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Abstract

We prove local existence of smooth solutions for large data and global smooth
solutions for small data to the incompressible, resitive, viscous or inviscid Hall-MHD
model. We also show a Liouville theorem for the stationary solutions.
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1 Introduction

In this paper, we study the existence of smooth solutions for the incompressible resistive
Hall-MagnetoHydroDynamics system (in short, Hall-MHD). While usual incompressible
resistive MHD equations are well understood for quite long time (see e.g. [6]), Hall-MHD
has received little attention from mathematicians. However, in many current physics
problems, Hall-MHD is required. The first systematic study of Hall-MHD is due to
Lighthill [I0] followed by Campos [3]. The Hall-MHD is indeed needed for such problems
as magnetic reconnection in space plasmas [7, [9], star formation [I7, 2], neutron stars
[14] and geo-dynamo [12]. A physical review on these questions can be found in [I3].
Mathematical derivations of Hall-MHD equations from either two-fluids or kinetic models
can be found in [I] and in this paper, the first existence result of global weak solutions is
given. In [4], a stability analysis of a Vlasov equation modeling the Hall effect in plasmas
is carried over.

Hall-MHD is believed to be an essential feature in the problem of magnetic recon-
nection. Magnetic reconnection corresponds to changes in the topology of magnetic field
lines which are ubiquitously observed in space. However, in ideal MHD, due to ideal
Ohm’s law, the magnetic field undergoes a passive transport by the fluid velocity and its
topology is preserved. The Hall term restores the influence of the electric current in the
Lorenz force occuring in Ohm’s law, which was neglected in conventional MHD. This term
is quadratic in the magnetic field and involves second order derivatives. So its influence
becomes dominant in the cases where the magnetic shear is large, which precisely occurs
during reconnection events. In laminar situations, this term is usually small and can be
neglected, which is why conventional MHD models ignore it.

In this paper, we focus on the mathematical analysis of this model and investigate
the existence and uniqueness of smooth solutions. We also prove a Liouville theorem for
stationary solutions. The main results are stated in section Bl Theorem B provides
the global existence of weak solutions for any data. Compared to [I] which dealt with
a periodic setting, the present result concerns the whole space case. However, the proof
is identical and is omitted. Theorem shows the local existence of smooth solutions
for large data and provides a blow-up criterion. Theorem proves the global existence
of smooth solutions for small data. Theorem [2.4] gives the uniqueness of the solution.
Finally, a Liouville theorem for stationary solutions is provided in Theorem 2.5 The main
technical point is to control the second order derivatives in the Hall term by the diffusion
term induced by the resistivity. This can be done thanks to the special antisymmetric
structure of the Hall term. The proofs are carried over in section [3l



2 Statement of the main results

We consider the following viscous or invisicd, resistivity incompressible MHD-Hall equa-
tions.

Ou+u-Vu+ Vp = (V x B) X B+ vAu, (2.1)
V-u=0, (2.2)
OB -V x(uxB)+V x((VxB)xB)=AB, (2.3)

All the physical parameters are chosen to be 1 for the simplicity of the presentation except
the parameter v, which allows us to distinguish between inviscid flow (v = 0) and viscous
flow (v > 0). The resistivity term (the right-hand side of (2.3))) is essential for the well-
posedness. The following theorem is the first step of the present paper. It shows the
existence of global weak solutions in the whole space case.

Theorem 2.1 Let v > 0 and ug, By € L*(R3), with V-uy = 0. Then, there exists a global
weak solution u, B € L™ (R ; L*(R?)) N L*(Ry; HY(R?)) satisfying energy inequality

1 t t
5 (IOl +1BC0IE) + v [ IVuCs)ads + [ 195, 9)lfads
1
< 5 (luols + 1 Boll)

for almost every t € [0,00). Furthermore, if V - By = 0, then we have V - B(-,t) =0 for
all t > 0.

