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PRUNING OF CRT-SUB-TREES

ROMAIN ABRAHAM, JEAN-FRANCOIS DELMAS, AND HUI HE

ABSTRACT. We study the pruning process developed by Abraham and Delmas (2012) on
the discrete Galton-Watson sub-trees of the Lévy tree which are obtained by considering the
minimal sub-tree connecting the root and leaves chosen uniformly at rate A, see Duquesne
and Le Gall (2002). The tree-valued process, as A increases, has been studied by Duquesne
and Winkel (2007). Notice that we have a tree-valued process indexed by two parameters the
pruning parameter 6 and the intensity A. Our main results are: construction and marginals
of the pruning process, representation of the pruning process (forward in time that is as 6
increases) and description of the growing process (backward in time that is as 6 decreases)
and distribution of the ascension time (or explosion time of the backward process) as well
as the tree at the ascension time. A by-product of our result is that the super-critical Lévy
trees independently introduced by Abraham and Delmas (2012) and Duquesne and Winkel
(2007) coincide. This work is also related to the pruning of discrete Galton-Watson trees
studied by Abraham, Delmas and He (2012).

1. INTRODUCTION

The study of pruning of Galton-Watson trees has been initiated by Aldous and Pitman [10].
Roughly speaking, it corresponds to the percolation on edges: an edge is uniformly chosen
at random in the Galton-Watson tree and it is removed and only the connected component
containing the root remains. This procedure is then iterated. This process can be extended
backward in time. It corresponds then to a non-decreasing tree-valued process. The ascension
time A, is then the first time at which this tree-valued process reaches an unbounded tree. In
[10], the authors give the joint distribution of A as well as the tree just before the ascension
time (in backward time). The limits of Galton-Watson trees are the so called continuum Lévy
trees, see [7, 8, 17, 13]; they are characterized by a branching mechanism 1) which is also a
Lévy exponent. The result for the pruning process on Galton-Watson trees was then extended
by Abraham and Delmas [2] to a process indexed by time 6 whose marginals are continuum
Lévy trees. In the setting of the Brownian continuum random tree, which corresponds to a
quadratic branching mechanism, the pruning procedure is uniform on the skeleton, see also
Aldous and Pitman [9] for a fragmentation point of view in this case. This is the analogue
of [10]. However in the general Lévy case, one has to take into account the pruning of nodes
with a rate given by its “size” or “mass”, which is defined as the asymptotic number of small
trees attached to the node. This result in the continuous setting motivated a new pruning
procedure on the nodes of Galton-Watson trees, which was developed by Abraham, Delmas
and He [3]. In this case, the pruning happens on the nodes with rate depending on the degree
of the nodes.
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In the present work, we study the pruning process developed in [2] on the discrete Galton-
Watson sub-tree of the Lévy tree. The discrete Galton-Watson sub-trees of the Lévy trees are
obtained by considering the minimal sub-tree connecting the root and leaves chosen uniformly
with rate A > 0, see Duquesne and Le Gall [13]. The tree-valued process, as A increases, has
been studied by Duquesne and Winkel [14], in particular to construct super-critical Lévy
trees. Notice that super-critical Lévy trees have also been defined in [2]. One of the by-
product of our results is that the two definitions coincide, see Section 5. Notice that we
have a tree-valued process indexed by two parameters 6 (as in [10, 2]) and A (as in [14]).
The other main results are: construction and marginals of the pruning process in Section 4,
representation of the pruning process (forward in time that is as 6 increases) and description
of the growing process (backward in time that is as € decreases) in Section 6, some remarks
on martingales related to the number of leaves in Section 7, distributions of the ascension
time and of the tree at the ascension time in Section 8.

Now, we present more precisely our results. Let v be a branching mechanism satisfying
some regularity conditions (see (H1-3) in Section 2.6). We define ¢y by:

Yo(q) = (g +0) —(0) forall ¢ >0,

and set O¥ the set of § for which 1y is well defined. We consider the tree-valued process
(79,0 € ©¥) introduced in [2], corresponding to a uniform pruning on the skeleton and to
a pruning at nodes with rate depending on its size. We recall that Ty is a Lévy tree with
branching mechanism 1. Let m’¢ be its mass measure, which is a uniform measure on the
set of leaves. Let 79(\) be the minimal sub-tree of 7y generated by the root and leaves chosen
before time \ according to a Poisson point measure P on R, x 7o with intensity dtm7e.
Let M) be the number of chosen leaves: M) = P%([0,\] x Tp), so that m()\) is well defined
for My > 1. And we set 79(A) = Tg[)70(A) for 8 > 0. So we get a two-parameter family
of sub-trees (Tg(A),A > 0,6 > 0). Let P¥* be the conditional probability given the event
{M) > 1}. We will be interested in the process A — 7y(A) which was studied in [14] and in
the pruning process 6 — 79(), which for A = +o00 was studied in [2].

Notice that the leaves of 7p(\) correspond to marked leaves belonging to Ty as well as
roots of sub-trees of Tg with marked leaves which are removed to get Ty. If one is interested
only in 7y()A), the minimal sub-tree containing the root and the marked leaves belonging to
To, then one would get a process such that 7y(A) has the same distribution as 79(\g) with
Mo = ¥(1, ' (\))). This would lead to another natural process index by the level-set of the
function (0, \) — ¥y (= 1(N)).

Theorem 3.2.1 in [12] in the sub-critical case and Corollary 4.5 in this paper in the general
case gives that the sub-tree 7(\) is distributed as a Galton-Watson real tree; its reproduction
law has generating function gy, v, (), see definition (28), with n = 1~ 1(\) and exponential
individual lifetime with parameter vp(n). If we endow 7Ty with its mass measure and ()
with a discrete mass measure defined by

1
mN — O,
Yo (n) 2

x a leaf of 79 ()

then we have in Theorem 5.1 the convergence for the Gromov-Hausdorff-Prohorov distance
defined in [5] of 79(A) to Ty as A goes to infinity. This result was already in [14] (with the
Gromov-Hausdorff distance instead of the Gromov-Hausdorff-Prohorov distance), and this
insures that in the super-critical case the Lévy trees introduced in [14] and in [2] are the
same. We give in Theorems 6.1 and 6.3 a precise description of the process (17p(A),6 > 0)
in forward (decreasing tree-valued process) and backward (increasing tree-valued process)
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time. By considering the backward process, we see it is possible to extend the process up
to 6 backward in time, with 6 defined roughly by 1s(¥»~1()\)) = 0 (see (41) for a precise
definition). Usually 6 is not the lower bound of ©¥. Intuitively, when # decreases, the tree
grows and in order to keep the right number of leaves, the intensity for choosing them has to
decrease; this can be done up to the lower bound 6.

By considering Lg()\) the number of leaves of 79()\), we get that ¢'(6)Lg(X) /1 (1 (X)) is
a backward martingale, see Proposition 7.2. By taking the limit as A goes to infinity, and
since the total mass of m™™), that is Ly(\) /14 (¥"1(\)), converges to the total mass of m7%,
say og, we get in Proposition 7.1 that ¢/(8)oy is also a backward martingale.

Then we consider the process (19(\),6 > 6)) backward in time and consider its ascension
time Ay defined in (48) as the first time at which the tree 75(\) is unbounded. Of course,
this corresponds to the ascension time of (7y,6 € ©¥) when it is larger than 6. We give in
Proposition 8.1 the distribution of (79(A),0 > A,) and identify it in Proposition 8.11 using
the pruning of a tree 7;°(\) with an infinite spine defined in Sections 8.2 and 8.3. We also
prove the convergence, as A goes to infinity of the tree 7, () toward the CRT 7" with infinite
spine introduced in [2]. The latter can be seen as a sub-tree of Lévy trees with immigration,
see [11] for further work in this direction.

2. LEVY TREES AND THE FOREST OBTAINED BY PRUNING

2.1. Notations. Let (E,d) be a metric Polish space. We denote by M ¢(E) (resp. .MIfOC(E))
the space of all finite (resp. locally finite) Borel measures on E. For z € E, let §, denote the
Dirac measure at point z. For p € Mlj?c(E) and f a non-negative measurable function, we

set (u, f) = [ f(z) p(dx) = p(f).

2.2. Real trees. We refer to [15] or [16] for a general presentation of random real trees.
Informally, real trees are metric spaces without loops, locally isometric to the real line. More
precisely, a metric space (7', d) is a real tree if the following properties are satisfied:

(1) For every s,t € T, there is a unique isometric map f,; from [0,d(s,t)] to T such that
fs,t(o) = s and fs,t(d(sat)) = t.
(2) For every s,t € T, if g is a continuous injective map from [0, 1] to T such that ¢(0) = s
and ¢(1) = ¢, then ¢([0,1]) = f5+([0,d(s,)]).
If s,t € T, we will note [s, ] the range of the isometric map f,; described above and [s, ¢]
for s, t]\{t}.

We say that (T,d, () is a rooted real tree with root () if (7', d) is a real tree and ) € T is a
distinguished vertex.

