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PROPAGATION OF CHAOS FOR THE SPATIALLY
HOMOGENEOUS LANDAU EQUATION FOR MAXWELLIAN
MOLECULES

KLEBER CARRAPATOSO

ABSTRACT. We prove a quantitative propagation of chaos and entropic chaos, uni-

formly in time, for the spatially homogeneous Landau equation in the case of Maxwellian
molecules. We improve the results of Fontbona, Guérin and Méléard [9] and Fournier

[10] where the propagation of chaos is proved for finite time. Moreover, we prove

a quantitative estimate on the rate of convergence to equilibrium uniformly in the

number of particles.
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1. INTRODUCTION

An important open problem in kinetic theory is to derive Boltzmann equation from a
many-particle system undergoing Newton’s laws of dynamics. The correct scaling limit
for this is the so-called Boltzmann-Grad or low density limit, see Grad [12]. The best
result is Lanford [17] who proved the limit for short times (see also Illner and Pulvirenti
[14] and Gallagher, Saint-Raymond and Texier [11]).

Kac [15] proposed to derive the spatially homogeneous Boltzmann equation from a
many-particle Markov process, performing a mean-field limit. The program set by Kac
in [15] was then to investigate the behavior of solutions of the mean-field equation in
terms of the behaviour of the solutions of the master equation, i.e. the equation for the
law of the many-particle process. We refer to Mischler and Mouhot [20] for a detailed
introduction on Kac’s program and for recent important results.

In the same way, we would like to derive rigorously another equation from kinetic
theory, the Landau equation, from a many-particle system described by Newton’s laws.
It is an open problem, but the correct scalling to this is also known, the weak-coupling
limit, and we refer to Bobylev, Pulvirenti and Saffirio [3] and the references therein for
more information on this topic and partial results. We do not pursue this problem here.

Instead, in this work, we shall use the approach described above introduced by Kac
[15]. Hence, we shall introduce a N-particle Markov process (see section 2.3) from which
we derive the spatially homogeneous Landau equation in the mean-field limit. The N-
particle process used here is obtained by means of the grazing collisions limit applied to
the N-particle master equation for the Boltzmann model. We should mention that the
N-particle master equation introduced here was, in fact, originally proposed by Balescu
and Prigogine in the 1950’s (see [16] and references therein); and it is also studied by
Kiessling and Lancelloti [16] and Miot, Pulvirenti and Saffirio [19] (both in the Coulomb
case).

Let us briefly explain how we can prove the mean-field limit with the approach pro-
posed by Kac. Consider the probability density F}¥ associated to the Landau N-particle
system and its evolution equation, i.e. the master equation (section 2.3). Integrating
this equation over all variables but the first, we obtain an evolution equation for the first
marginal IT; (F}V) that depends on the second marginal IIo(F}Y). If the second marginal
of the probability density was the 2-fold tensorization of a one-particle probability f,
then f; would satisfy the Landau equation (section 2.2). However, even if at initial time
we start with an N-fold tensor probability FV(0) = f(0)®V, this property can not be
satisfied at later time because there are interactions between the particles. Kac sug-
gested then that the chaos property (see definition below (1.1)), which is weaker than
tensorization, could be propagated in time, which in turns would prove the mean-field
limit.

1.1. Known results. Before giving our main results let us present known results con-
cerning the propagation of chaos for the Landau equation for maxwellian molecules.
The work of Fontbona, Guérin and Méléard [9] consider nonlinear diffusion processess
driven by a white noise that have an interpretation in terms of PDEs corresponding to
the Landau equation. They construct an N-particle system that converges, in the limit
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N — oo and in finite time, to the nonlinear process and, moreover, obtain quantita-
tive convergence rates in Wasserstein distance Wa. Then Fournier [10], with the same
probabilistic interpretation, improves the rate of convergence of [9].

We should mention that the Landau master equation introduce in this work (section
2.3) differs from the master equation associated to the N-particle process in [9, 10], see
remark 2.1.

1.2. Main results. Consider a Polish space E, we shall denote by P(E) the space of
probability measures on £. We denote by Psym(EN ) the space of symmetric probabilities
on Py (EN). We say that a symmetric probablity FV € Py (EY) is f-chaotic (or
Kac chaotic), for some probability f € P(E), if for all £ € N* we have

(1.1) FN —~ %' when N — oo,

where FV = II,(FY) is the (-th marginal of F¥ and the convercence has to be under-
stood in weak sense on P(E’), i.e. the convergence of integral against continuous and
bounded functions ¢ € Cy(EY). In this paper we are interested in quantitave rates of
convergence, more precisely we shall investigate estimates of the type, for any ¢ € F®¢
with F C Cy(F) and |||l zee <1,

(FY = 1%, 0)| < coye(),

with a constant C'(¢) possibly depending on ¢ and a function (N) — 0 when N — oo.
Another possibility is to replace the left-hand side of the last equation by some distance
on the space of probabilities, as for exemple the Wasserstein distance, W (FZN , f®£).

The many-particle process can be considered in RV and then its law FV is a symmet-
ric probality measure on RV, however, thanks to the conservation laws, the process can
be restricted to some submanifold of R*V. In our case, the dynamics of the many-particle
process conserves momentum and energy (see section 2 for details), which implies that
the process can be restricted to
(1.2)

1 N
SN(E,M);:{VZ(Ul,...,U c R ; Z]v, M‘QZE’N;”FM}

where £ > 0 and M € R?. We consider through the paper, without loss of generality,
the case M = 0, we denote SV (&) := SN (&, 0) and call these submanifolds Boltzmann’s
spheres.

Initial data. Considering the process in SV (&), we shall need an initial data Fj"
Py (SN (E)) that is fo-chaotic for some fy € P(R?). This problem was studied in [5],
where it is proven that for some (regular enough) probability measure f € P(R%), with
zero momentum M = [vf = 0 and energy £ = [ |v|?f, we can construct a propability
measure FY € Py, (SN(E)) that is f-chaotic (and also entropically f-chaotic, see
section 5 for the definition), by tensorization of f and restriction to the Boltzmann’s
sphere SV (€). We shall denote this probability measure by
fON

SNE) T Jsnge) JON dy N 7

where 7 is the uniform probability measure on SV (&).

(1.3) FN = [f®N]
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We can now state our main results in a simplified version.

Theorem 1.1. Consider fy € P(RY), with zero momentun and energy £, and also
FY = [f(?N]SN(g) € Py (SN(E)). Let f; be the solution of the Landau equation (see
(2.10)) with initial data fo and F}N the solution of the Landau master equation (see
(2.29)) with initial data QY.

(1) (Theorems 4.1 and 4.2) Then, for all N € N* we have
%) (Fth t®N)
sup ———~

>0 N

where €1 is a polynomial function and e1(N) — 0 as N — oo.
Moreover, for allt > 0, for all N € N*, we have

Wy (F;‘/Nv IVN)
N

for a polynomial rate p(t) — 0 as t — oo and where vV is the uniform probability
measure on SN ().

(2) (Theorem 5.3) Then, for all N € N* we have

< e1(NV),

<p(t),

sup | H(FY ™) — H(7il)| < ex(N),
>0
where €y is a polynomial function eo(N) — 0 as N — oo, H(f|y) denotes the
relative entropy of fy with respect to ~y, the centered Gaussian probability measure
in RY with energy €, and H(FN|yN) denotes the relative entropy of FN with respect
to v (see Section 5).

Moreover, for allt > 0, for all N € N*, we have

1
~ HE ™) <p(),

for some polynomial function p(t) — 0 ast — oco.

1.3. Strategy. The main idea is to use the consistency-stability method developped by
Mischler, Mouhot and Wennberg in [20, 21]. Consider the semigroups associated to the
evolution of the N-particle system and the limit mean-field equation, this method re-
duces the problem of propagation of chaos to proving consistency and stability estimates
for these semigroups. First of all, we need to introduce the Landau master equation,
which is derived by the asymptotics of grazing collisions from the Boltzmann master
equation. Then, with the Landau master equation and the limit Landau equation at
hand, we can investigate the estimates needed to apply the consistency-stability method
and prove the propagation of chaos.

1.4. Organization of the paper. Section 2 is devoted to deduce a N-particle stochas-
tic process modeling the Landau dynamics and to present the limit Landau equation.
In Section 3 we present the consistency-satability method, with some adaptations, de-
velopped by Mischler, Mouhot and Wennberg in [20, 21]. In Section 4 we apply the
method presented before to the Landau model in order to prove the propagation of
chaos with quantitative rate and uniformly in time. Finally, in section 5 we prove a
quantitative propagation of entropic chaos.
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2. THE LANDAU MODEL

Our aim in this section is to present the N-particle system and the limit mean-field
equation corresponding to Landau model. The limit Landau equation is well known
and we shall present it in the Subsection 2.2. Furthermore, in Subsection 2.3 we deduce
a master equation for the N-particle system corresponding to Landau.

Fisrt of all, we present the Boltzmann model, with its master equation and limit
equation, which will be very useful in the sequel since Boltzmann and Landau equations
are linked by the asymptotics of grazing collision that we shall explain in details later.

2.1. The Boltzmann model. We present here the Boltzmann model, with the limit
mean field equation and the master equation. The spatially homogeneous Boltzmann
equation [29, 20] is given by, for f = f(t,v),

(2.1) of=Q(f, [f)
with the collision operator given by

22 Q= [, . Bllo—v.lcos)(gl)f(¢) = g(o.)f(v)) dv. do

and where the post-collisional velocities v’ and v, are given by

;U ]v—v*]U ;U ue v

2 2 ’ * 2 2
and cosf = o - (v —v4)/|v — vi|.

We assume that the collision kernel B satisfies B(|z|,cos 0) = I'(|z])b(cos #) (for more
information on the collision kernel we refer to [29]) for some nonnegative functions I" and
b. When the interaction potential is proportional to r~°, where r denotes the distance
between particles, then we have

L(|z]) = |27, sin?™2 0 b(cos f) ~ C, 017" when 6 ~ 0,

with v = (s — 2d 4 2)/s, for some constant C;, > 0 and some fixed v € (0,2). For
example, in the 3-dimensional case we have v = 2/s.

In this work we are concerned with the case of true Mazwellian molecules v = 0
(which corresponds to s = 2d—2), we shall then consider through the paper the following
assumption :

(2.3)

B(|v —wl,cos 8) = b(cos §),

24
(2.4) /d ) b(cos 0)(1 — cos 0)° 4 do < +00, Va > 0.
-

We remark that in this case we have [ga—10b(cos@)do = oo but [gu—1 b(cosf)(1 —
cosf)do < oo.

Another possible way to describe the pre and post-collisional velocities is the w-
representation

(2.5) vV =0—(0—vy,ww, V.=v,+ -0 )w, weSIL
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which gives us

Qulf ) = |

RdxSd—1

Bl = vl @) (F0) () = (02)f (0)) dow deo,

with B(z,w) = |z|7b,(a) and « the angle formed by z and w, and the following relation
holds
(2.6) - Lv*'_Q(w ﬁ)w

:|v—v* v — vy

Let us now present the many-particle model [18, 15, 20, 4, 21]. Given a pre-collisional
system of velocities V = (vq,...,vn) € R¥ and a collision kernel B(|z|,cosf) =
I'(|z|)b(cos @), the process is: for any i’ # j', pick a random time T(I'(|jvy — vjr]))
of collision accordingly to an exponential law of parameter I'(Juy — v;/|) and choose the
minimum time 77 and the colliding pair (v;,v;); draw o € St ¢ R? according to
the law b(cos 0;;), with cos6;; = o - (v; — vj)/|v; — v;|; after collision the new velocities

become V/; = (v1,...,v},...,v},...,vy) with
) vt vl ) _ Vit v v

Iterating this construction we built then the associated Markov process (V;)i>0 on
RV, As explained in the introduction, we can also consider this process on SN (&).
Then, after a rescaling of time, the master equation is given in dual form by [20, 21],

(2.8) W(EN o) = (FN,GEo)
where
1 N
(29) Gho =gy 3w [, bleosty) (¢]; = ) do
1,]=

with the shorthand notation ¢}, = ¢(V};) and ¢ = (V) € Cy(RN). We shall consider
the case of Maxwellian molecules, i.e. I'(|z|) = 1 and b(cos 6) satisfying (2.4).

2.2. Limit equation. We present here the limit spatially homogeneous Landau equa-
tion for maxwellian molecules and some of its basic properties, for more information we
refer to [29, 27, 26].

