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ON THE CONNECTION BETWEEN PROBABILITY BOXES AND
POSSIBILITY MEASURES

MATTHIAS C. M. TROFFAES, ENRIQUE MIRANDA, AND SEBASTIEN DESTERCKE

ABSTRACT. We explore the relationship between possibility measures (supremum pre-
serving normed measures) and p-boxes (pairs of cumulative distribution functions) on to-
tally preordered spaces, extending earlier work in this direction by De Cooman and Aeyels,
among others. We start by demonstrating that only those p-boxes who have 0—1-valued
lower or upper cumulative distribution function can be possibility measures, and we derive
expressions for their natural extension in this case. Next, we establish necessary and suffi-
cient conditions for a p-box to be a possibility measure. Finally, we show that almost every
possibility measure can be modelled by a p-box, simply by ordering elements by increas-
ing possibility. Whence, any techniques for p-boxes can be readily applied to possibility
measures. We demonstrate this by deriving joint possibility measures from marginals, un-
der varying assumptions of independence, using a technique known for p-boxes. Doing so,
we arrive at a new rule of combination for possibility measures, for the independent case.

1. INTRODUCTION

Firstly, possibility measures are supremum preserving set functions, and were intro-
duced in fuzzy set theory [39], although earlier appearances exist [28| 20]. Because of
their computational simplicity, possibility measures are widely applied in many fields, in-
cluding data analysis [32], diagnosis [4], cased-based reasoning [18]], and psychology [27].
This paper concerns quantitative possibility theory [13]], where degrees of possibility range
in the unit interval. Interpretations abound [11]]: we can see them as likelihood functions
[12]], as particular cases of plausibility measures [29, 30], as extreme probability distribu-
tions [31]], or as upper probabilities [37, [6]. The upper probability interpretation fits our
purpose best, whence is assumed herein.

Secondly, probability boxes [[14}[15]], or p-boxes for short, are pairs of lower and upper
cumulative distribution functions, and are often used in risk and safety studies, in which
they play an essential role. P-boxes have been connected to info-gap theory [16], random
sets [[191 126]], and also, partly, to possibility measures [1,16]. P-boxes can be defined on ar-
bitrary finite spaces [9]], and, more generally, even on arbitrarily totally pre-ordered spaces
[34]—we will use this extensively.

This paper aims to consolidate the connection between possibility measures and p-
boxes, making as few assumptions as possible. We prove that almost every possibility
measure can be interpreted as a p-box, simply by ordering elements by increasing possibil-
ity, whence, p-boxes effectively generalize possibility measures. Conversely, we provide
necessary and sufficient conditions for a p-box to be a possibility measure, whence, pro-
viding conditions under which the more efficient mathematical machinery of possibility
measures is applicable to p-boxes.

Key words and phrases. Probability boxes, possibility measures, maxitive measures, coherent lower and up-
per probabilities, natural extension.
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To study this connection, we use imprecise probabilities [36], because both possibility
measures and p-boxes are particular cases of imprecise probabilities. Possibility measures
are explored as imprecise probabilities in [37,16,23]], and p-boxes were studied as imprecise
probabilities briefly in [36, Section 4.6.6] and [33]], and in much more detail in [34].

The paper is organised as follows: in Section [2) we give the basics of the behavioural
theory of imprecise probabilities, and recall some facts about p-boxes and possibility mea-
sures; in Section 3] we first determine necessary and sufficient conditions for a p-box to be
maximum preserving, before determining in Section ] necessary and sufficient conditions
for a p-box to be a possibility measure; in Section [5] we show that almost any possibility
measure can be seen as particular p-box, and that many p-boxes can be seen as a couple of
possibility measures; some special cases are detailed in Section[6] Finally, in Section[7]we
apply the work on multivariate p-boxes from [34] to derive multivariate possibility mea-
sures from given marginals, and in Section [§] we give a number of additional comments
and remarks.

2. PRELIMINARIES

2.1. Imprecise Probabilities. We start with a brief introduction to imprecise probabilities
(see [2} 138l 36} 22] for more details). Because possibility measures are interpretable as
upper probabilities, we start out with those, instead of lower probabilities—the resulting
theory is equivalent.

Let Q be the possibility space. A subset of Q is called an event. Denote the set of all
events by £(Q), and the set of all finitely additive probabilities on £(Q) by Z2.

In this paper, an upper probability is any real-valued function P defined on an arbitrary
subset . of @(Q). With P, we associate a lower probability P on {A: A € ¥} via the
conjugacy relationship

P(A) =1—P(A°).
Denote the set of all finitely additive probabilities on () that are dominated by P by:
M(P)={Pe P: (VAe ¥ )(P(A) < P(A))}

Clearly, .# (P) is also the set of all finitely additive probabilities on () that dominate P
on its domain {A: A° € £'}.
The upper envelope E of .# (P) is called the natural extension [36, Thm. 3.4.1] of P:

E(A) =sup{P(A): Pe .#(P)}

for all A € Q. The corresponding lower probability is denoted by E, so E(A) = 1 — E(A¢).
Clearly, E is the lower envelope of . (P).

We say that P is coherent (see [36] p. 134, Sec. 3.3.3]) when it coincides with E on its
domain, that is, when, for all A € ¢,

P(A) =E(A).

The lower probability P is called coherent whenever P is.

The upper envelope of any set of finitely additive probabilities on £(Q) is coherent. A
coherent upper probability P and its conjugate lower probability P satisfy the following
properties [36, Sec. 2.7.4], whenever the relevant events belong to their domain:

(1) 0< P(A) <P(4) <
(2) A < Bimplies P(A ) P(B) and P(A) < P(B). [Monotonicity]
(3) P(AUB) < P(A) + P(B). [Subadditivity]
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FIGURE 1. Example of a p-box on [0, 1].

2.2. P-Boxes. In this section, we revise the theory and some of the main results for p-
boxes defined on totally preordered (not necessarily finite) spaces. For further details, we
refer to [34].

We start with a totally preordered space (Q,<). So, < is transitive and reflexive and
any two elements are comparable. As usual, we write x <y for x < y and x  y, x > y for
y<ux,and x >~y for x <y and y < x. For any two x, y € Q exactly one of x <y, x >~ y, or
x > y holds. We also use the following common notation for intervals in €:

[x,y] ={zeQ: x <7<y}
(x,y) ={zeQ: x<z<y}
and similarly for [x,y) and (x,y].
We assume that Q has a smallest element Og and a largest element 1. This is not an
essential assumption, since we can always add these two elements to the space Q.
A cumulative distribution function is a non-decreasing map F : Q — [0, 1] for which
F(lg) = 1. For each x € Q, F(x) is interpreted as the probability of [0q,x]. No further

restrictions are imposed on F.
The quotient set of Q with respect to =~ is denoted by Q/ ~:

[x]~ ={yeQ: y~x} forany xe Q
Q/f ~={[x]~: xeQ}.
Because F is non-decreasing, F is constant on elements [x]. of Q/ ~—we will use this

repeatedly.

Definition 1. A probability box, or p-box, is a pair (F,F) of cumulative distribution func-
tions from Q to [0, 1] satisfying F < F.

