right hand side f provided that § € ).

Using some interpolation arguments, we can prove the following result, which gives
us the existence of solutions as we require in order to solve our Inverse Problem in
Theorem [

Theorem 3 Let yo € H'(0,L) N D(A) and a € W5*(0,L) satisfying (37). Then
the nonlinear KdV equation has a unique solution in the space B'. Furthermore
yr € B* and therefore y € WH(0, T; W3>°(0, L)).

Indeed, the proof of this result can be deduced from the Interpolation Theorem by
Bona and Scott ([11], see Theorem 4.3 in [12]). This theorem is applied in the following
way. Denoting by S the mapping which sends the initial condition yg to the solution y
of the equation , by Propositions [4] and [5| we have that

S:L*0,L) — B° and S:H°0,L)ND(A) — B°
are well defined. Additionally, two inequalities are needed (see (i) and (ii) from Theorem

4.3 in [12)):
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e The first one is the estimation of ||S(yo1) —5(yo2)/go in terms of ||yo1 —yo2|l£2(0,1);
which can be proven exactly in the same way as in the proof of Proposition 4.2 of
[12], but now using our Proposition

e The second one consists in estimating |[S(yo)|lgo by [[yollgro0,), Which can be
proven from Proposition [5{ and following Proposition 15 in [19)].

From the Interpolation Theorem we get that S : H7(0, L) N D(A) — B is well defined,
with gives us the proof of Theorem [3]

Remark 6 A sharper result can be obtained with yo € H*(0, L)ND(A) where s > 6+ 3.
In that case, previous arguments give the existence of a solution y € B® with y; € B573,
and then Yizze € C([0,T], H4(0,L)) with ¢ > 1/2. Thus, we obtain for system a
solution y € WH>°(0, T; W3>°(0, L)).
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