Let (T,d,0) be a rooted real tree. The degree n(x) of € T is the number of connected
components of T\ {x} and the number of children of = # () is k, = n(z) — 1 and of the
root is kg = n(0). We shall consider the set of leaves L{(T) = {x € T, k, = 0}, the
set of branching points Br(T) = {z € T, k; > 2} and the set of infinite branching points
Broo(T) = {x € T, ky = co}. We say that a tree is discrete if {z € Lf(T)UBr(7T);d(0,z) < a}
is finite for all a. The skeleton of T is the set of points in the tree that aren’t leaves:
Sk(T') = T\Lf(T). The trace of the Borel o-field of T restricted to Sk(7T') is generated by the
sets [s,8']; 5,8 € Sk(T). One defines uniquely a o-finite Borel measure ¢ on T, called the
length measure of T', such that:

(TA(T) =0 and (T([s,s']) = d(s,s).

For every x € T, (), 2] is interpreted as the ancestral line of vertex z in the tree. We define
a partial order on T' by setting = < y (¢ is an ancestor of y) if z € [(),y]. If x,y € T, there
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exists a unique z € T, called the Most Recent Common Ancestor (MRCA) of z and y, such
that [0, 2] N[0, y] = [0, 2], and we write z = z A y.

2.3. Measured rooted real trees. According to [5], one can define a Gromov-Hausdorff-
Prohorov metric on the space of rooted measured metric space as follows.
Let (X,d) be a Polish metric space. For A, B € B(X), we set:

du(A,B) =inf{e >0, AC B° and B C A%},

the Hausdorff distance between A and B, where A° = {z € X,infycad(z,y) < €} is the
e-halo set of A. If i, v € My(X), we set:

dp(p,v) =inf{e > 0, u(A) <v(A%) +¢e and v(A) < p(A°) + e for all closed set A},

the Prohorov distance between p and v.

A rooted measured metric space X = (X, d, 0, ) is a metric space (X,d) with a distin-
guished element () € X and a locally finite Borel measure p € .Mlj?c(E) Two rooted measured
metric spaces X = (X,d, 0, ) and X' = (X', d',(/, ') are said GHP-isometric if there exists
an isometric bijection ® : X — X’ such that ®() = (' and ®,u = p/, where ®,p is the
measure p transported by ®.

Let X = (X,d,0,u) and X' = (X', d,0, /) be two compact rooted measured metric
spaces, and define:

Boup(X, X)) = inf(d(@(X), @' (X)) + (@ (0), &' (1) + dF (Bops, @, 11))
where the infimum is taken over all isometric embeddings ® : X — Z and &' : X’ < Z into
some common Polish metric space (Z,d?).

If X = (X,d,0, ) is a rooted measured metric space, then for » > 0 we will consider its

restriction to the ball of radius r centered at ¢, X" = (X ") d u(r)), where

X" = {z e X;d0,z) <r},

the metric d") is the restriction of d to X, and the measure p(")(dz) = 1y (z) p(dz) is
the restriction of 1 to X ().

We will denote by T the set of (GHP-isometry classes of) measured rooted real trees
(T,d, 0, m) where (T,d, ) is a locally compact rooted real tree and m € MIJ?C(T) is a locally
finite measure on 7. Sometimes, we will write (7, d”, 07, m”) for (T, d, ), m) to stress the de-
pendence in T. Sometimes, when there is no confusion, we will simply write 7" for (T',d, (), m)
and T for (T,d, (). We define the following function on T2, for Ty, T, € T:

dgup(T1,T2) = /000 e " (1 A dgup (TfT),Tz(T))) dr.

According to Corollary 2.8 in [4], the function dgpp is well defined and (T, dgyp) is a Polish
metric space.

2.4. Grafting procedure. We will define in this section a procedure by which we add (graft)
measured rooted real trees on an existing measured rooted real trees. More precisely, let T be
a measured rooted real tree and let ((73,x;),7 € I) be a finite or countable family of elements
of T x T. We define the real tree obtained by grafting the trees T; on T at point x;. We
set T'=T U (l_lz‘el TZ\{@TZ}) where the symbol U means that we choose for the sets (7T})ier
representatives of GHP-isometry classes in T which are disjoint subsets of some common set
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and that we perform the disjoint union of all these sets. We set 07 = 0T, The set T is
endowed with the following metric d’: if s,t € T,

dT(s,t) if s,t €T,
) - dTi(37t) if S,t c E\{@TZ},

d¥ (s, ;) +d5 (075, s) + dBi(0Ti,t) if i # j and s € T\{0%3}, ¢t € T\ {07}
We define the mass measure on 7 by:
m’ =m?” + Z <1Ti\{@Ti}mTi + mTi({U)Ti})éxi> .
i€l
It is clear that the rooted metric space (T , dT, @T) is still a rooted con}plete real tree. (Notice

that it is not always true that T remains locally compact or that m” defines a locally finite
measure on 7). We will use the following notation for the grafted tree:

(1) T ®icr (ﬂaxl) = (Ta dT’QTamT)’

where we make the convention that T ®;c; (T;,2;) = T for I = (). If  is an isometry from T
onto T”, then T ®;c1 (T;, ;) and T" ®;c1 (T;, o(x;)) are also isometric. Therefore, the grafting
procedure is well defined on T.

In Section 3.2, we shall use the grafting procedure for rooted real trees but without mass
measure. Recall T = (T, 07, d"). We shall use the following notation:

(2) T@)iEI(ﬂ, xz) = (T? dT’ QT)a
where we also make the convention that T ®ic I(Ti, x;) = T for T = 0.

2.5. Sub-trees above a given level. For T € T we set Hpax(T) = sup,erd? (07, z) the
height of T" and for a > 0:

T@W ={zeT, dz)<a} and T(a)={zeT,d? z)=a}

the restriction of the tree 7" under level a and the set of vertices of T at level a respectively.
We denote by (7%°,i € I) the connected components of 7'\ T' (@), Let (; be the MRCA of all
the vertices of T%°. We consider the real tree T = T%° U {();} rooted at point (); with mass

measure m”" defined as the restriction of m” to T%°. Notice that T = T(@ ®ier (T;,0;). We
will consider the point measure on 1" x T:

(3) ./\[Z - Z 5(@2.,711').
el

2.6. Excursion measure of a Lévy tree. Let a € R, § > 0 and 7 be a o-finite mea-
sure on (0, +o00) such that f(o +o0) (r Ar?)m(dr) < +oo. The branching mechanism 1) with

characteristic («, 3, 7) is defined by:

(4) v =ax+ox + [

0ot <e*)‘r -1+ Ar) m(dr).

We assume the following assumptions:
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(H1) The branching mechanism v is conservative: for all £ > 0,

| i =+
o To ~ T

The conservative assumption is equivalent to the finiteness of the corresponding CSBP
at all time.

(H2) The Grey condition holds:
(5) — < +oo.

The Grey condition is equivalent to the a.s. finiteness of the extinction time of the
corresponding CSBP. This assumption is used to ensure that the corresponding Lévy
tree is compact.

(H3) B >0 or f(O,l) ¢r(dl) = +o00. This condition is equivalent to the fact that the Lévy
process with index 1) is of infinite variation (and the Lévy tree is not discrete).

Let v be the unique non-negative solution of the equation:

oo dA
—— =a.
/v(a) P(A)

Results from [13] in the (sub)critical case, using the coding of compact real trees by height
function, can be extended to the super-critical case, see [4]. They can be stated in the
following form. There exists a o-finite measure N¥[d7] on T, or excursion measure of a Lévy
tree, with the following properties.

(i) Height. For all a > 0, N¥[Hpp (T) > a] = v(a).
(ii) Mass measure. The mass measure m’ is supported by Lf(7), NY[dT]-a.e.

(iii) Local time. There exists a T-measure valued process (¢*,a > 0) cadlag for the weak

topology on finite measure on 7 such that N¥[dT]-a.e.:

(6) m’ (dz) = /000 0%(dx) da,

00 =0, inf{a > 0;£% = 0} = sup{a > 0;/* # 0} = Hyax(T) and for every fixed a > 0,
NY[dT]-a.e.:

e The measure (* is supported on 7T (a).

e We have for every bounded continuous function ¢ on T

a : 1 !
(.0) =i — [ 600111, (710N (T

1

= Eﬁ)l @ / ¢($)1{Hmax(T/)ze}NZ—e(d$= dT/), if a > 0.
Under NY, the real valued process ((£*,1),a > 0) is distributed as a CSBP with
branching mechanism 1 under its canonical measure.

(iv) Branching property. For every a > 0, the conditional distribution of the point
measure N, (dz,dT") under N¥[dT |Hupax(T) > al, given T@ | is that of a Poisson
point measure on 7 (a) x T with intensity £%(dz)N¥[dT"].

(v) Branching points.

e N¥[dT]-a.e., the branching points of 7 have 2 children or an infinity number of
children.
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e The set of binary branching points (i.e. with 2 children) is empty N¥ a.e if 3 = 0
and is a countable dense subset of 7 if 8 > 0.
e The set Broo(7) of infinite branching points is nonempty with N¥-positive mea-
sure if and only if m # 0. If (7, 1) = 400, the set Broo(7) is N¥-a.e. a countable
dense subset of T.
(vi) Mass of the nodes. The set {d((),z), € Broo(7)} coincides N¥-a.e. with the
set of discontinuity times of the mapping a — £¢. Moreover, N¥-a.e., for every such
discontinuity time b, there is a unique z; € Broo(7) N T (b) and Ay > 0, such that:

0 =0+ Ay,

where Ay > 0 is called the mass of the node xp. Furthermore A; can be obtained by
the approximation:
. 1
(7) Ap = lim @n(ﬂ?b, £),
where n(zy, ) = [ L4 ()L, (73N (da,dT”) is the number of sub-trees with
MRCA z; and height larger than e.

