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Many Bosons in a Narrow Magnetic Feshbach Resonance

Ludovic Pricoupenko
Laboratoire de Physique Théorique de la Matiere Condensée,
Université Pierre et Marie Curie and CNRS, 4 place Jussieu, 75252 Paris, France
(Dated: May 2, 2013)

The many-boson problem in the presence of an asymptotically narrow Feshbach resonance is
considered. The low energy properties are investigated using a two-channel Hamiltonian. The
energy spectrum of this model is shown to be bounded from below in the limit of a zero range
interaction. This implies the promising possibility of achieving a strongly interacting bosonic phase
in a dilute regime where the details of the actual interatomic forces are irrelevant. The integral
relation between the energy and the one-body momentum distribution is derived.

PACS numbers: 67.85.-d,05.30.Jp,03.75.Nt

The magnetic Feshbach resonance (FR) technique al-
lows the study of highly correlated and dilute many-body
systems in which the two-body scattering cross section is
arbitrarily large. This has led to ways of studying the
crossover between fermionic (BCS) and bosonic (BEC)
superfluidity in the two spin-component Fermi gas [1] and
to obtain the first evidence of Efimov states [2-12] as re-
viewed in Ref. [13]. The large scale separation between
the scattering length (denoted by a) and the interaction
range (denoted by b, of the order of a few nanometers)
suggests the existence of universal low energy proper-
ties in this system [14-16]. This universality for ener-
gies much smaller in absolute value than E, = h?/(Mb?),
where M is the atomic mass, should be revealed using
a model where the interaction range is arbitrarily small.
The prediction [17-21] and the observation [22,23] of uni-
versal four-body states are the first signatures of possible
universal features for a many-boson system in the pres-
ence of three-body Efimov states. Unfortunately, Efimov
physics is also linked to large atomic losses observed in
various experiments and the stability issue of the degen-
erate resonant Bose gas is thus puzzling [16]. Eventually
unlike the fermionic case, little is known about resonant
many-boson systems which are now a fascinating issue at
the cutting edge of the research in ultracold atoms.

Recently asymptotically narrow FRs have attracted
large interest in the stability issue of the resonant de-
generate gas [24]. As a consequence of the large scale
separation between the Efimov ground state energy and
the characteristic energy of deep bound states Ej, Efimov
states have been predicted to be long lived |25-28]. More-
over, three-body recombination towards deep molecules
is also reduced [29]. Asymptotically narrow FRs are thus
a relevant way to achieve a thermalized and dilute res-
onant many-boson system [24, [30]. The FR mechanism
is based on the coherent coupling of atomic pairs (be-
longing to an open channel) with a molecular state (be-
longing to a closed channel). Using an external magnetic
field B permits the tuning of the molecular binding en-
ergy Emol with dEpy,01/dB = dp. As a result, the scatter-
ing length in the vicinity of the FR located at B = B
can be fixed through the law a = apg[l — AB/(B — By)]
[31]. Here, AB is the width of the resonance and ang

is the background scattering length (it is assumed that
apg is of the order of b). For a weak coherent coupling
between the atomic pairs and the molecular state, the
resonance is narrow (|0pAB| < Ep), and the width pa-
rameter R* = h?/(MapgdpuAB) becomes essential in the
description of low energy properties. Asymptotically nar-
row resonances where R* > b and |a| > b, are character-
ized by the scattering amplitude [25]

fo(k) = —(1/a+ R*K* +ik)™!, (1)

where the actual range of the interaction b is negligible
for k < 1/VbR*.