The Landau equation is a kinetic model in plasma physics that describes the evolution
of the density f of a gas in the phase space of all positions and velocities of particles.
Assuming that the density function does not depend on the position, we obtain the
spatially homogeneous Landau equation in the form

(2.10) Ohf =Qr(f, f)

where f = f(t,v) is the density of particles with velocity v at time ¢, v € R% and t € R™.
The Landau operator is given by

@) Qe h) =0 ] [ eiv - ) (600 1(0) = djg(v.)f(0) do.
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where here and below we shall use the convention of implicit summation over indices.
Moreover, the matrix a is nonnegative, symmetric and depends on the interaction be-
tween particles. If two particles interact with a potential proportional to 1/r%, where r
denotes their distance, then we have

a;j(z) = A2|"1L;(2), L (2) = i —

|27

with v = (s — 2d + 2)/s and some constant A > 0. As for the Boltzmann equation, we
consider the case of Maxwellian molecules v = 0, i.e.

(2.12) aij(z) = Alz*TL;;(2).
We also define
(2.13) bi(z) = 0jai; = —A(d — 1)z, c(z) = Ojjai; = —3A(d — 1),
and we denote
a;j = ajj* f, by =b;*x f, c=cx* f.
Hence, we can write the Landau equation in another form
(2.14) O f = aij0i;f —cf.

Moreover, let ¢(v) be a test function, then we have the following weak forms

(2.15) /QL(f, fle=— % /dv dvy f fea(v —vy) <¥ _ V}f*) (Vo — Vipy)
or

/ Quf. )y / dv dv, [ f.aij(v — v.) (D550 + (Di50)+)
(2.16)

+ / dv dv, ££.bi(v — 0.) (D — (Dp).).

This equation satisfies the conservation of mass, momentum and energy. Moreover,

the entropy H(f) = [ flog f is nonincreasing, indeed taking ¢ = log f we obtain

Vi Vifs Vf Vit
e :__/ oo (- TE) (Y TEY g <o
(247 fhea T2 A A

since a is nonnegative, which is the Landau version of the H-theorem of Boltzmann.
For more information we refer to [27].

The Landau equation was introduce by Landau in 1936. Later it was proven that the
Landau equation can be obtained as a limit of the Boltzmann equation when grazing
collisions prevail (see [7, 1, 6, 26] and the references therein for more details).

2.3. Master equation. We derive a master equation for the Landau model. It is based
on [26] where they use the grazing collisions limit to pass from Boltzmann to Landau
limit equations (see also [7, 1, 6]). Since we know the master equation for the Boltzmann
model (2.8), we shall perform the grazing collisions limit to obtain a master equation
for Landau model. As explained in the introduction, the master equation we derive
here (see (2.29)) is the same introduced by Balescu and Prigorine in the 1950’s, and it
is also studied in the works [16, 19].
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Grazing collisions. We present here the grazing collision limit as in [26]. Consider the
true Maxwellian molecules collision kernel b satisfying (2.4). We say that b. concentrates
in grazing collision if:

V6 >0, SUPg=g, be(cos ) gy 0

(2.18)
A :/ be(cos@)(1 — cos @) do — A > 0.
sd—1 e—0

For the sake of simplicity, to derive the Landau master equation in this section, we
suppose the dimension d = 3 to perfom the computations, the other cases being the
same.

From (2.6), using a spherical coordinate system (in dimension d = 3) with axis v — vy,
we have

o= %cos@+(cos¢h+sm¢z)sm9
Moreover we have |(v — vy, w)| = |[v — vi|sin(6/2). Finally we can write the operator in
the following way (see [26])
2m w/2
(2.19) Qo f)= [ do ["do [ dv.co)f - 11

with ¢(6) = sin?=2 @ b(cos ). In this case, we can rewrite (2.18) and say that (. concen-
trates in grazing collisions if for all 8y > 0

SUpPp>g, C(0) -0 when ¢ —0

(2.20) g
.2
A€::§/ sin §C€(9)d0—>A<oo when ¢ — 0.
0

Let us consider then the Boltzmann master equation (2.8)-(2.9), using the form of
(2.19), that is

(G Z/ ao [0 co)el, o)

i,j=1

In this equation, we take a second order Taylor expansion of 4,0;]- and obtain

1
o(Vig) — (V) =DeVI(Vi; = V) + 5 (Vi = V)T D*[VI(Vi; = V)
3
+O(V; = VI*).
With the incoming and outgoing velocities V' and V}; (see (2.7)), we have

(2.21)

Vii =V =1(0,...,0,v; —v;,0,...,0,0; —v;,0,...,0).
In (2.21), Dp[V] and D?p[V] are given by

Do[V] = (Vie(V)1<icn D?plV] = (VEJ'(‘D(V))ISLJ'SN
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where V¢ = ((%i,ago)
in (2.21) and we get

e(Vi) — e(V) =Vip(V)(v; — vi) + Vo (V) (V] — v))

1
+ 5 { VeV = vi)” + Ve (V) (0 = v)?

and Vo = (8 0

i.0 ;5 cp) L<a ey Now we substitute V;; —V

1<a<3

(2.22)
+ V2(V) (0 — )W) — vj) + V3 (V) (] — v3) (vf — v)) }

J
/ 3
+O(|Vi; = V).
Finally, using (2.7) and (2.5) with v; and v;, one obtains

e(Vi5) — (V) = — (v — vj,w)(Vip — Vjp,w) (=T1)
(2.23) + %(Ui —vj,w)? {Vz?i‘ﬂ + Ve — Vie - iji@} (w,w) (=1T3)
+0 <|vZ — v;]% sin® g) .
For each pair of particules ¢ and j, in the orthonormal basis {IZZ:ZZI , fz, ;}, one has
w= ﬁsing + (COS(bFL—FSin(bf)cosg

and then, using the fact that linear combinations of cos ¢ and sin ¢ vanish when inte-
grated over ¢, we can compute the contribution of T} integrated over ¢

2T
- do(vi — vj,w)(Vip — Vjp,w) = —2msin
0

Now we have to compute the integral of T5 over ¢, we denote

)\aﬂ — {8Ui7aavi’ﬁ(~p + avjyaavj’g(’p - 8117;7&81)]‘75(10 - avj,aavi,ﬁ (70}/2

and in the same orthonormal basis, we compute

2] 2T
A=v; — vj\2 sin? 3 / dpAapwaws.
0

Again, linear combinations of cos ¢ and sin ¢ vanish, which implies

0
2 3 (vi —vj, Vig — Vjp).

o (2 0 0 0
A= — Uj\2 sin? 3 / do ()\11 sin? 3 + gy cos? ¢ cos? 3 + A33 sin? ¢ cos? 5)
(2.24) ’ 0 A 0 0 A 0 0
= 27|v; — vj|2 ()\11 sin? 3 + % cos? 3 sin? 3 + % cos? 3 sin® §>

and we remark that the first coefficient is of order greater than 2 in 6.
We introduce I1,g(v; — vj) the projection over the orthogonal space of %, and
the dominat term of (2.24) when § — 0 is
2. 20
7|v; — v;]” sin §Ha6(vi — Vj)Aag
or in matricial notation
(VAo + Ve — Vie - Vie)

0
m|vi — v;|* sin? 51‘[(212- —vj) 5 .
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Finally, we obtain

2T T . 9
5 ), eV — (V) = =5 sin 5 (2vi — vy), Vig = Vo)
T .50
(2.25) +Z|Ui - Uj|2 sin® §H(U2 - UJ) (VM‘P + ij‘ﬁ - vz?j‘vp - ijz"p)

+O (‘?}Z - ’Uj’294 A 1) + 0] (‘UZ — ?}j’393 AN 1) .

Consider now the Boltzmann master equation with kernel (. satisfying the grazing
collisions (2.20) and plug (2.25) in it, we obtain then

/2 2T
Gl == Zl / 605 [ dolel; — )
2¥)
0
. 1,j=1

0

2 i 2 2 2

+ Z\vi — vj|”sin §H(v K (Vugo + V — Vi — Vjigo)
+0 (”UZ — ’Uj‘294 N 1) +0 (‘UZ — vj]303 N 1) }

This can be written in the following way

(2.27)
v
Ghp= e 3 5 [T Lo o B m v
NE 1 2 i
Z / 0 sin® % ¢.(0) i — 0y P10 — vy) : (Vi + Vo — Vi — Vi)
+— Z/ d0¢-(0) (O (Jvi = v;20* A1) + O (fos = v; P> A 1))

i,j=1

As in [26], the last term converges to 0 when € — 0. Then we have, using (2.20) and
the definition of the functions a (2.12) and b (2.13), when € — 0

v,
GRe — — Z —2A|v; — UgFM - (Vip = Vjp)

1,j=1 foi = vj”
Z Alo; = v;PTI(v; = vj) - (V”(‘O T ijcp - Vizj(p N VJZZ'(‘O)
(2.28) e
1,j=1

N
1
+ N Z a(v; —vj) (VZ%-(,D + ijjgo - ijgo - iji(’p) =Gy
i,j=1



PROPAGATION OF CHAOS FOR THE LANDAU EQUATION 11

and that defines the Landau generator Gf . Finally, we derive the following Landau

master equation
(2.29)

N
oIN o) = (.G >—% [ X =) (oo = Vielsiiav)

N
> a( H(Vie+ Ve — Ve — Vi) (V).
1,5=1

Remark 2.1. In the paper [9], the Landau equation is studied with a probabilistic ap-
proach. In particular they prove that the following process associated to a IN-particle
system, for i = 1,..., N,

(2.30) dX! = \/f_ Z (Xi — XF)dBM + = Z b(X! — XF)dt,

k 1

where B¥* are N? independant R%valued Brownian motions, converges to the process

(231) X, = X0+\/_// W (dy, ds) +2// b(X, — ) Py(dy)ds

where P; is the law of V; and W is a white noise in space-time. Moreover the process
(2.31) is associated to the spatially homogeneous Landau equation with the coefficients
aap(z) = (00%),5(2) and ba(2) := 9panp(z). Then, the Kolmogorov equation of
(2.30) is, for a test function ¢ : R — R and where f/¥ represents the law of X;,

at<ftN790> = <ftNaGéV‘P>

(2.32) - N Z /RdN i) - (Vie(V) = Vip(V)) ftN(dV)
: z =1

Z /]RdN Vi 1)] (VZ p(V) + jzj(‘p(v)) ftN(dV)'

In [10], instead of the process (2.31) it was used a similar process with only N inde-
pendent Brownian motion, i.e. replacing B** by B’ in (2.31), and it gives the same
master equation (2.32). We remark that this equation differs from (2.29) by the terms

g a(vi—vy) s (~Vie = Vi) .

Now, in order to obtain a N-particle SDE associated to (2.28)-(2.29), we shall modify
(2.31). Consider then, for i = 1,..., N, R%valued random variables (X});>o satisfying
the following equation

(233) Vi=1,...,N dX|= WZ (X — X’“)dZ”“Jr—ZbXZ XF)dt
VN = N
k7él k#i
where, for all 1 <i¢ < N and i < k, Z ‘ Bi *are N (N —-1) / 2 independent R%valued
Brownian motions and the other terms are anti-symmetric Zt = —BZ *As in (2.31),
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we have a(z) = 0(z)0*(z) and o is symmetric (recall that a also is), i.e. o(—z) = o(2).
We can rewrite (2.33), let X = (X*,..., X"V) we have the following equation

where p = (p1,...,uN) is given by

9 N
Vi=1,...,NNVX = (X,...,XxY) e R, pi(X) = =S b(X' -
moreover, W; is constitued of the N(N — 1)/2 independent Brownian motion, more
precisely
W= Wi, oWy g2 Y B BN BT

ie. fori <k, B"* = W2 with a = (i — 1)(N —i/2) + k — i. Finally, © : R —
MN’N(N_l)/Q(Md,d(Rd)) is given by, for all 1 < i < N, 1 < 3 < N(N —1)/2 and
X =(X',...,XN) e RN,

9

~Zo(X' =X B=Nk-kE 1<k <i-,
(BX))is =1 RoX' —X%; (i-1)(N-§)+1<B<i(N-5), k=8-(-1)(N-

0; otherwise.

Indeed, multipliying the ith-row of E(X ) by dW}; we obtain

Z ~ X dB”“+ Z —X*yaBpt = Z — X%y dz}*,
k i+1 k;éz

which corresponds to the first term on the right-hand side of (2.33).

Consider a test function ¢ : R®Y — R and f the law of X;, then the Kolmogorov
equation of (2.34) is

o (f¥.0) =% 3 [ W= ) (Vi) £ (av)
1,j=
1 N

+N Z /RdN a(v; —vj) : (Viqﬁ \Y% ¢) fN@v),

)

and using the symmetry property of a and anti-symmetry of b we obtain (2.29).

3. THE CONSISTENCY-STABILITY METHOD FOR THE LANDAU EQUATION

In this section we present the method develloped in [20, 21] with some modifications,
in order to be able to apply it later to the Landau equation in section 4.