A previous version of this theorem in the case of a periodic domain has been proved in
[1] using a Galerkin approximation. Here, in the whole space case, the proof is based on
mollifiers (see eqs. ([BI)-(B3)) and the main estimates will be given at Proposition B1]
below. We note that this theorem does not require that V- By = 0. However, if V- By = 0,
the divergence free condition is propagated.

The main results of this paper are the establishment of short-time existence of smooth
solutions and a blow-up criterion (Theorem [2.2]). We also establish the existence of global
smooth solutions for small data (Theorem [Z3]). Additionally, we show the uniqueness
of solutions (Theorem P4]). Finally, we state a Liouville theorem for smooth stationary
solutions.

For the sharp blow-up criterion, we need to introduce the following functional setting.
We recall the homogeneous Besov space ngo, which is defined as follows. Let {¢y }xrez be
the Littlewood-Paley partition of unity, where the Fourier transform ﬂk(f) is supported
on the annulus {& € RY [ 271 < [¢] < 2%} (see e.g. [5, [16]). Then,

fe ijom if and only if  sup [[¢g * f||Le =: ||f||Bg<>o<> < 00.
keZ ’

The following is a well-known embedding result, c.f. [I6] pp. 244]
L=(RY) — BMO(RY) — BY, _(RY), (2.4)
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where BMO denotes the Bounded Mean Oscillation space [16]. Now, we state the theo-
rems. The first one is the local existence theorem for smooth solutions and the blow-up
criterion:

Theorem 2.2 Let m > 5/2 be an integer, v > 0 and ug, By € H™(R?) with V - uy = 0.
Then:

(i) There exists T = T(||uol||gm, || Bo||gm) such that there exists a unique solution u, B €
12%((0, T); H™(R9)) 1 Lip(0, T H™2(R9)).

(i) Define
X(t) =1+ B )z + lul O)llFm, (2.5)
and

L+ [Ju@®lf + 1Bz~ + IVBE) 7
L+ log(1 + [lu(®)llze + 1Bz~ + [[VB(#)]|ze)

A(t) = llw®)ll s, . + (2.6)

where we denoted w = V X u the vorticity. For T* < oo then the following two
statements are equivalent:

(1) X(t) <oo, Vt<T* and limsup X(t)= oo, (2.7)

t—T*

(i1) /OtA(s) ds < oo, Vt<T* and /OT* A(s)ds =00.  (2.8)

If such T* exists, then, T* is called the first-time blow up and (2.8) is a blow-up
criterion.

Note that this theorem is valid in both the viscous (v > 0) and inviscid (v = 0) cases.
Next, we state the global existence theorem for smooth solutions with small data:

Theorem 2.3 Let m > 5/2 be an integer, v > 0, and ug, By € H™(R3) with V - ug = 0.
There exists a universal constant K = K(m,v) such that if ||uo||gm + || Bo||gm < K, then,
there exists a unique solution u, B € L>°(R; H™(R?)) N Lip(R,; H™%(R3)).

This theorem is only valid in the viscous case (v > 0). The next theorem states the
uniqueness of the solution:

Theorem 2.4 Let (uy, By) and (us, By) are two week solutions.

o Assume v >0, and (uz, B2) satisfies
T
| 19l + sl + [ Balf + |V Balf) di < oc,
0
then we have u; = uy, and By = By a.e., in (0,T) x R3.
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o Assumev >0, uy € L™ (O,T; HI(R3))OL2 (0, T; H2(R3)), By, c L? (0, T; Wl"’o(Rg)),
Then we have u; = us, and By = By a.e., in (0,T) x R3.

More precisely, this theorem states that, if two solutions exist with the same data and if
one of them is smooth, then they must coincide. The first statement is valid in both the
viscous (v > 0) and inviscid (v = 0) cases but requires stronger regularity on the smooth
solution. The second result is only valid in the viscous case (v > 0) and the regularity for
the u-component of the smooth solution reduces to that of the strong solution.

