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Abstract

In this paper, we consider a drift-diffusion system describing the corrosion of an
iron based alloy in a nuclear waste repository. In comparison with the classical drift-
diffusion system arising in the modeling of semiconductor devices, the originality of
the corrosion model lies in the boundary conditions which are of Robin type and
induce an additional coupling between the equations. We prove the existence of a
weak solution by passing to the limit on a sequence of approximate solutions given by
a semi-discretization in time.

1 Introduction

1.1 General framework of the study

In this paper, we consider a system of partial differential equations describing the corrosion
of an iron based alloy in a nuclear waste repository. At the request of the French nuclear
waste management agency ANDRA, investigations are conducted to evaluate the long-
term safety assessment of the geological repository of high-level radioactive waste. The
concept for the storage under study is the following: the waste shall be confined in a glass
matrix, placed into cylindrical steel canisters and stored in a claystone layer at a depth of
several hundred of meters. The long-term safety assessment of the geological repository
has to take into account the degradation of the carbon steel used for the waste overpacks,
which is mainly caused by generalized corrosion processes.

In this framework, the Diffusion Poisson Coupled Model (DPCM) has been developed
by Bataillon et al [2] in order to describe the corrosion processes at the surface at the steel



canisters. It assumes that the metal is covered by a dense oxide layer which is in contact
with the claystones. The model describes the development of the dense oxide layer. In
most cases, the thickness of the oxide layer ranges from nanometers to micrometers and
is much smaller than the size of the steel canister, which justifies a 1D-modelling. The
model is made of electromigration-diffusion equations for the transport of charge carriers
(three species are considered: electrons, Fe?* cations and oxygen vacancies), coupled with
a Poisson equation for the electrostatic potential. The interaction between the oxide layer
and the adjacent layers (metal and claystone) are described by Butler-Volmer laws for
the electrochemical surface reactions and potential drops. The model includes moving
boundary equations.

Numerical methods for the approximation of the DPCM model have been designed and
studied by Bataillon et al in [1]. Numerical experiments with real-life data shows the
ability of model to reproduce expected physical behaviors. However, theoretical questions
like existence of solutions and long-time behavior of the DPCM model have not been
investigated yet. In this paper, we consider a simplified version of the DPCM model,
already introduced in [1]. In this case, the interfaces of the oxide layer are assumed to be
fixed and only two charge carriers are taken into account: electrons and cations Fe?t. We
will prove the existence of a global in time solution for this simplified model.

1.2 Presentation of the model

We recall here the simplified version of the DPCM model introduced in [1]. It is a di-
mensionless model. The unknowns are the densities of electrons and cations, which are
respectively denoted by N and P and the electrical potential denoted by W. The current
densities are denoted by Jy and Jp; they contain both a drift part and a diffusion part.
As we do not take into account the moving boundary equations in the simplified model,
the domain describing the oxyde layer is the interval (0,1). The equations describing the
electrochemical behavior of the dense oxyde layer write, for ¢t > 0:

P +0,Jp =0, Jp=—08,P—3Pd,V, in (0,1), (1a)
eON + 0,y =0, Jy =—8,N+ N3, ¥, in (0,1), (1b)
~220,,U =3P — N + py;, in (0,1), (1c)

where pp; is the net charge density of the ionic species in the host lattice (we will assume
that it is a constant in all the sequel) and A\? and ¢ are positive dimensionless parameters
arising in the scaling. Let us just mention that € is the ratio of the mobility coefficients
of cations and electrons, then £ < 1.

As the equations for the carrier densities (1a) and (1b) have the same form, we will use
the synthetical form :
Ot + 0y Jy, = 0, Jyy = —0yu — z,ud; Vv, in (0,1). (2)
For uw = P, N, the charge numbers of the carriers are respectively z, = 3,—1 and we
respectively have ¢, = 1,¢.

Let us now focus on the boundary conditions. Charge carriers are created and consumed
at both interfaces x = 0 and x = 1. The kinetics of the electrochemical reactions at the



interfaces are described by Butler-Volmer laws at interfaces. It leads to Robin boundary
conditions on N and P. As in [1], we assume that the boundary conditions for P and N
have exactly the same form. Therefore, for u = P, N, they write:

—Jy =7(u, ¥) on z =0, (3a)
Ju = 7w, ¥, V) onz =1, (3b)

where V' is a given applied potential (we just consider here the potentiostatic case) and
70 and 7! are linear and monotonically increasing functions with respect to their first
argument. More precisely, due to the electrochemical reactions at the interfaces, 0 and
Ti, for u = P, N, write:

ra(s, ) = Bu(x)s —vg(w), (4a)
74111(37'%'7‘/) :ﬂi(v—x)s—’yi(v—x), (4b)

where the functions (8%)i=0.1, (7 )i—0.1 are expressed with the interface kinetic coefficients
(my,, k},)i=0,1, the positive transfer coefficients (al,, b’ )i=0 1, the maximum occupancy for
octahedral cations in the lattice P and the electron density in the state of metal N™.

