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ABSTRACT. In this paper, we investigate the time decay behavior to Lions weak solution of 2D
incompressible inhomogeneous Navier-Stokes equations.

Keywords: Inhomogeneous Navier-Stokes equations, Decay estimates.

AMS Subject Classification (2000): 35Q30, 76D03

1. INTRODUCTION

The main purpose of this paper is to investigate the decay estimates for the global solutions of
the following two-dimensional incompressible inhomogeneous Navier-Stokes equations with viscous
coeflicient depending on the density

Op + div(pu) =0, (t,z) € RT x R?,
(1.1) O (pu) + div(pu ® u) — div(u(p)M(u)) + VII = 0,

divu = 0,

where p, u = (u1,uz) stand for the density and velocity of the fluid respectively, M(u) = Vu+V7u,
IT is a scalar pressure function, and in general, the viscosity coefficient p(p) is a smooth positive
function on [0, 00). Such system describes a fluid which is obtained by mixing two immiscible fluids
that are incompressible and that have different densities. It may also describe a fluid containing a
melted substance. One may check [9] for the detailed derivation.

When p(p) is independent of p, i.e. p is a positive constant, and the initial density has a positive
lower bound, Ladyzenskaja and Solonnikov [8] first addressed the question of unique solvability
of (1.1). More precisely, they considered the system (1.1) in a bounded domain 2 with homoge-

neous Dirichlet boundary condition for w. Under the assumption that uy € W2 P (Q) (p>dis
divergence free and vanishes on 99 and that py € C1(Q) is bounded away from zero, then they [8]
proved

e Global well-posedness in dimension d = 2;

e Local well-posedness in dimension d = 3. If in addition ug is small in WQ_%’p (€2), then

global well-posedness holds true.
Danchin [3] proved similar well-posedness result of (1.1) in the whole space case and the initial data
in the almost critical spaces. In particular, in two dimension, he proved the global well-posedness of
(1.1) provided the initial data (pg,uq) satisfying po — 1 € H'T*(R?), po > m > 0, and ug € H?(R?)
for any « € (0,1) and g € (0, 1].
In general, Lions [9] (see also the references therein) proved the global existence of weak solutions

to (1.1) with finite energy. Yet the uniqueness and regularities of such weak solutions are big open
questions even in two space dimensions. Except under the additional assumptions that

(1.2) [(po) = Ul poorpzy <€ and  ug € HY(T?),
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2 J. HUANG AND M. PAICU

Desjardins [4] proved the following theorem.

Theorem 1.1. Let py € L>°(T?) and divug = 0. Then there exists ¢ > 0 such that under the
assumption (1.2), Lions weak solutions ([9]) to (1.1) satisfy the following regularity properties hold
forall T >0:
(1) uwe L®((0,T); HY(T?)) and \/pdyu € L*((0,T) x T?),
(2) p and u(p) € L>=((0,T) x T?) N C([0, T); LP(T?)) for all p € [1,00),
(3) V(IT = RiR;(uM(u);)) and V(P ® Q(uM(u)i;)) € L*((0,T) x T?),
(4) II may be renormalized in such a way that for some universal constant Cy > 0, II and
Vu € L2((0,T); LP(T?)) for all p € [4,p*), where 1% = 2C||pu(po) — 1| oo

In which, we denote R as the Riesz transform: R = VA3, Q = VA ldivand P = 1-Q

respectively denote the projection on the space of curl-free and divergence-free vector fields.

In order to investigate the global well-posedness of thus solutions, we first need to study the
global-in-time type estimates. However, because of the difficulties of the continuity equation in
(1.1) being of hyperbolic nature and the estimate of the diffusion term in the momentum equation,
we shall first study the time decay of the solutions, which is very much motivated by [5, 10, 12].

Theorem 1.2. For 1 < p < 2, let ug € LP(R*) N H'(R?), pg — 1 € L*(R?) and py € L>®(R?) with a
positive lower bound. We assume that (p,u, Vp) is a given Lions weak solution of (1.1) with initial
data (pg, up). Denote (1) = pg, then under the assumption

(1.3) 1) = p0l oo (s 1.0 (R2)) < €0,

for a small constant ¢, there exists a constant C; which depends on ||po — 1|12, ||uo||zr and |Jugl| g1
such that there hold

(1.4) lu(®)72 < Cit + )7, | Vu(t)|72 < Cit +e) 7' 2@,

(5) [ lulle + P aiv(u( M) 12 + | Qaliv () M) = VT2 e < €,

oo 2
(10) [ e 250 (oo | B div (o) M) o | @i () M)~V 52) e < €,
with B(p) = %(% — 1) and any € > 0.

Remark 1.1. The first estimate of (1.4) coincides with the L?>-norm decay result in [10, 12] for
the weak solutions of the two-dimensional classical Navier-Stokes system, and also coincides with
the result in [5] for (1.1). When u(p) be a constant, we can get optimal decay of ||Vul|7, with the
order —1—203(p), see [6]. Notice the main ingredients of the proof in [6, 10, 12] are the usual energy
estimates and the phase space analysis. In our case, due to the additional difficulties mentioned
above, we not only need to apply phase space analysis, but also need more explicit energy estimates,
see Proposition 3.1 below. We note also that the 3D case with constant viscosity was studied in [1].
Using energy estimates with weight in time and the Fourier splitting method of Schonbek [10] we
can generalize this decay in time estimates to the 3D case with variable viscosity.