3.1. Abstract framework. Consider a polish space E and we shall denote by P(E)
the space of probability measures on E. Consider also E”V and the space of symmetric
probability measures Pyyy, (EY), more precisely, we say that F¥ € P(EY) is symmetric
if for all ¢ € Cy(EYN) we have that

@Mw:/ 0o dFN,
EN EN

) +i,
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for any permutation o of {1,..., N}, and where
Yo = (Vo) = 0(Vs(1)s -+ Vo());

for V.= (vi,...,uy) € BV,
We then consider a N-particle system with initial probability density de € Pym (EN)
and its evolution equation in dual form, for all ¢ € Cy(E™),

(3.1) o (FY, ) = (FY,GNe).

It generates a linear semigroup denoted by S} : de + EN. Moreover, we define the
dual semigroup T}V by

(32)  VoeOEY), YFY e Pyn(EY),  (T](¢). FY) = (.8 (F"))

and its generator G by.

(3.3) Vo e Cy(EN), o = GN .

At the level of the limit (mean field) equation, we consider a initial probability density
fo € P(E) and the equation

(3.4) O fe = Q(fr).

We also define its semigroup S7° : fo — f;. Then, we define the pullback semigroup
T3 by

(3.5) Vo e Cy(P(E), VfeP(E),  TY[O(f) =@ (S())
and its generator G*° by
(3.6) Vo e G(P(E)), 0P = G*o.

We define some applications relating this objetcs. The function 78 : EN/&x — P(E)
is defined by, where & denotes the group of permutations of {1,..., N},

1N
(3.7) (V) =1y = 5 2 0,
i=1
and pdY is called the empirical measure associated to V. The application 7Y : C,(P(E)) —
Cy(EN) is given by
(3.8) VV e EN, VO e Cy(P(E)),  m[@](V):=d(uy).
The application 7} : Py (EY) — P(P(E)) is
VEN € Py (EY), V® € Cy(P(E)),

(rE ™). 0) = (F¥ @) = [ )P ),

where the first bracket is the duality P(P(FE)) <> Cy(P(FE)) and the second one is the
duality Py (EN) < Cp(EYN). Finally, the application RY : Cy,(EN) — Cy(P(E)) is
defined by

(3.9)

Vo e Cy(EN), V feP(E),

(3.10) RVII(f) = <% f®N> _ [EN o(V)f(dvy) - f(doy),
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in the sequel we will denote Rf; = RYp] for ¢ € Cy(EY). The functions Rf; are
the ”polynomials” on the space P(E), we will see later (exemple 3.6) that they are
continuous in the sense of Definitions 3.3 and 3.4, where we develop a differential calculus
on P(E).

For a given weight function m : £ — R, we define the N-particle weight function

(3.11) VYV = (vy,...,on) € BV, Zm (v;) = (udY, m) = My, (1d)).

Definition 3.1. For a given weight function mg : E — R4 we define the subspaces of
probabilities

Pg :={f e P(E); (f,mg) < oo}
and the corresponding bounded sets, for a € (0, 00),

BPg,a = {f S Pg; <f, mg> < CL}.

For a given constraint function mg : E — R such that (f, mg) is well defined for
any f € Pg and a given space of constraints Rg C R”, we define, for any r € Rg, the
constrained subsets

Pgr:={f € Pg; (f,mg) =r},
and the corresponding bounded constrained subsets
BPg or:={f € BPg,; (f,mg) =r}.

and the corresponding space of increments
IPg :={g— f; 3re Rg st. g, f € Pgr}.

We shall consider a distance distg defined on the whole space Pg or such that there
is a Banach space G D ZPg endowed with a norm | - ||g such that distg is defined for
any r € Rg on Pg,, by for any f,g € Pg

distg(g, f) = llg — fllg-

Definition 3.2. We say that two spaces F and Pg, endowed with the norm || - || and
the distance distg inherited from the norm || - ||g, are in duality if

(3.12) VigegG,VoeF  [{g— fo)l <distg(g, f) el £

Definition 3.3. Consider two metric spzices~g~1 and 52, some weight function A : G, —
R% and n € (0,1]. We denote by CK’"(Ql;Qg) the (weighted) space of functions with
n-Holder regularity, that is functinos & : G; — G2 such that there exists a constant
C>0

(3.13) VigeG, distg(S(f),S(g) < CAlg, f) distg, (f,9)".
where A(g, f) = max{A(g), A(f)}.

We define then a higher order differential calculus.

Definition 3.4. Consider two normed spaces Ql and Go, two metric spaces Ql and QQ
such that Ql Ql C G;, some weight function A : Ql — [1,00) and n € (0,1]. We denote by
A’"(gl, Gs) the (weighted) space of functions two times continuously differentiable from
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Gi to 52, and such that the 2th derivative satisfies some weighted n-Ho6lder regularity
(in the sense of Definition 3.3).

More precisely, these are functions S : G — 52 continuous, such that there exists
maps (for j = 1,2) DIS : G; — L7(G1,Gz) , where £7 (G, Gs) is the space of j-multilinear
applications from G; to Go, and there exists some constants C; > 0, so that we have for
all f> g e glv

1S(9) = S(N)lg, < CoAlg, ) g — FI,
(DS[fL.g = Fllg, < CiAlg, £) llg — FIIZ,
1S(g) — S(f) — (DS[fl,9 — Fllg, < C2Alg. )llg — fllg™.
(319 (0?1110~ %), < CsAta. P llg — £,
2
HS@ —S(H) =YDl g = D] < Carig ) llg = FIGT,
i=1 Go
where ng,m € [n,1]. o
We define then the seminorms on Ci’"(gl; Ga)
I(DS[f], 1)l 1(D2S[f], (h, 1)) 5
S0 = —02, Sl 20 1= 2
i 1R S M VT T
e 15(9) = S
S _
S] 0mo = gQ,
Slegro = S0yt P Tg - 712
I1S(9) = S(f) — (DS[f], 9 — )l
S| im = 2z
B N TP
" |st@) = st =2 (DSIAL (0 - D),
2 i= Su .
arT o Ao f) g — FI5

Finally we combine these seminorms into

Hs”ci”? = [S]Cgmo + [S]C}\»m + [S]Ci’” + [S]c}\’o + [8]020

A

This differential calculus holds for composition, more precisely for U € Cﬁ;j(g]; 52)
and V € C’i’:’(gz; G3) we have S = Vol € C’i’gs (G1:Gs) for some appropriate weight
function Ag and exposant ns. We now state the following lemma

Lemma 3.5. Let G; be normed spaces and G; be metric spaces for i = 1,2,3, such
that G; — G; C G;. Consider U € C2’" N Cl (1420)/3 CO (24m) /3(Q~1, 52) with n € (0,1],
and V € C2’1(§2; 53) Then the composition function S =V ol € CA N CAS(HQU)/3 N
025(2*”)/3(@1; Gs) and we have

DS[f] = DV[U(f)] e DU[f],

D*S[f] = D*VU(f)] o (DU[f] ® DU[f]) + DVIU(f)] o D*U[S).
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More precisely, the following estimates hold

[Slcocenrs < Wlgoa U] go.enys

CA
[8]011\,0 < [V]Cl)o [u]civo )
[S]Cl,z(l+2n)/3 < Voo Mck““’”“ + V]gia [U]é?\xzm/s,
A
[5](;;,29 < Mero Ulgzo + [V]ezo [U]zcko :
[S]Cig] S [V]Cl,o [U]CIZ\,'U + [V]CQ,O [u]éjl\,(lJan)/S

+2[V] 20 [U]Cko [U]C}\,aun)/s + Vlcea [U]iég,mn)/s :

Proof of Lemma 8.5. Let f,g € Gi and f,ge€ Go.
By Definition 3.4 with i/ € Ci’”ﬁC’}\’(HQn)/g HCR’(HU)/‘%(QU Go) and V € C*Y(Ga; G3)

we have

U(g) —U(f) = (DU[f],g — f) + Riy(g, f)

B g ) = Dulrg - 1)+ (DU o - D) + R0,
with

(3.16) Utg) ~UH)llg, < WUlcom Alg.S)llg — FIE.
(3.17) (Dulf),g - Pllg, < U wA(g, Nllg—£11E

(3.18) 189 Dllg, < Ulgim Mg £)llg = fllg™,
(3.19) (DUl (g = D), < Mg 20A<g Nllg = F15™
(3.20) IR (9 Flllg, < Wlean Mg, ) llg = FIG™,

where, for simplicity, we denote 19 = (24 n)/3 and n; = (1 + 2n)/3.
Similarly we have for V,

V(9) = V(f) = (DVIfl.g— )+ R(3. /)

(3.21) B _ B _ _ _
V(g) = V(f) = (DVIfl,g— F) + (DVIf, (5 - H®?) + B3, )

with

(3.22) V@ = V(Dllg, < Wgoa lg— Flig,

(3.23) 1oV g - F)ll, < Do llg - Fllg,

(3.24) I1BY@ Pllg, < WMo - Flig,

(3.25) (DY@ = D), < Weso g - fllg,

_ w13
Vig2a g = Fllg,-

%
[\~
)
>
<N
=)
=
Q-

w
IN
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Using these estimates we can compute for S = V oUf, then we obtain first thanks to
(3.22) and (3.16)

18(9) = S(H)llg, = IV U(9)) =V U))llg,
< Vlgoa [U(g) =U(f)llg,
< Wlgoa U] cono Mg, llg = flig,
which implies [S]CX,(QM)/S < Wleox [U]CR'(”")/S‘
We also have, using (3.21) and (3.15),
S(g) =S(f) =vUlg) =V U(f))

= (DVIU(f)],U(g) = U(F)) + RyU(9),U(f))
= (DVIU(f)], {(DUlf), g — f) + Rly(g, )})
+ Ry, (U(9),U(f)),
(f;OiI’;)WhICh we deduce (DS[f],g — f) = (DVIU(S)], (DU[f],g — f))) and, by (3.23) and

{DS[f1:9 = ) llgs < V]gro [ {(DU[f], 9 = f) llg,
< Vero Ulero AHllg = flig
which yields [S]c[l\,o < Voo [Z/l]c}\,o.
Therefore, we obtain using (3.23), (3.24), (3.18) and (3.16),

18(9) = S(f) = (DS[fl,9 = D,
I(DVIUH). Bialg. £))l, + IR @U(9).U()]lg,
Viero IRi(g, g, + Ve l4(g) = UG,
Voo Mern Mg, ) llg = fllg!™ + Mo Mlgan Mg, ))? llg = g

Since 1 4+ 11 =2 = 1 + (14 2n)/3 and A > 1, the last inequality implies
[5]01,(1+2n)/3 < WVlero [U]C1,(1+2n)/3 + Vo1 [U]zco,(z+7;)/3-
A2 A A

IN

INIA

Finally, from (3.21) and (3.15), we have
S(9) = S(f) =V U(g) - VWU(F)
= (DVIU(F)]U(g) —UF)) + (DVIU(H)], U(g) —U() P ) + R U(9),U(f))
= (DVU(F)], ((DULfl,g = )+ (D2UIFL, (9 — ) + By(9, 1))
(DL (ulslg - 1)+ Rido n) )
)

+ RH(U(9),U(f)),
which yields

[

<D2S[f], (9 — f)®2> _ <Dv[u(f)], ( <D2U[f], (g— f)®2>)>
HOVL (DUlfLg - 7)),
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Hence we obtain, with (3.23), (3.25), (3.19) and (3.17),
[(D>sA1. 0 - 0%2)) .
WViewo (DU, (g = HP)||, + Wieao (DU g = DI,
< Wloro Mlgz0 A g = FIE™ + Vlao (Uero A g~ FIB)’

< <[V]01,o (U] c20 + [V]czo [U]éjl\,(J) A [lg — flErOeenss,

IN

which gives [S]cz0 < Vewo Ulczo + Veao [u]éko.
A

Now, for the last estimate we obtain
1S(9) = S() = (DS[fl.9 = 1) = (D*S111, (9 = NPl
< |(pvnL. o ), + [0V (Rito. 1))
+ 2DV, ((Dulf).g - £y @ Biy(a. D)),
+ | By @(g).u(r)

Gs

g3
and using the equations (3.22) to (3.26) and (3.16) to (3.20), it gives

1S(9) = S() = (DS[fl.9 = 1) = (D*S111, (9 = )1l

R (9, ), + oo |[Rito, )]

+2Vleao (DU, g = H)lg,||Rldlg. D), + Wan [U(9) = UG,
< Vero Uzn Mg. ) llg = flig”

+ Wlgao Mlgam Mg, llg = FlgE"
+2[V]geo [U]C/l\,o [U] Lm Ag, £)?lg — f|’1+771+?70

+ Veza Ulgon Mg, ) llg = Flig?