They write, for u = P, N:
Bil@) = mie 0 4 ke = 0,1, (50)

_ 0 1
() = mduTe Zuby® Yi(z) = klumerm o, (5b)

The boundary conditions for the Poisson equation take into account that the metal and
the solution can be charged because they are respectively electronic and ionic conductors.
Such an accumulation of charges induces a field given by the Gauss law. These accumu-
lations of charges depend on the voltage drop at the interface by the usual Helmholtz law
which links the charge to the voltage drop through a capacitance. The parameters AWH*
and AWY* are the voltage drop corresponding to no accumulation of charges respectively
in the metal and in the solution. Finally, the boundary conditions for the electric potential
write:

U — g0, ¥ = AUE* onz =0, (6a)

U+ 0,0V =V AV onz=1, (6b)
where ag and «; are positive dimensionless parameters arising in the scaling.

The system is supplemented with initial conditions, given in L*(0,1):
N(0,z) = No(x); P(0,2) = Py(x), x€(0,1). (7)

In all the sequel, we will assume that the interface kinetic coefficients are given constants
and satisfy:
m® kO ml Kkl

ur u urtu

>0, for u =P, N. (8)
The positive transfer coefficients satisfy:

a2, b9, al bl €10,1], for u= P N, (9)

urur u) Cu

and we assume that

3P™ — N™ + pp = 0. (10)
Indeed, in the applications, we have pp; = —5, P = 2 and N™ = 1, so that the relation
(10) is satisfied. Then, it is expected that the solution to the corrosion model verifies
0 < P(t,z) < P™ and 0 < N(t,x) < N™ almost everywhere. These estimates will be
proved in Theorem 1.1; they are crucial for the proof of existence of solutions to the
corrosion model.



1.3 Main result and outline of the paper

Let us first note that the system of equations (1la)-(1c) is a simplified case (linear case)
of the so-called drift-diffusion system. This model is currently used in the framework of
semiconductors device modelling (see for instance [16, 21, 20]) or plasma physics (see [7]).
In this context the drift-diffusion model has been widely studied, from the analytical as
from the numerical point of view. Let us refer to [9, 10, 11, 12, 13, 14, 15, 17, 18, 19, 21, 24]
for results on existence and uniqueness of solutions (using some fixed points theorem) and
asymptotic limits of the model (as quasi-neutral limit, zero-relaxation time limit, ...).
From a numerical point of view, different methods have been proposed and studied (see
for instance [3, 4, 5, 8, 22, 23]).

In all these papers, the considered boundary conditions are Dirichlet, Neumann or
mixed Dirichlet /Neumann boundary conditions (corresponding to the ohmic contacts and
the insulated boundary segments of the semiconductor device). Then, the originality of the
corrosion model described in this paper lies in the boundary conditions (3), (6) which are
of Robin type, and induce an additional coupling between the equations. The authors have
shown in [6] the existence of solution for such a model in the stationary case. Moreover
in [1], a numerical scheme for the model (1)-(7) is given and analyzed.

Let us now state the main result of this paper: the existence and boundedness of a weak
solution to system (1)-(7).

Theorem 1.1. Assume (8), (9), (10) and that Ny, Py € L>°(0,1) satisfy
0 < Py(x) <P™, 0< No(x) <N™,  for almost every z € (0,1). (11)

Let us also assume that AUE and AU verify

_ﬁ (1+log (afkpao ) ) < AL < % (1 +1og (afkRao) ) (12a)
b (s (k) 2 09072 (g (). 020

Then the problem (1

)-(7) admits a weak solution (P, N,V) which is defined by P, N €
L>=([0,T] x (0,1)) N L?