In order to stress the dependence in 7, we may write £%7 for £¢. We set o7 or simply o
when there is no confusion, for the total mass of the mass measure on 7T

(8) o=m'(T).
Notice that (6) readily implies that m” ({x}) = 0 for all z € 7.

2.7. Related measure on Lévy trees. We define a probability measure on T as follow.
Let r > 0 and ), 4 07+ be a Poisson point measure on T with intensity rN¥. Consider ()
as the trivial measured rooted real tree reduced to the root with null mass measure. Define
T = 0 ®pex (T*,0). Using Property (i) as well as (10) below, one easily get that 7 is a
measured locally compact rooted real tree, and thus belongs to T. We denote by PY its
distribution. Its corresponding local time and mass measure are respectively defined by
0= ek 04T for a > 0, and m” = Y okek m7”". Furthermore, its total mass is defined by

0= ek oT". By construction, we have P¥(dT)-a.s. § € Broo(T), Ay = r (sce definition
(7) with b = 0) and 0 = rd;. Under P¥ or under N¥, we define the process Z = (Z4,a > 0)
by:

Z, =% 1).
According to Property (iii), under PY (resp. N¥), the real valued process Z is distributed as a
CSBP with branching mechanism ¢ with initial value r (resp. under its canonical measure).
Notice that (under N or PY):

+00
9) o= Z, da =m’ (T).

0

In particular, as o is distributed as the total mass of a CSBP under its canonical measure,
we have that N¥-a.s. ¢ > 0 and for ¢ > 0 such that 1(q) > 0:

(10) NY [1 — e_w(q)(’} —q and NY [a e_w(q)(’] = T

The last equation holds for ¢ = 0 if ¢/(0) > 0.
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We will consider the following measures on T:
(11) NPT = 286NY[dT] + / m(dr)(1 — e~ )PY (dT)
(0,4-00)
and

0 Foo
— N/ ld — 26NY[d dr)PY(dT).
55 N aT)y = 288T) + [ pn(ar) PE(T)

Elementary computations yield for ¢ > 0 such that 1 (q) > 0:
(13) N [1= ™7 =40 +q) = v(6) = h(g) and NV [1—e VD7| = ¢/(q) —(0).

(12) NY[dT] =

2.8. Girsanov transformation. For § € R, we set mp(dr) = e~ 7(dr). Let ©' be the set
of 6 € R such that f(1 o0) mp(dr) < 4+oo. If # = 0, then © = R. We also set 0, = inf ©'.

It is obvious that [0,4+00) C ©', O < 0 and either O’ = [0, +00) or O = (0, +00). We
introduce the following branching mechanisms )y for 6 € ©':

(14) Po(N) = (A +0) —4(0), A+0c@
with characteristic:
(15) (¥'(0), B, 7) -

Let ©Y be the set of # € ©’ such that 1)y is conservative. Obviously, we have:
[0,+00) COY C O C <@w U {900}> .

Let 6* be the unique positive root of v’ if it exists. Notice that 8* = 0 if 1) is critical and
that 0* exists and is positive if 1 is super-critical. If 8* exists, then the branching mechanism
g~ is critical. We set ©Y for [0%, +00) if 6* exists and 0¥ = ©¥ otherwise. The function P
is a one-to-one mapping from ©Y onto 1/1(@?). We write ¢~ for the inverse of the previous
mapping. In particular, if vy is (sub)critical then we have ¥~1(¥(0)) = 0; and if vy is
super-critical then we have § < 0* < ¢ ~1((0)). We set:

(16) g0 =¥ 1(0).
Note that if 1 is super-critical, then gy > 0 and, thanks to (10), N¥[o = +oc] = 1~1(0) > 0.
We recall the Girsanov transformation from [2], which sums up the situation for any

branching mechanism 1. Let ¢ be a branching mechanism satisfying (H1-3). Let § € ©¥ and
a > 0. We set:

M¥? = exp {HZO —0Z, — ¢(9)/ stS} .
0

Recall that Zo = 0 under N¥. For any non-negative measurable functional F defined on T,
we have for 8 € ©¥ and a > 0:

(17)  EXF(T@) =B [FTO)MP?] and N[F(T@)] =N’ | F(T@)mp?] .
Furthermore, if 8 > 6*, then we have:

(18) EY[F(T)] =EY [F(T) " 07 1, ],

(19) N [F(T)) = N [F(T)e ™07 1oy gy

(20) NY[F(T)) = NY [F(T)e 07 1,y o)
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We have that under PY (dT), the random measure N (dz, dT”), defined by (3) with a = 0,
is a Poisson point measure on {()} x T with intensity rdy(dz)N¥[dT”]. Then, using the first
equality in (17) with F' =1, we get that for 6 > 6* and a > 0,

(21) NYe [1 —exp {aza + 1(0) /0 sts}] = —0.

2.9. Pruning Lévy trees and CRT-valued Processes. A general pruning of a Lévy tree
has been defined in [6]. Under N¥[d7] and conditionally on 7, we consider a mark process
M7 (d,dy) on the tree which is a Poisson point measure on Ry x 7 with intensity:

1[0,+oo)(6)d6 2/8€T(dy) + Z Aa:(sa:(dy)
2E€Broo(T)
The atoms (0;,y;)icr of this measure can be seen as marks that arrive on the tree, y; being
the location of the mark and #; the “time” at which it appears. There are two kinds of marks:
some are “uniformly” distributed on the skeleton of the tree (they correspond to the term
2607 in the intensity) whereas the others lay on the infinite branching points of the tree: an
infinite branching point y being first marked after an exponential time with parameter A,.
For every z € T, we set:

0(z) = inf{0 >0, M7 ([0,0] x [0,z]) > 0},

which is called the record process on the tree as defined in [1]. This corresponds to the first
time at which a mark arrives on [0, z]. Using this record process, we define the pruned tree
at time q as:
To={xzeT, 6(zx)>q}
with the induced metric, root # and mass measure the restriction of the mass measure m” . If
one cuts the tree 7 at time 0; at point y;, then 7, corresponds to the resulting sub-tree of 7
containing the root at time ¢q. According to [6], Theorem 1.1, for fixed ¢ > 0, the distribution
of 7, under N¥ is N¥a. We set:
g =m’(Ty).

Because of the pruning procedure, we have 7Ty C 7, for 0 < ¢ < 6. The tree-valued process
(T4, > 0) is a Markov process under N, see [2]. The process (T;,¢ > 0) is a non-increasing
process (for the inclusion of trees), and is cadlag. We recall the transition probabilities for

the time reversed process which are given by the so-called special Markov property (see [6]
Theorem 4.2 or [2] Theorem 5.6).

Theorem 2.1. Let ¢ be a branching mechanism satisfying (H1-3). Let 0 < q < 0 and
Ty distributed according to N¥e. Conditionally on Tp, let Y icioa 5(%71;) be a Poisson point
measure on Tg X T with intensity:

m " (da) N, [dT).
Then, under NV, (Tg, T,) is distributed as:
(TG’ To ®icr0.a (7:;2@@)) .
According to (15), the intensity Ngfq is given by (11) with 1 replaced by v, and w(dr)
replaced by e”?" 7r(dr), that is:

(22) N AT] = 26(0 — q)NY[dT] + / e~ w(dr)(1 — ¢~ C-0)BYr (4T,

(0,400)
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The time-reversed process is a Markov process and its infinitesimal transitions are described
in [4].

3. SUB-TREE PROCESSES

3.1. Sub-tree of the Lévy tree. Following [14], we define a sub-tree process obtained from
pruned CRTs and Poissonian selection of leaves. Let 1 be a branching mechanism satisfying
(H1-3). We set:

(23) n=1"1t\) for A>0.

Notice that ¢ (\) = n and, with go defined by (16), n > g if A > 0.
Conditionally on the tree-valued process (75,0 € ©V), we consider the point measure of
marked leaves of 7Ty:

(24) O(dt, d) Zé(wl
i€lp

defined as a Poisson point measure on Ry x 7o with intensity measure dt m70(dzx). We set:
My = P°([0,A] x To)

the number of marked leaves in 75. We shall be working on {M, > 1} and consider the
probability measure:

(25) PYA(dT) = NY[dT | My > 1].
Notice that n = N¥[M, > 1]. We might write P%(dt,dz) = > icl, Otz (dt, dx) for the

restriction of P? to Ry x Ty for § > 0. On {M, > 1}, for § > 0 , we define the pruned
sub-tree 79(\) containing the root and all the ancestors in Ty of the marked leaves of 7y:

(26) A= |J [O=] and () =m0 ()7
i€lp,t; <A
if A >0, and if A =0, we set:
79(0) = ﬂ To(N).
A>0
Notice that 74(0) = 0 if 7y has finite mass measure, whereas 79(0) # @ (and 74(0) has no leaf)
if 7o has infinite mass. By construction, we have a.s. that 79()) is compact if and only if Ty

is compact (that is 7p has finite mass measure). The sub-tree 79(A) of Ty and thus of Ty is
endowed with the obvious metric. We shall consider the following mass measure on 75(\):

1
(27) m”™ ) = >
o (n) 2€Lf(rg(\)

As 0 varies, we obtain a sub-tree process with parameter A: 7(\) = (79(\),6 > 0) which is a
non-decreasing tree-valued stochastic process, that is for ¢ < 0, 79(X) C 74(A).