In this Letter, a system of N identical bosons is con-
sidered in an asymptotically narrow FR. It is shown that
() the low energy properties of this system can be fully
described by using the zero range limit of a two-channel
model, (i7) the ground state of this model corresponds
to an actual strongly correlated long-lived and dilute
bosonic phase, (i) at high momentum k, the atomic
momentum distribution nx behaves as

AL (2)

nkg = —
k—o0 1{34 k6

and (iv) for temperatures much smaller than 4% /(MbR*),
the mean energy F of the system satisfies

K2 A2k aZcy
E — Etrap - k2 _
oM | () ( kT k2a2>
FL2R*CG S m

where (K™°!) is the mean translational kinetic energy of
the molecular state involved in the FR mechanism and
E'raP ig the contribution due to the possible interaction
with an external potential. Equation (B]) generalizes the
Tan relation of Ref. [32] for asymptotically narrow FRs.

In what follows, the system is described by using a two-
channel model specific to narrow resonances. It is a sim-
plified version of more general two-channel models used
in the description of the quantum many-body problem
[33-37]. In the present two-channel model, the molecu-
lar state (of mass 2M) is structureless: a reasonable ap-
proximation for the description of mechanisms at energies



much smaller than Fj. The operator a;f( (or bL) creates

an atomic (or a molecular) plane wave (rlk) = exp(ik - r)
and obeys the usual commutation rules for bosons. The
kinetic energy of a particle of wave vector k is denoted
by Ex = M so that in absence of an external potential,
the free Hamiltonian for atoms and molecules is

A3k FE;
Hy = / OE |:Eka;r<ak + (Tk + Emol) bLbk] . (4)

The interchannel coupling converts a molecule into a
pair of atoms via the operator V' and vice-versa via the
operator VT. It is modeled by a constant amplitude
A (chosen real positive) and a generic cutoff function

Xe(k) = exp (—1624—‘2) (with e > 0) ,

BK Bk )
V = A/ W Xe(k) bKaL/Q_kaK/2+k. (5)

The Hamiltonian is thus Hy +V + VT and the scattering
amplitude denoted by f.(k) at energy E = Fy is given by

M[Xe(k)]_2 _ Emol - F +/ dskl [Xe(k/)]Q
drh2f (k) — 2A2 (27)3 2 — 2By’

(6)

where the variable z encapsulates the usual prescription
z=FE+i0" for E > 0 and z = E otherwise. For vanish-
ing values of ¢, the identification of f.(ko) with Eq. ()
gives

1i? V2 o1 h 2m
Bpol = —— | 4= — = d A=
' MR <e\/7_r a) an @

In what follows, only states with asymptotically small
values of ¢ are considered while @ and R* are kept fixed.
In this formal zero range limit, Eq. ({l) shows that Ep,01
has an arbitrarily large positive value. Thus, the molecu-
lar state is occupied only through virtual processes. This
modeling is valid in the vicinity of the resonance, i.e.,
|B — By| < |AB|, otherwise off-resonant effects must be
taken into account [38]. In this small detuning regime
the actual molecular energy is of the order of JuAB (see,
for instance, Eqgs.(19), (21) and (22) in Ref. |38]) which
is a high energy scale with respect to the natural energy
cutoff in two-body processes, i.e., h2/(M R*?). Compar-
ing Eumo in Eq. (@) with #%/(M R*apg), one finds that
the short range parameter e plays the role of a potential
radius, which is as expected.

As a consequence of the interchannel coupling, an
eigenstate for a system composed of IV atoms is in general
a coherent superposition of states containing 0 to [IN/2]
molecules

[NV/2]

\I/€> = Z |¢Zn>a (8)

where [™) is a state with m molecules and N — 2m
atoms. Projection of the stationary Schrédinger’s equa-
tion at energy E in the subspace with m molecules

(1 <m < [N/2]) yields the recursive equation

(B = Ho)le?) = VI ) + Vi ™). (9)
The recursion begins for m = 0 by the equation

where Go(z) = (z — Hp) ™! is the resolvent and |®jy,.) is
the possible incoming wave for a scattering process when
E >0, whereas |®i,.) =0 when E < 0. The recursion
for m =1 plays a central role in the rest of this Letter.
From Egs. (@) and (I0) it takes the form

[E — Ho = VIGo(2)V][ve) = VI|®ine) + VI[vZ).  (11)