< Vlgio

Since 1 +n1 +n9 =319 =2+ 1n < 2+ 21, we deduce
[8]02,17 S [V:Icl,o [U]Ci,n + [V]C2,0 [u]él,(1+2n)/3
A

A3

+2Vceo Moo U] grasamss + [V [U]:éixunw :

O

Ezample 3.6. Consider the pair F and Pg in duality (Definition 3.2) where F C Cy(E),
and consider ¢ = @1 X --- x @y € F®. Then the application Rf; defined in (3.10)
is C%1(Pg;R). Consider f,g € Pg, then we have thanks to the multilinearity of Ré
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20, 21] that
RL(9) = RE(P)] < Cllel maqueyen llg = Flg,
IDRLIf)(9 = £)] < llelzawey—1 llg = Flg,
R4G0) - R0 - DEIA — )] < o ol ronaqums o - 712
02881110~ 17 < D ol pongomyes o — 713

|[RS(9) = RL() = DRL[f)(g — f) = D*RL[f)(g — NP

—-1)(—2)
< D ol g goeyes g — fI:
where we define
lell Foigroe)e—i = b1ty e (14 (||90i1“]-"“||90i1||f k#]:[ ) ||90kHL°°) :
AR AW

Since we shall need endow the subspaces of probability measures in Definition 3.1 with
metrics, let us give useful examples. We denote by Pp(Rd) the space of probabilities with
finite moments up to order p, more precisely P,(R?) := {f € P(R?) ; (|v|’, f) < oo}.

Definition 3.7 (Monge-Kantorovich-Wasserstein distance). For f,g € P,(R?) we de-
fine the distance

WP,::'f/ dist(z, y)? 7(dz, d
p(fr9) = b e e TS 9) T (dE, dy)

where TI(f, g) is the set of probability measures on R? x R? with marginals f and g
respectively.

In a analogous way, we also define, for ;, v € P(P(R?)) and a distance D over P(R?),
the distance

Wi p(p,v) = inf

D(f, g) w(df,d
T I LR

where TT(y, v) denotes the set of probabillity measures on P(R?%) x P(R?) with marginals
wand v.

Definition 3.8 (Fourier based distances). For f,g € P (R?%) we define the distance
(327) |f — g|s = sup M
£cRd ’f‘

which is well defined if f and g have equal moments up to order s — 1 if s is a integer
or |s| if not. We denote by H~* the space associated to this norm.

Definition 3.9 (General Fourier based distances). Let k € N* and set
mg = o, mg = (0")e, fa] <k -1

and
v* = (v, .. 057, a=(ag,...,aq)
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and we define

VFeTPs  Iflg =1l = sup L o e 0.,
£eRd ’f‘

We extend the above norm to M,i (RY) in the following way. First we define for f €
M} (R?) and a € N, |a| < k — 1 the moment

Malf] = /Rd v f (d).

For a fixed smooth function with compact support x € C°(R?) such that x = 1 over
{€ € RY, €] < 1}, we define then

AGIGES x<s>( > Mam%(—i)a').

la|<k-1
We define then the norm

Ak = 1F = Melflle + D IMalAl,

o <k—1

A (©)]
i

3.2. Abstract theorem. We state the assumptions of our abstract theorem 3.11.

where as above |k, := sup

Assumption (A1) (N-particle system). The semigroup T}¥ and its generator G are
well defined on Cy(EY) and are invariant under permutation so that I} is well defined.
Moreover, we assume that the following conditions hold:
(i) Conservation constraint: There exists a constraint function mg, : £ — RY and a
subset Rg, C R” such that defining the set

Ey:={V ¢ EN§ </‘]\>f’mgl> € Rg, }
there holds
Yt >0, SupthN C En.
(ii) Propagation of integral moment bound: There exists a weight function mg,, a time
T € (0,00] and a constant C,:le > 0, possibly depending on mg,, but not on N,
such that

(3.28) VN>1 sup (BN MY, ) <G

o
>0 !

Assumption (A2) (Nonlinear semigroup). Consider a probability space Pg, as in
Definition 3.1, associated to some function mg, and a constraint function m;, and
endowed with the metric induced from G;. For some ¢ € (0, 1] and some a € (0, 00), we
have for any a € (a,0) :
(i) The nonlinear semigroup is well defined S7° : BPg, o — BPg, 4, which is §-Hélder
continuous locally uniformly in time, in the sense that for any 7 € (0,00) there
exists C; > 0 such that

é
Vf,g9€BPg 4 sup [|57%9 — S fllg, < Crllg — fllg, -
0<t<r
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(ii) The application @ is bounded and §-Hélder continuous from BPg, , into G;.
With (A2) we have the following lemma [20, Lemma 2.11] (see also [21, Lemma 2.9])
Lemma 3.10. Assume (A2). For any a € (a,00) the pullback semigroup TS defined
by
Vf€BPg,, ®€Cy(BPga), TR[0)(f) =@ (SM(f))

is a Cy-semigroup of contractions on the Banach space Cy(BPg q(E)).
Its generator G* is an unbounded linear operator on Cy(BPg ,) with domain Dom(G*)

containing Cg’"(BPg,a). On the latter space, it is defined by the formula

(3.29) ¥® € C,"(BPga), ¥ f € BPgas  (G¥®)(f):= (DB[f],Q(f)).

Assumption (A3) (Convergence of the generators). Let Pg,, mg,, Rg, be such as intro-
duced in (A2). Define a weight function 1 < mg < C'mg, and then the corresponding

weight Aq(f) = <f, m’g1>

We assume that there exist a function e(N) going to 0 as N — oo and 7 € (0, 1] such
that for all ® € Ci’f(Pghr; R) we have
(‘3.30)

(002,) 7 (6~ mrc) 3

ng>wp<@b

=y [ P] 20 _ >
L>(En) reRg, (Pg, riR) [ ]CAI (Pgy,rsR)

1n
A1
Assumption (A4) (Differential stability). We assume that the flow
2, 1,(1420)/3 ~ ~0,(2+n)/3 .
Sp° € CA: N CA; n/ N CA2( L (Pg,.r; Pg, ),

for any r € Rg,, and that there exists C{° > 0 such that

(3.31)  sup /0 ([Sfo]ck(uzn)/s + [Sfo]éo,(%n)/a + [S¢°] 20 + [550]2170) dt < Cf°,
2

reRg, Ao Ao Ao

where Pg, is the same probability space as Pg, but endowed with the norm associated
1

to some Banach space Go D G1, with Ay = AJ and 7 is the same as in (A3).

Assumption (A5) (Weak stability). We assume that, for some probability space Pg,
associated to a weight function mg,, a constraint mg,, a set of contraints Rg, and a
distance distg,, for any a > 0 there exists a constant C's® > 0 such that for any r € Rg,,

(3.32) Vf.g€BPgar, sup distg, (S7°(f),5:°(g9)) < C5° distg, (f, 9) -

Theorem 3.11 (Abstract theorem). Let us consider a family of N-particle initial con-
ditions ' € Psym(EYN) and the solution associated FN = SN(FY). Consider also a
one-particle initial condition fo € P(E) and the solution associated f; = Sg°(fo). As-
sume that (A1)-(A2)-(A3)-(A4)-(A5) hold for some spaces Pg,, G; and F;, i =1,2,3,
and where G; and F; are in duality.
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Then there exists a constant C € (0,00) such that for any N,¢ € N, with N > 2/,
and for any ¢ = p1 @ --- ® @ € FO, F := F1 N Fa N F3 we have

sup [(SN(F) = (7 (fo)™ @11
t>0
2 o
(3.33) < C[N ||90||L°° + Cmg1 C’4 5(N) & H(pH}'?S@(Loo)lfB

+ O L oll py ooy Wigs (TR B 5fo)] :

As a consequence, if F{¥ is fo-chaotic the propagation of chaos holds.

Proof of Theorem 3.11. We split the term (3.33) in three parts :
(SN = (S (f))®N e @1V
<|(SMEY), e 01V — (SN, B o )| (= T1)
+ (B, TN (RG o i) — (Y, TOORK)OMVN (= Tb)
+ [ (B, (T RE) o i) = ((S2°(fo)™ )| (=: T3)

and we evaluate each of them.

(
(

Step 1. For the first term 77, a classical combinatorial trick (see [23] and [21, Lemma
2.14]) implies
20%(| @l oo ()

T, <
L= N

Step 2. For the term T5, we have the following identity
TNy — T = — /Ot %[th\_fs 7wy T ds
-/ TN (@GN — G TR ds
and then for any ¢t > 0
T< [ (0SB, 042, ) GV m — mnGXI TR, )| ds

(3:34) s§1£< MY, SN (EYY) /0 [ G ey — an G TR ds

< *° oo b oo
> Cm91 E(N) rilﬁgl/o ([Ts Rso} C}(;’(Pgl,r;R) {T R }C2O(Pg17r;R)> ds,

thanks to (A1)-(i) and (A3).
Furthermore we know that the application T>° (Rf;) = Rf; 0 55° and by assumption
(A4) the semigroup

S ey C}\’f”m/ ’n OR;@*")/ *(Pg, 1 Pg,).
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Moreover, with ¢ € F5* we have Rf; € C*Y(Pg,;R) (see exemple 3.6). Finally, by
Lemma 3.5 we obtain that

TE(R) € Cof N O n P (Pg, i R)

with
oo Y
[TS Rw}

Y4 %) 0012
< ||R 2,1 . S 1,(142n)/3 +[S 0,(24n)/3
0/1\’3(1+2n)(Pg1,r;R) = ” goHC (Pg2,R) [ t ]CAQ( 0/ (Pgl,r;ng) [ t ]CA; +n)/ (Pgl,ﬁPgQ) )
2

oo Rl 12 00 0012
(1R canpy, oy < VRS Nemmm) (17 tneo, e + 170000, b))
2
From assumption (A4), Ay = A%/ ® and the estimate of HRf;HCz,l in exemple 3.6, we
can deduce, plugging the last estimate on (3.34),
(3.35) Ty < Cimg, C3° e(N) £ [|60l| 25565 yes-

Step 3. For the third term 75 we deduce, thanks to the assumption (A5) and the fact
that Ré € C%(Pg,;R) for ¢ € FF,

Ty = (R, RL(S(ud)) = RL(SE(fo)))|
(3.36) < VBl o g, ) (Fo' dista, (S7°(). S7°(fo)) )
< el m@zoey— C5° <F({Vadist93(/i%fo)>-

By the definition of the Wasserstein distance

Va,B € P(Pg,)  Wig (o, B) = E}Rf m/p o distg, (f, g) w(df, dg)
™ a, s s

with II(«, B) the set of probability measures over Pg, x Pg, with marginals o and S
respectively. Taking 5 = dy,, the set II(c, d,) = { ® 0y, } has only one element and
we obtain, with a = 7§ FY,

Wic.(xNFEN 6:):=  inf // dista. (f. g)r(df. d
1,65 (TP Fo 5 0 5y) S 1 S gs(f, 9)m(df,dg)

- / / distg, (f, g) 7 F¥ (df) 87, (dg)
(3.37) Fei P

_ / distg, (f, fo) 75 F&¥ (df)
ng

= [ diste (udl fo) B (dV).
EN

where we have used the definition of 7% (see subsection 3.1) in the last equality. We

conclude then plugging this estimate on (3.36).
O
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4. APPLICATION TO THE LANDAU EQUATION

In this section we will use the consistency-stability method presented in the Section

3 to show the propagation of chaos for the Landau equation for maxwellian molecules.

To prove some estimates for the Landau equation we will prove first the same estimates
for the Boltzmann equation (as in [20]) with a collisional kernel satisfying the grazing

collisions (2.18). Then passing to the limit we will recover the same results for Landau.

Our main theorems are:

Theorem 4.1. Consider a N -particle initial condition F}¥ € Psym(RdN ) and, for allt >
0, the associated solution of the N -particle Landau dynamics F}N = SN(FYN). Consider
also a one-particle initial condition fo € Pg(R?), with zero momentum Jvfo =0 and
energy [ |v|*>fo =: € € (0,00), and the associated solution of the limit (mean-field)
Landau equation fy = S{°(fo). Suppose further that there exists & € (0,00) such that

(4.1) supp FdY {VER‘W, %é]vilzg&)}.
Then, for £ € N*, for all
p=p1o oo Fi{oRISRY Jpls = [ (1+16°)I6(©)]de < oo}
we have, for any N > 2/,
sup (S (") = (57 (fa) ™. )

3

a ot -
<C lﬁ ol 2o + Cf NH‘PH]—'3®(L°°)Z*3 + O3 L lpllwso g (pooye—1 Wi (TP FGY, 6 ,)

As a consequence, if Fi¥ is fo-chaotic the third term of the right-hand side goes to 0
when N — oo, which implies the propagation of chaos.

Theorem 4.2. Consider the same framework of Theorem 4.1. Assume moreover that
fo € Pg(RHYNLP(R?) for somep > 1 and let FY¥ = [f(()gN]SN((c/‘) € Py (SN (E)) (observe
that (4.1) is satisfied for this choice of initial data with & = £ ). Then it holds:

(1) For all 0 < € < 9[(7d + 6)%(d + 9)] !, there exists a constant C. > 0 such that

N QN
sup M S CE N_e‘
>0 N
(2) For allt >0, for all N € N*
W FN, N
% < p(b),

for a polynomial rate p(t) — 0 as t — oo and where ¥V is the uniform probability
measure on SN ().