Motivated by Proposition 3.1, we have a more general result. Indeed, using interpolation ar-
gument we obtain a similar decay rate of the solution, under a weaker assumption on the initial
volocity.

Theorem 1.3. For 1 < p < 2 and 0 < a < 1, let ug € LP(R?) N HY(R?), pg — 1 € L?*(R?)
and py € L®(R?) with a positive lower bound. We assume that (p,u,Vp) is a given Lions weak
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solution of (1.1) with initial data (po,uo). Then under the assumption (1.3), there exists a constant
C, which depends on ||po — 1|12, ||uollzr and ||ug||ze such that there hold

(1.7) lu(®)l[F2 < Calt +¢)72®) [[Vu(t)[|72 < Calt +e)~' 200,

(8 [ fulle -+ B (o) M) 2 + | Quliv(up) M) - Tl dt < Co,

(1.9)

o0 2
| e 0 (P i () M) 12+ | @i () M) = V12 < o
with any € > 0 and 0 < r < a.

Remark 1.2. We note also that the 3D case with constant viscosity was studied in [1]. Using
energy estimates with weight in time and the Fourier splitting method of Schonbek [10] we can
generalize this decay in time estimates to the 3D case with variable viscosity.

In the second part of this paper, we investigate the regularity propagation of transport equation.
We consider the transport equation:
op +uVp =0, (t,z) € RT x R?,
(1.10) divu =0,
pli=0 = po.

In the case of u € L'(Lip), for any small positive regularity, it is well known that

le@)lBs, < llpoll sz, expllullLy (Lip))-

And if the regularity index is 0, follows from [11], we have

le@lsy, < Cllpollsg, (1 + l[ullzy(rip)-

We want to know how it changes from zero regularity to positive regularity. So we define a Besov
space with logarithms regularity Bgolnl, which is just between zero regularity and positive regularity,
see Definition 2.2 and Remark 2.1 below. So we gain a polynomial relation between the velocity
and the density, which is the case between exponential and linear cases.

According these two results, we give an application about global existence to solutions of (1.1).
Theorem 1.4. For 1 < p < 3, let ugp € LP(R*) N H'(R?). Let py — 1 € B%ja(Rz) for any € > 0,

and py € LOO(RQ) with positive lower bound. Then there exist positive constant n > 1 and Cy, ¢y
such that if

(1 + 110)G (po, uo)
Ho

n+1
(L11)  laeo) = poll s ( )" exp {(n+ 1) exp(Colluoll{2)} < copo,

where

G(po, ug) = G1 exp(Ga),

G1 = llpo — |z + oo — L7z + lluollze + luoll Lo + lluoll s + luol| Lo lluol 71
+ (L4 [0 — LlIz2)l[uol 1

Ga = [[uolzs + lluollzs + llpo = Lz2 + luolzo luoliz + (1 + lloo = 1Iz2)lluol 3.

(1.12)

(1.1) has a global solution (p,u) such that p — 1 € LOO((O,T);B;,J{%(RQ)) for any T > 0, and
Vu e L'(R; BY, ).

Remark 1.3. We don’t mention the result of uniqueness, and this is well known in [3].
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The organization of the paper. In the second section, we collect some basic facts on Littlewood-
Paley theory and integral inequalities, which have been used throughout this paper. In Section 3,
we shall present the proof of Theorem 1.2. In Section 4, we shall prove Theorem 1.3. In Section 5,
we give an application of Theorem 1.2.
Let us complete this section by the notations we shall use in this context:

Notation. For a < b, we mean that there is a uniform constant C, which may be different on
different lines, such that a < Cb. a =~ b means that there is two positive uniform constant ¢, C' such
that cb < a < Cb. We shall denote by (c;,)jen to be a generic element of ¢"(N) so that ¢;, > 0

T —
and } oy ci, =1

2. PRELIMINARIES

First, we are going to recall some facts on the Littlewood-Paley Theory, one may check [2] for
details. Let B %/ {€ e R? |¢| < %} and ¢ & {€ eR? 3 <|¢] < 8} Let x € C°(B) and ¢ € C°(C)
which satisfy

X€)+) e =1, (€
Jj=0

we denote h def F~ Lo and h def F~!x. Then the Littlewood-Paley operators Aj; and S; can be

defined as follows

A o@Dy = 22j/ h2y)f(x —y)dy, forj>0,
R2
(21) Sif @D = 3 s =2 [ R i - )y
C1<k<j—1 R

Af sy, Saf=o.

With the introduction of A; and S;, we define two norm which will be used throughout of our
work.

Definition 2.1. Let s € R and 1 < p,r < oo. The inhomogeneous Besov space By, ,. consists of all
tempered distributions u such that

def
= |I(

l[ullB;, 25 Ajullrp)j>—1ller < oo

Definition 2.2. Let n > 0. The logarithms inhomogeneous Besov space Bgi,nl consists of all tem-
pered distributions u such that

def NI
lull g = ';1(2 +3)"1Ajul[pe < oo
>

Remark 2.1. One may see that for any positive € and n, B, 1 C Bgs,nl C Bgo,l.
Let us recall the following lemmas from [2].