In the subsequent lines, the momentum representa-
tion is used and (k), = (ki,ko...,k,) [or (K)m =
(K1,Ks ..., K;;,)] denotes the wave vectors of p parti-
cles (or of m molecules). The m-molecule state can then
be written as

. A(k)pd(K ) (K )m|™
7y = A (e o7
al, .-.af bk .0k 10). (12)

In the following, a superscript ¢ in (k:)Z means that the

wave vector k; is withdrawn from (k),. For instance,
(k)N = (ks3,Kka,...kn). The ket |(k)p; (K)pm) describes
the state where the atom i (1 <i <p) is in the plane
wave of wave vector k;, and the molecule j (1 < j < m)
is in the plane wave of momentum K;. Furthermore

k;j = ki;kj (or K;; = k; +k;) denotes the relative (or
the total) wave vector for the pair (i, j).

As in the two-body states, for an arbitrarily large rel-
ative wave vector of the pair (ij), it is expected that
in the presence of m + 1 molecules (i.e., |1/Jm+1> # O)
((k)p; (K)m|¥™) has the asymptotic behavior x.(kij)/k?
[39]. This behavior is obtained by considering Eq. (Ezﬁ
divided by Epo = O(1/€) in the zero range limit; the
only nonvanishing contribution in the right-hand Side of
the resulting equation is {(k)p; (K )|V T|9pm~1). This en-
ables the m-molecule wave function to be expressed in
terms of the (m — 1)-molecule wave function:

By (63 (O 2) = = 2 [k:
. K; K; 3 me
<l 5k Bl (0L a9

In the center-of -mass frame, [)!) can be factorized by
a ket of N — 2 particles, which is denoted by |D) in the
zero range limit:

lim (k)12 Ko[3?)

e—01

(2m)3y/R*N(N

(k)}2[D). (14)

Zk + Ki2)(



Similarly, the possible incoming state is factorized as
(k)N |®ine) = (27r)35(2f.\[:1 k;){((k) N|®inc)- The equation
for |D) is deduced from Egs. (B),([I) and (I3) and the
identity limp,, o0 62 (k) N1D) = limp,, o0 k35 (k)3 D)
which comes from the exchange symmetry of the two
molecules described by [¢2) for {i,j} ¢ {1,2} [40]:

/ d3ks 23<z<j<N<( )%j|D>+225V3<( )11|D>
(27'(')3 Zl 2 k; +22<1<]<Nk -k — Mz/R?

R‘k
b=l DI

s —
3<i<j<N

3
| Gl =

Tim |k (0§ 1D)]
(k)RID)
47Tf (kcol)

(15)

where k¢! =+ ME<<!/h is the collisional wave num-
ber for the pair (1,2) defined from the energy

E°' =F — 22;3 Ey, — Fk,,/2. Surprisingly Eq. (I3)
supports solutions where lim¢_,¢ [") = 0 for m > 2 and
thus limg,; o0 k7 (k)5 1D) = 0 for {i,5} ¢ {1,2} [42].
Without loss of generality, the energy spectrum of
Eq. (IT) is shown to be bounded from below in the strict
resonant limit |a| = co. To show this, we use the fol-
lowing inequality verified by negative energy solutions of

Eq. (I3):

()12 R .
AR (R ID)] < 1 }:kg%%mwmm]

Bk |((k)5]D
DI - 3ymuﬁ(m

1<45(4,5)#(1,2)

where ¢ = /—ME/h is the binding wave number. Then,
we consider a hypothetical solution of Eq. (I&]) having an
arbitrarily large and negative energy (¢ — 00). Assuming

that ((k)%|D) is a bounded function, integration in the
domain where k1o is smaller or of the order of ¢ in the
right-hand side of Eq. (@) gives a finite result in the limit
where ¢ is arbitrarily large. In the domain where kj2
is much larger than ¢, the high momentum behavior of

(k)| D) [42] gives rise to a vanishing contribution after

integration in Eq. (I8). As for any fixed value of (k)1?,
the left-hand side of Eq. (If) is bounded from above by
a finite quantity, ¢R* cannot be arbitrarily large. The
desired result is thus obtained by contradiction.