Remark 4.3. This theorem also holds (with different quantitative rates) for other choices
of initial data FJ¥ that are fo-chaotic. In particular, if we consider fo € Ps(R?) with
compact support and de = ((?N € Psym(RdN ).

|
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The proof of Theorem 4.1 relies on the proof of assumptions (A1)-(A2)-(A3)-(A4)-
(A5), with a suitable choice of spaces, and then on the application of Theorem 3.11.
Furthermore, we shall prove Theorem 4.2 using Theorem 4.1 and some results from
[13, 20, 5].

4.1. Proof of assumption Al. Consider the N-particle SDE (2.33)-(2.34). Since b
and o are Lipschitz, existence and uniqueness hold by standard arguments (see [22,
Chapter 5]). Hence it defines a semigroup T}, we can then define its generator GV =
GY (given by (2.28)-(2.29)) and its dual semigroup S;¥, as explained in section 3.

We have the following lemma.

Lemma 4.4. The dynamics of the N-particle system (2.29) conserves momentum and
energy, more precisely there holds, for all t > 0,

N N
/RdN % (; vm) FEN@V) = /RdN © <; v@a) EN(dV), aed{l,...,d}

and
Lo (VE)EN @) = [ o (1VE) Y (@v).

Remark 4.5. We can easily observe during the proof that if we consider the N-particle
system of Remark 2.1 with generator G2’ (2.32), which is different from the system we
considered here (2.29), we have conservation of energy

N N
O <ftN7 Z ‘Ui’2> = <ftN7 Gév Z ‘Ui’2> =0,
i=1 i=1
however this is not true for all functions ¢ = ¢(|V|?). Then, Lemma 4.6, which is a

consequence os this lemma, does not hold for the N-particle system of Remark 2.1.

Proof of Lemma 4.4. Let us prove the second equality (energy conservation), the proof
of the first one (momentun conservation) being similar. Consider the Landau master
equation (2.29) and (V) = ¢(|V|?) smooth enough, we have then

Vie(VI) = (duap(IVP),_ =2 (IVP)o
and, for ¢ # j,
Do Doy 52 (IVI?) = 46" (V)i
Do Do 2 [V ) = 4" ([V 2 Jviavi5 + 26 ([V2)as.

Denoting ¢’ = ¢'(|V]?) and ¢” = ¢"(|]V|?) for simplicity, we obtain
(Vi + Vi = Vi = Vip)ap = 4¢'8ap + 49" (Viatip + Vj,avjp = ViaVis — Vjavi)
= 4¢/ 00 + 49" (Vi — vj)a(vi — vj)p-
Therefore we have
b(os — v3) (Vi [VI?) = V3(IVIE)) = —2los — 31 (s — v5) - 26 (V) (s — v5)

(4.2)
= 4 ([V]*)|o; — v+
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and
a(vi —v;) : (Vizp + Vi — Viie — Vig) =
d
=lvi =" > { [l = 03805 = (05 = v3)alv: = 03)5] 4¢/6as
a,B=1

+ [[vi = 032805 — (v = vj)a(vi — v;)5] 46" (v = v})a(v; — Uj)ﬁ}
=: ‘Ui — Uj’ﬁ/{Tl + Tg}.
Computing 77 we have

d
T=4¢ > [|’Uz’ —0*6ap — (vi = vj)alvi — Uj)ﬁ} dap
(4.3) a,f=1

= 8(,0,|’UZ' - ’Uj|2,
and computing 75

d
Ty =4¢" ) [Ivi — 0 * (Vi — v))a(vi — vj)30ap — (Vi — v;)a(vi — Uj)%}
ayﬂzl

(4.4) d 2
= 4¢" {\Ui — it - lZ(’Uz' - Uj)i] }

a=1

= 0.
Gathering (4.2), (4.3) and (4.4) we obtain

1
b(vi — v;) (Vi — V) + =a(v; —v;) : (Vip + V3o — Vip — Vi)

2
1
(45) — 4/ Joi — 032 + 8¢ oy — w2
=0,
which implies, for all t > 0,
(16) [eVE EN@v) = [ (Vi) BY @),

Lemma 4.6. Consider F{' such that
1N
supp FY c {V e R™; MM (V) = N Z lvi|? < &}
i=1

Then there holds
vVt >0, suppFY c{VeR¥;, MNV) <&}

Proof of Lemma 4.6. Tt is a consequence of Lemma 4.4, with o(|V|?) = 12> ne,- Con-
sider a mollifier p, for n > 0, i.e. py(xz) = n~tp(n~1z), with p € CX(R), p > 0 and
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suppp C Bj, and define ¢, = p, * ¢. Using Lemma 4.4 we have, for all  and for all
t>0,

N _ N
LoenFr @ = [ o B av).

Passing to the limit 7 — 0 we obtain

/]RdN 1|V\2>N50 FtN(dv) = /RdN 1|V|2>N€o F()N(dv) =0.
O
Lemma 4.7. Consider de such that <de, M,ﬁv> < Cy for k> 2. Then there holds

sup (FN, M) < Cy.

Proof of Lemma 4.7. Consider FtN’E the solution of the Boltzmann N-particle system

(2.8)-(2.9) with grazing collisions (2.18). Then from [20, Lemma 5.3], we obtain the

desired result for FtN’E with a constant independent of . We conclude passing to the

grazing collisions limit € — 0. g

Consider the constraint function mg, : R? — R, x R% mg, (v) = (Jv|?,v) with the
set of constraints Rg, : {(r,7) € Ry x R% [F|> < r < &}. Then Lemma 4.6 proves
(A1i). Moreover, Lemma 4.7 proves (A1ii) with the weight function mg, (v) := (v)6 =
(1+ |v]?)? for all v € RY.

4.2. Proof of assumption A2. Let us define the spaces of probabilities (and the
corresponding bounded, constrained and increments subsets, see Definition 3.1)

Pg, = {f € P(RY); Ms(f) < oo},
and, for r € Rg,, more precisely r = (r,7) = (r,r1,...,74), the constrained space
Pgl,l‘ = {f € Pg1; <f7 |U|2> =T, <f7vi> =r;fori=1,... )d}
We define then the for some a € (0,00) the bounded set
BPgl,a = {f € Pg1; Mﬁ(f) < CL},
and, for any r € Rg,, the bounded constrained set
BPg, ax = {f € BPg, a; {f,|v]*) =7, (f,v;) =r; fori=1,... d}.

We endow these spaces with the distance distg, associated with the norm |[-||g, = | - |2
(see definitions 3.8 and 3.9).
We have the following lemma.

Lemma 4.8. Let fy, g0 € Py(R?) with same momentum, i.e. (fy,v) = (go,v), and
consider the solutions fi,g¢ of Landau equation (2.10)-(2.11). Then

(4’7) Sup‘ft - gt‘Q < ‘fO - 90’2'
t>0

Remark 4.9. Let us mention that this result can be found in [27] proving uniqueness for
the Landau equation for maxwellian molecules. There the author indicates that we can
prove it using the known result for the Boltzmann equation for maxwellian molecules
from [25] and then passing to the limit of grazing collisions.
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Proof of Lemma 4.8. Let us split the prove in two steps. First we prove the lemma for
the Boltzmann equation then we recover the result for Landau equation passing to the
limit of grazing collisions.

Step 1. We shall prove the deasired result for the Boltzmann equation with true
Maxwellian molecules. This result is prove in [25, 20], but we write it for complete-
ness.

Consider the solutions ff and ¢f of Boltzmann equation (2.1)-(2.2) with initial data
fo and gg respectively. Denote d° := ¢° — f¢ and s° := ¢° 4+ f¢, then the equation
satisfied for d is

1
Ol = 5 |Qpe(s", &) + Qpe(d, ).
Performing the Fourier transform ([2]) and denoting D = d*, S¢ = §°, we have

DA(ENSE) | DE)S D)
2 2

aD(©O) = [ belo-8) [ - D%f)] do

where £ = %, § = % and £ = ¢/¢|.
We recall that b. is not integrable so we perform the following cut-off, which will be
relaxed in the end,

(4.8) /SIH bE(0-&)do =K,  bE =b.1p550),

for some function § such that §(K) — 0 as K — 400, so that b. = bX +b¢. In [25, 20],
we observe that the remainder term

o | DE(ET)S°(ET) | DE(ET)se(EF

REQ) = [, 166 | P, DAEITIE)

Sd—1 2

— D*(§)| do

verifies, for any ¢ € RY, |[RE(€)] < rX|€)2, where rX — 0 as K — oo, and rX depends
on the second order moments of d and s. Indeed, using that D(0) = 9¢, D(0) = 0 for all
i, S(0) = 2, supj<je| [0, 0;D(n)| and supy,<j¢| |9, 0;D(n)| are bounded thanks to the
bounds on the second order moments of d and s, there holds

|DF(E7)S(E7) + D(§7)S°(§T) — 2D(9)
< ISHENDIDA(ET) = D] + [D(IIS*(E7) = S7(0)] + [D(ET)IS*(€7)]
< ClEP(1 = cos)'?,
and we conclude since b€ (cos #)(1 — cos §)*/2
Using that ||S¢]|c < 2, we have

d |De(§)| |D=(€)| |D=(€)] Ko 2 (18412 1 1612 K
TP +K L égseuﬂgi P <5Seu]£1/§dlb€ (o E)(|§ I“+ 1€ |)da>+re

is integrable.

with
£ =

1+0-8), EP=2(1-0-§).
2

N =

One obtains

4D, DO _ 1D, «
TR €z S T e
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and by a Gronwall’s lemma one deduces
Df D§
DOy 1B
£eRd |£| £eRd |£|

Relaxing the cut-off K — oo one proves
(4.9) |fi = gil2 < |fo — gol-

Step 2. Since (4.9) does not depend on ¢ and the solution of the Boltzmann equation
ff converges towards the solution of the Landau equation f; (see [26]) when ¢ — 0, we
obtain the desired result.

0

Therefore we have that the Landau semigroup Sf° is C%1(Pg,; Pg,) and (A2)-i is
proved.

To prove (A2)-ii we use [20, Lemma 5.5], valid for the Boltzmann operator with
grazing collisions ()., which says that there exists C' > 0 and 0 € (0,1] such that for
any f,g € BPg, or we have

Qpe(f. f) — QBelg.9)2 < C|f — gl5,

with a constant C that does not depend on €. Finally, passing to the limit of grazing
collisions € — 0, we have that Qp. — Q. We prove then (A2)-ii also for the Landau
equation.

4.3. Proof of assumption A3. Let A (f) := (f,mg,) with the weight mg (v) := (v)?,

where we recall that mg, = (v)%, and then consider the generator GV of the Landau
master equation (2.29).
Then we have the following lemma, which proves (A3).

Lemma 4.10. For all ® € ml‘GRg Ci’l"(Pg1 r;R) there exists C > 0 such that

Sg sup [®] 20

(4.10) H G ™ NG ) L>(En) N reRg, O (Pg; riR) *

Proof of Lemma 4.10. The application RN — Pg,V— ,ug is of class C*! with (see
[21, Lemma 5.4])

1
Dia(17) = 37 0adv;

1

82(1 1B (MV) Naiﬁévz

(4.11)

and for i # 7, afa’jﬁ(ug) =0.
Let ® € Ci’ln(Pgl;]R), so R 5 R, V s &(ud)) is also C27. Indeed, let ¢ = D®[ud)]

and we have

Do (@(1))) = (D[], 5% ) = (D[], 51)1 oOv) = 8a¢(v,~)
agi’a,viﬁq)(u{y) = <Dq)[/’[/{>[] 81211 ayVi 56'02'> + qu)[/’[/V] ( 8”1 a5U17 8”1 ,85 )

1
= 0% p0(vi) + N2D2[ V1 (O 0, Do 00, ) -



30 KLEBER CARRAPATOSO

We compute

(GNTV o) (V) = GN o (uy))
1 N d
=% 2 D balvi = ) [0, (B() — Dy (i)
i,j=1a=1
1 ad a N N
2 Z Z aO‘B _,Uj [agi,mvi,gq)(lu\/) +812)j7a,vj’3(1)(/‘\/)
t,j=1a,f=
2 2 N
81)1 a,vngq)( ) av] Vi BCI)(IU’V)}
1 iV: zd: 1
=N ba(v j [ Oad(vi) — (906(;5(?1')}
Nz,] la=1 N ’
1] N 1, 1,
Fa 35, 20 cosltn =) [50Rat(e) + gRaote)] (=)
1 N d 1 ) N
toy 2 %jlaag(vi—vj) [WD O[] (91, 001, 0, 00,
)=l o,p0=
4 mD2<I>[ Y1 (91,60, 0,,,16,,) — 2mD2 1) (800201, )] (= I).