A p-box is interpreted as a lower and an upper cumulative distribution function (see
Fig. , or more specifically, as an upper probability P 7 on the set of events

{[0g,x]: xe Q} U {(y,1a]: ye Q}
defined by
P p([00,x]) = F(x) and Pp (v 1a]) = 1 = E(y). (1
We denote by E . - the natural extension of Py - to all events.
We now recall the main results that we shall need regarding the natural extension E . 7
of PEF (see [34]] for further details). First, because P FF is coherent, E FF coincides with
Pp 7 on its domain.
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Next, to simplify the expression for natural extension, we introduce an element Og—
such that:

Oq— <xforallxe Q
F(0q—)=F(0q—) =F(0q—) =0.
Note that (0g—,x] = [0g,x]. Now, let Q* = QU {0 —}, and define
2 = {(x0,x1] U (x2,x3] U U (o, Xon 1] X0 < X1 < -0 < X in Q%)
Proposition 2 ([34]]). Forany A€ A, thatis A = (xo,x1] U (x2,x3] U - U (X241, %2514-1] with
X0 < X1 <+ < Xoay1in Q¥ it holds that Ep #(A) = FfF(A), where

n+1
Prr(A) =1 > max{0,F () — F (xa-1)}, @)
k=0
with x_1 = 0q— and x3,, 17 = 1g.
To calculate E 7(A) for an arbitrary event A = Q, we can use the outer measure [36,
% —
Cor. 3.1.9,p. 127] Pff of the upper probability ng defined in Eq. (2):
—= S * . =
E.7(A)=Pr7 (A) = f Prr(C). 3
rr(A) =Ppr (A) Cejlg{ngc r.7(C) 3)
For intervals, we immediately infer from Proposition [2)and Eq. (3) that

Epp((x,y]) = F(y) = E(x) (42)

Epp([xy]) = F(y) = E(x-) (4b)

— F(y)—F(x if y has no immediate predecessor

Eprl(e) = {0 TEO immedt (40)
F(y—)—F(x) if yhas an immediate predecessor

— F(y) —F(x— if y has no immediate predecessor

Epp(lny) = {20 E) e P (4d)
F(y—)—F(x—) if y has an immediate predecessor

for any x <y in QEI where F(y—) denotes sup,_, F(z) and similarly for F(x—). If Q/ ~
is finite, then one can think of z— as the immediate predecessor of z in the quotient space
Q/ ~ for any z € Q. Note that in particular

Epr({x}) = F(x) —E(x—) )
for any x € Q. We will use this repeatedly.

2.3. Possibility and Maxitive Measures. Very briefly, we introduce possibility and max-
itive measures. For further information, see [39, (13, 37, 16].

Definition 3. A maxitive measure is an upper probability P: £(Q) — [0,1] satisfying
P(AUB) =max{P(A),P(B)} for every A, B< Q.

It follows from the above definition that a maxitive measure is also maximum-preserving
when we consider finite unions of events.

The following result is well-known, but we include a quick proof for the sake of com-
pleteness.

Proposition 4. A maxitive measure P is coherent whenever P() = 0 and P(Q) = 1.

lIn case x = Og, evidently, Og— is the immediate predecessor.
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Proof. By [23] Theorem 1], a maxitive measure P satisfying P(¢J) = 0 is oo-alternating,
and as a consequence also 2-alternating. Whence, P is coherent by [33] p. 55, Corol-
lary 6.3]. (]

Possibility measures are a particular case of maxitive measures.

Definition 5. A (normed) possibility distribution is a mapping w: Q — [0, 1] satisfying
sup,cq T(x) = 1. A possibility distribution 7 induces a possibility measure IT on ©(Q),
given by:
IT(A) = supm(x) forall A < Q.
xeA
Equivalently, possibility measures can be defined as supremum-preserving upper prob-
abilities, i.e., as functionals IT for which

IM(UgerA) = sup II(A) V7 € P (Q).
Aed/

If we write Ey; for the conjugate lower probability of the upper probability I, then:
En(A) =1-TII(A°) = 1 — sup m(x).

xeA°

A possibility measure is maxitive, but not all maxitive measures are possibility mea-
sures.

As an imprecise probability model, possibility measures are not as expressive as for
instance p-boxes—for example, the only probability measures that can be represented by
possibility measures are the degenerate ones. This poor expressive power is also illustrated
by the fact that, for any event A:

IA) <1 = Ep(A) =0, and therefore
En(A) >0 = II(A) =1,
meaning that every event has a trivial probability bound on at least one side. Their main at-
traction is that calculations with them are very easy: to find the upper (or lower) probability
of any event, a simple supremum suffices.
In the following sections, we characterize the circumstances under which a possibility

measure I1 is the natural extension of some p-box (F,F). In order to do so, we first
characterise the conditions under which a p-box induces a maxitive measure.

3. P-BOXES AS MAXITIVE MEASURES.

We show here that p-boxes (F,F) on any totally preordered space where at least one
of F or F is 0—1-valued are maxitive measures, and in this sense are closely related to
possibility measures. We then derive a simple closed expression of the (upper) natural
extension of such p-boxes.

3.1. A Necessary Condition for Maxitivity.

Proposition 6. If the natural extension Ep. = of a p-box (E,F) is maximum preserving,
then at least one of F or F is 0—1-valued.

Proof. We begin by showing that there is no x € Q such that 0 < F(x) < F(x) < 1. Assume
ex absurdo that there is such an x. For Fﬁf to be maximum preserving, we require that

7E,f([09’x] Y (x7 19]) = max{EEf([OQ’x])’EET(<X> 19])}
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FIGURE 2. A p-box for the proof of Proposition [6]

But this cannot be. The left hand side is 1, whereas the right hand side is strictly less than
one, because, by Eq. (I)),

F(x) <1,
1-F(x) <L

Ef7([00,x])
Epr((x.1a])

Whence, for every x € Q, at least one of F(x) = 0 or F(x) = 1 must hold. In other words,
F(x) = 0 whenever F(x) < 1, and F(x) = 1 whenever F(x) > 0 (see Figure . Hence, the
sets

A i={xeQ:F(x) <1}

Ay :={yeQ:F(y) >0}
are disjoint, and A; < A, in the sense that x < y for all x € A; and y € A>. Indeed, if
x€A; and y € Ay, then F(x) < 1, and F(y) = 1 because F(y) > 0. These can only hold
simultaneously if x < y.

Note that A is empty when F(x) = 1 for all x € Q, and in this case the desired result is
trivially established. A is non-empty because F(1g) = 1. Anyway, consider the sets

B :={xeQ:0<F(x)<1}cA

By:={yeQ:0<F(y)<1}cA
The proposition is established if we can show that at least one of these two sets is empty.

Suppose, ex absurdo, that both are non-empty. Pick any element ¢ € B; and d € B> and
consider the set C = [0g,c] U (d, 1g]—note that ¢ < d because c € A| and d € A3, so (c¢,d]
is non-empty. Whence, by Eq. (2),
Ep7([0g,c]u(d,1q]) = 1 —max{0,F(d) — F(c)}.
Also, by Eq. (1),
Ep p([0q,c]) = F(o),

)

Epr((d,1a]) = 1-E(d).
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So, for EE + to be maximum preserving, we require that
1 —max{0,F(d) — F(c)} = max{F(c),1 — F(d)}.
But this cannot hold. Indeed, because 0 < F(c) < 1 and 0 < 1 — F(d) < 1, the above

equality can only hold if F(d) — F(c) > 0—otherwise the left hand side would be 1 whereas
the right hand side is strictly less than 1. So, effectively, we require that

1—F(d)+F(c) = max{F(c),1 — F(d)}.
This cannot hold, because the sum of two strictly positive numbers (in this case 1 — F(d)
and F(c)) is always strictly larger than their maximum. We conclude that FFf cannot be

maximum preserving if both By and B, are non-empty. In other words, at least one of F or
F must be 0-1-valued. O

3.2. Sufficient Conditions for Maxitivity. We derive sufficient conditions for the two
different cases described by Proposition[6] starting with 0—1-valued F.