Finally, we state a Liouville type theorem for the smooth solutions of the following
stationary Hall-MHD system.

u-Vu+Vp=(V x B) x B+ vAu, (2.9)
V.ou=0, (2.10)
—V x (ux B)+V x ((VxB)x B)=AB, (2.11)
V-B=0. (2.12)

The Liouville theorem reads as follows:

Theorem 2.5 Let (u, B) be a C*(R?) solution to (2.9)-(212) satisfying

/ |Vu|2dz—l—/ |V B|*dr < oo, (2.13)
R3 R3
and .

u, B € L®(R*) N L2(R?). (2.14)
We assume v > 0. Then, we have u = B = 0.

Remark 2.1 If we set B =0 in the Hall-MHD system, the above theorem reduces to the
well-known Galdi result [§] for the Navier-Stokes equations.

3 Proofs of the main results

We use the mollifier technique as described in [11]. We consider the following mollifier
operator:

Jv = pe *x 0, Pe :€_3p($/8),
where p is a non-negative C3° function, with unit integral. We introduce the regularized
system as follows:

Orue + T ((Teue - V) Teue) + Vpe = J-((V x TeB:) x J-Be) + vAJ ue, (3.1)
V-u, =0, (3.2)

0,B. — V x (j KA jEBE)> +V x (ja((v x J.B.) x jEBE)> — AJ?B., (3.3)

with initial condition
(uaa B&) }tzo - \75('&0, BO)

First, we have the



Proposition 3.1 Let m be an integer such that m > 5/2, let e >0, v > 0 and ug, By €
H™(R?), with V-ug = 0. Then, there exists a unique global solution u., B. € C* (]R+; c>n
H™(R3)) which satisfies:

(i) Energy inequality:

1 t t
2 (il Dl + 1B, D)%) + v / IV Tt ) 2ads + / IVTB.(-,5)|2ads
<

(lluollZ> + 1 Bollz2) ¥t € (0,00). (3.4)

N —

(ii) There are positive constants C depending only on m, and constant T' depending only
onm, ||ug||gm, and | Bo||gm such that:

1y Bl oo 03 10m a0, -2 ry) < C ([l

Sketch of proof. The existence and uniqueness comes directly from the abstract Picard
iteration theorem in H™ (see details in [I1]). The energy estimate comes directly from
BI), B3). The proof of estimate (B.5]) is almost identical as the proof of the a priori
estimate (3.:20) of Theorem 2.2 below and is skipped. ]

We can now prove Theorem 2.1]

Sketch of proof of Theorem [2.1l Thanks to Proposition B.I, we can construct a
sequence of regularized solutions to problem (2.1]), (23] and the energy estimate (3.4)
provides the required compactness allowing to pass to the limit ¢ — 0 in the weak for-
mulation and to get a global weak solution. The details of the functional analysis are the
same as in [I. n

Property (ii) of Proposition 3] will be used as an a priori estimate for the construction
of regularized solutions in the proof of Theorem below.

Proposition 3.2 Let m > 5/2 be an integer. Let (u, B) be a smooth solution to (21)-
(2.3). Then, there are two positive universal constants Cy and Cy such that the following
a priort estimates hold:

%(HB! im + [ullzm) + IV B[m + 2v]| Dul[fm <

Cr(1+ [[Bllie + IVBI L + lullie + Vel ) (1Bl Fm + lullfm +1). (3.6)
%(HB! im + [ulligm) + 2 VB + 20| Dul[fm <

< Co(IV Bz + IV ullzm) 1Bl Em + lllzgm + Il + 1 Bllae)- (3.7)



Proof. We first concentrate ourselves on ([B.6). Let a = (a1, a,a3) € N? be a multi-
index. We operate D® = 9/l /02" ... 025? (where |a] = a; + ...+ a3) on (1) and [Z3)
respectively and take the scalar product of them with DB and D%u respectively, add
them together and then sum the result over |a| < m. We obtain