3.2. Reconstruction of the Lévy tree. Let g be a generating function of a distribution
p = (p(n),n € N) such that ¢'(0) = 0 (i.e. p(1) = 0) and let ¢ > 0. We shall define
by recursion a Galton-Watson real tree with reproduction distribution p and branch length
distributed according to an exponential random variable with mean 1/c.

Recall Notation (2) for the grafting procedure of trees without mass measure. We say that
a discrete rooted real tree G is a (g, ¢)-Galton-Watson real tree if G is distributed as:

[0, 2] ®1 <<k (G, x),
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with:

e [0,z] a real tree rooted at () with no branching point and such that Ey = d(0, z) is a
random exponential variable with parameter c,

e K has generating function ¢g and is independent of Ej,

e (Gr,k € N*) is a sequence of independent rooted real trees which have the same
distribution as G and are independent of Ej and K.

Let A > 0 and = v ~1()) such that n > 0. We consider the following generating function:
(o L Y I (C St O 1)

(28) I (1) =7+ @) T T
Notice that:

/ ! T'Z), 0
(29) Jwry(0) =0 and gg (1) =1 - w/Eng'

We write G (1, A) for the (gy.x, 1’ (n))-Galton-Watson real tree. According to Theorem 3.2.1
n [12], if 4 is (sub)critical, then the discrete tree 7o(A\) under P¥»* is distributed as a Galton-
Watson tree G(1, A) with mass measure given by (27). Furthermore, we can reconstruct the
Lévy tree T from 79(\), thanks to [14]. For this, recall Definition (12) of N and define the
following probability measure on Ry:

20 rde=mn
30 ™ (dr) =1 _oy———0g(dr) + ———mx(dr).
( ) d,)\( ) {d 2}'[/}”(77) 0( ) "l/}(d)(n)‘ ( )
Theorem 3.1 (Theorem 5.6 of [14]). Assume that ¢ is (sub)critical and (H1-3) hold. Let

A >0 and n=v~"Y(N\). Under P¥* and conditionally on 1o(\), To is distributed as:

7o(N) ®ier (Tis 1) ®aenr(in(n) (Tar ),
with:
o 7o(A\) as To(N\) but with 0 as mass measure,
° Zie[ 5(%7;) is a Poisson point measure on To(X) x T with intensity ETO()‘)(dx) N¥n [dT],

e conditionally on Y ;c; 0(z, 77), the trees (T, x € Br(ro(N\))) are independent with T, is
distributed as

/ T ) (dr) B AT,

Remark 3.2. In fact, in Theorem 5.6 of [14], ¢ can be super-critical and A > 0 with n =
©~1(A) > 0. But it is not obvious that in this case the super-critical Lévy tree distribution
defined in [14] and the super-critical Lévy tree distribution defined in [2] and recalled here
in Section 2.6, are in fact the same. However, we deduce from Remark 5.2 that this equality

indeed holds.

4. MARGINAL DISTRIBUTIONS

The main goal of this section is to study the one-dimensional distribution of the sub-tree
process 7(A) = (19(N), 6 > 0).
We first give an application of the special Markov property.

Proposition 4.1. Let ¢ be a branching mechanism satisfying (H1-3). Let A > 0 and n =
Y~Y(\). Under NY, the couple of trees (Tg, T9(N)) on { My > 1} is distributed as (To, To(vg(n)))
under N¥¢ on { My, > 1}.
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Proof. We first assume A > 0. From the special Markov property of Theorem 2.1 for the
process (7(0),6 > 0) under N¥, we get:

(31) To =Ty ®je 00 (75, y5),
where > jego.0 5(%70]-) is, conditionally on Ty, a Poisson point measure on Ty x T with intensity
m” (dy)N [dT).

Recall P is the restriction to R, x Ty of P defined by (24), and thus P{ = >ier, 0w Liti<ny
is a Poisson point measure on Ty with intensity Am’ (dz).

For j € J%0, let s; = inf{t;;x; € 76j for i € Ip}. Notice that conditionally on 76j, s; has
an exponential distribution with parameter Am7o (73 ). We deduce that, conditionally on 7y,
PY=3" o0 dy;1(s;<n} 18 a Poisson point measure on 7y x Ry with intensity:

m (da) N [1 = e77] = [(0 + 1) = $(8) — (n)] m" (da),

where we use (13) to get the equality. By construction 7319 and 7329 are independent Poisson
point measures. Therefore, 7719 + Pg is a Poisson point measure with intensity:

m (dz) [\ + (0 + 1) = (0) = ()] = vo(n)m” (da).
To conclude, notice that 7y(A) is the sub-tree generated by the marked leaves before time A
of Tp, which are given by the atoms of P?, and the roots x;j of the trees 76j having marked
leaves before time ), that is the atoms of P§. Then use that Ty under N¥ is distributed as

To under N¥¢ to conclude. '
For A = 0, we have PY = 0 and 7y contributes to 74(0) if and only if it has infinite mass.

So, in the previous argument, one has to replace 7729 by Zje 76,0 5yj1{ oy y which is a
g =100
Poisson point measure with intensity:
m” (de) Ny [0 = +oo] = ¢p(n) m (d).
Hence the conclusion follows. O

Remark 4.2. Assume A\ > 0. Using the notation from the previous proof, for k € N*, we let:
Yy, = Card {j € J%°; Card <Lf(7'0()\)) N 7'5) — k)

be the number of trees grafted on 7y having exactly k leaves marked at time A and Yy =
(PY,1) = Card (Lf(rg()\)) NLf(T)) be the number of marked leaves on Tp. We get that
conditionally on 7y, the random variables (Y, k € N) are independent, Y} is Poisson with

parameter Aoy, and for k € N*, Y}, is Poisson with parameter Jg/\/'(;’b [()\O')k e_)‘(’] JE!.

Using the Girsanov transformation from Section 2.8, we will give a Girsanov transformation

for 7(A).
For T € T, let L(T) = Card L{f(7) be the number of leaves of the tree 7 and
(32) L(a,T) = L(a, TW) = Card {z € T:d" (0,2) = a}

be the number of elements of 7 at distance a from the root. Note that:
(33) n=v"A) =q+ v, (A), and ¢'(n) ='W (N) =, (W (\).

We first state a preliminary Lemma. Let P¥*(dG) denote the distribution of the Galton-
Watson tree G(1, A) defined in Section 3.2.
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Lemma 4.3. Let ) be a branching mechanism satisfying (H1-3). Let A\ > 0 andn = ¢~ 1(\) >
0. For any non-negative measurable function F on T and a > 0, we have:

n L(a,G)—1
FIG™) (n—cm) ]

Proof. Let (p(yx)(n),n € N) be the probability measure determined by g(,, ») defined by (28).
Then p(y,»)(1) = 0 and for n # 1, we have:

EYAF(G@)] = EYao?

(n) )
I (@) ™ ()|t
n! ' (n)n!

Thanks to (33), we have ¢ '(A) = 1 — qo and for n > 0, ™ (n) = z/;f];‘)(n — qo). Set
u = (n—qo)/n. Then, we have for n € N:

iy (gt O] (g (1)~
(35) p(%,x)(n):' ( ,OEJEEA))”! Linz1y

q
o1 [0 () ! e
=u"! ¢/(77)n! l{n;«él} =u lp(w,A) (n)

(34) Py (n) =

~—

The number of leaves of G(@ which are leaves of G is quo”\(dg)—a.s. given, for fixed a, by
L(G) — L(a,G). Thanks to (33), the individual lifetimes under P¥* and P%w* have the
same distribution. Recall k; is the number of children of x. Therefore, we have:

I () L(G)~L(a.,0) ()
EVYAF(G®)] = EYo? | F(g@) [ 2L 11 P ) \Fa
p(w,m, »(0) xeBr(gM))pwqovA)(M)

— E%a0A —F(g(a) )uL(g(a))’L(“’g)’zxesr(g(a)) (“11)]

g Ew‘ZO’)\ _F(g(a))uliL(aﬁg)} ,
where the last equality is a consequence of the following fact for finite discrete trees G:

L+ ) (ke —1) = L(9).

x€Br(G)

Recall (32). We shall consider the following whole families of sub-trees and leaves:

7'6(762 = {Tea)(z),z > Ab, L(a, 7o) = L(a, 7y )\) = {L(a,7y )( ),z > A}
We have the following Girsanov theorem.
Theorem 4.4. Let ¢ be a branching mechanism satisfying (H1-3). Let X\ > 0 and n =

Y=Y(N\). If 9 is super-critical, then for any non-negative measurable functional H on the
Skorokhod space D([A, +00),T), we have:

n L(a,m0(N)) (@)
(77—> H(To,,\)l{szl}

(36) N’ [H(r) 1oy | = N | (- -
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Proof. Recall the random measure N, defined in (3) is according to the branching property
(iv), conditionally on 7(%), a Poisson point measure with intensity £%(dz)N¥[dT]. We deduce
that, conditionally on 7, L(a,7(\) = L(a, To(a)()\)) is a Poisson random variable with
parameter:

NY [1 _ e_AU} Z, = nZ,.