3.2.1. Maxitivity for Zero-One Valued Lower Cumulative Distribution Functions. We first
provide a simple expression for the natural extension of such p-boxes over events.

Proposition 7. Let (F,F) be a p-box with 0~1-valued F, and let B = {x € Q*: F(x) = 0}.
Then, for any A < Q,

— infcqx. Anp<x F (X) ify < AN B¢ for at least one y € B,
EE’F(A) B {1 - - otherwise ©
= min inf F(x). 7

YEBC xeQ¥ : An[0q,y]<x

In the above, A < x means z < x for all z € A, and similarly y < A means y < z for all
z€ A. For example, it holds that (J < x and y < ¥ for all x and y.

Proof. We deduce from Eq. and from the conjugacy between Ep 7 and FEF that for
any A € Q,

E, 1(A) = sup S max{0,F (x1) — F e}

(x0x1]U- 0 (X2n X211 SA =0

All the terms in this sum are zero except possibly for one (if it exists) where xox € B, X211 €
B¢, where we get 1 — F(xy;). Aside, as subsets of Q¥, note that both B and B¢ are non-
empty: Og— € B and 1g € B. Consequently,

E.~(A)=1— inf F(x);

7E’F( ) x,y: xeB,yeBC, (x,y]SA (x)

and therefore

Ep7(A) = inf F
E’F< ) x,y:xeB,yleIll?",(x,y]gA" (x)

= inf F(x)
xy: €B,yeBe, A [0g 1] U(n 1]

where it is understood that the infimum evaluates to 1 whenever there are no x € B and
y € B¢ such that A < [0q,x] U (y, 1o].
Now, for any x € B and y € B, it holds that A < [0g,x

AnBc ([0g,x]u (y,1q]) "B =[0g,x] and
AnB°c ([0g,x]u(y1a]) "B = (y,1q],

(y,1q] if and only if
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that is, if and only if
AnB<xandy<AnB°.

Hence, if there is an y € B¢ such that y < A n B¢, then:

(i) either there is no x € B such that A n B < x, whence

Epp(A)=1= _inf F(x),

xeQ¥: AnB<x

taking into account that for any x € Q* such that A n B < x it must be that x € B¢,
whence F(x) = F(x) = 1;
(ii) or there is some x € B such that A n B < x, in which case

F(A)= inf F(x)= inf  F(x),

= xeB: AnB=<x xeQ*: AnB=<x

where the second equality follows from the monotonicity of F.

This establishes Eq. (6).
We now turn to proving Eq. (7). In case y < A n B¢ for at least one y € B, it follows that

Er7(A) = inf  F(x)

xeQ¥: AnB<x
But in this case, A n B = A n [0q,y'] for any ¥’ € B¢ such that y’ <y, because
An[0,y']=An[00,Y]n(BUB)=(AnBn[0q,y])U(AnB n[0q,y])=ANnB

as BN [0q,Y'] =B and A n B n[0g,y'] = & because y/ <y and y < A n B. So, by the
monotonicity of F, Eq. (7)) follows.
In case y A A n B€ for all y € B¢, it follows that

EEF(A) =1=F(x)
for all x in B°—indeed, because A N [0,y] N B¢ # J for every y € B¢, it holds that A N
[0,y] < x implies x € B, and hence F(x) = 1. Again, Eq. (7) follows. O

A few common important special cases are summarized in the following corollary:

Corollary 8. Let (F,F) be a p-box with 0—1-valued F, and let B = {x € Q*: F(x) = 0}.
If Q/ ~ is order complete, then, for any A < Q,

Eprr(A) = ;gggf(supA " [0q,y]).

If, in addition, B¢ has a minimum, then
Ep7(A) = F(supA n[0q,minB]). (3)

If, in addition, B¢ = [1q]~ (this occurs exactly when F is vacuous, i.e. F = I[IQ]:)’ then

Epp(A) = F(supA). ©)

Note that Eq. (O) is essentially due to [6, paragraph preceeding Theorem 11]—they
work with chains and multivalued mappings, whereas we work with total preorders. We
are now ready to show that the considered p-boxes are maxitive measures.

Proposition 9. Let (F,F) be a p-box where F is 0-1-valued. Then Ep 5 is maximum-
preserving.
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Proof. Consider a finite collection <7 of subsets of Q. If there are A € < such that, for all
YEBS,y AANBC, then E; +-(A) = 1 = E 7(UaesA) by Eq. (), establishing the desired
result for this case. B -

So, from now on, we may assume that, for every A € 7, there is a y4 € B¢ such that
ya < AN B°. With y = minae . ya € B, it holds that y < Uac7A N B, and so, by Eq. (6),

E,z(A)= inf F(x) for every A € o/, and
E’F( ) xeQ¥: AnB<x (X) y
Epr(UacwA) = inf F(x).

XEQ¥ 1 UpesANB=x
Now, because .27 is finite, there is an A’ € &7 such that
{(xeQ*: A nB<x}=npexr{xeQ*: AnB<x}
and because UgesANB <xifandonly if AnB <xforall Ae o7,
={xeQ*: Uper AnB <x}.
Consequently,

maxEy 7(A) =max _inf  F(x)

Aesl/ Aed xeQ¥ : AnB=<x
> inf F(x) = inf F(x) =Ep7(UgerA).
/er*:A’mBsx ( ) X€Q*: UpeyANB=x ( ) E’F( N )

The converse inequality follows from the coherence of EET' Concluding,

#(A)=Er% A
max E,F( ) LF(UAGM )

for any finite collection <7 of subsets of Q. (]

3.2.2. Maxitivity for Zero-One Valued Upper Cumulative Distribution Functions. Let us
now consider the case of 0—1-valued F.

Proposition 10. Let (F,F) be a p-box with 0~1-valued F, and let C = {x € Q*: F(x) = 0}.
Then, for any A < Q,

— 1— . F ifAnC < t least eC,
Epr(A) = SUPyeq*: y<ance F(V)  IfAN : x for at least one x 10)
1 otherwise.

=1 —max sup E(y). 1D
xeC yeQ*: y<An(x,1q]

Proof. We deduce from Eq. () and from the conjugacy between E pr and FE £ that for
any A € Q,

n
EFF(A) = sup Z max{O,E(x2k+1) —F()Qk)}.
(x0.x1 ]V U (32 X204+ 1]SA | —g
All the terms in this sum are zero except possibly for one (if it exists) where xo; € C,x24+1 €
C¢, where we get F(x;41). Aside, as subsets of Q*, note that both C and C are non-
empty: Og— € C and 1g € C¢. Consequently,

Epr(A) = sup E(y);
x,y: xeC,yeC¢, (x,y]SA
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and therefore
Epp(A)=1- sup E(y)
x,y: xeC,yeCe, (x,y] A€

=1- sup E(y)
x,y: xeC,yeC¢,AC[0g x]u(n,1q]

where it is understood that the supremum evaluates to O whenever there are no x € C and
y € Csuch that A < [0g,x] U (y,10].
Now, for any x € C and y € C¢, it holds that A < [0g,x] U
AnCc ([0g,x] U (y,1g]) nC = [0g,x] and
ANC < ([0g,x]U (v 10]) nC* = (y,1a],

(y,1q] if and only if

that is, if and only if
AnC=<xandy<AnCC.

Hence, if there is an x € C such that A n C < x, then:
(1) either there is no y € C¢ such that y < A n C¢, whence
EppA)=1=1—sup  F(y),
yeQ* . y<ANCe
taking into account that for any y € Q* such that y < A n C¢ it must be that y € C,
whence F(y) = F(y) = 0;
(i1) or there is some y € C¢ such that y < A n C¢, in which case
Epp(A)=1— sup F(y)=1- sup F(y),
yeCe: y<AnC¢ yeQ¥ : y<AnCe
where the second equality follows from the monotonicity of F'.