From now on the effective range model (ERM) is used
to derive Egs. (@) and @@). To avoid any confusion with
the two-channel model, the eigenstates in the ERM are
underlined (as |¥), for instance). The ERM is a one-
channel and zero range approach which supports the scat-
tering amplitude in Eq. ([{l) whereas the molecular field
is hidden. The main idea of the ERM is to filter asymp-
totically (i.e., at interparticle distances much larger than
b) correct wave functions among the set of singular wave
functions satisfying a Schrédinger’s equation for point-
like interactions. This filtering process can be performed

by using a pseudopotential. Following Refs. [43, 44], the
pseudopotential of the ERM is defined by introducing a
Gaussian shape (r|d.) tending to the Dirac distribution
in the limit where the short range parameter € goes to
zero. In the momentum representation (k|d.) = x(k);
i.e., it coincides with the interchannel coupling function
of the two-channel model. For a many-body system, a
short range parameter €;; and a pseudopotential VZZ” are
introduced for each interacting pair of particles (i, j):

N <afij - \/; 5 862”> €ij{0c.; |-

(17)
where the ket |d,;) is associated with the function d,;
for the relative coordinates of the pair. Instead of intro-
ducing the pseudopotential, the filtering process of the
ERM can be defined through the notion of contact con-
dition. To see this, one can notice that the action of the
pseudopotential VZ;] on an eigenstate |¥) gives rise to a
d-source term for each interacting pair in the stationary
Schrodinger’s equation

£ 5)-

i=1

e dmh%a .
Vzgj = 7|5613> lim

Ei]‘A)O

4
TS 4G 5.y (18)

1<j

Here, |A$j)> depends on the set of short range pa-
rameters {epq} such that (p,q) # (i,7) and verifies
|AYY = —/7/2lim,, J—0+ (€ij(0c,;12)) [45]. The ERM
can then be defined from Eq. (I8) together with a bound-
ary condition at the contact of each interacting pair (i, j)
(5)

lim B

€ij —0+

(0c,;|2) =0, (19)

€ij €ij

where B, is the boundary operator defined by

g TR g mL)
[ae \/g286+\/;a}6 . (20)

From Eq. (I8) one finds that two nondegenerate eigen-
states of the ERM, say, |¥) (of energy Ey) and |®) (of
energy Fg # Ey), are not mutually orthogonal:

47Th2 <Q|A‘(Ij]) ) 6€ij> - <ASIZJ) ’ 661‘]‘ |2>

M Ey — Fg

(2|P) = (21)

Interestingly, a modified scalar product denoted by (+|-)o
which makes the ERM self-adjoint can be constructed by

using Eqs. (19),(20) and (1),
@0 = tm (T[5, )@w, @)

—0
{e} i<j

where lim.) o denotes the limit in which all the short
range parameters (eij) tend to zero. Equation (22) gener-
alizes the modified scalar product introduced in Ref. [46]
for two interacting particles. The equivalence of this



modified scalar product with the usual scalar product of
the two-channel model has been already depicted at the
two-body level in Ref. [47]. This mapping can be gener-
alized in the N-body case as follows. In the zero range
limit, analogously to Eq. ([I3]), the hidden m-molecule
wave function is revealed in the state |¥') by the existence
of a kif behavior in the large momentum limit for m dis-
tinct pairs (if). To be more explicit, one introduces the

state |A(ij ""(ln)’(pq)> [48] corresponding to the contact of
the two particles in the distinct pairs (4 _7) .(In), (pq). Tt
is defined iteratively from the state |A ”)) by

Xﬁpq (kpq)

g di, g (), (n)
<(k)N 7K1J Kln|A\1/ > kpq_—mo k‘f,q

X () K K AGD M E0)(23)
In the scalar product (®|¥), the contact for m dis-
tinct pairs (i7), . .. (In) manifests itself in the limit where
{e} = 0 by the term