Let P¥ be, conditionally on 7(® and Téa)()\), a Poisson point measure on [\, +o00) with
intensity Z, (1/)_1)/ (z) dz. We consider the family of random variables:

Py = {PY(\ 2] 2 2 A).
Using again the branching property (iv), we get that, under N¥ and conditionally on T (@)
L (a,7p,) is distributed as L (a, 79(\)) —|—73;\p = {L (a,70(\) +P¥([\,2]), 2 > A}. Then notice
that the first equality of (33) implies that P;\p under N¥ |- |T(a)} is distributed as 73;\% under
N¥o [ |T@]. We set:
F(T), La,7§%)) = N’ [H(mS) 1 ar o0y | T, Lia,733)]

We deduce that:

prﬂéﬁﬂ@mzu}zNwf%T@%uan@»]

" oo .
=NV ZF (T@ k+7>¢)( ‘Z) e "Za]
Lk=0
i k
:quo Z k_i_quo)(??i?) e(nqo)Za]7
P !

where we used the conditional independence of P¥ and Téa)()\) given 7@ for the third

equality, the Girsanov transformation (17) for the last equality (and that ¥ (qy) = 0). Using
1/)(;)1()\) = 17— qo, we notice that L(a,79())) is under N¥w [ - | “)] a Poisson random variable
with parameter:

NYa0 {1 - ef)‘g} Z,=(n—qo)Za-

Therefore, we obtain:

o

NY H(To(,ag)l{MAZl}} — N% Z(

-0 1 —4qo0

k
> F(T® k4 Plo) ((n— Z?)Za)k e_(n—QO)Za]

n L(a,70(N)) "
—x | () 0, s 42
— 4o

o\ Lan) .
_ N¥u ( ) FOT, L(a, 7)) |
|\~ 4o 0,

where we used for the last equality that under N¥e and conditionally on 7(®), L <a, Té?) is

distributed as L (a, 19(\)) + P;\pqo.
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By construction, the distribution of To(ag conditionally on 7(® and L(a,TéaA)) is the same

under N¥ and N¥¢ for any 6 > 0 and in particular for § = go. We deduce (36). O

We immediately deduce the following Corollary.

Corollary 4.5. Let 1 be a branching mechanism satisfying (H1-3). Let X > 0 and n =
YY), Under PY?, for each 0 > 0, the sub-tree 19()\) is distributed as the Galton-Watson
real tree G(vg,19(n)) with mass measure given by (27).

Recall P¥*(dG) denotes the distribution of the Galton-Watson tree G(i, ) defined in
Section 3.2.

Proof. 1f 1 is (sub)critical, then this is a consequence of Theorem 3.2.1 in [12] and Proposition
4.1. Now we assume that ¢ is super-critical. Notice that:

n—qo  NYao[My>1]

Using Theorem 4.4, this gives that for a > 0 and G a non-negative measurable functional
defined on T:

G (V)

L(a,0(\))—1
EY [G(TO(@(A))} — EYao) [(n jq0>

Recall that if (7,0,d, m) is a measured rooted real tree, then we denote by T the real
tree (7,0,d). Since 1y, is sub-critical, thanks to Theorem 3.2.1 in [12], we get that under
P¥a0-, 75()\) has distribution P¥0}. Then by Lemma 4.3, we get that under P¥*  7,()\) has
distribution P¥*. Then use Proposition 4.1 to get that for each 6 > 0, 7p(\) under P¥>* has
distribution P¥e:%e() O

The following Corollary is another direct consequence of Theorem 4.4.

Corollary 4.6. Let A > 0 and a > 0 be fized. Under N¥w on {M, > 1}, the process
(Qz,z > N) defined by:

_ w—l(z) )L(avTO(Z))
Q- = <¢1<z> w0

is a backward martingale with respect to the filtration (Q,,z > \) with Q, = o(19(2'); 2’ > 2).
We present an other Girsanov transformation for sub-trees.

Remark 4.7. Let 1 be a branching mechanism satisfying (H1-3). For any ¢ > 0 >0, a > 0
and F' a non-negative measurable functional, we have:

(37) B [F(HO )| = B2 [FED )N (7))

where N f’q is defined for discrete trees by:

L(T(®)~L(a,T) (k2)
N%U(T) = (1/"1(”)> oW B+ @) ) T Yq " (1)

O/,)\ Kg ?
¢9 (77) IGBI‘(T(“)) wé )(77)

with the convention [,y = 1. Under P¥*, the process Nf’q = <Ng’:\1(7~'9()\)),a > O) is a

martingale with respect to the filtration (J(i’e(a)()\)), a> 0).
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5. CONVERGENCE OF THE SUB-TREE PROCESSES

We provide an alternative proof of the convergence of the sub-trees to the Lévy tree
from [14] using the Gromov-Hausdorff-Prohorov distance on T which relies on the Girsanov
transformation. Recall that for simplicity, we identify 7" and (T, d”, 7, m”) € T. And, under

PY or N¥, the mass measure on 7o(\) is given by (27).

Theorem 5.1. Let ¢ be a branching mechanism satisfying (H1-3). We have N¥-a.e. or
P,lnp—a.s.:

(38) lim dgpp(T,m0(N)) = 0.

A—+00
Proof. Under N¥, the convergence (38) is a consequence of Lemma 5.4 below (see also Propo-
sition 2.8 in [5] to get the dgup convergence from the dgp convergence) for the (sub)critical

case and Lemma 5.5 below for the super-critical case. Then the P?—a.s. convergence is a
consequence of the representation of P! from Section 2.7. U

Remark 5.2. Notice in particular that Theorem 5.1 asserts that (F, (F(A),A > 0)) in [14] and
(T, (t0(N\), A > 0)) have the same distribution. In particular, this implies that the distribution
for super-critical Lévy trees defined in [14] based on a coloring leaves process and the one
defined in [4] based on a Girsanov transformation are the same. Therefore, Theorem 3.1 is
also valid for 1 super-critical.

Remark 5.3. The pruning sub-tree process (79(A),0 > 0) is a piece-wise cadlag T-valued
process. It is easy to check, using the representation of the backward process in [4], that the
pruning tree process (Ty,0 > 0) is also a cadlag T-valued process. Then, one can also prove
the convergence, with respect to the Skorokhod topology, of the pruning sub-tree process
(T9(A),0 > 0) towards the pruning tree process (7,0 > 0) as A goes to infinity.

Lemma 5.4 is stated in Section 5.2 and Lemma 5.5 in Section 5.3. Section 5.1 presents
preliminaries on approximation of trees by discrete sub-trees.

5.1. Distance between trees and discrete sub-trees. In this Section, we present an
immediate convergence result from sub-trees to trees for trees coded by a function.

Let f be a non-negative continuous function with compact support s.t. f(0) = 0. We set
o = sup{t; f(t) > 0}. We define:

d'(z,y) = f(2) + fy) -2 _ inf ~ f(u)
u€[zAy,zVy]
and the equivalence relation: z ~ y if d/(z,y) = 0. We set T/ = [0,0]/ ~. Let p/ be the
projection from [0, o] to T, with pf () the equivalent class of = in TF. Let m/ be the image
of the Lebesgue measure on [0, o] by the projection p/. Set )/ = p/(0) and we still denote by
df the distance on T, image of df by p/. It is well known that (T, d’, #f, m/) is a measured
rooted compact real tree.

Let A = {yo,...,yn,}, with 1 < Nao < 4oo and 0 = yp < --- < yn, < 0, be a finite
subdivision of [0,0]. Let |A| = supy<;<n, ¥i+1 — yi be the mesh of the subdivision. For
0 < i < Na, let §; € [y;,yi11] such that f(y;) = infyepy, ., f(w). We consider fa the
lincar interpolation of the points {(yi f(s)), (5 F(5));0 < 1 < Na} U{(ynsr f(una))}- By
construction 772 is the smallest sub-tree of T/ containing {p/(y;),0 <4 < Nal.
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Let aan > 0 and m/2 be the image of the measure ua = aa ZyEA,y;éO 0y by the projection

pf. We consider the measured rooted real tree T/2 = (T/a dfa (f mF2). Tt is elementary
to get:

(39) e (T4, T12) < Lo 1@ = fw)l+ d07 (Leb, pa),
T—Y|l>

where Leb is the Lebesgue measure on [0, 0], and the space [0, 0] is endowed with the usual
distance.

5.2. The (sub)critical case. The main result of this Section is the following Lemma.

Lemma 5.4. Let ¢ be a (sub)critical branching mechanism satisfying (H1-3). We have
N¥-a.e. for all ag > 0:

(40) i dgyp(T.(N) =0 and L sup dyp(T', 7" (1) = 0.