1d

5% im) VDUl + [V Bl 3m =

- > /DO‘((VXB)XB)-D“(VXB)CZ:B

0<|a|<m

+ > AgDa(uxB)~Da(VxB)dx

0<|ar| <

— Z /Da(u-Vu)-Do‘ud:B
R3

0<|a|<m

m + || B

([l

+ > /RSDO‘{(VXB) x B} - D®udx

0<|a|<m

= ]1—|—IQ—|—13+[4. (38)

Notice that the |a] = 0 terms on the right hand side above have exactly cancelled each
other by energy conservation. The cancellation is crucially important for the existence of
global smooth solution for small data. Then, we estimate successively each of the I; to
1, terms. We have:

I = — Z /RS [D*((V x B) x B) — (D*(V x B)) x B] - D*(V x B) dx
0<|a|<m

where the second term of the right-hand side is simply zero. Using the well-known calculus
inequality,

> I1D°(f9) = (D N)gllz < CUIflrm-11Vgll e + | fllzllglarm), (3.9)

la|<m
we get:
I < CIBllam VBl e + VBl e[| Bl ) [[V B 11 (3.10)
1
IV Bl + ClBlgmlIV Bz, (3.11)

A

On the other hand, using Leibnitz formula and the Sobolev inequality, we obtain

> D% x B)||2 ]|V Bl|sm
0<|a|<m

Cllull oo [ Bl zm + Nullem [ Bll o) [V B 1
1
IV Bl + Cllullze | Bl + Cllullzm | BlIZo- (3.12)

I

IN

IN

IN




Then, we remark that
I - > / [D%(u- Vu) —u- VD] - D*u d.
0<|a|<m

Indeed, the second term is zero by the fact that u is divergence free. Then, similarly to
the above calculation, using the calculus inequality (3.9]), we obtain

I < Y D%u-Vu) —u- VDl|2 || Vul| gm-s < C||Vul| ||V

0<|a|<m

From (B.8) we get

2mo1. (3.13)

o< S (Y x B) x Bllan| Vull s,

0<|ar|<m

Note that we can take ||Vu| zm-1 instead of ||u||g= because |o| > 0. This remark is
important for the proof of the next theorem about the global existence of smooth solutions
for small data. Using Leibnitz formula, we derive

Iy < C(IVB|zl|Bllam + [V Bl am | Bl oo ) [[ Vel s (3.14)
1
< CUVBIlzl| Bl [Vull pns + SV Bllfm + ClBl < lullfn (3.15)

From estimates (3.11I), (3.12), (B.13) and (B.I5), we obtain

d
(1Bl + l[ullfm) + VBl + 20| Dl

< C(IBIlZ + IVBZoe + lullee) (1B + llell7m)
+O|Vull | Vullfpms + CIIV Bl || Bll o [ Vul -1, (3.16)
from which we easily deduce (B.0]).

We now turn towards estimate ([B.7). It is deduced through a small change in the
estimate ([B.12)) for I5. From Leibnitz formula, we have:

L < Y |[D%ux B)|| VB

0<|a|<m

3
< Y Y ID(0pyu x B+ u x Oy, B)| 12|V Bl
0<|e|<m j=1
< C(llullL VB zm-1 + || Vul[ oo || B|| grm-1
F Bl IVl gm-r + [V Bl oo [|uf| grm—1) [|[V B[ gy
an |V Bl g1 + || Bl |Vl gm=s) |V B (3.17)

From estimates (B.10), 3I7), BI3) and (3I4), we easily deduce ([3.7). This completes
the proof of Proposition B.2

< O(lul

Hm™

In order to prove Theorem [2.3] we need to use the following
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Lemma 3.3 Assume that a is a positive constant, z(t), y(t) are two nonnegative C*(R )
functions, and D(t) is a nonnegative function, satisfying

d
%(x2+y2)+D§a(x2+y2+:E+y)D.