This establishes Eq. (10).
We now turn to proving Eq. (TI). In case A n C < x for at least one x € C, it follows that

Epp(A)=1—  sup  F(y).
yeQ* . y<ANC¢
But in this case, A " C® = A n (', 1q] for any x’ € C such that x’ > x, because
An (@ 1g]=An (¥, 1] n(CUC)=(AnCn (X, 1g]) U(ANC N (¥, 1q]) =ANC*

asCn (¥, 1g] =C°and A nCn (¥, 1o] = & by assumption. So, by the monotonicity of

F,Eq. follows.
IncaseAnC ﬁ x for all x € C, it follows that

Epp(A)=1=1-F(y)
for all y in C—indeed, because A N (x, o] N C # ¢ for every x € C, it holds that y <
An (x,1q] implies y € C, and hence F(y) = 0. Again, Eq. (TT) follows. O

A few common important special cases are summarized in the following corollary:

Corollary 11. Let (F,F) be a p-box with 0-1-valued F, and let C = {x € Q*: F(x) = 0}.
If Q/ ~ is order complete, and C has a maximum, then, for any A € Q,

(12)

E *(A) = I =F(infAn C°) if AN C¢ has no minimum
o 1 —F((minAnC%)—) ifAnC has a minimum.
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If, in addition, C = {0q—} (this occurs exactly when F is vacuous, i.e. F = 1), then

— 1 — F(infA) if A has no minimum
EEF(A) = {

1 —F(minA—) if A has a minimum.
Proof. Use Proposition[10} and note that (maxC, 1] = C*. O

Using Eq. (I0), we can also show that E  is maximum-preserving when F is 0-1-
valued: B

Proposition 12. Let (F,F) be a p-box where F is O-1-valued. Then E . = is maximum-
preserving.

Proof. Consider a finite collection .o/ of subsets of Q. If there are A € <7 such that, for all
x€C,AnC £ x, then Ep #(A) = 1 = Ep z(UacsA) by Eq. (I0), establishing the desired
result for this case. - B

So, from now on, we may assume that, for every A € <7, there is an x4 € C such that
AN C < x4. With x = maxse . x4 € C, it holds that Ue A N C < x, and so, by Eq. (10),

Epr(A)=1- sup  F(y) forevery A€ </, and
- yeQ¥ 1 y<ANCE
FFF(UAE_(?{A) =1- sup F(y).

YEQ* : y<uAep/AmC57
Now, because .7 is finite, there is an A’ € &7 such that
eQ*: y<A NCY} = nacr{yeQ*: y<ANnC}
and because y < UgeyANCCifand only if y < AnC€ forall A € o,

={yeQ*: y < UgesANC}.

Consequently,

maxE, =(A) =max | 1 — su F
max Ep 7(A) Ae%( yEQ*:yEAﬁCC()’)>

>1-  sup  F(y)=1- sup E(y) = Ep7(VacaA).
yeQ*: y<A’'nC* YEQF: y<Uge s ANCE B
The converse inequality follows from the coherence of EEF' Concluding,

E.z(A)=E. % A
ggz; E,F( ) E,F(UAe,;zf )

for any finite collection .7 of subsets of €. |

3.3. Summary of Necessary and Sufficient Conditions. Putting Propositions|[6] [Oland[I2]
together, we get the following conditions.

Corollary 13. Let (F,F) be a p-box. Then, (F,F) is maximum-preserving if and only if
F is 0-1-valued

or
F is 0-1-valued.

These simple conditions characterise maximum-preserving p-boxes and bring us closer
to p-boxes that are possibility measures, and that we will now study.
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4. P-BOXES AS POSSIBILITY MEASURES.

In this section, we identify when p-boxes coincide exactly with a possibility measure.
By Corollary |13} when Q/ ~ is finite, (F, F) is a possibility measure if and only if either F
or F is 0—1-valued. More generally, when Q/ ~ is not finite, we will rely on the following
trivial, yet important, lemma:

Lemma 14. For a p-box (F,F) there is a possibility measure I1 such that EEF =ITifand
only if
Ep7(A) =supEg z({x}) forall A< Q (13)
o xeA

and in such a case, the possibility distribution T associated with I1is (x) = E p 7({x}).

Proof. “if”. I Ep 7(A) = sup,cs Ep z({x}) for all A € Q, then Ep 7 = Eyy with the sug-
gested choice of 7, because, for all A € Q,
Epp(A)=1-Ep7(A%) = 1—supEpp({x}) = 1 —supm(x) = 1 —TI(A°) = Epy(A).
XeAC X€AC

“only if”. If EEF = Ep, then, forall A € Q,

Epr(A) =TI(A) = supm(x) = supll({x}) = S‘;/I_\’EEF({X})'

xeA

O

We will say that a p-box (F,F) is a possibility measure whenever Eq. is satisfied.

Note that, due to Proposition 6} for a p-box to be a possibility measure, at least one of F
or F must be 0—1-valued. Next, we give a characterisation of p-boxes inducing a possibility
measure in each of these two cases.

4.1. P-Boxes with Zero-One-Valued Lower Cumulative Distribution Functions. As
mentioned, by Corollary [I3] a p-box with 0-1-valued F is maxitive, and its upper natural
extension is given by Proposition[7] Whence, we can easily determine when such p-box is
a possibility measure:

Proposition 15. Assume that Q/ ~ is order complete. Let (F,F) be a p-box with 0-1-
valued F, and let B = {x € Q*: F(x) = 0}. Then, (F,F) is a possibility measure if and
only if

(i) F(x) = F(x—) for all x € Q that have no immediate predecessor, and

(ii) B¢ has a minimum,
and in such a case,

Epp(A) = sup  F(x) 14
x€AN[0q,minB¢]

Note that, in case 1g is a minimum of B¢, condition is essentially due to [6, Ob-
servation 9]. Also note that, for EEF to be a possibility measure, both conditions are
still necessary even when Q/ ~ is not order complete: the proof in this direction does not
require order completeness.

As a special case, we mention that E, 7 is a possibility measure with possibility distri-
bution B

F(x) ifx <minB°
m(x) = .
0 otherwise.

whenever Q/ ~ is finite.
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Proof. “only if”. Assume that (F,F) is a possibility measure. For every x € Q that has no
immediate predecessor,

F(x—)=supF(x)

x'<x

and because E ({x'}) = F(x') — F(x'—) (see Eq. (@),

> sup Ep p({x'})

x'<x
and because (F, F) is a possibility measure, by Lemma

= Ep 7([0a,x)) = F(x)
using that x has no immediate predecessor and Eqgs. (@). The converse inequality follows
from the non-decreasingness of F.

Next, assume that, ex absurdo, B¢ = {x € Q*: F(x) = 1} has no minimum. This simply
means that for every x € B there is an x’ € B¢ such that x’ < x. So, in particular, F(x) =
F(x—) =1 for all x in B, and hence,

Ep7(B°) = sup Ep p({x}) = sup(F(x) — F(x—)) = 0.
xeB¢ xeB¢
Yet, also,
Epr(B) =1
by Eq. (6). We arrived at a contradiction.
Finally, we show that Eq. holds. By Eq. (7),

E;%(A) = min inf F(x) = inf F(x)=Ep7(A
E’F( ) YEBC xeQ¥* : An[0gq,y]<x ( xeQ* 1 An[0g,min B]<x ( ) *’F( )7

with A" := A N [0g, minB]. Since E.  is a possibility measure, we conclude that

Ep7(A) =Ep7(A") = supEp #({x}) = sup F (x),
xeA’ xeA’
because E . 7({x}) = F (x) — F (x—) = F(x), since F (x—) = 0 for all x € [0, min B]. Hence,
Eq. holds.