(0,T; HY(0,1)), W € L*(0,T; H'(0,1)) for all T > 0 and:

Foru= N, P, Yo € L*(0,T; H'(0,1)),

— &y /OT /1 udppdadt —i—E/Ol uo(x)(0, z)dx —/ / — 2,u0, V) Oppdadt
+/ LV — Wt D))t 1) — ALV - O(t, 1))) o(t,1)
+ (B (E,0)ult, 0) = 15(¥(t,0)) w(t,0)| dt =0, (13)

and Yo € L*(0,T; H(0,1)),

T r1 T)\2
A2 /0 / 0, V0, pdudt — /0 (V= Wt 1) — AV p(t 1t

2
+/OT A (W (,0) — AT (1, 0)dt — /OT /01(313 — N + pp)pdadt. (14)

Qo



Moreover the electron and cation densities N and P satisfy for allt € [0,T] and z € (0,1)

0< P(t,z) < P™, 0<N(taz)<N™ (15)

In order to prove this Theorem, we consider a semi-discretization in time for (1)—(7), as

done by A. Jiingel and I. Violet in [19] for the quantum drift-diffusion equations. We first
show the existence of a solution to the semi-discrete problem. Then, we obtain some a
priori estimates on the solution to the semi-discrete problem. These estimates will ensure
the compactness of a sequence of approximate solutions. Finally by passing to the limit
on the time step in the semi-discrete scheme, we obtain the existence of a weak solution
for the problem (1)-(7) satisfying (15).
The paper is organized as follows. In Section 2, we present the semi-discrete problem
associated to (1)-(7) and we prove the existence of a solution to this problem. In Section
3, we show some a priori estimates satisfied by the semi-discrete solution. Finally, in
Section 4, we establish the convergence of a sequence of approximate solutions and passing
to the limit in the semi-discrete scheme, we prove Theorem 1.1.

2 The semi discrete problem

In this Section, we propose a discretization in time of the system (1)—(7). Therefore, we
introduce a uniform subdivision (¢ )o<g<x of the time interval [0, T, for some T > 0. The
time step is denoted by At and we have t;, = kAt.

We set

PY= Py, N° = N,. (16)

Starting from this initial condition, for all 0 < k < K, we consider the following system:
—A20,, 0% = 3P* — N* + p;, in (0,1), (17)
Z—ut (ukJrl — uk) +8$J5 =0, Jff = —9,uf Tt — 2 uF 19, Uk, in (0,1), for u = P, N, (18)

supplemented with the following boundary conditions:

Uk — g0, U* = ATE* on z =0, (19a)
Uk 4+ 010, 0% =V — AU on z =1, (19b)
—JF = YRkt —A0(WR) on =0, foru=P N, (20a)
JE=gL(v —0F)fH ALV —0F) on z=1, foru=P,N. (20b)

Let us first note that, for each value of k, the system (17)—(20) is decoupled. Indeed,
knowing P* and N*, we define U¥ as the solution to (17), (19). As (17) is a classical elliptic
equation, if the right-hand side belong to L?(0,1), U* will be defined as the solution to
a variational formulation (see below) of (17), (19). Therefore, ¥ ¢ H'(0,1) and as
H'(0,1) € €°([0,1]) the boundary conditions (20) have a sense. Then, knowing ¥*, we
define ! = Pk+1 or N¥+1 as the solution to (18), (20). The equation (18) on u**! is
a linear convection-diffusion equation. Using the Slotboom change of variables [6, 20] will
lead to a classical elliptic equation for which we can also define a variational formulation
and the associated weak solution.



Theorem 2.1. Under the assumptions of Theorem 1.1, the semi-discrete scheme (16)-
(20) admits a unique weak solution (P*, N* Wk)o ) e with W% € HY(0,1) for all0 < k <
K and P*, N* € H'(0,1) for all1 <k < K.

Proof. The proof will be done by induction. Let k > 0, we assume that P*, N*¥ € L>(0,1)
(a fortiori satisfied if P*, N¥ € H'(0,1) € €°([0,1])) are known. This property is satisfied
for k = 0. Then, the variational formulation associated to the problem on W* (17), (19)

writes:
Nay(VF, ) = b (), Vo € H(0,1), (21)

with

1 1 1

av(®.9) = [ 0:00pdz+ ——B(1)p(1) + ——B0)(0),
0 aq (o7}

)\2

bE () = —
v(p) o

)\2 1
(V — AWE*) (1) + Q—OA\I/@ZC@(O) + /0 (3P" — N* + pu1)pd.
But, the functional space H'(0,1) can be equipped either with its usual norm:

1 1
e :/0 (Bxu)2dm+/o 2da,

or with the following equivalent norm (see [6]):
1
lal = | @ewde + u(0) + u(D)?.
0

Indeed, using the compact injection from H'(0,1) to C([0, 1]) and an adaptation of Poincaré
inequality, we obtain the existence of k > 0 such that :

1
—lulla < ullgs < kllulg va e H*(0,1). (22)

Using the norm || - || g1, it is immediately clear that ay(-,-) is a bilinear, continuous and
coercive form in H'(0,1). Moreover, b% is a continuous linear form in H'(0,1). Then,
the Lax-Milgram Theorem ensures that the problem (21) admits a unique solution W* €
H'(0,1). Thanks to the embedding from H*(0,1) to C°([0, 1]), we also have ¥* € C°([0, 1]).