1672 i), (In) | 4 (i5),...(In

(V)" Gy e (A ()] 400Dy 9g)
The number of terms of the same type as in Eq. (24)
is equal to PY = N!/[2"m!(N — 2m)!] i.e., the number
of collections of m distinct pairs taken from the set of
N particles. Applying all of the boundary operators to
the right hand side of Eq. (22)) and identifying the result
with the scalar product in the two-channel model, one
finds the following mapping in the zero range limit:

m/2
4 1
(§> dm\/ PN lg%w ) (25)

and limygey 0 [¥) = lim._,o+ [#?). Equation (I5) is recov-
ered by using this mapping and applying the contact con-
dition in Eq. (I9) on the state |¥). For an eigenstate nor-
malized with Eq. 22)), i.e., (¥|¥)o = 1, the one-particle
momentum distribution (taking into account the contri-
butions of the m-molecule states) is ny, = (£|aLak|g)0.
This definition yields the correct normalization, i.e.,

d3k
[ -
(26)

where N™°! is the mean number of molecules [49]. The
ERM gives ¢y = 87N™°!/R* in Eq. [@): a result which
also can be deduced from the Hellmann-Feynman the-
orem |50, 51]. The expression of the coefficient cg in
Eq. () depends on the possible interaction of the parti-
cles with a trapping potential V2P (r):

lim (G- _
{e}—0

[NV/2]

2Nm01 : Nmol ejo Z m<wzn|wzn>

3272 M
¢ = NNV = (457 |B - 2V (Ryy)
R
h2k2
Zlmwwmmnﬁ%.m>
n=3

Equation (@) is obtained wusing the identity
(¥ |V€” U)o =0, which is valid provided that the
state |£> verifies the contact condition in Eq. ([I9) for all

pairs (i, 7). Thus, applying lim¢; o (HKj Be,_-j> on the

mean value of the Hamiltonian of the ERM evaluated
for the normalized eigenstate |¥) yields

d3k thr2
E — Etrap _|/ 3 Wi akakllll (28)

where E'P = (| Zivzl Viap(r, )| W) includes the con-
tribution of the molecular state. The regularization of
the kinetic energy in the right-hand side of Eq. (2])
through the modified scalar product permits to recover
Eq. @) with (K™°) = (0] [ LEp] b By |¥)/2. Equa-
tion (B)) is valid for any linear combination of eigenstates
of the ERM and thus also applies for low temperatures
kT <« |5[LAB|

In this many-boson problem, R* plays the key role of
natural short length cutoff and ensures the existence of
a ground state in the formal zero range limit. This sup-
ports the existence of an actual long-lived dilute reso-
nant bosonic phase which is denoted as the R* phase.
The mapping with the ERM permits us to obtain the
integral relation satisfied by the mean energy and the
one-particle momentum distribution. In the ERM, the
hidden molecular field is described through singularities
in the N-particle wave function at the contact of each
interacting pair. The shallowness of the Efimov ground
state is at the heart of the stability issue of the R* phase.
For three resonant bosons, the atoms experience the stan-
dard attractive 1/ R? effective potential for large values of
the hyper-radius R (R < |a|) whereas the natural short
length cutoff R* linked to the width of the FR imposes
a molecule-atom distance larger than R* |26, 29]. One
thus expects that the ground state is organized in pairs
of bosons with a large population of the molecular state
and a mean intermolecular distance of the order of R*.
The liquid or crystalline nature of the R* phase is an
open fascinating issue. Narrow FRs have been found in
many atomic species [52] and new techniques allowing a
fine-tuning of the magnetic field are promising for the
observation of the R* phase [53].

Stimulating discussions with Yvan Castin, Tom Kris-
tensen, Dima Petrov, Gora Shlyapnikov and Félix
Werner are warmly acknowledged.
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