“if”. The claim is established if we can show that Eq. holds, because then
Epp(A)= sup  F(x)=  sup  Epp({x}) <supEpp({x}),
x€AN[0q,minBC] x€AN[0q,min B] XeA

and the converse inequality follows from the monotonicity of Eﬁf'

Consider any event A € Q, and let y be a supremum of A’ = A N [0g, min B¢] (which ex-
ists because Q/ = is order complete), so E. z(A) = F(y) by Eq. (). If y has an immediate
predecessor, then A’ has a maximum (as we will show next), and

Ep7(A) = F(y) = F(maxA’) = max F(x) = sup F (x).

- )CEA/ xeA’
If y has no immediate predecessor, then either A’ has a maximum, and the above argument
can be recycled, or A’ has no maximum, in which case

Epp(A)=F(y) = F(y—) = supF(x).

xeA’!
The last equality holds because
F(y=)= sup F(x)

x<supA’
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and, A’ has no maximum, so for every x < supA’, there is an x’ € A’ such that x < x’ < supA’,
whence
= sup F(x').
x'eA’
We are left to prove A’ has a maximum whenever y has an immediate predecessor.
Suppose that A’ has no maximum. Then it must hold that

x<yforall xe A’

since otherwise x ~ y for some x € A’, whereby x would be a maximum of A’.
But, since y has an immediate predecessor y—, the above equation implies that

x<y— forallxeA’.

Hence, y— is an upper bound for A’, yet y— < y: this implies that y is not a minimal
upper bound for A’, or in other words, that y is not a supremum of A’: we arrived at a
contradiction. We conclude that A’ must have a maximum. O

4.2. P-Boxes with Zero-One-Valued Upper Cumulative Distribution Functions. Sim-
ilarly, we can also determine when a p-box with O—1-valued F is a possibility measure:

Proposition 16. Assume that Q/ ~ is order complete. Let (F,F) be a p-box with 0-1-
valued F, and let C = {x € Q*: F(x) = 0}. Then, (F,F) is a possibility measure if and
only if

(i) E(x) = F(x+) for all x € Q that have no immediate successor, and

(ii) C has a maximum,

and in such a case,

Epz(A)=1— inf F(y—). 15
E,F( ) yeAch*(y ) (15)
Again, for EEF to be a possibility measure, both conditions are still necessary even
when Q/ ~ is not order complete: the proof in this direction does not require order com-
pleteness. B
As a special case, we mention that E  is a possibility measure with possibility distri-
bution
1-F(x—) ifxeC
wl = | TEET) e
0 otherwise,

whenever Q/ ~ is finite.

Proof. “only if”. Assume that (F,F) is a possibility measure. For every x € Q that has no
immediate successor,
F(x+) = inf F(x') = inf F(x'—)

x'>x x'>x
where the latter equality holds because for every x’ > x there is an x” such that x’ > x” > x;
otherwise, x would have an immediate successor. Now, because Ep#({x'}) = F(x) —
FE(x¥'—) (see Eq. @), F(x'~) < 1—Ep z({x'}), whence

< inf (1-Epp({x'})) = 1 = sup Ep p({x'})
X' >Xx XI>X

and because (F,F) is a possibility measure, by Lemma

=1-Ep7((x1o]) = F(x),
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where last equality follows from Eq. (I). The converse inequality follows from the non-
decreasingness of F.
Next, assume that, ex absurdo, C = {x€ Q*: F(x) = 0} has no maximum. Since F (x) =
F(x—)=0forall xin C,
Epr(C) = supEp r({x}) = sup(F(x) — F(x—)) = 0.

xeC xeC
Yet, also,
EE,f(C) =1
by Eq. (I0)—indeed, the second case applies because there is no x € C such that C < x, as

C has no maximum. We arrived at a contradiction.
Finally, we show that Eq. holds. By Eq. (T1),

Ep7(A) = 1—max sup E(y)=1- sup E(y) =Epr(A),
- *€C yeQ# : y<An(x,lg] yeQ* : y<An(maxC,1q] -
with A’ := A n (maxC,1q] = AnC°. Since E 1 is a possibility measure, we conclude
that -

Epr(A) =Epr(A') =supEpr({y}) = sup(1 - F(y—)) = 1 — inf F(y—),
’ yeA! yeA’ yeA
because E 7({y}) = F(y) — E(y—) = 1 — E(y—), since F(y) = 1 for all y € C°. Hence,
Eq. holds.
“if”. The claim is established if we can show that Eq. holds, because then

Epp(A)=1— inf F(y—)= sup (1-F(y—))<supEpz({)}),
’ YEANC yEANCE yeA

and the converse inequality follows from the monotonicity of Epﬂf.

Consider any event A < Q, and let x be an infimum of A’ = A NC¢ (which exists because
Q/ ~ is order complete). If x has an immediate successor, then A’ has a minimum (as we
will show next), and by Eq. (I2)),

Ep7(A)=1—F(minA'—) =1 —minF(y—) = 1 — inf F(y—).
= yeA’ yeA’

If x has no immediate successor, then either A’ has a minimum, and the above argument
can be recycled, or A’ has no minimum, in which case Eq. (IZ) implies that

Epp(#)=1-E@®) =1-F(x+) =1~ inf F(y-).

Here the second equality follows from assumption (i) and the last equality holds because

F(x+)= inf F(y)
y>infA’

and, A’ has no minimum, so for every y > infA’, there is a y’ € Q such that y >y’ > infA’,
whence

= inf sup F(y)= inf F(y—
y>ian’y>y/>€an7(y) y>ian’7(y )

and, again, A’ has no minimum, so for every y > infA’, there is a y” € A’ such that y > y” >
infA’, whence

= inf F(y"-).
y//eA/
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We are left to prove A’ has a minimum whenever x has an immediate successor. Suppose
that A’ has no minimum. Then it must hold that

y>xforallye A’

since otherwise y ~ x for some y € A’, whereby y would be a minimum of A’.
But, since x has an immediate successor x+, the above equation implies that

y>x+ forallye A’

Hence, x+ is a lower bound for A’, yet x+ > x: this implies that x is not a maximal lower
bound for A’, or in other words, that x is not an infimum of A’: we arrived at a contradiction.
We conclude that A’ must have a minimum. O

4.3. Necessary and Sufficient Conditions. Merging Corollary [T3] with Propositions [T3]
and [I6] we obtain the following necessary and sufficient conditions for a p-box to be a
possibility measure:

Corollary 17. Assume that Q/ ~ is order complete and let (F,F) be a p-box. Then (F,F)
is a possibility measure if and only if either

(L1) F is O—1-valued,

(L2) F(x) = F(x—) for all x € Q that have no immediate predecessor, and

(L3) {xe€ Q*: F(x) = 1} has a minimum,
or

(Ul) F is 0-1-valued,

(U2) F(x) = F(x+) for all x € Q that have no immediate successor, and

(U3) {xe Q*: F(x) = 0} has a maximum.

This result settles the cases where p-boxes reduce to possibility measures. We can now
go the other way around, and characterise those cases where possibility measures are p-
boxes. Similarly to what happens in the finite setting, we will see that almost all possibility
measures can be represented by a p-box.