Let us now focus on the problem on u*+! = Pk+1 or N*+1 (18), (20). We first use the

classical Slothoom change of variables introduced for instance in [20] : uF*+! = ez Gans

The current density J* rewrites: J¥ = —e_z“q’k(?xdfﬂ and we can consider the variational
formulation:
ay(Gus ) = Uy (), Yo € H'(0,1), (23)
with
k eu [t _ur R—_
au(’%uﬂp) = _/ e T Kypdr +/ e " OpkyOgppda
At Jo 0
BV = W) Wru (1) + BUTHO)e > Oru(0)0(0),
ey 1
bulp) = T [ ueds 4LV = W (1)p(1) + 085 0)(0)

As U is continuous in [0,1], it is bounded and e~ is also bounded and its lower

bound is strictly positive. The hypothesis (8) also ensures that the functions 52, 8L, 9 41



are strictly positive. Therefore a¥ is a bilinear, continuous and coercive form in H'(0,1)

and b% is a continuous linear form in H'(0,1). Then, the Lax-Milgram Theorem answers
that the problem (23) admits a unique solution denoted ¢¥*' ¢ H'(0,1) and uf*! =
e_Z"‘I’kafH € H'(0,1) is the unique weak solution to (18), (20a), (20b). This ends the
proof of Theorem 2.1. O

Thanks to the semi-discrete scheme (16)—(20) and Theorem 2.1, we can define an approx-
imate solution to the corrosion model (1)—(7). This approximate solution is a piecewise
constant function in time. It is denoted by (Pag, Nas, Pa¢) and defined by

Pay(t, ) = PR(x), Nag(t,x) = N¥(z), Ua(t,z) = UF(2),
Vx € (0, 1), Vit € (tk;—latk;]) Vi<k<K. (24)
Our objective is to prove the existence of a solution to the corrosion model by passing
to the limit on a sequence of approximate solutions (Pa¢, Nat, ¥ ar)ar when At tends to 0.

Therefore, we need to establish a priori estimates which will yield the compactness of the
sequence of approximate solutions.

3 A priori estimates

In this Section we establish the a priori estimates satisfied by the approximate solution
(Pa¢, Nag, Uag): L®-estimates on Na; and Pay, an L2(0,7, H'(0,1))-estimate on Wx;
and L?(0,T, H'(0,1))-estimates on Na; and Pa;.

3.1 L*-estimates on Pa;, Na;

Proposition 3.1. Let us assume the hypothesis of Theorem 1.1 and that the time step At
verifies At < T with

1 €
—\2..;
T = )\ min <W, W) 5 (25)

for all k € {0,..., K} we have
0< PFz)<P™, 0<NFz)<N™ V&e(0,1), (26)
and therefore
0< Pag(t,z) < P™, 0< Nag(t,z) < N™, Ve (0,1),Vt € (0,T). (27)
Proof. The proof will be done by induction. First, we note that (26) is satisfied for
k = 0 thanks to (16) and (11). Let us now assume that the property is satisfied for some

k € {0,..., K — 1} , we will establish that both inequalities in (26) remain true at step
k + 1. Therefore, we adapt the technique used by A. Jiingel and Y. J. Peng in [17].