For the first term we have

d
n-| / D= b0 = 1) 10a(e) = D (v2)] i (0 (02

2 / Z aap (v — vy) [ a5¢( v)+ 0, ,345(?1*)} pdY (dv)pdY (dv,,)
a,B=1

=(Qr(1}, 1)), 0) = (Qr(uy» puyy ), D[y ]) = (7N G>®)(V),

thanks to Lemma 3.10. For the second one, we deduce that there exists C' > 0 depending
on d such that

1 N

C
12| < 57 | D?@Uad] (8,060 80, 500 )| 7 D foi = 0P,
1,j=1
since |aqp(vi — vj)| < |v; —v;|?. We conclude then
C Nl Y )
|Io] < N [CE]CIZ\’P(PQL,.;R) Al(ﬂv)m "21 i — v;
1,j=
ce N
< W [<1>]C,2\'10(Pg1,r;R) Mmgl (V)

and therefore we prove (4.10).
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4.4. Proof of assumption A4. In the same way of the subsection 4.2, we will use
here the Boltzmann equation and then perform the asymptotics of grazing collisions to
prove the results for the Landau equation.

We define the following equations, denoting by ) the symmetrized version of the

Landau operator Qr, (2.11), i.e. Q(f,9) = [QL(f,9) + QL(g, F)I/2,

o = g((f, f)), f’\tzo ~ fo,
td = 9,9), glt=0 = 90,
(4.12) h=2Q(f,h), Blizo = g0 — fo,

8tu = 2Q(f, U) + Q(h, h), U’t:() = O,

and the new variables

di=g—f, s=g9+f wi=g—f—-h, t:=g—-f-h-u,
which satisfy

Ovd = Q(s,d), dli=0 = go — fo,
(4.13) { Ow = Q(s,w) + Q(h,d), wli=o = 0,
oy = Q(s,¥) + Q(h,w) + Q(u,d), Pli=o = 0.

Lemma 4.11. Consider fo,g0 € Pg, r, r € Rg,, and the solutions f;, g:, hy of (4.12)-
(4.13). There exists Ay € (0,00) that for any n € [2/3,1], there exists C,, such that we
have

19t — fily < Cpe”CTDMEN(fo + g0)* g0 — fold,

|hely < Cpe” T"PMEM(fo + g0)'? g0 — fol3-
Proof of Lemma 4.11. We split the proof into two steps. Again, we shall first prove the
lemma for Boltzmann equation with a kernel satisfying the grazing collisions, which is

proved in [20], and then passing to the limit of grazing collisions we prove the same
result for the Landau equation.

(4.14)

Step 1. Let us denote by Q). the symmetrized version of the Boltmann operator Qg .

(2.2) with kernel b, satisfying (2.18), i.e. Q-(f,9) = [@B:(f,9) + QB:(9, f)]/2.
Consider the solutions f7, gi and hj of

{ 8th:Q5(fE,f€), fE|t:0:f07

(4.15) ohg® = Q:(6°,9°), ¢ li=0 = 9o,

8th€ = 2Q€(f87 he)) h€|t=0 =40 — va
and define d° := ¢° — f¢ which satisfies (where s := ¢° 4+ f€)
8td€ = Qe(s€7 d€)7 d€|t=0 =4do — fO'

As in Lemma 4.8 we denote D° = d° and S° = 5°. Define Df = Df — Myldf] (see
definition 3.9). Then the equation safisfied for D® is

D" = Q.(D%, §°) — NG[dF] = Q-(D*, 5) + O-(M[dF), 5°) — MulQ(d, 5],
From [20, Lemma 5.6] we know that, for any £ € RY,
QM) 57) = MulQo(d, ]| < Clgl S IMalF* = o7,

| <3
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and also, from [24, Theorem 8.1], that there are constants C,J > 0 such that for all
t>0

> IMa[ff = gill < Ce™® Y7 [Malfo — goll-

|| <3 || <3

Then, following [20] and performing the same cut-off as in the proof of lemma 4.8,
we have that

a|D| D7) D] K. &) (16 + |64
at fep e < <§5§d W) (;;@/Sdl b (o <€) (€11 + 1€ r)da>
(4.16) RE)

+Ce % (Z !Ma[fo—go]\) - ’54 :

o <3

where the remainder term
RE) = [ 160§ |3D(eNS(E) + 5 DS - D(©)] do
Sd—1

satisfies, for any ¢ € R, |RE(¢)] < rK|¢|*, with rX — 0 as K — oo, and X depends
on the fourth order moments of d and s. Indeed, we have

|D(€7)S°(67) + D°(¢7)S (¢ ) —2D(g)]
<|SFENID(ET) - DE(¢™ )!HDE( )ISE(€7) = S9(0)] + [D(€7)IS*(€™)]
< CJ¢I*(1 — cos9)'/2,
where we use that V?D(O) = 0 for all multi-index [a| < 3 and, for [af = 4, supy, < V?D(n)

and supy, <j¢| VES(n) are bounded thanks to the bounds on the fourth moment of d and

s. As in lemma 4.8, the claim follows since b (cos 6)(1 — cos §)/2 is integrable.
We denote

M= [ @O (€ +1E o= [ M- 8)

and we compute

5 (14 (0-8?) do

1 A A
A — K = "5 Jeun b (o-€) (1 - (0.5)2) do
— _% [ bele D) (1-(0-8?)do = —A € (~0,0)

— € (—00,0).
e—0

One can now apply Gronwall’s lemma to obtain

D] _ o ) (S
sup < ek sup M,]
cera [§]* ¢erd |§| 2 | K—Xkg—9¢

|| <3
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Then relaxing the cut-off K — oo and choosing 0 < A < min(é, \.) one has (remark
that A depends on ¢)

DE
(4.17) sup | t4| <Ce M| sup 2 + > IMalfo—go]l | -
é‘eRd |£| fERd |£| |Oé‘§3
Using a standard interpolation argument [20], one obtains
(4.18)
19— fla <lg— f— Malg — f|2+0(z |Malg — f] )
lor| <3

<|lg = f — Malf — glllxi lg — f — Malg — 1> + (Z\Mg f)

| <3
< C' My(fo + go) e M2,
Finally one concludes by writing
g7 — file <o — filalgi — 1 !
< e At M4(f0 +90)"" lgo — fol}

where we have used the last estimate (4.18), lemma 4.8 and the fact that My(fo +
90) ™" < My(fo + go)¥/? for n € [2/3,1] . For hy one has the same computations.

(4.19)

Step 2. Let us now deduce the result for solutions f; and g; of the Landau equation.
Coming back to (4.17) and choosing 0 < A\; < min(J,\), where A\. — X € (0,00) as
e — 0, we recover (4.19) with the exponent A; with does not depend on e. Hence,
passing to the limit € — 0, we have ¢°* — f¢* — g — f and then

g — fil2 < Cp e B"MMEM(fo + g0) 3 g0 — fol3-
Rigorously, we write
lgr — fele < gt — gl + |fe — fil2 + |95 — fil2,

then for the third term on the right-hand side we use (4.19) with exponent A\; that does
not depend on €, and for the other two terms we use that g; weakly converges towards
g in L' (see Villani [26]), hence |g; — g5|2 — 0 when ¢ — 0 and we deduce

g0 — fil2 < Cye” TDMEN (fo + 90) 7 g0 — fol3-
[l

Lemma 4.12. Consider fo,g90 € Pg, v, r € Rg,, and the solutions fi, g, hi, wi and u
of (4.12) and (4.13). There exists A1 € (0,00) that for any n € [2/3,1], there exists C,,
such that we have

19t — fr — hely < Cpe” MM (fo + g0)'/3 g0 — fols ™
Jugly < Cype™TDMENL(fo + g0) P (g0 — fols ™
Proof of Lemma 4.12. Let us split the proof into two steps.

(4.20)

Step 1. As in Lemma 4.11, we consider (). the symmetrized version of the Boltmann
operator Qg . and the solutions f7, gi and hj of (4.15).
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Consider also uj solution of
(4.21) Ot = 2Q:(f,u%) + Q(h°, h7),  ul=0 =0,
and define w® := ¢°* — f¢ — h® which satisfies
Ow® = Q(s°,w°) + Q:(h°, d°), W= = 0.

First of all, we remark that w; has moments equals to zero up to order 3. Indeed, let
us prove that, for a € N%,

(4.22) Via| <3, Ma(ws) = /dva W (v) dv = 0.
R

Following [20, Lemma 5.8] we know that for maxwellian molecules the c-moment of
the Boltzmann operator Qg (g, h) is a sum of terms given by the product of moments
of g and h, then we obtain

(4.23)
d
Vel <3, — Malwr) = > a5 Mg(wi)Ma—p(s7) + Y aa,3 Mg(hy) M_g(d;)
BLa B<La
and we deduce that
d
(4.24) Viel €3, 5 M) = 3 s Ma(wf) Mac(55)
BLa

because for all || < 1 we have M, (h§) = M,(d;) = 0. We conclude (4.22) by the fact
that wo = 0. Therefore |w|4 is well defined and we do not need to "take-off the moments
of w”

Let us denote QF = & and H® = h¢. We perform then the same cut-off as in Lemmas
4.8 and 4.11 and we have the following equation for wj
(4.25)

4], 196
& Jt T e

1 Koo oo [ 1EEDNSTED)] 15 EDIST(ET)]
<z [, 06 5)< T ) T)
1 K o [ HEEDINDE)| | [H(EDD ()] .
* 55@/Sdlb€ @ 9( e e ) = 5)
L
gt
where the remainder term
RE(Q) =5 [ 1006 [0S (€) + Q€IS (€7 + HE(€1)D*(¢) + HE()DA(€)] do

satisfies, for any ¢ € R, |RE(¢)] < rK|¢|*, with rX — 0 as K — oo, and X depends
on moments of order 4 of d, s, h and w. To see thls we argue as in lemma 4 11, using
that w® has vanishing moments up to order 3, see (4.22).
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We compute first 77 using the fact that ||S%|| <2
2°(8)] / Ko & (16+14 L 16— 14
T < | su su b= (o - + do
1 <€€H5 G ) S b (- &) (JEF1" +1€71")

2°(8)]
< Ag sup .
ngRd ‘5’4

where Ak is the same that in the proof of lemma 4.11. Next, we compute 1o

|H®(§)] |D=(€)| K £ |§+|2|f_|2>
T bE (o - d

€ € K(_ ¢ R
< lhilyidly sup [ V(&) (17 ) do

< Ac e UMM (fo 4 g0) 7 holy|dol3

where we have used the estimates of lemmas 4.8 and 4.11, and A. is defined in (2.18).
After these computations we obtain

d |QF QF QF 1 _
s SAKS“Q 2 A M o o) ol 4 K
S
and by Gronwall’s lemma
1925 (§)] - 1y (€707 — RO
< A: My(fo + M \do|y "
T

1 — eAr—K)t
—i—raK R .
K —\g
Finally, we conclude by relaxing the cut-off parameter K — oo and choosing (1—n)\ €
(0, Ac) where A; is the same that in lemma 4.11, therefore we have
(4.27) jwily < CyAce™ TN MY (o + 90)' " g0 — folo ™.

We obtain the same estimation for ug.

Step 2. Consider the solutions f, g and h of (4.12) .

Let us choose A; such that 0 < (1—n)A\; < A, where A. — A € (0,00) as € — 0. Then
we recover (4.27) with the exponent A\; with does not depend on e. Hence, passing to
the limit e — 0, we have ¢° — f¢ — h® — g — f — h (grazing collisions limit), and in the
right-hand side of (4.27) we have A, — A > 0 (see (2.18)). Then

gt — fo — hela < Cy Ae™ MM (fo + go) 3 |go — fola ™"
[l

Lemma 4.13. Consider fo, g0 € Pg, r, r € Rg,, and the solution 1x of (4.13). There
exists A1 € (0,00) such that for any n € [2/3,1], there exists C, such that we have

(4.28) gt — fr — he — welg < Cye” TTDMEM(fo + o) |go — fol3 "
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Proof of Lemma 4.13. We prove the lemma in two steps.

Step 1. Consider the solutions g5, ff and h§ of (4.15) and u§ solution of (4.21). Define
Vi = g7 — f; — hi — u7 that satisfies

O = Qe(s%,¢°) + Qe (P, wf) + Qe(u®, d°), Y=o = 0.
First of all, let us prove that 17 has moments equals to zero up to order 5, more
precisely, for o € N9,

(4.29) Via| <5, Ma(S) = /Rd Vg (v) dv = 0.

In fact, as in the proof of Lemma 4.12, we can compute the a-moment of

(4.30)
d.