Lemma 2.1 (Bernstein’s inequality). Let 1 < p < ¢ < co. Assume that f € LP, then there exists
a positive constant C independent of f, j such that

; 7 o glel+25 (L -1y
suppf C{[§] S 27} = [|0% f[|L« < C2 v 3| flle,
suppf C {|€| = 27} = ||l < C2791°1[0 f 1.
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Lemma 2.2. Let ¢ be a smooth function supported in the annulus {¢ € R? : |¢| ~ 1}. Then, there
exist two positive constants ¢ and C depending only on ¢ such that for any 1 < p < oo and X > 0,
we have

|6 D) i < Cem ™ [S(A D) 1.
In what follows, we will constantly use Bony’s decomposition
(2.2) wv = Tyv + Tyu + R(u,v)
where B
Ty = Z Sj—1ulAjv and  R(u,v) = Z Ajulljuv,
j>—1 Jj=-1
A 1
where Aj = Zizfl Aj-l—i-
Also, we need some calculus inequalities which can be found in [12].
Lemma 2.3. Let m € R, 0 < a < 1 and 8 > 0. Then
(1) fg(s +e) 'In(s+e)™ds < L5 for m>1,
(2) there is some 7y, > 0 such that fg(s +e) 1 PIn(s + e)" ds < v f MY,
(3) there is some vy, o > 0 such that, for all t > 0,
[i(s+e) In(s+ €)™ ds < ymalt + €)' In(t +e) 7.

Finally, we need the integral form of Gronwall’s inequality, which is well known.

Proposition 2.1. Let f, g, h be positive functions defined on R*, and h(t) € L} . If

loc*
£(t) < g(t) + /O h(s)f(s) ds,

then following estimate holds:
t t
(23 10 < g(t)+ [ ms)ayesnl [ nir)ar) as

3. THE PROOF OF THEOREM 1.2
In this section, we will prove Theorem 1.2. First, we have some energy estimates.

Proposition 3.1. Let v € L®(RT; L?) N L*(R*; H'), dive = 0. Assume that ug € H'(R?) and
po € L®(R?) with positive lower bound. f(t) be a positive second-order differentiable function
satisfies f'(t) > 0 and f”(t) > 0. (p,u) be the global weak solution of the linear system:

atp + /va = Oa

pou + pvVu — div(u(p)M(u)) + VII = 0,

divu = 0,

(p, u)li=0 = (po, uo)-

Then under the assumption (1.3), we have the following estimates:

sup £(0) [ | (o) Va0 da

0<t<oo

4 [0 [ 1l + P () M@)P + | Qv (1(p)M(w) — TP dod
0 R

(3.1)

32 <CUOITulis+ [ 70) [ o) Vol drdt) esp{C0+ ol o) Vol gz
(3.3)

/ 2 / 2 / 2 " 2
swp f(0) [ oty dat [ 70 [ oIVl dede < OO ol [ 170) [ plul dnar)

0<t<oo
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Proof. First, we follow the line of the proof of Theorem 1.1, see [4]. By taking L? inner product of
the momentum equation of (3.1) with f(¢)u; and using integration by parts, we deduce that

f(t) /R2 \\/ﬁUtP dx + f(t) /RQ(vau)-utdm—i-f(t)/Q,u(p)Vu :Vurdr = 0.

R
Note that

1 1
1) [ uo)Vu Vs = 5000) [ wo)IVuP da) = 370) [ o) Vul da
—1f<t> |, owtp)vuf da.
and from the derivation of (29) in [4] that

—/ Ouu(p)|Vul*dz = div(u(p)v)|Vu|? dx
R2

5

R2

= /2 oV)u - div(p(p)M(u)) dzx +/2u(p)tr(VvVuM(u))dx
R R

Il
\

(put + pvVu + VII) dz + / w(p)tr(VoVuM(u)) dz

]R2 R2

we have

G [ upvuP a5 [ | 1Voul da
/ 2 2
70) [ wva e s @) [ Vpwal e
) /R (o) Vel Vuf? de + £(0) /R 1050, d].

N

Recall that
—polu = div((u(p) — po)M(u)) — div(u(p)M(u)),

so that we have
10diuj = Ri Py R((u(p) — o) M(w)) — RiP; R(u(p)M(u)).
Estimating it in the L4(R2) and using the Gagliardo-Nirenberg inequality, we can write
Vullpe S [P@Q((1lp) — po)M () ||z + P@Q(n(p) M(w)) || s
1 1
< 100) — poll ey [Vl s + 1B Qua(0) M) 12119 (B Qua(0) Mw) )1
Finally, using (1.3) and the conservation of the momentum, we obtain that
1 1
(3.4) IVullps < [IVull 22 | P(pue + prVu)| 72,
Now letting (—A)féR operate on the equation of momentum, we get that
T = RiR; (1(p) (Big + Oywi)) + (—A) "2 R(pus + poVu).
It follows that
I = RiR,; (u(p)M(u) | Bro S IV = RiR; (u(p) M)z S llpur + poVu| Lo
We obtain that

‘/2H6ivj(9jui dx‘
R

IN

IVl 2 VullZa + T = RiR; (1(p) M (w)) | aroll0sv; djuillan

IN

IVl 2 [Vl g2 lpus + poVu] 2,



DECAY ESTIMATES OF INCOMPRESSIBLE INHOMOGENEOUS NS EQUATIONS 7

so that

f(lt)(/R2 N0u;05u;dz| < Cof (O Vol|2al[Vulze + ef@)((lvpuel gz + [vVulZ2).