A—+o00 a<ag

Proof. According to [12], there exists a continuous stochastic process h, called the height
process, such that under its excursion measure it has compact support [0,0"] and (T", ")
is distributed at (7,c) under N¥. Notice that the continuity of the height process is a
consequence of (H2). Conditionally on h, let P =3, ; d(y;t;) be a Poisson point measure on
[0,0] x R4 with intensity dydt. For A > 0, we set:

Ay={ysielandt; <A}U{0} and pa, =

>4,

yEAN,Y#0

> =

By construction, we get the following equality in distribution:

—
=

(T", (T2, X > 0)) = (T, (10(A), A > 0)).

The properties of the Poisson point measures imply that a.e. under the excursion measure

of h, limy_, o |[Ax| = 0 and limy_,; d[P(,)’Uh](Leb,,uAA) = 0. Thus, we deduce from Section
5.1 and (39) that a.e. under the excursion measure of h,

Jim A (T", TA2) = 0.
—+00

Thus, we obtain the first part of (40).
We set e = dgyp(T,70(A)). According to the proof of Proposition 2.8 in [5], we have, for
a>0:

diip (T, 77 (X)) < 35+ mT (T2 T2

Using (6) and the definition of Z, we deduce that for ay > 0:
sup déyp (T, 757 (V) < 3 (1 +  sup Za) Ex-
a<ag a<ap+2ey

We deduce then the second part of (40) from the first part of (40). This ends the proof of
the Lemma. (]
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5.3. The super-critical case. The main result of this Section is the following Lemma.

Lemma 5.5. Let ¢ be a super-critical branching mechanism satisfying (H1-3). We have
N¥-a.e.:
lim dgpp(T,m0(N)) = 0.

A——+00

Proof. We deduce from Theorem 4.4 that for a > 0:

NY [lim inf /0 e (1 A dpp (T(T),Tér)()\))> dr > 0}

A—~+00

" wfl(l) L(a,70(1)) a ") r)

_ 3 3 T C T

= N¥a0 (m) s 1}{%41»25\/0 (S <1 A dGHP <T ) ()\))) dr > 0] .
Then use (40) to get that the right hand-side in the previous equality is 0 for all @ > 0. This
implies that N¥ [lim infy_, o dgup (7, 70(\)) > 0] = 0. O

6. PRUNING AND GROWTH OF THE DISCRETE SUB-TREES

6.1. The pruning process. We define the following pruning procedure for the discrete sub-
trees. Under P¥*, let T be distributed as 79(\). Conditionally on T, we consider a Poisson
point measure M5(df, dy) on R, x T with intensity:

V(04 0)10,+.00) (6)0 £ (dy)
and an independent family of independent random variables (£,,z € Br(¥)), such that the
distribution of &, has density:
Y=t + 2)

A b
Yl (y) 0

We define the mark process:
ME(df, dy) = M(dO,dy) + > b(e, )(d0, dy).
z€Br (%)

For every x € ¥, we consider the corresponding record process on <:

0% (x) = inf{0 > 0, M*([0,6] x [0,2]) > 0}.
We define the pruned tree at time ¢ > 0 as:

T, ={z €T, 0%(z) > q}

with the induced metric, root () and mass measure m*s = m Z%Lf(‘zq) 0. Then we have
the following theorem.

Theorem 6.1. Let 1) be a branching mechanism satisfying (H1-3). Let A > 0 such that
n =" (\) > 0. Then under P¥*, the two processes (t9()\),0 > 0) and (Ty,0 > 0) have the
same distribution.

Proof. The proof is based on Theorem 3.1 and Remark 5.2. Notice that the processes
(19(A),0 > 0) and (Tp,0 > 0) are by construction Markov and right continuous. There-
fore, it is enough to check the two-dimensional marginals have the same distribution.

Let & > g > 0. Recall the pruning procedure defined in Section 2.9. On one hand, a
mark appears on the skeleton of 7,(\) before time 6, if this is a mark which appears before
time 6 and which is either on the skeleton of 7, or on a branching point of 7,. Those marks
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which initially are on the skeleton of 7; are distributed on 7,()) according to a Poisson point
measure with intensity 28(6 — q)¢™™M (dy). A node of T, with mass 7 has a mark before time
0 with probability 1 —e~ (=97, And the nodes of 7, with mass r which lies on the skeleton of
74(A) are, thanks to Theorem 3.1, distributed on 7,(\) according to a Poisson point measure
with intensity r e """ 7r(dr) £« (dy). This implies that the marks on the skeleton of 7,(\)
before time € are distributed according to a Poisson point measure with intensity:

[25(9 -9+ /( - )(1 —e =)y e_”’_rqﬂ(df)] 1 (dy) = [h(n) — g(m)] €1 (dy)

0
= / W' (0 + 2)dz 07N (dy).
q

On the other hand, if z is a node of 7,(\) with number of children k,, then a mark
appears on it before time 0, if it appears before time ¢ on 7;. According to Proposition 4.1,

(Tq> 74(1q(n))) is distributed as (T, 7o(A)) under N¥a. We deduce, thanks to Theorem 3.1,

that the mass A, is conditionally on () distributed according to I’f: Galn) defined by (30).

Therefore a mark appears on the node z of 7,(\) before time 6 with probability:

_(o— vy (n)
F:’fq (dr)(l1 —e © q)r) =1--"4 == P(& < 0| > q).
/ eotaln) ™ ()

By construction of Ty from T, we deduce that the distribution of Ty conditionally on {¥, =
T} is the same as the distribution of 79(A) conditionally on {7,(A\) = T'}. Then use that Ty
is distributed as 79(\), to deduce that Ty has the same distribution as 7y9(\). Thus, we get
that the processes (19(\),0 > 0) and (Tp,0 > 0) have the same two-dimensional marginals
distribution. O

Remark 6.2. By construction of T and thanks to Proposition 4.1, we get that (Tgy4,60 > 0)
under P¥ is distributed as (T, 0 > 0) under P¥a¥a(m),

6.2. The growth process. Let A > 0. Theorem 6.1 gives the pruning procedure of the sub-
tree process. Conversely, we will also give a growth procedure for the time reversed sub-tree
process. However, if Ty can be defined on ©¥ simultaneously, this is no more the case for
To(A). Recall 1g(n) > A > 0 for 6 > 0. We define:

(41) 0y = inf{f € ©%;¢p(n) >0} and OY* = [0, 400) NOY.

Notice that 85 < 0. Theorem 6.1, Remark 6.2 and the Kolmogorov extension theorem insure
that there exists a process (7p()), 0 € ©¥*) under P¥, such that for all ¢ € ©¥ the process
(Torq(N), 0 > 0) is distributed as (79(14(n)), 0 > 0) under P¥a¥a(m),

We consider the function g?{f N defined for ¢ € ©¥* and 6 > ¢ by:

1—7)) - 1-
Notice that 14(n) > 0 and thus g?{ﬁ)\)(l) =1, gaﬁ)\) (0) = 1¢(n)/ve(n) and for k € N*:

VALK
(dt'x) Moy = ¢ 12; (;)n‘(w(’“) O +m) =P (g+mn) >0.
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Since 1) is analytical at least on (6, +00), we deduce that g?j N (r) is the generating function

of a random variable K taking values in N. Let (7%, k € N*) be independents random trees
distributed as 7,(\) under P¥* and independent of K. We set:

Gao(h, N) = D @ 1<k (7,0),
with the convention that () ®1<z<x (7F,0) = 0 if K = 0.
Theorem 6.3. Let 1 be a branching mechanism satisfying (H1-3). Let X > 0 and n =

YL(N). Let0 > q with g € ©Y*. Then under P¥*, conditionally on 19(\), 74(\) is distributed
as

70(A) ®zeLt(ry(\) (97, T),
with mass measure given by (27) (with 0 replaced by q) and where (G7, v € Lf(19(\))) are
independent and distributed according to Gy (1, N).

We first state a preliminary Lemma.

Lemma 6.4. Under the Hypothesis of Theorem 6.3, the sub-tree To(1q(n)) is distributed
under N;’b_qq[- | My, () = 1] as Ggo(, \) conditionally on Gg (1, A) # 0.

Proof. By construction of G, g(1, A), the Lemma will be proved as soon as we check that the

degree of the root of 7(1)4(n)) under Nij [-| My, @) > 1] is distributed as K conditionally
on {K >1}.