Let u = P, N. We first prove the positivity of u**!. Multiplying (18) by (u 1)~ =
min(u**1,0) and integrating over (0,1), we obtain, after an integration by parts:

% /01 ((uk+1)>2 dr — % 01 u® (ukﬂ)i dx + /01 ((3;;; (ukJrl))Qdm

+ 2%/01 <<uk+1)_)2 (2 (P* = P™) +2n (N* = N™) ) do = (fo + 12) . (28)



with

19 = TEOuF0)7 + 211 (0)7) 0, 0),
2y
2
But, using the induction hypothesis and the fact that zyzp < 0, we have:

o : (()) (20 (P* = P 4+ 2 (N = 7)) da
=L [ (0r)) ()

fu = =T 1)T = T (1)) 0, 0 (L),

and (28) implies

Ait /01 (uk+1)72 <€u — Zgﬁt (™ — uk)> dx + /01 (agc (um))Z de < (f1+79). (29)

We remark that the condition on At (25) and the induction hypothesis ensure that

22 At
272

(u™ —uF(x)) >0 Ve (0,1). (30)

Eu —

Let us now study the sign of f0 and f!. Therefore,we introduce, as in [1], the following
functions :

€(w) = 0(@) — w" @)+ u" St - AUET) VaeR
0

e(x) =yl (z) —u™mBl(z) — um;—u(az — AU vz e R.
1

As shown in [1], €2 and ¢! are nonpositive functions under the hypothesis (12). Using the
boundary conditions (19), (20), we have:

(w1(0) )

12 = gy (€05(0) —u™ BN (0)) = 72(WH(0))) + 2 ((0))u+ (0)
1:(uk+1(1)7)2 L ki omal ok Ll ak
fo= g (GaV = H(D) — "BV = H(1)) — (V- 0H (1)

(V= TR (1)

As the functions (8%,7%)i=0,1 are nonnegative on R and the functions (£,);—0,1 are non-
positive on R for u = N, P, we deduce f0 < 0 and f! < 0. Then, (29) and (30) imply that

(uk+1)_ =0 on (0,1) and we obtain the positivity of u*+!.

Let us now prove that u**! < u™. Therefore, we multiply (18) by (u**! —u™)* =
max((u**1 — ™), 0) and we integrate over (0,1). It yields:

Eu [Nkt myt)2 Eu [ m K (1wt
Kt/o ((u —u ))dw—i—Kt/O (u —u)(u —u™) " dx
1 2 1
+ / (83[;(211“H — um)+) dx + zu/ Dy (uFHt — ™)y Tk 19, Uk dy
0 0

+ (D@L = u™) T = JE0) (W 0) —u™) T = 0. (31)



But, as 9, (uF! —um)Tuktt = 19, (((uk+1 —u™) )2 4 2" (uF ! — um)+), integrating

by parts and using (17), we get:

1
/ B (WM — w9, Uk dy =
0

1

e /01 (@R =) H)? 4 2um (L — wm)*) (2p(PF = P™) + 25 (N* = N™)) das

+ % ((ukﬂ(l) — ™2 4 2 (W (1) — um)+) 0, Uk (1)
_ % ((h1(0) = w™)*2 4 2u™ (b1 (0) —w™)*) 0,95 (0). (32)

Again, using the induction hypothesis and the fact that zyzp < 0, we have
Zu

1
2_)\2/0 ((ukJrl _ um)+2 + 2um(uk+1 _ um)Jr) (Zp(Pk _ Pm) + ZN(Nk _ Nm)) dr

2 1
> 22_:2/ (W — ™) P2 — u™)de
0

2, m

1
+ %/0 (WP — ™ (uF — u™)da.

Combined with (31) and (32), it yields:
1 ! k+1 m\+2 ZZAt m k
E/O(u —u™) fu 52 (u™ —u”) | do
1 2Atu™\ [t m
+ AL <6u - T) /0 (u™ — uF) (W — ™)t de

1 N\ 2
[ (o (wtrt—um) ) < b b (39
0

with
00 = T HH(0) — ™)+ 2 (W(0) — w2 4 2um (W (0) — ) ) 0, (0),

gl = — T ()@ (1) —umyt - 2

: ((ukJrl(l) _ um)+2 + 2um(uk+1(1) _ um)Jr) 81\11’“(1)

As we did for f2 and f}, we use the boundary conditions (19) and (20) and the definition
of the functions (£,)i—o 1 in order to rewrite g and g :

(uH1(0) —um)+?

gh = g (& (0) — "B (0) — 0¥ (0))
+E(THO) @ (0) —um)
@) ™) ki mal i wE L k
g = g (G = UE(D) — BV — (1) — (V- wF (1))

+ & (V = TF) (W (1) — ™)t

It is now clear that ¢ < 0 and g} < 0 and therefore, thanks to the hypothesis on the time
step (25), the inequality (33) implies (ufT! —u™)T = 0 and uF! < w™ for all z € (0,1).
It ends the proof of Proposition 3.1. U



3.2 L*0,T,H')-estimate on W,

Proposition 3.2. Under the assumptions of Proposition 3.1, there exists a constant C
depending only on the data of the problem (but not on At) such that:

\H‘I’kal((og)) <C, VIL<kKLK, (34)
and

1 aellz2 01,5 0,1)) < CVT. (35)

Proof. Applying (21) with ¢ = Uk we get ag(UF, UF) = bk (UF)/N\2. Setting n =
min(1,1/ap,1/aq), we have
ay (WF, 0F) > wF|P. (36)

Using Young and Cauchy-Schwarz inequalities, we get

1
2nA\?