f(t)/RQH(ﬂ)|VU||VU|2d$ < CFOIVUllelVulla

< CIOIVOIR IVl +f (ol + [vTul)
Also
[oVuls < ol Vulis < loll2 Vel g2 Vull 2 lou + poFu .
1) [ | IVovul? de < Cof @)l V0l IVl + £ (0] V-
Consequently,
d
GU@ [ uITuP dz)+ 1) [ |1l ds
(3.5) B2 B2

S PO [ oIVl do + FOITul V0l (1 + [olF)
Second, we act the Leray projector P on the momentum equation of (3.1) to get that

Pdiv(u(p)M(u)) = Plpu + pvVu),
Qdiv(pu(p)M(u)) = VII = Q(puy + pvVu).
Along with (3.5), we have

G0 [ o do
+10) [ VBl + [Pdiv (u(o)M ) -+ Qi (o) M(w)) — VI da
< CUO) [ uIVal o+ FOITal Tl + [o]F2)).
Note that v € L°(L?) N L*(H"), so that
| BVl de < 1+ ol o) [ Dol

and (3.2) holds.
The same strategy can be held for f/(t)u, we have

Fl 0 [, Vo a0 [ uoIvetar =30 [ 1Pz

so that

swp £1(0) [ oty dat [ 1O [ IVl dede < OO uoliar [ 170 [ pluf daat)

0<t<oo

0

According these two energy estimates, letting v = u, we can prove Theorem 1.2. More precisely,
we have the following theorem.
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Theorem 3.1. Under the assumption of Theorem 1.2, (1.4), (1.5) and (1.6) hold. More precisely,
we have

(3.6)

lu(®)Fe S (K + KT exp(K?)(t +e) W, |[Vu()|[Fe S (K + K7)exp(K?)(t +e) 77200,

~

(3.7) /OOO uellzz + | Pdiv(u(p)M(w)) | 2 + | Qdiv(p(p)M(w)) — VI|| 2 dt S VK + K,

(3.8)
/0 (1+€) 20 (| o+ | B div () M) | 2+ Q v ()M (w) VI 2 ) dt S (K4 K7 exp(K?),

where
(3.9) K = (HUOH%erHuoH%p+Hpo—1Hiz+HUOH%pHUOH?p+(1+Hpo—1H%2)HUOH§p) exp{Cluo||7:}-
Proof. We get the standard energy estimate to (1.1) that

d
ZIVpu®lIze + [Vu@)llzz < 0.

Using Schonbek’s strategy, we obtain
d .
(3.10) ZIVeu®)lZz + g* (OIVpu®) 12 < Mg*(t) /S(t) la(t, €)% dg,

where S(t) = {€:1¢] < /& g(t)} and g(t) satistying g(¢) < (1 —i—t)_%. We rewrite the momentum

equation of (1.1) as

u(t) = eFotByg + / e““(t_s)AP(div((,u(p) — ,uo)./\/l(u)) + (1= plup — puVu) (s)ds.
0

Taking Fourier transform with respect to x variables leads to

it €)] < e R ig(¢)] + /0 et [[¢]| F, (1) — o) M(w)) | + | Fo (1 = p)uy — puVu)|] ds,

which implies that
2 t
[ giterae s [ e Pag©R d+ g0 [ 17 ((hl0) — o) M) 1 s
S(t) S(t) 0

(3.11) O 170 = P = pu¥u) e ds)

Note that ug € LP for 1 < p < 2, one has
_ 2, . _ 2 i _
(3.12) /S o 20t adg (€)1 dé < ( /S . 20t dg)a i (€)1, S lluollE (1 + )72,

1_ 2 1 1
where = =2 -1, = + =5 = 1.
q  p ’p+p’

Note that v € L®(L?) N L?>(H"') and u; € L*(L?), we have

(1P (00) = ) M) e 4 < ([ o) = pd M)l )

IN

t
I0) = ooy [ IVl s

Clipo — U7alluollF2 (1 +1),

IN
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t t
([ 1F((1 = p)ue) g ds)? < 1= pllZoo oy ([ Nuellp2 ds)® < Cllpo = 172 [ Vol 72 (1 + 1),
0 3 t (L?) 0

t t
([ 17 (Tl a5 < loulf ooy [ IVulle 497 < Cluglfa(1+1)

Then we deduce from (3.10) to (3.12) that

d

EII\/EU(t)Hiz + g7 () IVput)|l7
< PO luollFe(1+1)72P 1+ g8(1) oo — 1)1 22]juolF2(1 + ¢)

+g* ) ([lpo — 1|72 IVuo 32 + lluoll72) (1 +2)
< Gt 2 (14+1)7200) 4 g4t — 12 2 A1+t
S g Olluollze (1 +12) + 9" () (llpo — 72 lluoll 71 + [Juollp2) (1 + ).

Taking ¢%(t) , then elo 9°(s)ds — In?(t + €) and

_ 2
T (e+t) In(e+t)
n®(t + e)|u(t)|2
t In(s +e)
2 2 2 2 4 -1
S luollze +/0 [Huollmm + (llpo = Hzzlluollz + lluollzz)(s +e)~ 1 ds
< (ol + (1 + oo — 1) lwollZs + ol InGt +e),
which gives
(3.13) lu®32 S (luollZs + (1 -+ lloo = 132 lwo |2 + fuollf ) ™ (¢ + ¢)
) L2~ 0llLr Po £2)lluol| g1 0l 12 .
Now we improve the estimate (3.13).