5. FROM POSSIBILITY MEASURES TO P-BOXES

In this section, we discuss and extend some previous results linking possibility distribu-
tion to p-boxes. We show that possibility measures correspond to specific kinds of p-boxes,
and that some p-boxes correspond to the conjunction of two possibility distribution.

5.1. Possibility Measures as Specific P-boxes. Baudrit and Dubois in [[1]] already discuss
the link between possibility measures and p-boxes defined on the real line with the usual
ordering, and they show that any possibility measure can be approximated by a p-box,
however at the expense of losing some information. We substantially strengthen their
result, and even reverse it: we prove that any possibility measure with compact range can
be exactly represented by a p-box with vacuous lower cumulative distribution function, that
is, F = Ij1,). - In other words, generally speaking, possibility measures are a special case

of p-boxes on totally preordered spaces.

Theorem 18. For every possibility measure I1 on Q with possibility distribution T such
that ©(Q) = {n(x): xe Q} is compact, there is a preorder < on Q and an upper cumulative
distribution function F such that the p-box (F = Ingl~ ,F) is a possibility measure with
possibility distribution T, that is, such that for all events A:

Ep7(A) = sup7m(x).

XeA
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In fact, one may take the preorder < to be the one induced by T (so x <y whenever
w(x) < x(y)) and F = 7.

Proof. Let < be the preorder induced by #. Order completeness of Q/ ~ is satisfied
because m(Q) is compact with respect to the usual topology on R. Indeed, for any A <
Q, the supremum and infimum of 7 over A belong to m(Q) by its compactness, whence
7! (infyes 7(x)) consists of the infima of A, and £~! (sup,, 7(x)) consists of its suprema.
Consider the p-box (I[;,]., 7). Then, for any A € Q, we deduce from Eq. (9) that
Ep7(A) = F(supA) = m(supA) = sup 7(x)
- xeA

because x < y for all x € A if and only if 7(x) < 7(y) for all x € A, by definition of <
and hence, a minimal upper bound, or supremum, y for A must be one for which 7(y)
sup,4 7(x) (and, again, such y exists because m(Q) is compact).

m

The representing p-box is not necessarily unique:

Example 19. Let Q = {x;,x,} and let IT be the possibility measure determined by the
possibility distribution

w(x;) =0.5 m(xy) = 1.
As proven in Theorem|[I8] this possibility measure can be obtained if we consider the order
X1 < xy and the p-box (F,F) given by

Fi(x1)=0 Fi(xn)=1

Fi(x1)=0.5 Fi(x) = 1.

However, we also obtain it if we consider the order x, < x; and the p-box (F. z,fz) given
by

Fr(x1)=1 Fy(x2) =0.5
Fz(xl) =1 fg(XQ) =1.

The p-box (F,,F>) induces a possibility measure from Corollary also taking into ac-
count that Q is finite. Moreover, by Eq. (3)),

Ep,7,(0) =F(x) = F(xn—) =1
Ep,7,(x1) =F(x1) = E(x1—) =0.5

as with the given ordering, x,— = Og— and x;— = x». As a consequence, £ A is a
possibility measure associated to the possibility distribution 7.

There are possibility measures which cannot be represented as p-boxes when m(Q) is
not compact:

Example 20. Let Q = [0,1], and consider the possibility distribution given by 7(x) =
(1+2x)/8ifx<0.5, £(0.5) = 0.4 and 7(x) = x if x > 0.5; note that 7(Q) = [0.125,0.25) U
{0.4} U (0.5, 1] is not compact. The ordering induced by 7 is the usual ordering on [0, 1].
Let IT be the possibility measure induced by 7. We show that there is no p-box (F,F) on
([0,1], <), regardless of the ordering < on [0, 1], such that £ = IT.

By Corollary if E;. = =TI, then at least one of F or F is 0-1-valued. Assume first
that F is 0-1-valued. By Eq. @), Ej z({x}) = F(x) — E(x—) = m(x). Because 7(x) >0
for all x, it must be that F(x—) = 0 for all x, so F = 7. Because F is non-decreasing, x < y
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if and only if F(x) < F(y); in other words, < can only be the usual ordering on [0, 1] for
(F,F) to be a p-box. Hence, F = Ij;.
Now, with A = [0,0.5), we deduce from Proposition that
Ep7(A) = inf F(x) = 0.4 > 0.25 = sup7(x) = I1(A),
= A<x xeA
where the second equality follows because B¢ = {1}. Hence, E . 7 does not coincide with
IT. -

Similarly, if F would be 0-1-valued, then we deduce from Eq. @ that F(x) =1 for
every x, again because 7(x) > O for all x. Therefore, F(x—) = 1 — n(x) for all x. But,
because F is non-decreasing, < can only be the inverse of the usual ordering on [0, 1] for
(F,F) to be a p-box.

This deserves some explanation. We wish to show that F(x—) < F(y—) implies x < y.
Assume ex absurdo that x > y. But, then,

E(x—) =supE(z) > supF(z) = E(y—),
7<Xx <y
a contradiction. It also cannot hold that x ~ y, because in that case z < x if and only if
z <y, and whence it would have to hold that F(x—) = F(y—). Concluding, it must hold
that x < y whenever F (x—) < F(y—), or in other words, whenever x > y. So, < can only
be the inverse of the usual ordering on [0, 1] and, in particular, [0, 1]/ ~ is order complete.

Now, for (F,F) to induce the possibility measure IT, we know from Corollary |17 that
F(x) = F(x+) for every x that has no immediate successor in with respect to <, that is, for
every x < 0, or equivalently, for every x > 0. Whence,

E(x) = E(x+) = inf F(y) = inf F(y—) = 1 —sup7(y) = 1 —sup7x(y)
y>x y>x

y>x y<x
for all x > 0. This leads to a contradiction: by the definition of 7, we have on the one hand,
F(0.5—) = sup F(x) = sup F(x) = sup (I —supz(y)) =0.5
x<0.5 x>0.5 x>0.5 y<x
and on the other hand,
F(0.5-) =1-—mr(0.5) = 0.6.

Concluding, E .  coincides with IT in neither case.

Another way of relating possibility measures and p-boxes goes via random sets (see for
instance [19] and [9]]). Possibility measures on ordered spaces can also be obtained via
upper probabilities of random sets (see for instance [6, Sections 7.5-7.7] and [21]]).

5.2. P-boxes as Conjunction of Possibility Measures. In [9], where p-boxes are studied
on finite spaces, it is shown that a p-box can be interpreted as the conjunction of two
possibility measures, in the sense that . (P 1) is the intersection of two sets of additive
probabilities induced by two possibility measures. The next proposition extends this result
to arbitrary totally preordered spaces.

Proposition 21. Let (F,F) be a p-box such that (F, = F,F = Ig) and (Fy = I o). ,F2 =
F) are possibility measures. Then, (F,F) is the intersection of two possibility measures
defined by the distributions

m(x)=1—F(x—) m(x) = F(x)
in the sense that M (Pr7) = A (TII;) 0 A ().
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Proof. Using Propositions and and the fact that, by construction, [0, minB¢] =
C¢ = Q, it follows readily that 7; and 7, are the possibility distributions corresponding to
the p-boxes (F,F1) and (F,,F>).