If additionally, the initial data satisfy

#(0) +(0) + V) + 20 < - (319)

then, for anyt > 0, one has

22 () + (1) + 2(t) +y(t) < 2*(0) +5*(0) + v/2(22(0) + y*(0)) < %

Proof: Notice that
d
7 (5172 +y2) +D< a(a:2 +y? + V222 +y?))D

Since (B.18) is true initially, it is still true for short time, so that one has

1
() + 97 (1) + V2A (1) + (1) < -
Then 22(t) + y*(¢) is a decreasing function in this short period. Hence

2(t) + y7(t) + V2(22(t) + y2(1)) < 22(0) + 57(0) + v/2(22(0) + y*(0))

Then by an extension argument, it holds true for all time. n

Proof of Theorem [2.2. We construct a sequence of weak solutions of the regularized
system ([B)-(B33]) and remark that such solutions do actually satisfy the a priori estimate
B.6). This allows us to pass to the limit in a subsequence and show the existence of
smooth solutions on short times.

Below we set

X(t) = HB(', t)’ %{m _'_ ||u('7 t)’ %{m _'_ 1
Then, from (B.6]), and using the Sobolev inequality, we have
d
RS C(L+ Bz~ + [IVB[Z= + lullze + [Vul =) X

<
< CO+ ||IBllzpm + lJullFm + ullam) X
< COX°2.



Therefore, thanks to nonlinear Gronwall’s inequality, we have:

X(0)
Xt) < ——=—.
) = =G, X0
Now, choose T' = m. Then:
X(t) <2X(0) vtelo,T). (3.19)

This implies the following a priori estimate:

3 L‘X’(O,T;H”L(RS)) = 0 En 0 En .
I, B)l < ClJuollz + 1 Boll;n)

Now, thanks to a direct estimate on the time derivatives using eqs. (21]), (23), we have
also the a priori estimate:

’ Lip(0,T;H™2(R3)) = 0 3” 0 31 :
| (u, B)| < C(luollz, + [ Boll;)

Adding these two estimates together, we get the a priori estimate:

1w, Bl oo 0.1 1m @3y ip(o.m:mm—2 3y < Clluolly, + 1 Bollz)- (3.20)

Estimate (320) also holds true for the modified equations [BI))-([33]). This is exactly esti-
mate (3.5) of Proposition Bl As in the proof in Theorem 2.T] there exists a subsequence,
still denoted by (u., B:) whose limit gives rise to a global weak solution (u, B). Using the
lower-semicontinuity of the norm, one has that this weak solution satisfies the estimate

It B) oo sprsiptorsm—2qasy < Clluolly, + 11 Bol2),

which proves the local existence of a smooth solution on [0,77). Uniqueness follows from
the same kind of proof as Theorem [2.4]

Next, in order to prove the blow-up criterion ([Z8]) we recall the following version of
Beale-Kato-Majda type logarithmic Sobolev inequality in R3(see [15, formula 14.2] or [5]),

[fllzee < CA+ | fll o, ){log(X + [[fllm-1)},  m >5/2. (3.21)
Substituting f for Vu in (B:21)) and inserting the result into (3.10]), we have
d
ZX <O+ |Blz= + [VBIL= + [lufz<)X
+C(1+[[Vul o)X log(1 + X). (3.22)

We use the fact that the Calderon-Zygmund operator is bounded from the homogeneous
Besov space By, , into itself [I6], namely we have

[Vl g, < Cllwllpg - (3.23)

10



We also use the Sobolev inequality to obtain

L+ [|BllZee + VBl 7ee + llullZe
L+ [|Bllf + [VBlZ~ + llullie
— L+ log(l+ [ullpe + [ Bl + [V B )

Inserting (3.23) and (3.24]) into ([3.22)), we get:

%X < CA®M® X In(1+X),
where A(t) is given by (2.6). We now recall that by Sobolev imbedding, there exists C' > 0
such that we have A(t) < CX(t). Then, by this inequality and Gronwall’s lemma, we

obtain the equivalence of (2.7) and (2.8]). ]

log(1+ X). (3.24)

Remark 3.1 By applying the same argument, we can show the local well-posedness for
the simple Hall problem without coupling to the fluid velocity w, which is written as follows:

B+ YV x ((Vx B)x B)=AB,

with a initial data By. We can also extend the result to the following generalized Hall

problem
O,B+V x (A°V x B) x B) = —A\’B,

where A* is the fractional power of the Laplacian A® = (—A)*/?, supplemented with a
initial data By. With the same argument, we can show that if B > a+2, a > 0, then this
generalized Hall problem is also locally well posed. When 3 < o+ 2 it is an open problem
to determine if this problem is well-posed or not.