We choose f(t) =t+ e in (3.2), then we have

sup (t + e)[[Vu(t)| 72 +/ (t+e)lluell72 dt < Clluoll exp{Clluoll7z},
0

0<t<oo
so that
¢ 2 2 K 2
(170 = )l as? < 1= pleqaey (| oz d
t t
< Cloo =1 [ s+ ollulieds [ (5407 ds
0 0
< Clioo = 1 lluolis exp{Clluoli4s} In(t + ).

t t
([ 17Tl a5 < ([ (o) Va2 ds)
< (ol + (1 + lloo — 1)l 3 ) ol exp{Clluolle} (¢ + €)= (t +e).

We plug these estimate into (3.11) and take g?(t) = , then elo 9°(s)ds — In3(t + ¢) and

3
(e+t) In(e+t)
K/t[ In?(s + e) N In?(s + e)

o (s+e)tt2hw = (s+e)?
< Kln(t+e),

3t + e)fu®)|?. < +(s+e)]ds

which implies
(3.14) Ju@®)]2: < KIn"%(t +e).

~
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So that
[e.e]
| el S .
0
We choose f(t) = In(t + €) in (3.3), then get

o0
sup In(t-+ ) u(®)lfs + [ e+ o) Valfs s
0<t<oo 0

< O(|luoll3- +/ (t+e) Hull- dt)
0
< K.
Consequently, we take f(t) = (t +e)In(t + e) in (3.2), obtain that

sup (t+e)ln(t+e)\|Vu(t)H%z +/ (t+e)ln(t+e)\|ut\|%g dt
0

0<t<oo
< C(IVuol7. + /Oo(ln(t +¢) + 1) Vul 72 dwdt) exp{Clluo||72}
S K, :
which implies
(3.15) IVu)||3: S K(t+e) tin~ (t +e).

Combining (3.14) and (3.15), we get the revised estimates,
¢ ¢ 1 3
([ Wl ez dsf 5 B3([ (s 0 HmE s e)ds?
0 0
< K2%(t+e)ln3(t+e),

t

<Am—mmmmw>5m4@+mmHQMMMﬂA@+aln@+am
< K?In(n(t+e)).

Substituting these two estimates in (3.11), and taking ¢*(t) = m, then efo °(9)ds — |n? (t+
e) and
t Int(s +e) In®(s + €) In(In(t + e)) K?
5 2 < 2 2 2
W+ Ol S ool + [ Tl + k#=EI) y

< (K +K?)In(t+e),
from which, we obtain
(3.16) lu@)||2: < (K + K*)In~4(t +e).
We choose f'(t) = In%(t + ¢) in (3.3), then

sup In?(t + e)|ju(t)]%2 +/ In®(t + ) ||Vul|7» dt
0

0<t<oo

scww@+4ﬂﬂw*Mmew@ﬁ>

IN

Clllwlfze + (5 + K?) [ (¢ +0) 7 -5t + ) dt

A

K+ K2.
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Finally, we take f(t) = (t +¢)In?(t + ¢) in (3.2) to get that

sup (¢ + ) In*(t + ) [ Vu(t)] 72 +/ (t+ ) In®(t + e) Jue |72 dt
0

0<t<oo
< C(HVUOH%Q“'/ (In(t +e) + n*(t + ) | Vul)3- dt) exp{C||uol|72}
0
< K+ K2

~

Consequently, we obtain
([ Tl dt? < (| ¢+ e+ unlfad(| ¢+ e 20+ o) de) S K+ K
0 0 0

Which is the same for Pdiv(u(p)M(w)),Qdiv(u(p)M(u)) — VII € L*(R*; L?), and gives (3.7).
Moreover

o0 [o¢]
| eVl e < [ (s 1Val + luslzz) dt S VE + K
0 0

and

t t t
(f lMule2lVullpzds)® < (f Wm7(s +e)ullf2ds)( [ (s +e)|Vul7a ds)
0 0 L 0 L

t
S (KK [ sk o) ulfs ds
0

Substituting these estimates into (3.11), noting that 23(p) € (0,1), and taking ¢?(t) = s with
any positive o € (26(p), 1), then we get

t s
¢+ u®lF: S Juoll + (K +K7) [ s+ 07 [ w2+ ) ulr) 2 drds
0 0
t t
+ K/(S—i—e)o‘_l_w(”)ds—}—(K2+K3)/(S—i—e)O‘_st
0 0

t S
< (K+K3)(t+e)a—2ﬁ<p>+(K+K2)/ (s+e)a—2/ In=2(7 + e)|Ju(r)||2: drds.
0 0
For t > 1, we define
def [* de
y(t) % / (s 40 fu()Zads,  ¥(6) S maxfy(s): 1< s <1},
t—1

) /O In~2(s + ) [u(s)||22 ds.