1 n ! m m
plb’&/(\lf’“)l < 5|||‘If’“|||2+ /0 (3(P* — P™) + (N* — N™))2dx

i _ pzcy2 i pzc\2
+ g (V= AUT 4 (AU (37)

Then, using the L>-estimate (26), we deduce (34) from (36) and (37). The obtention of
(35) is straightforward.

O

Remark 3.1. Let us note that, due to the compact embedding from H'(0,1) to C([0,1]),
the estimate (34) imply that U* (for all k) is uniformly bounded on the interval [0,1] by a
constant depending only on the data of the problem.

3.3 L*0,T, H')-estimates on Pa;, Na;

Note that using (27), we easily obtain L?(0,7; L?(0,1)) estimates for Pa; and Na; which
imply the weak convergence of a sequence of approximate solutions in L?(0,7'; L?(0,1)).
But since we have to pass to the limit also in the space derivatives of Pa; and Nay, it is not
sufficient and we need estimates in L?(0,T; H'(0,1)). They are given in Proposition 3.3.

Proposition 3.3. Under the assumptions of Proposition 3.1, there exists a constant C,
depending only on the data of the problem (but not on At) such that

| Pacllzz2 081 0,1)) < Cs INAcll L2078 0,1)) < C- (38)
Proof. Let us multiply (18) by u**! and integrate over (0,1). Since
1 2 1 2
k+1 (, k+1 _ k i 2 T A
wH (=) 2 g () -5 ()

we obtain

Eu /1 ((uk+1)2 _ (uk)2) doe +/16 TR uk e < 0.
2At Jo o ‘ru -

10



1
But, integrating by parts the term / Dy JFuF L de and using (17), we get
0

2€Aut /01 ((u’““)2 — (uk)z) dx + /01 (@CukH)Q dx

+ o2 /Ol(ukH)Q(zp(Pk — P™) 4 2y (NF — N™))da < B + hl, (39)
with
uk 1 2
= L OV (00w (0)) — w00 (0) = H2(W5(0))) + 225 (0)) 1 (0),
1:(Uk+1(1))2 L ki omalis ok sk
By = S (G(V = WHD) —umBL(V - H(D) (V- ¥H(1)))

+ (V= ()t (1),
The sign properties of the functions &, 3% 4% for i = 0,1, ensure that
hy < A (PF(0))u* 1 (0) and Ay, < 7, (V — WF(1)u* (D).

Then, we can multiply (39) by At and sum it over k € {0,..., K —1}. Using the L*°-
estimate (26), we get

cy 1 2 K-1 1 .
|0susilaorazony < 5 | 0@z + o5 S0 At [ @R — )
k=0

0
3 A (F2WH(0))u*1(0) + 74 (V — WHDL) (1)) (40)
k=0

Thanks to (11), (26), the continuity of the functions (v.);—1 and Remark 3.1, we obtain

|0zuntllL20,1;22(0,1)) < C,

where C depends only on the data of the problem and not on At. As the L?(0,T; L*(0,1))-
estimate of up, is a straightforward consequence of the L>-estimate (26), it concludes the
proof of Proposition 3.3. U

4 Proof of Theorem 1.1

In this Section, we first establish some compactness results and the convergence of a
sequence of approximate solutions (Nay, Pas, ¥ ar)a¢ when At tends to 0. Then, by passing
to the limit in the scheme (16)—(20), we prove that the triple (N, P, V) obtained as the
limit of the sequence (Nay, Pas, ¥ar)ae is a weak solution to (1)—(7).

4.1 Compactness results
The estimates proven in Propositions 3.2 and 3.3 imply the weak convergence of a sequence

of approximate solutions (Nas)as, (Pag)a: and (Wag)a; in L2(0,T; HY(0,1)), when At
tends to zero. But, the weak convergence of (Na;)a; and (WUay)a in L2(0, T, H(0,1)) is
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not sufficient to pass to the limit in the convective terms fOT fol Na0: V¥ arpdx or in the
boundary terms. We need some strong convergence. To prove this result, we will use
a compactness argument due to Simon [25]. It is based on some estimates on the time
translates of the approximate solutions.