Vl]al <5, a ZaaﬁMB Vi )Mo p(s; +ZaagM5(ht) a—p(wf)
BLa B<a
+ Y s Mp(r§) Mo—p(ds).
BLa
Since
Vel <2, M, (k) = My(d5) =0,
s ol < 2, Ma(h) = Malc)
V‘Oé’ <3, Ma(wt) = MO&(Tt) =0,
we deduce that
d
(4.32) Vlal <5, 2 Ma(¥f) = 3 aa,s Ma(¥) Ma—p(s])

BLla

and we conclude thanks to 1o = 0. Then |¢)|g is well defined.
Denoting ¢ = 9¢ and U® = 4%, we perform the same cut-off as in lemmas 4.8, 4.11
and 4.12, and it gives the following equation for 1y

(4’331) LG

41 W)

@ e R
1 o o (1EEDSEE)] | [wEE)]S5(e)] B
S_féié’d/smbf (“'£)< g T P )d" =1
1 - (JHEEDNEE)] | HAE) ()] B
+5§§H5/sd15<"’5)< (T )d“ (= D)
1 - (WUSEDIDAED)] | U=E)ID= ()] B
ey [ o (PEZEL SO0y
|RK]
€

where the remainder term

(430 RE© =5 [ €0 NS (€) + WS + HEENE)

+HH(ET)Q(ET) + US(ET)D(E7) + UE(&‘)DE(£+)]dJ
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satisfies, for any ¢ € R?, |RE(¢)] < rK|¢|%, with rX — 0 as K — oo, and X depends
on moments of order 6 of d, s, h, w, u and . It easﬂy follows arguing as in lemmas 4.11
and 4.13, using (4.32) and the bounds of moments of order 6.

We compute first T using the fact that ||S¢[| <2

1< sup & sy [ 4808 (16710 +1671%) o

£eRd |£| £eRd

\IIE
< o sup O
£cRe ’f‘

Let us analyze ay,

ax = [ V- (&P o= [ (o-d)

gd—1

(1+3(c-€)?) do

1=

and we compute

aK—K:—/Sdl b (o 5)(4/3)( (0 €7)do

~ 1 " -
- v i be(o - f)m (1 — (o~ 5)2) do =: —a. € (—00,0)

K—o0

—— —a € (~00,0).
e—0

Next, we compute Th

HE () 2(0) o a1 [ JE Rl |£+|4|£-|2>
T b L= d
2§(§5§ & )(55@ G )555/Sd1 e (o 5)2< Rt T EmeE )

~ 1 ~ ~
< Ihiloldily sup [ 8 (0 O3 (€71 + ) do

¢eRd
< Bre” MMM (fo + g0) 7 |holy|dols "

where we have used the estimates of lemmas 4.8 and 4.12. We compute g

gic= [ 005 (€1 +1EP)do

i e S S
A
2

,’>\
i

4>|m>"

— A=
e—0

with A > 0 (see (2.18)), A > 0 and we have the same estimate for T5.
After these computations we obtain

A, O e

dt [¢[5 €16 7 7 cera [€]°
and by Gronwall’s lemma

"l;t(é.)‘ 1— 2+ e-(l—?’]))\t i e(aK_K)t K 1 _ e(aK_K)t
< 20k M. M do |5 -7
fsglgl €16 Prc Ma(fo+g0) ldol K —ax — (1—nA + 7 K ax

é
2

] >

+ 28 BTN N (fo + go) T [dol3 T +
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We conclude by relaxing the cut-off parameter K — oo and choosing (1—n)\ € (0, a.),
therefore we have

(4.35) W5l < Cy Ac e DN M (fo + go) 7 |dol5 .

Step 2. Consider the solutions f, g, h and r of (4.12) .

Let us choose A\j such that 0 < (1—n)\; < &, where &, — & € (0,00) as € — 0. Then
we recover (4.35) with the exponent A\; with does not depend on €. Hence, passing to
the limit ¢ — 0, we have ¢°* — f¢ — h® —u® — g — f — h — u (grazing collisions limit),
and in the right-hand side of (4.35) we have A. — A. Then

lge — fr = he — 1ele < Cnf_\e_(l_n))‘lt My(fo + 90)1/3 lg0 — f0|§+n-

Therefore the semigroup of the Landau equation
2, 1,(142n)/3 0,(24n)/3 )
S € O3 R A ohE B Py Py,

where Pg, is defined as Pg, but endowed with the distance associated to the norm

|- llg. = |- l6» with Aa(f) := M4(f)1/3 = Al(f)l/g. Moreover there exists a constant
C4 > 0 such that one has
(4.36) sup / <[s;°]cz,o + [5;0131,0) dt < 1,

I‘GRgl 0 Ag Ag

which proves (A4).
Remark 4.14. In fact, we can deduce that

[e.9]
sup /0 <[Sfo]01,(1+2n)/3 + [Stoo]iv(),(2+n)/3 + [Sfo]ci,zo + [Sfo]ély()) dt < Cy.

reRg,; Ao Ao Ao

However, coming back to the proof of Theorem 3.11 and from the proof of (A3) (4.10),
where we need only [®]q2,0 instead of [®]-1,1 4 [P] 2.0, we remark that (4.36) is sufficient.

4.5. Proof of assumption A5. We define the space of probability measures Pg, :=
Py(RY) = {f € P(R?); My(f) < oo}, the constraint function mg,(v) = (Jv|?,v) and
Rg, = {(r,7) € Ry x R?% r < &}. Then we define for a € (0, 00), the bounded set
BPg,.q :={f € Pg;; Ms(f) < a},

the constrained bounded set

BPg, ar = {f € BPg, a; (f,|[v]*) =7, (f,v;) fori=1,...d},
endowed with the distance distg, = Wa. The following lemma proves (A5) with F3 =
Lip(R9).

Lemma 4.15. Let fy,g90 have the same momentum and energy, and consider f; =
S (fo)s gt = S5°(go) theirs respective solutions of the Landau Mazwell equation. Then

(4.37) sup Wa(fi, gt) < Wa(fo, 90)-
t>0
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Proof of Lemma 4.15. Consider f;, g; the solutions of the Boltzmann equation with ker-
nel b, satisfying the grazing collisions (2.18) and with initial data fy and go, respectively.
We know from [24] that

stgg Walfs, 95) < Walfo, 90)

We know also that [26] f;{ converges weakly in L' to a weak solution f; of the Landau
equation (grazing collisions limit). Moreover, both equations conserve energy so we
have, for all ¢

[l si@ o = [1oRsiw)do = [ loP so(w) dv.

Using the fact that the Wasserstein distance W5 is equivalent to the weak convergence
in P(RY) plus the second order momentum convergence [30], we obtain

WQ(ft7gt) < WQ(fta fta) + WQ(ff?Qf) + W2(gt7gt€)
and then, passing to the limit ¢ — 0, we have Wa(ft, ff) — 0, Wa(gt,95) — 0 and

igg Wa(feygt) < Walfo,90)-

O

4.6. Proof of Theorem 4.2. The proof is a consequence of Theorem 4.1, some results
on differents forms of measuring chaos from [13], quantitative estimates on the chaoticity
of initial data from [5].

Proof of Theorem 4.2 (1). Thanks to Theorem 4.1, taking ¢ = 2, we have for all ¢ =
H1 ® ¢ € FP? that

(T (FY) = £
sup
>0 ol 7

where we recall that |||z = [(1+]£]%)|(£)|. Then we observe that, for 7 > 0, applying
Cauchy-Schwarz inequality,

Jorlle = [+ 16001+ 16272 €11+ €)™ de
. 1/2 1/2
<c(favierrmia©r) (faren )

The first integral in the right-rand side is the norm ||¢1]||ge+- and the second one is
finite if 2r > d. We have then H® C F for s > 6 + d/2 which implies

ass) sy 122 <o (Wi (R 00) + )

9o (W (BB 61) + ).

Let us denote My = M(IIo(EN)) + My(f%?). Thanks to [13], for any 0 < a <
k(dk + d + k)~! there exists C := C(a, d, s, M},) such that

Wi (FN, f2Y) v +N_%) 7
N H—s
which implies with (4.38)
Wl(‘FtN7 t®N)
N

e (HH2(F1&N) _ fe2

(4.39) < C (Wi () B, FENyath ¢ N-%).
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Now, we have just to estimate the first term of the right-hand side of (4.38).

We have from [5, Proof of Theorem 8] that for any 0 < 8 < (7d + 6)~! there exists
C = C(p) such that

Wiw, (TR ', 6f,) < CN 7P

We assumed that Mg(fo) is finite, which implies by contruction that Mg(Iz(F7Y)) is
also finite. Then, for all + > 0 we have Mg(f;) finite (see [27]) and Mg(IIx(F}Y)) also
finite (see Lemma 4.7). We can conclude gathering the last equation with (4.39), k = 6
and s > 6 + d/2. O

Using this result, we can prove the second part of the theorem following [20].
Proof of Theorem 4.2 (2). We split the expression into

Wl(‘FtNany) o Wl(FtN7ft®N) W1(7®N7'7N) W-
N = N + N + 1 (ft7 7)7
where « is the equilibrium Gaussian probability with zero momentum and energy £ =
[ |v|?>dry. For the first term we have from point (1) that for all € < 9[(7d + 6)?(d + 9)]~*
there exists C, such that

Wl(FtN7 t®N)
N
The second term can be estimated by [5, Theorem 18]

®N N
Wl(’yN y Y ) S CN_G,

for some 6 > e. For the third term, thanks to [27, Theorem 6] we have
Wife:y) < 1(fs = D)l < Ce.
for contants C' > 0 and A > 0. Finally, putting togheter these estimates it follows
Wi(FN AY)
N

Moreover, consider h}¥ the Radon-Nicodym derivative of F/V with respect to vV, i.e.
hN = dEN JdyN. Thanks to [16], for all N € N* and ¢ > 0, it holds

<C.N"°

(4.40) < CLUNT +e M),

1B = 1l L2 (s () ayny < e M hy — Ul r2sv g),avn)s

where \; > 0. Since FJ¥ = [f((]g)N]SN(g) and fy € Pg(R?), it is possible to bound the
right-hand side by

b — Ul o s (),ayvy < AN,
with A > 1 that depends on fy. Hence we deduce, with ¢ : R — R,

Wi(FY AN = sup | g(dFY —dyY)
Il o<1 /R

N
= /RdN gz::l [v3] \dFN B va‘

< NEV2 WY — 1HL1(SN(5),d’YN)

< NEWV2|WN — 1HL2(SN(5),d’YN)’
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which implies
Wi (FN,AN)
N

Define N(t) by N(t) := A\t (2log A)~! for some § > 0. Then, choosing (4.40) for
N > N(t) and (4.41) for N < N(t) it yields, for all N € N* and t > 0,

N N
Wl(F;VfY ) < p(t) — min{C’é (N(t)—a + e—)\t) ’e—%t}’

with a polynomial funtion p(t) — 0 as t — oc.

(4.41) < ANeMt,

5. ENTROPIC CHAOS

We can define the master equation (2.29) on R or SV(&) thanks to the conservation
of momentum and energy, hence for g% € Py (RY) and fV € Py (SN (€)) we have

(5.1) o(gNw) = (9V.GNu).  VeeGEY)
(5.2) a(f¥0) = (fN.6Ve), VeeisNE),

where GV is given by (2.29).

Suppose that ¢’V is abolutely continous with respect to the Lebesgue measure (and
we still denote by ¢V its Radon-Nikodym derivative). Taking 1) = log¢" in (5.1), we
obtain an equation for the entropy of gV, i.e. H(g") := Jran gV log gV dV,

(5.3)

d

dt

/ gV log ¢V dV
RAN

1 VigN VgV VigV o VigV\ N
_ o _ : _ AV <0,
2N %: /RdN alvi = vj) ( gV gN gV o )7 =0

since a is nonnegative.

Considering now f~ absolutely continuous with respect to 7V, the uniform proba-
bility measure on S™V(£), and denoting by kY := df" /dy" its derivative, we want to
obtain the equation satisfied for the relative entropy of f with respect to v, given by

(5.4) H(N ) = /N WV log hY dy.
S

For this purpose we could take ¢ = log h" in (5.2), but we have to give a meaning to
V;h"N for a function "V defined on SN. N
Let us consider h a function on SV () and we define h on R*V by
V- M(V)>
evy)y )’
where £(V) = NT' SN v — M(V)]2, M(V) = N1 SN v; and the functions p and
7 are smooth.

Denoting by Vgn the gradient with respect to S™V(£) and by V, the gradient with
respect to its orthogonal space (SN )L, we can decompose the gradient on RV

(5.6) Vgavh =V_1h+Venh=(Vipn)h+pmVsnh=(V_log(pn)) h+ pnVsnh.