Then recall that o < 1, one has

t—1t] t
I(t) = / In?(s + e) [|u(s)]|7 d8+/ In"*(s + €)[|u(s)||7> ds
0 t—[t]

S K-i-Z/ [u(s)||32(s +e)*(s +e) “In"%(s +e) ds

[t -1

(3.17) S E4+Y®)Y (t—7) "I (t—j) SK+Y#)(t+e) “In(t+e),
j=0

from which, we infer that

y(t) < (K + K3)(t+ e)a*w(p) + (K 4+ K?) /t(s +e) tn"?(s + €)Y (s) ds.
0
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Then, applying Gronwall’s inequality (2.3), we have

(3.18)
Y (t) S (K 4 K3)(t + )2 28®

+ (K? 4+ K9) /t(s + )2 2P~ 1072 (5 + €) exp{(K + K?) /t(’T +e) tIn2(r +e)dr}ds
0 s

t
< (K + K3t +e)* 20 4 (K2 + K°) exp(K?) / (s4¢e)* 2801 1n=2(s 4+ ¢) ds
0

< (K 4 K%Y exp(K2)(t + )20
Plunging (3.18) into (3.17) gives rise to I(t) < (K 4 K°) exp(K?)(t+¢e)'=2®) In=2(t +¢), we obtain

~

t
(t+e)u)? < (K+K%)(t+e)* 20 4 (K2 + K7)exp(K?) /0 (s+e)* 22O In2(s +e) ds

S (K + KT exp(K?)(t+e)* 0,
which gives the first inequality of (3.6).
Go back to (3.3), we choose f”(t) such that [ f"(¢)||lu(t)||3. dt is finite. For example, we let
() = (t+e)~ 1280~ for any € > 0, (or f"(t) = (t 4+ )" 2@ In=%(t + ¢) for any o > 1,) then
() = (t + e)1t28P)== Finally, we get (3.8) and the second inequality of (3.6). O

4. THE PROOF OF THEOREM 1.3

The proof of Theorem 1.3 is very similar to Theorem 1.2. We should estimate every term in
terms of ||ug| g« instead of ||ug||g1. First, we choose f(t) =t + e and ¢ in (3.2), get that

sup (t+e)[Vu(t)[F + /0 (t + €)Jurl22 dt < Clluol expfC + [0 12 IIV0] 2212,
and
s V) + [ tulade < Cluola expC+ [0l ) V012 sn )

By interpolation, and let v = u, we get that

@1 sw (Tt [+ s dt < Cluolre exp{Cllula)
So that
¢ 2 2 ¢ 2
(170 )l @52 < 1= pleqaey (| alzzds)
t t
< Clln— 13 [ st uleds [ 571+ e) s
0 0
< Cat?,

(1P 00) = o) M) e 49 < ([ o) = pd M)l )

IN

t
I0) = ooy [ IVl s

Clipo — U FalluollF2 (1 +1),

IN

t t
(17 0ui0) sz 49 < Nl g | 1912 492 < Cllalifa(1 40
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From which, we can deduce that

CINAuE) s + 60 Ault) 3
Cal(E0+ 0720 1+ PE 1) + 6" )1+ 1) +g*(01°)

< Ca(PO0+ 770 4 g (1 +1) + g (1)t

IN

Taking ¢%(t) = then elo 9°(9)ds = In?(t + ¢) and

2
(e+t) In(e+t)’

2 (t + e)||u(t)]|2

In(s +e) 1 1
CHUQHLQ + C, / 5+ e)1+28() + s+e + (s+e)2
CoIn(t +e),

IN

|ds

A

which gives
(4.2) [u®)]|22 < CoIn™L(t +e).

Now, for t > 1, we have

t t
([ 17wz asi < ([l Vulzz s

IN

¢
C’a(/ SQT_I(S +e) 2 ln_%(s +e)ds)?
0

< Co(l+(t+e) In— Yt + e)) < Cu(t+e) In~Y(t +e).

We take g2(t) = m, then elo 9°(8)ds = In3(t 4 ) and
(s+e) (s*+1)In(s+e) 1
e+ Al < Clluolie+Ca [ (ST (DGR L Ly,
< Cyln(t+e),

which implies

[u()]22 < Couln™2(t +e), for t > 1.
And for 0 < t < 1, it is obvious, so that
(4.3) lu(®)l72 < Caln™(t +e),

and

/O (t+e) Hul3 dt < Ca/o (t+e) tIn"2(t+e)dt < C,.

We choose f'(t) = In(t + €) in (3.3), then get

sup Inft+ o)u(®)F+ [ In(t+ o) [Vulf de
0

0<t<oo

CW%%+A(H@ﬂM§W
< C,.

IN

13
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Consequently, for any 0 < r < «a, we take f(t) = t'""(t +€)" In(t + €) in (3.2), obtain that

o
sup t'7T(t+e) In(t 4 )| Vu(t)|2s + / (4 o) In(t + e)||ug]|22 dt
0<t<oo 0

< C/OOO [(t%e)lfr +In(t + 6)((#)1771 ¢ I a3z dtexp{Clluollf2.

Using (4.1), we get that

1 1
/ 7| Vu(t)|72 dt < Ca/ T (4 €)Y dE < C,
0 0

which implies
(4.4) [Vu(t)|[2e < Cot™ Lt +e) " In"(t +e).

