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PRIMAL AND SHADOW FUNCTIONS, DUAL AND DUAL-SHADOW FUNCTIONS FOR A CIRCULAR CRACK AND A CIRCULAR 90 • V-NOTCH WITH NEUMANN BOUNDARY CONDITIONS

This report presents explicit analytical expressions for the primal, primal shadows, dual and dual shadows functions for the Laplace equation in the vicinity of a circular singular edge with Neumann boundary conditions on the faces that intersect at the singular edge. Two configurations are investigated: a penny-shaped crack and a 90 • V-notch.

INTRODUCTION

The edges that we consider are in an axisymmetric configuration. Cylindrical coordinates are denoted by (r, θ, x 3 ) with the distance r to the axis, the rotation angle θ ∈ [0, 2π] and the coordinate x 3 along the axis. The circular edges are generated by rotating a point P in the r-x 3 half-plane around the x 3 axis. Let R be r(P ). We consider the polar coordinate system (ρ, ϕ) centered at P such that the following relations hold r = R + ρ cos ϕ and x 3 = ρ sin ϕ .

In the vicinity of the edge the domain coincides with the set {(ρ, ϕ, θ), 0 < ρ < ρ 0 , ϕ 1 < ϕ < ϕ 2 , θ ∈ [0, 2π]} .

In this report we address the cases of

• the penny-shaped crack, for which ϕ 1 = -π and ϕ 2 = π • the 90 • V-notch that corresponds to ϕ 1 = -π and ϕ 2 = π/2. Solutions τ of the homogeneous Laplace equation ∆τ = 0 with zero Neumann boundary conditions on the faces abutting the edge can be expressed as follows [START_REF] Yosibash | Circular edge singularities for the Laplace equation and the elasticity system in 3-D domains[END_REF] in coordinates (ρ, ϕ, θ):

τ (ρ, ϕ, θ) = j≥0 h=0,2,4••• ∂ h θ A j (θ)ρ α j f ≥0 ρ R h+f φ h,j,f (ϕ), (1) 
The functions A j are coefficients which depend on τ , whereas the functions φ h,j,f are completely determined by the geometry of the domain around the edge, I.E. by the limiting angles ϕ 1 and ϕ 2 . For each natural number j, the term φ 0,j,0 is an eigenfunction of a 1D Laplace operator and for h+ j > 0, the "shadows" φ h,j,f (ϕ) are obtained by solving the following recursive set of equations, cf [1, eq. (15-17) and ( 36)].

For h = 0 α 2 j φ 0,j,0 + φ ′′ 0,j,0 = 0 (2) (α j + 1) 2 φ 0,j,1 + φ ′′ 0,j,1 = -α j cos ϕφ 0,j,0 -sin ϕφ ′ 0,j,0

(α j + i) 2 φ 0,j,f + φ ′′ 0,j,f = -(α j + f )(α j + f -1) cos ϕφ 0,j,f -1 -sin ϕφ ′ 0,j,f -1 + cos ϕφ ′′ 0,j,f -1

f ≥ 2 (4) For h = 2, 4, 6 • • • , (α j + f + h) 2 φ h,j,f + φ ′′ h,j,f = -(h + f + α j -1) [2(h + f + α j ) -1] cos ϕφ h,j,(f -1)
+ sin ϕφ ′ h,j,(f -1) -2 cos ϕφ ′′ h,j,(

-(h + α j + f -2)(h + α j + f -1) cos 2 ϕφ h,j,(f -2)

+ cos ϕ sin ϕφ ′ h,j,(f -2) -cos 2 ϕφ ′′ h,j,(f -2) -∂ ϕ φ (h-2),j,f (5) 
These equations have to be completed by the Neumann boundary conditions:

∂ ϕ φ h,j,f = 0, on ϕ = ϕ 1 and ϕ = ϕ 2 (6)

Equations (2-4) with h = 0 are associated with the axisymmetric case, and for h = 2, 4, 6, • • • equations (5) are associated with the non-axisymmetric case.

Each eigenfunction and shadow, has a dual and dual shadow counterpart, that can be computed by the following recursive system.

For the dual eigenfunctions and their shadows ψ 0,j,f (ϕ) (for h = 0 associated with the axisymmetric case), the recursive equation to be solved is [START_REF] Yosibash | Circular edge singularities for the Laplace equation and the elasticity system in 3-D domains[END_REF]:

For h = 0 α 2 j ψ 0,j,0 + ψ ′′ 0,j,0 = 0,

(-α j + 1) 2 ψ 0,j,1 + ψ ′′ 0,j,1 = --α j cos ϕ ψ 0,j,0 -sin ϕ ψ ′ 0,j,0 ,

(-α j + i) 2 ψ 0,j,f + ψ ′′ 0,j,f = -[(-α j + f )(-α j + f -1) cos ϕ ψ 0,j,f -1 (8) 
-sin ϕ ψ ′ 0,j,f -1 + cos ϕ ψ ′′ 0,j,f -1 , f ≥ 2, For h = 2, 4, 6 • • • , (-α j + f + h) 2 ψ h,j,f + ψ ′′ h,j,f = -(h + f -α j -1) [2(h + f -α j ) -1] cos ϕ ψ h,j,(f -1) + sin ϕ ψ ′ h,j,(f -1) -2 cos ϕ ψ ′′ h,f,(f -1) -(h -α j + f -2)(h -α j + f -1) cos 2 ϕ ψ h,j,(f -2) + cos ϕ sin ϕ ψ ′ h,j,(f -2) -cos 2 ϕ ψ ′′ h,j,(f -2) -ψ (h-2),j,f

with homogeneous Neumann boundary conditions

∂ ϕ ψ h,j,f = 0 on ϕ = ϕ 1 and ϕ = ϕ 2 . ( 11 
)
The above systems of equations have been solved using the formal calculus software Mathematica. 

ψ 0,1,0 = sin ϕ 2 ψ 0,1,1 = - 1 4 sin 3ϕ 2 ψ 0,1,2 = 3 32 sin 5ϕ 2 ψ 0,1,3 = - 5 128 sin 7ϕ 2 ψ 0,1,4 = 35 2048 sin 9ϕ 2 ψ 2,1,0 = - 1 2 sin ϕ 2 ψ 2,1,1 = - 1 4 sin ϕ 2 + 3 8 sin 3ϕ 2 ψ 2,

  Second singular exponent (j = 2).

  Higher order exponents (j = 3, . . . , 11).
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