Thus, by assumption, Ep 7 = II; and EFz 7, = IIo. Because natural extensions of
two coherent lower previsions can only coincide when their credal sets are the same [36,
§3.6.1], it follows that

///(FEI,E) = ///(Hl) ///(ﬁﬁz,fz) = ///(HZ)
We are left to prove that
'///(ﬁﬁ,f) = ‘///(FEI ,fl) N ///(FEZFZ)
but this follows almost trivially after writing down the constraints for each p-box. O

This suggests a simple way (already mentioned in [9]) to conservatively approximate
E 7 by using the two possibility distributions:
max{Ez_(A),Ez, (A)} < Ep p(A) < Epp(A) < min{Ez, (A), Ex, (A)}.
This approximation is computationally attractive, as it allows us to use the supremum pre-

serving properties of possibility measures. However, as next example shows, the approxi-
mation will usually be very conservative, and hence not likely to be helpful.

Example 22. Consider x < y € Q. The distance between EE‘f and its approximation
min{E_, Ez, } on the interval (x,y] is given by

min{Eﬁf((xJ])vEﬂE((xvy])} - E((x7y])

=min{F(y),1 - F(x)} — (F(y) - £(x))

— min{£(x), 1 - F(y)}.

Therefore, the approximation will be close to the exact value on this set only when either
F(x) is close to zero or F(y) is close to one.

6. NATURAL EXTENSION OF O—1-VALUED P-BOXES

From Proposition [/| we can derive an expression for the natural extension of a 0-—1-
valued p-box (see Figure [3):

Proposition 23. Let (F,F) be a p-box where F = Icc,F = Ipc for some C < B < Q. Then
forany A< Q,

0 ifthere are x € C and y € B¢ such that
EE,F(A): ANnC=<xandAnBnC°=Zandy<AnB° (16)
1 otherwise.

Proof. From Proposition the natural extension of (F,F) is given by

E,(A) = infieq#. gnp<x F(x) ify <A BC for at least one y € B,
EFY otherwise.

Now, if F = I¢e, the infimum in the first equation is equal to 0 if and only if there is some
x € Csuch that A n B < x, and equal to 1 otherwise. Finally, note that A n B < x if and only
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FIGURE 3. A 0-1-valued p-box.

if
ANnBNC < [0g,x]nC and
AnBNC < [0g,x]nC°

and observe that BN C = C, [0g,x] nC = [0q,x], and [0g,x] n C® = &, to arrive at the
conditions in Eq. (16). O

Moreover, Propositions[[5]and[I6|allow us to determine when this p-box is a possibility
measure:

Proposition 24. Assume that Q/ ~ is order complete. Let (F,F) be a p-box where F =
Ice,F = Ipc for some C < B S Q. Then (F,F) is a possibility measure if and only if C has
a maximum and B¢ has a minimum. In such a case,

Epr(A) = {

1 ifAn (maxC,minB‘| # J

0 otherwise

or, in other words, in such a case, FF; is a possibility measure with possibility distribution

7(x) = 1 ifxe (I.naxC,minBC]
0 otherwise.

Proof. “only if”. Immediate by Propositions[I35|and [16]

“if”. By Proposition (F,F) is a possibility measure if and only if B¢ has a minimum
and F(x) = F(x—) for every x with no immediate predecessor. The latter condition holds
for every x € C, and for every x € C¢ with a predecessor in C°. Whence, we only need to
check whether C¢ has a minimum—if not, then every x € C¢ has a predecessor in C°—and

if so, that this minimum has an immediate predecessor (because obviously 1 = F(minC) =
F(minC—) = 0 cannot hold).

Indeed, because C has a maximum, C¢ = (maxC, 1g]. So, either C¢ has a minimum,
in which case max C must be the immediate predecessor of this minimum, or C¢ has no

minimum.
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The expression for FEF(A) follows from Eq. (I6). In that equality, without loss of
generality, we can take x = maxC and y = min B¢, and A n C < maxC is obviously always
satisfied, so

EE.F(A) =

— 0 ifAnBNC*= fand minB‘ < AN B¢
1 otherwise

So, to establish the desired equality, it suffices to show that A n B nC® = ¢ and min B¢ <
A n B¢ if and only if A n (maxC,minB‘] = .
Indeed, min B¢ < A n B precisely when min B¢ ¢ A. Moreover,

BN C° = [0g,minB) N (maxC, lg] = (maxC, minB°).
So, the desired equivalence is established. (I

In particular, we can characterise under which conditions a precise p-box, i.e., one
where F = F := F, induces a possibility measure. The natural extension of precise p-
boxes on the unit interval was considered in [24] Section 3.1]. From Proposition @ the
natural extension of F' can only be a possibility measure when F is 0—1-valued. If we

apply Proposition [23| with B = C we obtain the following:

Corollary 25. Let (F,F) be a precise p-box where F = F is 0~1-valued, and let B = {x €
Q*: F(x) = 0}. Then, for every subset A of Q,

— 0 ifthere are xe B,ye B suchthat AnB <xandy <A n B¢
Epz(A)=

1 otherwise.
Proof. Immediate from Proposition 23] O

Moreover, Proposition [24] allows us to determine when this p-box is a possibility mea-
sure:

Corollary 26. Assume that Q/ ~ is order complete. Let (F,F) be a precise p-box where
F = F is 0-1-valued, and let B = {x€ Q*: F(x) = 0}. Then, (F,F) is a possibility measure
if and only if B has a maximum and B¢ has a minimum. In that case, for every A < Q,

E,-(A) = 0 ifminB°¢A
EF )1 otherwise.

Proof. Immediate by Proposition [24]and Corollary O

As a consequence, we deduce that a precise 0-1-valued p-box on (Q, <) = ([0,1],<)
never induces a possibility measure—except when F' = [[o 1]. Indeed, if F # Ijo 1}, then
Bn[0,1] # ¢, and the maximum of B would need to have an immediate successor (the
minimum of B¢), which cannot be for the usual ordering <.

When F = Ijg 1}, we obtain max B = 0— and min B° = 0, whence applying Corol]ary
we deduce that (F, F) is a possibility measure, with possibility distribution

1 ifx=0
m(x) = :
0 otherwise.
To see why the possibility distribution

() = {1 ifx=y

0 otherwise
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for any y > 0 does not correspond to the precise p-box (F,F) with F = I, 7, first note that
I1([0,y)) = sup(x) = 0.

x<y
But, for IT to be the p-box EF, r, we also require that

Erp([0,y)) = F(y) = F(0-) =1

using Eq. (@), because y has no immediate predecessor. Whence, we arrive at a contradic-
tion.

7. CONSTRUCTING MULTIVARIATE POSSIBILITY MEASURES FROM MARGINALS

In [34], multivariate p-boxes were constructed from marginals. We next apply this
construction together with the p-box representation of possibility measures, given by The-
orem [T8] to build a joint possibility measure from some given marginals. As particular
cases, we consider the joint,

(1) either without any assumptions about dependence or independence between vari-
ables, that is, using the Fréchet-Hoeffding bounds [17],

(i1) or assuming epistemic independence between all variables, which allows us to use
the factorization property [7]].

Let us consider n variables X, ..., X,, assuming values in 27, ..., Z,. Assume that
for each variable X; we are given a possibility measure I1; with corresponding possibility
distribution ; on Z;. We assume that the range of all marginal possibility distributions is
[0,1]; in particular, Theorem [18|applies, and each marginal can be represented by a p-box
on (Z;,<;), with vacuous F;, and F; = m;. Remember that the preorder <; is the one
induced by ;.

7.1. Multivariate Possibility Measures. The construction in [34]] employs the following
mapping Z, which induces a preorder < on Q = 2] x -+ x 2,

Z(x1,...,Xn) :mréllxm(xi). (17)

i=

With this choice of Z, we can easily find the possibility measure which represents the joint
as accurately as possible, under any rule of combination of coherent lower probabilities:

Lemma 27. Let © be any rule of combination of coherent upper probabilities, mapping

the marginals Py, ..., P, to a joint coherent upper probability ()!_, P; on all events. If
there is a continuous function u for which

épi (ﬁ&) =u(Py(A1),...,P.(A))
i=1 i=1

forall Ay € 24, ..., Ay © Z,, then the possibility distribution  defined by
w(x) = u(Z(x),...,Z(x))
induces the least conservative upper cumulative distribution function on (Q, <) that dom-

inates the combination @?:1 IT; of 114, ..., IL,.