Without loss of generality, we may write ¢, A and 6 for 14, 14(n) and 6 — ¢, that is assume
q = 0. Let Ny be the degree of the root () in 79(A\). Notice that {My > 1} = {Ny > 1}. We

set h(u) = ./\/'Gw [uN‘B 1{N021}}. Notice that, under N¥, Ny is 0 or 1 and that, under Pﬁb, Ny is
a Poisson random variable with mean rN¥ [M) > 1] = rn. We deduce that for u € [0, 1]:

h(u) = 260uNY [M, > 1] + / m(dr)(1 — e ")EY [uM 1,511
(0,4-00) -

— 2860nu + / w(dr)(1 — e ) (e7™I—w — 7).
(0,400)

Let g9 = g?{ZA) be the generating function of K and g; be the generating function of K
conditionally on {K > 1}. Elementary computations yields go(u) = ¢o(0) + h(u)/va(n).
We deduce that gi(u) = h(u)/h(1). This readily implies that Ny under ./\/(;’b [-| My >1] is
distributed as K conditionally on {K > 1}. O

Proof of Theorem 6.3. The proof is very similar to the proof of Proposition 4.1. From the
special Markov property Theorem 2.1, we get:

Te="Ty ®jego.a (qu,xj),
where > jegoa 1) (2,.77) is, conditionally on Ty, a Poisson point measure on 7y x T with intensity
m70 (dz) N, ;’b_q ,[dT]. Notice that 77 gives a contribution to 7,(\) (that is 77 N7, (A) # 0) if there
is at least one marked leaf on 77. Furthermore, if there is a contribution, then 77 N 7,(\)

is distributed as 79(t4(n)) under ./\/'(;pfq[- | My, = 1] but for the root which is z;. This
distribution is given in Lemma 6.4. Thanks to (13), we have:

(43) NG [My, i) > 1] = NG [1 = e 007] = (0 + ) — $(6) — v4(n) = vo(n) — Yg(n).
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Standard results on marked Poisson point process imply that the point measure on the
leaves of 74(A) which are still in 79(A), that is >- cp(r, (n)ALE(r, (1) O2(dY), s, conditionally
on Ty, a Poisson point process on T with intensity 1,(n)m7¢(dy), and is also independent, of
20 O, 77):

Using standard results on marked Poisson point measure, we get that 7,(\) can be recovered
from 79(\) by grafting independently on each leaf z € Lf(75(\)):

e Nothing with probability 14(n)/ve(n).
e A sub-tree distributed as G, (¢, A) conditionally on G, ¢(1), \) # (0 with probability
1 —1bg(n) /40 (n)-
Then use that P(G,9(¥,\) = 0) = P(K = 0) = ¢4(n)/1¥s(n) and that the mass measure of
74(A) is given by (27) (with 6 replaced by ¢) to end the proof. O

Remark 6.5. We deduce from Theorem 6.3 that the transition rate (for the backward process)
at time 6 from 7p(\) to To(A) ®1<k<k, (T, 2), With = a leaf of 7y()\), is given by:
(=Dfettpto ot D + 1)

ko! Vo (1)

with pp the distribution of 75(\) under P¥*. The mass measure process is always defined by
(27).

po(drt) - - po(dr*o),

7. STUDY OF LEAVES

We first present a martingale based on the total mass of the pruned process.

Proposition 7.1. Let ¢ be a branching mechanism satisfying (H1-3). Then under PY and
NV, the process (Rg,0 > qo), with:

Ry = ¢/(0)0,
is a backward martingale with respect to the filtration (Fy,0 > qo) where Fop = o(Tq,q > 6).

Proof. Let gy < q < 6. According to the special Markov property, we have:
(4) i
(To.00) L (To,o0+ 30T,
el
where ), ; 074 is conditionally on 7y a Poisson point measure on T with intensity:
m 7 (dz) Ny, [dT].
Using (22) and (13), we have:

i ‘(0
EY [oq|Fo] = EY 00+ZUT Fo =09+09N$”_qq [o] = w,( )09
= ¥’ (q)
This gives the result under PY. The proof is similar under NY. (]

Notice that Proposition 7.1 is also a direct consequence of the infinitesimal transitions of
time-reversed process (7g,0 € ©¥) given in [4].

Now we present a result on the number of leaves for the sub-tree process. Let A > 0. We
consider the leaves process of the sub-trees L(A\) = {Lg()),0 € OV}

Lg()\) = L(Tg()\)) = Card (Lf(T,g()\)))
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Proposition 7.2. Let ¢ be a branching mechanism satisfying (H1-3). Let A > 0 and n =
Y™HN) > 0. Under PY, the process (Rg(N\),0 > qo) with:

V'(0)
= L9 A )
Yo(n) 2
is a backward martingale with respect to the filtration (Hg,6 > qo), where Hog = o(14(X),q >
0).

Ro(N)

Remark 7.3. Notice that Lg()\)/t1g(n) is the total mass of m™*) . The convergence from
Remark 5.3 and the fact that 7y is compact for 6 > gg, implies that (as a process) the total
mass of m™™) converges to the total mass of m7 that is oy as A goes to infinity. Thus
Proposition 7.1 appears as a consequence of Proposition 7.2.

Recall (28) and (42). For § > q and ¢ € ©%, we set:

0

(44) 9q(r) = g(lﬁqﬂﬂq(n))(r) and g(r) = g?iﬂ)\) (1)

Proof of Proposition 7.2. We write Ly for Ly()). Let gy < ¢ < 6. By Theorem 6.3, we have:
(45) EYA [Lg|T9(N)] = Lyg(0) + Log' (VEY [Ly)] .

Thanks to Corollary 4.5 and the branching property, we have:

(46) E¥* [Lg] = g4(0) + E¥* (L] g;(l).

This gives:

PYA L] = 94(0) _ Yq(n)
Ll = 1200 = wi)
Then use that:

- ¢Q(n) / . n / Y.
90 =G V=00 (¥'(0) —v'(q))
and (45) to get that:
ATy ) (0)
= ) e
This gives the result. O

Remark 7.4. A similar result for the leaves process of discrete time Galton-Watson tree-valued
process was proved in Corollary 3.4 of [3] using a quantity similar to (1 — g;(1))/g,(0) which
comes from (46).

For 6 > 0,, the function gy is convex positive with go(0) > 0 and gy(1) = 1. Hence, for
¢ €[0,1), the equation:
z = go(z) + gp(0)(¢ — 1)
has a unique solution z € [0,1], which we denote by hy(¢). By construction the backward

process (Lg()\),0 > 0)) is Markov under P¥**. The next Proposition gives its one and two-
dimensional marginals.

Proposition 7.5. Let ¥ be a branching mechanism satisfying (H1-8). For 8 > q > 0y and
¢,z €1[0,1), we have:

(47) E¥-A [CLe(A)] = he(¢), and E¥A {CLe(A)ZLq(A)] — he(gwqﬂ(z))7

with w (z) = g(hy(2)) + g(0)(z — 1),
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Proof. We write Ly for Ly(A). Conditioning on the number of children of the lowest branching
point and using the branching property of the Galton-Watson trees 79()), we get:

E¥A [CLe] = go(0)C + ZEw,A [CLe]k QGT(O) = gy (Ew,A [CLeD + g9 (0)(¢ — 1).
k=1 ’

This gives the first part of (47). Recall G,9(1,\) defined in Section 6. Using again the
branching property, we have:

B MG = g(0)z + ghy(2)) - 9(0).
Then, by Theorem 6.3, we have:
E¥A [¢ozla] = EYA [cLezzzew@mL(gz,eww}
=E" [¢7(g(hg(2)) + 9(0) (= — 1))™*]
= ho (Clg(hy(2)) + 9(0)(= = 1))).
This ends the proof. O

Example 7.6. Assume ¢ (u) = Bu?, with 3 > 0, so that © = R and qp = 0. Let A > 0. We
have n = \/A/B3, Oy = —n/2 and ©¥* = [A, +00). For § > 0 and ¢ € [0,1), we have:

RYA [CLQ(A)} _n+0- VO + (11— ()0 +1)?
n

and for § # 0 (see 55 for 0 < 6 < 0):
n+20
216
For 6 = 6, we have gy, (0) = 0, and the tree 7y, (A) is a Yule tree and has no leaf (formally,
we have E¥ [CL%()‘)} =0).

EY [Lo(N)] =

8. ASCENSION TIME AND TREE AT THE ASCENSION TIME
For convenience, we assume in this Section that 1 is a critical branching mechanism sat-
isfying (H1-3).
8.1. Ascension process and Ascension time. Let A > 0. Recall 0y and % defined in
Section 6.2. Define the ascension time on {My > 1}:
(48) Ay =inf{f € ©¥*;75(\) is a compact tree.},

where we make the convention that inf@ = 6. P¥*a.s., we have Ay < 0. Since, by
construction, 7yg(\) is a compact tree if and only if Ty is a compact tree, we have Ay =
inf{f € ©¥* : gy < oo} B

For 0 € ©, we set 6 = 1)~ 1(¢)(#)), so that # is the unique positive number such that:
(49) »(0) = ¥(0).
By Theorem 6.5 of [2] and its proof, we have for all § € OY:

(50) 0 —0=1,"(0).
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Recall gy defined in (44). And notice 1— 5%9 is the minimal solution of the equation r = gy(r).

Since 7p()\) is under P¥* a Galton-Watson tree such the reproduction law has generating
function gy, we deduce that for 6 € (0,,0):

(51) PYA(Ay < 0) = PY*(19(\) is compact) = 1 — %
Since df/df = '(0) /1)’ (6), we have for 6y < 0 < 0:

52 PYA(4y € df) = © (1 - WQ)) do.

o e = )

We give the distribution of the sub-tree at the ascension time. We set Sp(A\) = (7914(N),q >
0). Thanks to Corollary 4.5 and Theorem 6.1, for # € ©%*, Sy(\) under P¥* is distributed
as So(1g(n)) under P¥o-vo(n),

Proposition 8.1. Let A > 0 and n = ¥ ~'(\). For 6y < 6 < 0 and any non-negative
measurable function F, we have:

ny
B F(Sa, (1A = 0] = 22 DB [0 00) Lo 1<)
Proof. By considering E¥* [F(S,)|7,(\)] instead of F(S;(\)), one can assume that F' is mea-
surable defined on T. Assume F(T) = 0 if T is non compact. For 0\ < ¢ < 6 < 0, we
have:
(53) Ew’)\[F(Tg()\))l{AAzq}] = EYA[F(19(\))P¥ (7,()\) is non compact|mp(\))].