Let us introduce the shift operator. For u = P, N or ¥, we set

(UAtuAt) (CE, t) = uAt(xa t+ At)
It means that (oauay) (x,t) = uFT(z) for 2 € (0,1) and t € (tp_1, tx].

Proposition 4.1. Under the assumptions of Proposition 3.1, there exists a constant C
depending only on the data of the problem (and not on At) such that:

loaePat — Patllzzo,m;020,1)) < CAL, lloaeNae — Nadllzzo,m502(0,1)) < CAL. (41)
and [|oas¥ar — YadllL2(0,1;02(01)) < CAL. (42)

Proof. Using equation (18), Minkowsky inequality and Holder inequality, we obtain for
u=N, P

At
HUAtUAt—UAtHL2(o,T;L2(o,1)) < 6—(HaxgmumHL?(O,T;L2(0,1))
u
+zull0r U adll 20,1220 loanal o riz0.1) ) -
At
<

- (||uAt||L2(0,T;H1(0,1))
Eu
qu\H\I’At”L2(0,T;H1(0,1))HUAtHLoo(o,T;Loo(o,l)))- (43)

Using estimates (27), (35) and (38) in (43), we obtain (41).

By definition (oa;Wa; — Yay) (t,2) = WFHl(2) — Uk(z) for t € (tx_1,t]. Using (17),
(19), we have

~\20,, (\11’““ - \If’“) =3 (P’““ - Pk) - (Nk“ - Nk) . 2 e(0,1), (44)
(W = %) (0) - agd, (UH = wH) (0) =0, (45)
(\Ilk“ - \Ilk) (1) + 10, (\Ilk“ - q/k) (1) = 0. (46)

Multiplying (44) by W**! — Wk and integrating over (0,1), we obtain, after an integration
by parts:

# e (et - (0 -9 )+ (0 -9 0)

a1 &%)

- 3/01 (P! — Pb) (Wit — k) do + /01 (NFH = NF) (wh! = wb) da. (47)

2

First, we note that the left hand side in (47) is lower bounded by &K" [ Wk — wk||2 | with
n = min(1,1/ap,1/a1) and x defined in (22). Then, using Cauchy-Schwarz and Young
inequalities, we obtain the following upper bound for the right hand side in (47):

A0 k2 9% [tk k)2 S A k)2
el —szHHlern/o (P~ PF) dm+2A277/0 (N = NF) da

12



It yields
)\277 k Ik 1 2 1 2
AT R k2 <_</ pr+1 _ pk)? 4 / NEHL _ d).
2K H ||L2(071) - 2A277 0 ( ) T+ 0 ( ) v

Summing over 1 < k < K and using the estimates (41), we deduce (42). It concludes the
proof of Proposition 4.1.

O

Finally, thanks to the a priori estimates (Propositions 3.1, 3.2 and 3.3) and the estimates
on the time translates (Propositions 4.1 ), we obtain the convergence of a subsequence of
approximate solutions.

Proposition 4.2. Under the assumptions of Theorem 1.1, we consider a sequence of
approzimate solutions (Pa¢, Nat, Uar)ar defined by the semi-discrete scheme (16)—(20)
and (24). Then, there exists (P,N) € L>*([0,T] x (0,1)) N L?(0,T, H*(0,1)) and ¥ €
L2(0,T,H'(0,1)) such that, up to a subsequence, (u = P, N)

e Ua; — W strongly in L2(0,T;C([0,1])),

e up; — u strongly in L?(0,T;C([0,1])),

e Jyup; — u weakly in L*(0,T; L%(0,1)), oaua; — u weakly in L*(0,T; L?(0,1)),

e 0,Wa; — 0,V weakly in L?(0,T; L?(0,1)).
Proof. Firstly, due to Propositions 3.2 and 3.3, the sequences (Va;)a; and (uag)a; are
bounded in L2?(0,7;H'(0,1)). Then, there exist ¥ and u in L*(0,T; H'(0,1)) such
that WA, tends to ¥ and ua tends to w in L2(0,7; L?(0,1)). Therefore, up to a sub-

sequence, we obtain the weak convergence of (0, ¥a;)ar to 0,V and of (Oyuas)ar to Opu
in L2(0,T; L?(0,1)).