Proof of Theorem 2.3 We use the inequality (3.7)), and estimate, using the Sobolev
inequality,

d 2 2 2 2

23 UBlzm + llullzn) + 20V Bl + 20Vl

< C(IBl7~ + IVBIlZee + llll o) I BllEm + l[ullfm)
+C||Vull e | Vullfm + CIV B e || Bl |Vl -1
< Ci(IVBzm + IV ullzm) (1Bl Em + Il + el + 1 Bllae).  (3.25)

Therefore if

min{ 1, 2v
IBolfn + ol + /1 Boll + ol < 22002,
then, by Lemma [B.3] we have for any ¢t > 0
d 2 2
23 B GOz + [lul )l[z) <0, (3.26)

11



and
min{1,2v}
Ch ’

for all ¢ > 0. Hence the so obtained solution is global in time, which ends the proof. =

1Bz + ) < M| Bollzm + lluollfm <

Proof of Theorem [2.4. The proof of this theorem uses the same estimates as for the
proof of Theorem 2.2 (i) applied to u = u; —ug and B = By — By. The details are omitted.
| |

Proof of Theorem 2.5 We first estimate the pressure in ([Z.9). Taking the divergence
of (2.9), and using the identity, (V x B) x B = —V@ + (B - V)B, we obtain,

|BJ? -
A p_|_ T = — Z 8j8k(ujuk — BjBk)v

j,k=1

from which we have the representation formula of the pressure, using the Riesz transforms
in R3,

3
|BI?
p= Z R;Rj(ujuy — B;By) — N (3.27)
7,k=1
By the Calderon-Zygmund inequality, one has
Ipllze < Cllullzzg + ClIBl720, 1< q < oo, (3.28)

if u, B € L*(R3). Let op be the standard cut-off function defined as follows. Consider
o € Cg°(RY) such that
1 if |z| < 1,
o(la]) = {

0 if 2| > 2,
and 0 < o(x) <1 for 1 < || < 2. Then, for each R > 0, let us define

2]

o (E) — onlla]) € CF(RY).

We take the inner product of Eq. (29) with uog and the inner product of Eq. (211
with Bog, add the result together and integrate over R?. After integration by parts, we
have

1// |Vu|2<TRd:E+/ |VB|20Rd:)3:1/ |u|2(u-V)aRd:B+/ p(u-V)ogdx
R3 R3 2 Jgrs R3

—/ uxB-VURXBd:L’—i-/(VXB)XB-VURXBd:C
R3 R3

1
K/ |u|2AaRdx—|——/ | B> Acgrdx
2 R3 2 R3

+

12



We have the following estimates,

| < / u*|Vog|dz
{R<|z|<2R}

1 9 ; g
— || Vo (/ \u\id:c) </ d:c)
2R {R<|z|<2R} {R<|z|<2R}

< COlul, —0 as R— .
L8 (R<lal<2R)