Combining (4.3) and (4.4), for any t > 1, we get the revised estimates,

t
%nmmwwpwﬁ

1 ¢
C’a(/ srgl(s—i—e)*%ln*%(s—i—e) ds)2—|—C’a(/ sz (s4e)2 ln*g(s—i—e) ds)?
0 1

IN

IN

Co(l+(t+e) In—3(t + €)) < Calt+e) In=3(t +e),

t
(AM—MMWMMW

IN

Ca(/o s'77 (s +e) In(s 4 €)|ug] 2 ds)(/o s Hs+e) " In"(s 4 e)ds)

< Cuoln(In(t +e¢)).

For t > 1, taking ¢*(t) = , then elo 9°(s)ds — In®(t + e) and

5
(t+e€) In(t+e)

In®(t + e)|u(t)|7:
¢t In*(s+e) In®(s + e) In(In(t + ¢)) 1
2
Clluollz2 +CO‘/O [(s+e)1+25(p) (s +e)? * ste
< Culn(t+e),

IN

| ds

from which, we obtain
(4.5) [u()]|2s < Coln™(t +e).

We choose f’(t) = In%(t + ¢) in (3.3), then

sup lnz(t+e)\|u(t)\|%z+/ I (t + €)[|Vul7 dt
0

0<t<oo

SCWMéﬁ/ﬁ+ﬁﬂw+MMWé@

0
1 ')

< Ca(1+/ (t+e)—1dt+/ (t+e) tin73(t 4 e)dt)
0 1

< C,.
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Finally, we take f(t) = t'~"(t 4+ ¢)" In?(t + €) in (3.2) to get that

sup tl_r(t—l—e)rlnz(t—{—e)HVu(t)H%g +/ tl_r(t—l—e)rlnz(t—l—e)HutH%g dt
0

0<t<oo
< 0 [ {mlt+ e (— ) 20t + o)l (— ) () Va2 dt exp{Cluollte}
- 0 t+e t+e t L L
< .

Consequently, we obtain

( /0 el 2 d)?

< (/ tl—r(t+e)rln2(t+e)HutH%Qdt)(/ Lt +e) " InT2(t + €) dt)
0 0
< Cy.

Which is the same for Pdiv(u(p)M(u)), Qdiv(u(p)M(u)) — VII € L (R*; L?), and gives (1.8).
Then follow the same line to the proof of Theorem 1.2, we get the first inequality of (1.7). We
choose f'(t) = (t 4+ ¢)?5~¢ in (3.3), obtain that

0<t<oo

o0
sup (¢ + €25 u(t)]2 + / (¢ + €2 |V 2 dt
0

IN

oo
Clluolfze + [ (¢ &)1l o)
0
< Ch,.
Then taking f(t) = t'7"(t + ¢)"*2~¢ in (3.2), we deduce that

o0
sup 177 (t + e)" 20 | Vu(t) |22 + /0 77t + €) 205 |2, dt

0<t<oo
o _ t ., t+e,,
< C/ (t+¢)* 5[(t—)1 + (—)"IIVul 72 dt exp{Clluo] 72}
0 +e t
< Ca,

which implies (1.9) and the second inequality of (1.7). This completes the proof of Theorem 1.3.

5. APPLICATION: GLOBAL EXISTENCE OF (1.1)

First we present a polynomial relation between the velocity and the density, which is the case
between exponential and linear cases. In general, we consider the case of non-Lipschitz velocity,
the loss of regularity will occur. With the non-Lipschitz velocity and logarithms regular density,
we have the following proposition.

Proposition 5.1. For n > 0, let py € ngl)ln and Vu € LI(RJF;BgQQ). Then we have p €
L>((0,00); BLY,), and

t
6.0 161y < Clloolgonn( [ ¥l dr)H,
0,1 0,1 0 oo,

for any t > 0.

Proof. First, we observe the continuity equation as follow: p = > j>—1Pj5 where p; satisfies

(5.2) { Oipj +u-Vp; =0,
pili=0 = Ajpo.
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Then we have .
Is0)l 3 < ClosO Ly exolC [ [Vully, dr)

so that L
18qp;(t)||Loe < €272 DA po || oo F(w),

where F(u) = exp{C fg IVullgo  dr}. If § —j > N, for a positive inter number N will be fixed

later, we obtain that

SN IAw®le@+q" < CP@)Y 249" > 2725|800 e

9 j<§-N q j<&-N

= CF(w)Y 25| 8poll= Y. (2+q)"21
J g>2(N+7)

IN

J

N
CF)2™ 3 3 Moo/l (1 + N + )7
J

IN

IN

N
Cz*iN”HPOHBnlgF(U)-
On the other hand, we have

losOll 3 < ClosOll_, Flw,

which implies that
_le; _3q
180 (t)l|ze < €272V 72| A po| e F (w).
If j — 3—2'1 > N, then we obtain

> X I8apl~@ )" < OF@) Y 27 | Ajpllee Y (2427

q j>%+N q<2(j—N)

IN

J

IN

_N
€2 N ol 0 Flw)
Note that [|[Agp;(t)||ze < [|pj(t)|lLe < [|Ajpollzee, for £ — N < j < 3—2'1 + N, we get that

YooY Aw®l=+e)" < Y lIA ol > 2+9)"
j

1 4-N<j<U4N 2(j—N)<q=<2(j+N)

CF(u) " 257 ||Ajpol| 272N+ (2 4+ 2(N + )7

A , 2
CP(u) Y2731 8pol1=280~) 2+ 2(j = )"