Secondly, to obtain the strong convergence in L%(0,T;C([0,1])) of sequences (¥a;)as
and (ua¢)Ae, we use a compactness argument. More precisely, we use Theorem 5 given by
J. Simon in [25]. Indeed, we have:

H(0,1) c ¢([0,1]) c L?(0,1)

with a compact injection from H'(0,1) to C(]0,1]) (due to the one dimension). Moreover
due to Propositions 3.2, 3.3 and 4.1 the sequence (fa;)as (for f = ¥, wu) is bounded in
L?(0,T; H'(0,1)) and

loatfae — faell2o,r;02(0,1)) — 0 uniformly when At — 0.

Then the sequence (fa;)a¢ is relatively compact in L2(0,7;C([0,1])), which gives the
strong convergence of (fa¢)a; in L?(0,T;C([0,1])).

Finally let us note that due to proposition 3.1, sequences (Pa;)a; and (Nag)a; are
bounded in L*([0,7]x (0,1)) and we obtain their x-weak convergence in L>°([0, T x (0, 1)).
Then their limits belong to L>([0, 7] x (0,1)).

This completes the proof of proposition 4.2.
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4.2 Passage to the limit

In order to conclude the proof of Theorem 1.1, it remains to prove that (P, N, ) obtained
as a limit of the semi-discrete scheme (see Proposition 4.2) satisfies (13) and (14).

Let us first recall the results of the previous sections. Theorem 2.1 gives the existence
of a unique solution to the problem (u = N, P)

£
Kut (UAtuAt - uAt) + 8mJu,At = O, Ju,At = _ax(UAtuAt) - zu(UAtuAt)am\I’Ah (48)

49
—Juar = ﬁg(‘I’At)UAtUAt - 72(‘1’&), z =0, 50

X020, Wap = 3Py — Na¢ + ph, (49)

(50)

Ju,At = ﬂi(v —Uag)oasuas — ’Yi(v — V), v =1, (51)
(52)

(53)

\I]At — Cvoam\I]At == A\I]IO)ZC, xTr = 0, 52
War+ @10, Ypa; =V — A\Iﬂfzc, xz=1. 53
The variational formulation of (48)-(53) writes : for all ¢ € L?(0,7T; H*(0,1)),

/ / UAtuAt YAt ———————pdxdt — / / — 0,0 A UAE — 200 AtUALOz U A¢) Oppdadt

+/ LV = ar(D)osruar(l) — 74V — Uar(1))) @(1)

+ (B2 (U 2u0)oarua(0) = 15(¥an(0))) (0)| dt = 0, for u= N, P, (54)

T r1 T )\2
A2 / / 0,0 a0y pdadt — / AV = Wa(1) — AT) o(1)dt
0 0 0 a1
T)\Q e T 1
[ 2 (0sa0) = AV ()t = [ [ (3Par = Nar + pu)pdadt. (55)
Note that

T rl t — ot — At
/ / O-AtuAt UAL dxdt _ / / uAt(t, ,I) QD( "I) SD( "I) drdt
0 0

At
1
- | un(a)e(0,a)dz
0

Then, using proposition 4.2 and passing to the limit At tends to zero in (54)-(55) (up to
a subsequence) , we get:

T /1 1 T 1
- / / uOppdrdt — / uo(x)p(0, z)dr — / / (—0zu — 2,u0, V) Oppdadt
0 0 0 0 JO

T
+ [ (B = wu) =i =) ¢()
+ (B2 (0))u(0) — 19(¥(0))) ¢(0)| dt =0, for u =N, P,
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T 2
A2 / / 0,00, pddt — / XS w() — AW (1)t
T )\2 T 1
+ / ATP) o(0)dt = / / (3P — N + p)pdadt,
0 0

for all ¢ € L?(0,T; H'(0,1)). It is the expected result.
Furthermore, passing to the limit in (26) gives for all ¢ € [0,7] and all x € (0,1)

0< P(t,z) <P™, 0<N(t,z) <N™.

This ends the proof of Theorem 1.1.

5 Conclusion

In this paper, we prove the existence of a weak solution to a simplified corrosion model.
The boundedness of the electronic and cationic densities is also established. Let us note
that the dimensionless parameter ¢ in (1b) is in practice very small because it is the ratio of
the mobility coefficients of cations and electrons. It could be set to 0 in the model. Then,
the question of existence of a solution to the resulting model is still an open problem.
Future work will focus on this question. The full understanding of the corrosion models
reduced to a fixed domain will then permit to deal with the DPCM model on a moving
domain (see [1]).
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