Using the estimate (3.28)), one has

Ll < / ol ul|Vorldz
{R<|z|<2R}

1 N . 3 3
— ||Vl L </ \p|1dx> (/ \u\ﬁdaj) </ dx)
R RS {R<|2|<2R} {R<|z|<2R}

C(llull? g + 1B1% g)llull —0 as R— oo,

IN

IN

IN

L3 (R<[a|<2R)
L < / | BV oldz
{R<[|z|<2R}

1 9 5 9 5 3
< Vol ([ itae) ([ 1mitas)"( i)
R R3 R3 {R<|z|<2R}

< OB |Jul —0 as R— 0.
L2

9
L? (R<|w|<2R)

IN

|1,] / \VB||B]*|Vo|dx
{R<|z|<2R}

1
1 6
AIVeloslBl= 19l ([ sta) ([ a)
{R<|z|<2R} {R<|z|<2R}

< ClBlle=lIVBllz2l| Bl o(r<joi<eny = 0 as R — oo,
since ||B||zs < C||VB||L2 < oo by the Sobolev embedding. Then,

3

IN

5| + [Is| < C’/ (Jul* + | B|*)|Ac|dz
{R<|z|<2R)

%
< ool ([ queippra) ([ )
{R<|o|<2R} {R<|2|<2R}

< C(HUH%fS(Rg\x\ng) + HB||2L6(R§|:U|§2R)> —0 as R— oo.

Wl

Therefore, passing to the limit R — oo in (329), and using the dominated convergence

theorem, one has
/ \Vu|2dx+/ VB2 — 0,
R3 R3

which implies the conclusion of the theorem. "

13



References

1]

[10]

[11]

[12]

[13]

[14]

[15]

M. Acheritogaray, P. Degond, A. Frouvelle, J-G. Liu, Kinetic formulation and global
existence for the Hall-Magneto-hydrodynamics system, Kinetic and Related Models
4 (2011), pp. 901-918.

S. A. Balbus, C. Terquem, Linear analysis of the Hall effect in protostellar disks, The
Astrophysical Journal, 552 (2001), 235-247.

L. M. B. C. Campos, On hydromagnetic waves in atmospheres with application to
the sun, Theoret. Comput. Fluid Dynamics, 10 (1998), 37-70.

F. Charles, B. Després, B. Perthame, R. Sentis, Nonlinear stability of a Vlasov
equation for magnetic plasmas, Kinetic and Related Models, to appear.

J. =Y. Chemin, Perfect Incompressible Fluids, Clarendon Press, Oxford, 1998.

G. Duvaut and J. L. Lions, Inéquations en thermoélasticité et magnétohydro-
dynamique, Arch. Ration. Mech. Anal., 46 (1972), 241-279.

T. G. Forbes, Magnetic reconnection in solar flares, Geophysical and astrophysical
fluid dynamics, 62 (1991), 15-36.

G. P. Galdi, An Introduction to the Mathematical Theory of the Navier-Stokes Equa-
tions, Vol. II, Springer, 1994.

H. Homann and R. Grauer, Bifurcation analysis of magnetic reconnection in Hall-
MHD systems, Physica D, 208 (2005), 59-72.

M. J. Lighthill, Studies on magneto-hydrodynamic waves and other anisotropic wave
motions, Phil. Trans. R. Soc. Lond. A, 252 (1960), 397-430.

A. J. Majda, A. L. Bertozzi, Vorticity and Incompressible Flow, Cambridge Univer-
sity Press, 2001.

P. D. Mininni, D. O. Gomez, S. M. Mahajan, Dynamo action in magnetohydro-
dynamics and Hall magnetohydrodynamics, The Astrophysics Journal, 587 (2003),
472-481.

J. M. Polygiannakis, X. Moussas, A review of magneto-vorticity induction in Hall-
MHD plasmas, Plasma Phys. Control. Fusion, 43 (2001), 195-221.

D. A. Shalybkov, V. A. Urpin, The Hall effect and the decay of magnetic fields,
Astron. Astrophys. (1997), 685-690.

M. E. Taylor, Tools for PDE. Pseudodifferential Operators, Paradifferential Opera-
tors and Layer Potentials, American Mathematical Society, 2000

14



[16] H. Triebel, Theory of Function Spaces I, Birkhduser Basel, 1983.

[17] M. Wardle, Star formation and the Hall effect, Astrophysics and Space Science 292
(2004), 317-323.

15



	Introduction
	Statement of the main results
	Proofs of the main results