(2+2( + M)y - 2+ 3G - My

IN

C Y l1Ajpollz=
i

CNT o]l v

n+1

IN

Finally, we obtain that

IN

1)l g3n

> 2(2 +0)"18gp; ()] L

N
CN"27% | poll grin F(u) + CN"Hlpol| g m

IN

IN

N
CN"+1\\P0\\B<n+11)In(1 +272 F(u)),



DECAY ESTIMATES OF INCOMPRESSIBLE INHOMOGENEOUS NS EQUATIONS

where we use [|po|| gnin < |pol| zn+1)1m. We choose 2_%F(u) ~1,ie. N~ fg IVul||go dr, then
0,1 00,1 002

t
o)l < Clpoll o / IVullgo , dr)",
0,1 0,1 0 oo

Now, we present the product law with logarithms Besov space and the usual Besov space.

Proposition 5.2. Let > 1, and a € B, b € BY, 5. Then ab € BY, ,, and

00,17 00,27

(5.3) labllge, , < Cllall o l18ll 5o_,-

Proof. We use Bony’s decomposition that

ab =Ty,b + Tya + R(a,b).

For the first term, we have

1A Tabllee < D [1Sq—1allzoe [|Agh] Lo
li—qI<N

< Hb”ng2 Z Cq,2 Z |AgalLe
li—ql<N k<q—2
< Nl bl 3 ez 32 ena@+k)7
li—gl<N  k<q—2
< ciallall g Blso -
where we use n > 1.
To deal with Tpa, one has
1A Thalle < Y l1Agallze > 1Az
li—al<N —1<k<q-2
< lallgnm lIbl52, , Y. C+aTVa
li—gl<N
(-1
S lallgn Blss, 3 @+
li—gl<N
S CJEQHG’”BZ;?l”b”Bgo’y

where we use again 7 > 1 so that 37 - (2 + q)~ @Y < .

17
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For the last term, we obtain that

YoIAR@Y)E. < > (D [Agalr=[Agd]r=)2

j>—1 j>—1 q>j—N
< D (Y CHMIAalFe) Y] (24 q) 2 AgD]F)
j>—1 ¢>j—N ¢>j—N
2 —2 2
< a2 D> Y @+ AR~
> T1g>-N
< HaH%nlngH%}gOQ DR+, D 1
et T g1 —1<j<q+N
S ||a‘|§3;701n1”b”§3g02 > (24q) 1Y
' g>-1

S llaly B3,

By summing up the above estimates, we get (5.3). O
Now we are at the position to proof Theorem 1.4.

Proof. We rewrite the momentum equation of (1.1) as
poSu = P(puy + puVu) — Pdiv((p(p) — po)M(u)),
from which, we get
po(I = So)Vu = V(=2) T Pdiv(I = So) (((p) — po)M(w)) = V(=) P(I = So)(pus + puVu).
Now we can estimate Vu in the norm of L%(Bgog). Note that
I9(=2)"1(I = S0) s, < Cl g2,
and recall (5.3), we obtain that

poll(I = So)Vullye ) < Cllulp) = NO‘|L?0(BZJf‘1)HVUHL%(BgO’Q)
+C(uell Ly 2y + lluVul[Lrz2))

IN

Clliatp) = poll gy (I = S0)Vull g ) + 150V ull o))
FCO(Juellpr 2y + [uVullpyze))-

Let ¢; be a small enough positive constant, which will be determined later on, we denote
— def

(5.4) T = sup {t; 1CP) = 10l oo (gminy < cum}-

Then for any ¢ < T, the assumption (1.3) holds and

pollVullpy s, ) < C(MOHSOVUHLg(Lw) + Juellrzey + HUVUHLI(L2)>-
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Note that p < %, we can find some positive € such that % +28(p) —2e > 1. Then using interpolation
(3.4), and decay estimates (3.6), (3.8), we obtain that

t t
1SoVallzmy S IVulliy o S ( / (s + &) 32502 | 7y |12, ds) ¥ ( / (s + &)~ (3+200)-29) g}
0 0

1

t
S ([ 6+ PO Tl allpuc -+ a2 )}
0

1
2

t
< ((K% + K%) exp(K?) / (s + )°P)=2 || puy + puVul| 2 ds)
0

NI

t t .
< ((K% + K;)exp([@)(/ (s + )20~ puy + puVul?, ds) (/ (s+e)71e ds)ﬁ)
0 0
< (K% +K%)exp(K2).
Combining (3.7), we get that
1 7 1
pollVul Ly mo, ) < C(no(K2 + K2) exp(K?) + K= + K).

Recall the definition of K and G(py, up), we deduce that

(5.5) pollVull Ly mo, ) < C(1L+ 10)G(po, uo) exp{exp(Clluo||z2)}-
Now, substituting (5.5) into (5.1) leads to
(5.6)

n+1

(o) = b0l e grimy < Clin(po) = M0|!Bg+11>ln(HVUHLg(BgM))
(1 + 110)G(po, uo)

n+1 4
< Cllu(po) = poll s ( )" exp {(n+ 1) exp(Clluol}2)}

1 Ho
< ﬂ#o,
2
as long as Cj is sufficiently large and cp small enough in (1.11). This contradicts with (5.4) and it
in turn shows that T" = co. So the Theorem is proven. ]
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