(5.5) W(V) = p(EV)) n(MV) <5 YV € RV,
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For h we can compute V,-iNL eRY for1 <i<N, as

Vih = (avi’“};)lgagd = (VRdNE . ei’a)lgagd’

where (€;4);5 = 0ij0as € R¥V. Hence by (5.6), forall 1 <i < N and all 1 < a < d,

o = (V1 log(pn) - €5,0) h+ pn (Vsnh - €i).
Now, observing that (V| log(pn) - (€ia — €j,a))i<a<d is proportional to (v; — v;) and
using that a(z)z = 0 for all z € R%, we can evaluate the expression
a(vi—v;) (Vih — Vh)-(Vih = V;h) = (o) a(v;=;) (Vs h=Vsnh)-(Vsyh=Vsvh),
where we define
(5.7) Vsnh = (Venh-eia)icocq-

Since we have the following Fubini-like theorem for Boltzmann’s spheres (see [8, 5])

[ e namn a(n(e i) ) av

:(éwawa”““”“M0<Lwa“m“W»

for some functions A and B, thanks to (5.3) with h = Y and h = ¢", we obtain the
equation for the relative entropy H(fV|vV),
(5.9)

4 / RN log hY dy™
N(E)

(5.8)

dt Js

N N N N
2N 7 ISV ) ! J hN hN hN hN

= —DY(FY) <0,
and DV is called the entropy-production functional. This implies
1
(5.10) S H(ERY) /N FN)ds = — HRY 7).
Moreover for the limit equation we have [27]

— ) (Vf V*f*) ' (Vf V. fx

d d 1
GH) =5 [ Fogfav=—5 [ffiaw—v) (-8 (S - =

and then for the relative entropy H(f|v) = [(f/v)log(f/7v)~(dv), we obtain

) HU) + [ D) ds = H(Gub),

We are able now to prove the following result, which will be useful in the sequel.

) dv dv,

Lemma 5.1. If FN is f-chaotic, then

1 1
H(fly) <liminf = H(FNYN) and D(f) < liminf — DV (FN).
N—oo N N

N—o0
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Proof of Lemma 5.1. The lower semicontinuity property of the relative entropy is proved
in [5, Theorem 21], thus we prove only the second inequality.
Let us denote Vi3 = V1 — Vo, VS{Z = VS{\’ — ng\’a and for all z,y, z € R? we denote

a(2)zy = (a(z)x) - y. Since a is nonnegative, considering a function ¢ : R? — RY, we
have

a(vy — v2) <V12 log f1f2 — g) (V1210g fif2 — g) >0,

which gives the following representation for D(f),
_1 pp
D(f)=5 sup a(vy —v2) [(Vizlog f1f2)p — | fifzdvidv

2 90 R2d_sRd

5 sup //{ Vi - (a(v1 —v2)p) — a(vr — 1)2) } J1f2 dvy dvy

@:R2d5Rd

where f; = f(v1) and fa = f(v2). Let ¢ > 0 and choose ¢ = ¢(v1,v2) : R? — R such
that

)—e< = //{ —Viz(a(vy —v2)p )—a(vl—vg) }f1f2dv1dv2

For the N-particle entropy-production D defined in (5.9), we have by symmetry
1

2 pN(pN
DV (FY)
N N N N
:N(N—l)l/ a(vr — v2) Vsph  Veyh™\  (Vgyh™  Vgyh B
N2 2 Jsn hN hN hN hN
N(N -1
=: (N2 )Dlj\;(FN)7

and then liminfy oo N"IDN(FN) > liminfy o DIY(FYN). For & : RN — RY & ¢
C’b, we have, with FN = BNV,

DN(FN) = /SN a(vy —v2)Vgn log B - V gn log B Y dy™

N~ N~ N~

w0
=i

_ Ng _ N N
@;R?z\lrliﬂgd/sl\f a(vy — vg) (VS{E logh™ ® <I><I>/4) h dry

o

N N N ;N
p{/SNa(Ul —vg)vsgh O dy —/SNa(Ul —vg)Th dry }
Choosing ®(V') = ¢(v1,v2) we obtain, using (5.7),

1 P
N N N N
/ a(vr —v2)Venh™ pdy™ — 3 /sN a(vy — v2) e h™ dry

B

v

1
Dy (FN) 5
1 d
(512) > 5 Z VSNhN : [(el,a - e2,a) aaﬁ(vl - U2) 906] dlyN
a,B=
SN

1
—5/ a(vl—vg)%hNdny.
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We need an integration by parts formula for the first term on the right-hand side, thanks
to [5, Lemma 22|, for a function A and a vector field ¥, we have

/ {VSNA(V) W)+ AV ) divew B(V) — TN =D =Ly g V} N (V) =0,
SN dN
with
1 N d N v
(5.13)  divey W(V) =div®(V) = = 37 > 0, Wip(V) =D 3V Vs %
ij=1p=1 j=1p=1

Taking U(V') = (e1,0 — €2,a) @ap(v1 — v2) pp We obtain

o VSNhN : (el,a - e2,o¢) aaﬁ(vl - U2) ¥p d’YN

d(N

; —1)—-1
= — /SN By divgn [(e1,0 — €2,a) aap 90,3] dyN + d—N) /SN By Gap 93 (e1.0 — €2.0) - deN.

Since (e1,4 — €2.4) - V = (V1,4 — V2,0), When performing the summation o, 8 =1 to d in
the second term of the right-hand side of last equation, we obtain

[ V(o = v = ) i =0,

For the first term, thanks to (5.13),

d
Z / N divgn [(el,a - e2,a) Aap (105] d’YN
a,f=1 SN

= / Viz - (a(vy —v2) @) N va
SN
d

1
- Ve /SN {01 Vi(aas 95) + 02 - Va(aap 9p)} (V1,0 — v2,0) B dy™
a,f=1

Getting back to (5.12) with last expression, we split the integral over (vi,v) and
SN (v1,v2) == {(v3,...,vy) € RIV=2): vV € SN} use that [V|? = EN and JSN (01 09) AN dyN =
F}V, which yields
(5.14)
1 1
DN(FN) > —5/ Via - (a(vy — v2) @) FY (v1,v9) dvy dvg — 3 //a(vl — v2) % FN (v1,v9) dvy dug

1 d
+ 0 <N) Z // {v1 - Vi(aas vp) +v2 - Valaas ¥8)} (V1,0 — V2,4) FQN(vl, vg) dvy dvs.
a,f=1

Passing to the limit N — oo, since F§¥ — f®2 we obtain

lﬂiélofDl]\;(FN) > %/{—Vlg (a(vy —v2)p) — alvy — Ug)%’o} fifedvidvy > D(f)—¢

and we conclude letting € go to 0.
0
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We define the Fisher information of G € P(R¥Y) that is absolutely continuous with
respect to the Lebesgue measure by

L |deNG|2
I(G) := /RdN V.

Moreover, for a probability measure F' € P(SY(&)) absolutely continuous with respect
to vV, we define the relative Fisher’s information by

Vgnh|? dF
5.15 I(F|4N ::/ Vsvh , Nooh=—=,
(5.15) (Flv™) v R D N

where Vgn stands for the gradient on SV (€).

We can now give the following result.

Lemma 5.2. Let F{¥ € Py (SN (E)) with finite relative Fisher information I(F{|[yN).
For all t > 0 consider the solution F}N of the Landau master equation (2.29). Then we
have

I(EY YY) < I(EY YY)
Proof of Lemma 5.2. Denote h)) = dF{'/dy" and, for all t > 0, h)¥ := dF} /dy"N.
Consider hY defined on R given by (5.5) and define then F}¥ = hlN.Z a solution of

(5.1), where . is the Lebesgue measure on R, Following [20, Lemma 7.4], we claim
that is enough to prove that

=N |Vgan hiY|? / |Vzav B 2 =N
:: - ~ .. < - =~ :: .
I(FY) /R oy sl w dv =: I(FY)
Indeed, this equation, (5.6), (5.8) and the conservation of momentum and energy yield

N |2
B (p(£),n(M)) dE dM) < /S NVoxhi' | d7N>

I(EN)=|V.1 2+</
(F¢") = [V log(pn)] A ve AN

+x R4

< |V log(pn)]* + (/R

+xRd Ney o b
which implies, dropping the time independent terms,
I(EY YY) < I(FY ).

Now, let F/Y € Py (SN(£)) be the solution of the Boltzmann master equation (2.8)-
(2.9) with collision kernel b, satisfying the grazing collisions assumptions (2.18) and
initial datum F¥ € Pyym (S (£)). Then we have from [20, Lemma 7.4], for all ¢ > 0,

where I*N}fv , Ej\é € Py (R?) are constructed as before.

Since ﬁtj\é weakly converges towards EN when ¢ — 0 and the Fisher information
functional is weakly lower semicontinuous, we obtain

I(FN) <liminf I(EN) < I(F)
e—0 ’

and that concludes the proof.

N |2
B(p(€). (M) d M) ( i Mdﬁ) — 1

),
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Now, with the definitions of relative entropy (5.4), relative Fisher information (5.15)
and the notion of entropic chaos, described below, we are able to state our main theorem
of this section, concerning the propagation of entropic chaos.

Let FNV be a sequence of probability measures SV (€) such that F}¥ weakly converges
to f in measure sense, for some f € P(R?). We say that FV is entropically f-chaotic if

H(FN|yN)
N N—o0

(5.16) H(flv).

For more information on entropic chaos we refer to [4, 13, 5].

Theorem 5.3. Let fo € P(R?) and FY € Poym(SN(E)) that is fo-chaotic. Consider
then, for all t > 0, the solution F}N of the Landau master equation (2.29) with initial
condition FY¥, and the solution f; of the limit Landau equation (2.10)-(2.11) with initial
data fy.

Then we have

(1) If B is entropically fo-chaotic, then for allt > 0 F}N is entropically f;-chaotic,
more precisely

1
N H(ENAY) — H(fi]7) as N — oo,

(2) Consider fo € Pg(R?) with I(foly) < oo and FYN = [f§ ]SN(g € Py (SN (E)).
Then, for all t > 0, F}N is entropically f;-chaotic, more precisely, for any 0 <
e < 18[5(7d + 6)%(d 4 9)]~! there exists a constant C := C(e) such that

sup [ H(EN|yN) — H(fi|v)| < CN~°.

>0 | N

(8) Consider fo € Pg(R?) with I(fo|y) < oo and FY = [f(()gN]SN(g) € Pym (SN (E)).
Then for all N it holds

1
~ HE ™) <p(),

for some polynomial function p(t) — 0 as t — co.

Proof of Theorem 5.8 (1). The idea is from [20]. Using (5.10), (5.11) and the entropic
chaoticity at initial time, one has

1

SHUNPY) + [ 5 DYE ds = £ HO )

o HUoh) = H(ib) + [ D) ds

N—

By Lemma 5.1 one also has
liminf( (VY +/ FN)ds) > H(fily) +/ (f,)d
N—o00 N

and we can conclude with these two last equations togheter with Lemma 5.1.
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Proof of Theorem 5.3 (2). From Lemma 5.2 we know that, for allt > 0, N~ I[(FN|yV) <
N7Y(EN|¥Y) and the later one is bounded by construction, we deduce then that the
normalized relative Fisher’s information N~'I(FN|y") is bounded. Since the limit
Landau equation for maxwellian molecules propagates moments and the Fisher’s infor-
mation’s bound [27, 28], we have, for all ¢t > 0, Mg(f:) and I(f;|y) bounded.
We can then apply [5, Theorem 31] to ¥ and we obtain that for any 8 < (7d+6)~!
there exists C' = C’(8) such that
N f®N
S HE) | < o (VL) ),

We have then to estimate the first term of the right-hand side. From [13], the following
estimation holds,

W2(FtN7 ft®N) <C
VN -

where Mg(FYN, f&V) = Mg(EN) + Mg(f2V). We observe that N~1Mg(FYN, f&V) is
bounded since N~ Mg(fEN) = Mg(f;), N~ 'Mg(FN) < C N~ Mg(FY) by Lemma 4.7
and N~'Mg(FJV) is bounded by construction, thanks to the assumption Mg(fo) finite.
Finally, Theorem 4.2 and last equation (5.17) imply that for any e < 9[(7d + 6)%(d +
9)]7! and any 3 < (7d 4 6)~! there exists a positive constant C' = C(¢, 3) such that

(5.17)

1/10 2/5
Me(FY, 12NN (w12
N N

(519)  HEN DY) = H(fi)| < 0 (N2 4 N 7).

which concludes the proof.
O

Proof of Theorem 5.3 (3). By the HWI inequality [30, Theorem 30.21], for all ¢ > 0, we
have

HENYY) 7 [IETWN) Wa(FY AY)
N -2 N VN
From Lemma 5.2 we have N~'I(FN|/N) < N7 (F]N|yY) < C for some constant

C > 0 independent of N, by construction. Moreover, thanks to Lemma 4.7 and (5.17)
we deduce

Wo(FN,+) Wi (EN, Y) 25
<C .
v N B N

Gathering these two estimates with point (2) in Theorem 4.2 it follows

2/5
H’( FtN’,YN) II,l(FtNyny)
—_— K - - 7 <
N <0 N < plt),

for a polynomial function p(t) — 0 as t — oo.
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