ZWith max_ m;(x;), we mean max{m;(x;): i€ {1,...,n}}.



ON THE CONNECTION BETWEEN PROBABILITY BOXES AND POSSIBILITY MEASURES 23

Proof. To apply [34) Lem. 22], we first must consider the upper cumulative distribution
functions, which in our case coincide with the possibility distributions, as functions on the
unit interval z € [0, 1]. For the marginal possibility distribution 7;, the preorder is the one
induced by ; itself, so, as a function of z, m; is simply the identity map:
mi(z) = ﬂi(ﬂi_l (2) =z
Using [34, Lem. 22], the least conservative upper cumulative distribution function on the
space (Q, <) that dominates the combination (-);_, II; is given by
F(2) = u(m(2),.... 7(2) = u(z,...,2) Vze [0,1].
As a function of x € Q, this means that
F(x) = u(Z(x),...,2(x))
with the Z that induced <, that is, the one defined in Eq. (T7).
Now, by Proposition such upper cumulative distribution function corresponds to a
possibility measure with possibility distribution
(x) = u(Z(x),...,Z(x))
whenever F(x) = F (x—) for all x € Q that have no immediate predecessor, that is, whenever

F(x)= sup F(y)
Vi Z()<Z(x)

for all x such that Z(x) > 0. But this must hold, because (i) the range of Z is [0, 1], so
Z(y) can get arbitrarily close to Z(x) from below, and (ii) u is continuous, so F(y) =
u(Z(y),...,Z(y)) gets arbitrarily close to F(x) = u(Z(x),...,Z(x)). O
7.2. Natural Extension: The Fréchet Case. The natural extension X!_,P; of Py, ..., P,

is the upper envelope of all joint (finitely additive) probability measures whose marginal
distributions are compatible with the given marginal upper probabilities. So, the model is
completely vacuous (that is, it makes no assumptions) about the dependence structure, as
it includes all possible forms of dependence. See [8] p. 120, §3.1] for a rigorous definition.
In this paper, we only need the following equality, which is one of the Fréchet bounds (see
for instance [36, p. 122, §3.1.1]):

n_o n no_
[X]P; HAi = fin_i{lpi(Ai) (18)
i=1 i=1 -

forallAy <€ 21, ...,A, S Z,.
Theorem 28. The possibility distribution

7(x) = max 7 (x;) (19)
induces the least conservative upper cumulative distribution function on (Q,<) that dom-
inates the natural extension X!_|I1; of T13, ..., I1,.

Proof. Immediate, by Lemma[27]and Eq. (I8). O
In other words, if we consider the marginal credal sets . (I1;), ..., .# (I1,) and con-

sider the set . of all the finitely additive probabilities on Q whose Z;-marginals belong to
A (I1;) fori = 1,...,n, then .# is included in the credal set of the possibility distribution
7 as defined in Eq. (19).

Since it is based on very mild assumptions, it is not surprising that the possibility dis-
tribution given by Eq. (T9) is very uninformative (that is, very close to a vacuous model



24 M. TROFFAES, E. MIRANDA, AND S. DESTERCKE

where 7(x) = 1 for every x): we shall have 7(x) = 1 as soon as 7;(x;) = 1 for some i, even
if mj(x;) = 0 for every j # i. In particular, if one of the marginal possibility distributions is
vacuous, then so is 7. This also shows that the corresponding possibility measure IT may
not have Iy, ..., I, as its marginals.

7.3. Independent Natural Extension. In contrast, we can consider joint models which
satisfy the property of epistemic independence between the different Xi, ..., X,,. These
have been studied in [23] in the case of two marginal possibility measures. The most
conservative of these models is called the independent natural extension ®;_P; of Py, ...,
P,. See [7] for a rigorous definition and properties, and [23] for a study of joint possibility
measures that satisfy epistemic independence in the case of two variables. In this paper,
we only need the following equality for the independent natural extension:

n n n
X P <1_[A,-> = [Piay) (20)
i=1 i=1 i=1
forallA; € Z21,..., A, S %5
Theorem 29. The possibility distribution

n

n

(x) = <ma1x ﬂi(xi)) 21
i=

induces the least conservative upper cumulative distribution function on (Q,<) that dom-

inates the independent natural extension @;_I1; of 11y, ..., I1,.

Proof. Immediate, by Lemma[27]and Eq. (20). O

Note, however, that there is no least conservative possibility measure that corresponds
to the independent natural extension of possibility measures [23], Sec. 6].
We do not consider the minimum rule and the product rule
n n
Tln=1{1 m;(x;) and n (i),
i=1
as their relation with the theory of coherent lower previsions is still unclear. However, we
can compare the above approximation with the following outer approximation given by
[LO, Proposition 1]:

7(x) = rii{l(l (1= m()). 22)

The above equation is an outer approximation in case of random set independence, which
is slightly more conservative than the independent natural extension [S Sec. 4], so in par-
ticular, it is also an outer approximation of the independent natural extension. Essentially,
each distribution 7 is transformed into 1 — (1 — ;)" before applying the minimum rule. It
can be expressed more simply as
1 —rnré]x(l —mi(x;))".
i—

If for instance 7(x;) = 1 for at least one i, then this formula provides a more informative
(i.e., lower) upper bound than Theorem On the other hand, when all 7(x;) are, say, less
than 1/2, then Theorem[29|does better.

Finally, note that neither Eq. nor Eq. are proper joints, in the sense that, in
both cases, the marginals of the joint are outer approximations of the original marginals,
and will in general not coincide with the original marginals.
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8. CONCLUSIONS

Both possibility measures and p-boxes can be seen as coherent upper probabilities. We
used this framework to study the relationship between possibility measures and p-boxes.
Following [34], we allowed p-boxes on arbitrary totally preordered spaces, whence includ-
ing p-boxes on finite spaces, on real intervals, and even multivariate ones.

We began by considering the more general case of maxitive measures, and proved that
a necessary and sufficient condition for a p-box to be maxitive is that at least one of the
cumulative distribution functions of the p-box must be 0—1 valued. Moreover, we deter-
mined the natural extension of a p-box in those cases and gave a necessary and sufficient
condition for the p-box to be supremum-preserving, i.e., a possibility measure. As special
cases, we also studied degenerate p-boxes, and precise 0—1 valued p-boxes.

Secondly, we showed that almost every possibility measure can be represented as a p-
box simply by ordering elements by increasing possibility. Hence, in general, p-boxes are
more expressive than possibility measures, while still keeping a relatively simple represen-
tation and calculus [34], unlike many other models, such as for instance lower previsions
and credal sets, which typically require far more advanced techniques, such as linear pro-
gramming.

Finally, we considered the multivariate case in more detail, by deriving a joint possibility
measure from given marginals using the p-box representation established in this paper and
results from [34]].

In conclusion, we established new connections between both models, strengthening
known results from literature, and allowing many results from possibility theory to be
embedded into the theory of p-boxes, and vice versa.

As future lines of research, we point out the generalisation of a number of properties
of possibility measures to p-boxes, such as the connection with fuzzy logic [39] or the
representation by means of graphical structures [3]], and the study of the connection of
p-boxes with other uncertainty models, such as clouds and random sets.
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