We write Lg for Ly(A). On {m(\) compact} that is {Ly < oo}, we get that 7,(\) is compact
if and only if the trees grafted on 79(\) to get 74(\), see Theorem 6.3, are compact. Using
(51), (42) and notation (44), we get on {Lg < 0o}:

o\ Lo
(54) PYA(7,(\) is non compact|rp(A)) = 1 — <1 _ u) .
n

A simple calculation (recall g depends on ¢) based on the computation of (52) yields on
{Lg < oo}:

d N ) i g\l g _
o5 (5 (-5
4 (arsy /=0 T/ 1q=6

(2 (-5 -0 (- 541 (-59)]

Y'(9)
e Le .
Yo ()
Then by (53) and (54) and thanks to the regularity of g and ¢ in ¢, we have:
Ew’AFTg)\ ,A)\Edtg d
P2 €T B0 (rg ()L, 200

_ ¥’ (6)
=E"" | F(19(A)) Lo Do) HLo<ost |

Meanwhile, by Proposition 7.5, we have:

(55) EY [Lolir, <ooy] = Jim a% () = — 90 (O) wo(n)

U= gp(ho(1=)) — m/(8)’
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where we use the fact that hp(1—) =1 — 5%9 which is the minimal solution of the equation
r = go(r). Thus, we get:
Ew’)‘[F(Tg()\)), Ay € d@]
]P’w’)‘(A)\ S dé?)
_ EPAF(79(N) Lol {1, <0}
E¥A[Lol{L,<too)]
_nv'(9) 0)
E¥" | F(m9(A)) Lol o] -

1/}0( ) [ ( 9( )) 0{Ly< }]

This ends the proof. O

EYA[F(19(N))|Ax € db] =

We give an immediate Corollary.

Corollary 8.2. Let A > 0 andn = 1#__1()\). For 6\, < 6 <0 and any non-negative measurable
function F, we have, with ng =n — 0 + 0

ney’ ()
Ya(n0)

Proof. Then similarly to Proposition 4.6 of [3], we have:

EVAIF(Sa,(W)IAx = 0] = —— PP [F(S5(4 (1)) L (% (10))] -

BOAF(S4, 0014 = 0) = 226 T O) g [ 1(85(A) Lo (A (100 <o0y]

<>
)) [F(Ss (M) Lo (N L1 0)<oc))
z n))Nwe[ (So(e(n))) Lo (e (1) L1< Lo (o (n))) <0}
_¥ i))IW [ (So(t0 () Lo (80 () (2o oy
= SO [r(Satwtn 0+ ) Ealwln — 0+ O)L11, a0y
(n—0+0)p (9_) i - i -
= S e [ Syt~ 0+ ) gl = 0+ 6)]

where we used Proposition 8.1 for the first equality; definition (25) of P¥* and {My > 1} =
{Lp(\) > 1} for the second; Proposition 4.1 for the third; Girsanov transformation (19) and
1p(0 — 0) = 0 as well as the fact that the number of the leaves are finite under N¥o as )5 is
sub-critical for the fourth; Proposition 4.1 as well as the equality 1g(n — 0 + 0) = 1(n) for
the fifth and sixth equalities. O

8.2. An infinite CRT and its pruning. An infinite CRT was constructed in [2] which,
because of (H2) is the Lévy CRT conditioned to have infinite height. Notice that since v
is critical the event of infinite height is of measure zero. Before recalling its construction,
we stress that under PY, the root §) belongs to Bros and has mass Ay = r. We identify the
half real line [0, +00) with a real tree denoted by [0, oo[[ with the null mass measure. We
denote by dx the length measure on [0,00[. Let >, /. d (wF,T*1) be a Poisson point measure
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on [0, 00 xT with intensity dz N¥[dT], with N¥[dT] defined in (12). The infinite CRT from
[2] is defined as:

(56) T = [[@, OO[[@)Z'GI* (T*7i’ x;k)

We denote by P*¥(d7*) the distribution of 7*. Following [2] and similarly to the setting in
Section 2.9, we consider on 7* a mark process M7 (df, dy) which is a Poisson point measure
on Ry x 7" with intensity:

Lp ooy (0)d0 | 2807 (dy) + > Y Audaldy) |,

1€1* x€Broo (T*:7)

with the identification of x} as the root of T*%. In particular nodes in [, oo with infinite
degree will be charged by M7". For every x € T*, we set:

0*(z) = inf{0 >0, M7 ([0,6] x [0, 2]) > 0}.

Then we define the pruned tree at time q as 7, = {x € T, 0*(v) > ¢} with the induced
metric, root () and mass measure the restriction to 7, of the mass measure m’".

Given 77, let P*(dtdz) = > ;c 5(t;7y*) be a Poisson point measure on [0,00) x 7* with

J

intensity dtm” " (dz). For § > 0 and A > 0, define the pruned sub-tree 7;(\) containing the
root and all the ancestors in 7, of the marked leaves of 7™:

(57) wN= U 0yl and 50 =5MN()T5"
JET <A
We define 7;(0) = (V3575 (A), and notice that 7;(0) = [0,00[ and that it has no leaf.

Similarly to (27), we define the mass measure of 7, () by:

* 1
58 m™ W = g Oz,
(58) Yo (n) g
$6Lf(7'0 A)

with 7 = ¢~1()\) and the convention the mass measure is zero if A = 0.
We have a similar convergence result as Theorem 5.1.

Theorem 8.3. For all > 0, we have P*¥-q.s.:
lim dGHP(7-€*7 Tg()\)) =0.
A—+00
Proof. According to [2], there exists a family of random continuous functions (H®,a > 0)

with compact support such that: H(® takes values in [0,al]; for all 0 < b < a and t > 0, we
have:

HO(t) = HY(C M 1) with Cha(s) = / L g0 (ry<p} 473
9 0 —

and ((T@*)(a) ,a > 0) under P*¥ is distributed as (TH(G),(I > O). Following the proof of
Lemma 5.4, we get that for all a > 0, P*¥ a.s.

Jimdee (7)), (1 00)@) =o.

This and the definition of dgup gives the result. O
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Remark 8.4. Similarly to Theorem 3.1, according to the argument in [11], we could reconstruct
T* from 75 (\). Recall (30). Conditionally on 75 (\), 7 is distributed as:

7o (A) ®ier (T;7,27) ®pepr(rr () (T2 7)),
with:

e 75(A) as 75 (A\) but with 0 as mass measure,
el 5(93;‘771.*) is a random Poisson point measure on 75 (A) x T with intensity given by
(76N (da) N¥n[dT],
e conditionally on
is distributed as:

ie1 O(z2,7), the trees (T, z € Br(77()))) are independent with 7.7

/ T 4y a(dr) P AT

8.3. Distribution of the sub-tree of the infinite CRT. Recall that 7()\) is under P¥*
a Galton-Watson tree with distribution P¥**. We shall now describe the distribution of 7 ()
under P¥, which can be seen as a Galton-Watson tree with distribution P¥* conditionally
on the non extinction event.

Let K be an integer-valued random variable with generating function g, 1) defined by (28).
Since 1) is critical, we have gE . )\)(1) = 1, which implies that gE W) itself is the generating
function of a integer-valued random variable, say K*. Since gE W) (0) =0, K* is a.s. positive.
Notice that the distribution of K* 4 1 is the size-biased distribution of K. Let (7%*, k € N*)
be independent random trees distributed as 7o(\) under P¥* (that is with distribution P¥
and mass measure given by (27)) independent of K*. We set:

G* =0 ®1<p<rc (T77,0).

Theorem 8.5. Let A > 0 and n = 1"t (\). Under P*¥, 75()\) is a rooted real tree distributed
as:

[[®7 OO[[®Z'€I§ (g*,i7 x;k)a
where Zielg Oz is a Poisson point measure on [}, oo[ with intensity ¢'(n)dx and conditionally
on this Poisson point measure, the real trees (G*',i € I§) are independent and distributed as
g*.
Proof. By construction, thanks to (56), we have:
76(A) = [0, co[®ier- (77 (N), 27),

with 7%¢(\) = UjeJ*,t;gA,mHy; [z}, y;] distributed as 70(\) under N¥[dT]. The marked
Poisson point measure ) ;. 1,+i(x)20} 027 1s a Poisson point measure on [0, oo[ with intensity
NY[My > 1] dz = /(1) do. |

Let I§ = {i € I*;7"(\) # 0}. The sub-trees (7%*()\),i € I}) are independent and
distributed as 7p(\) under N¥[-|My > 1]. Let Ny be the degree of the root of 79()\). The

theorem will be proved once we check that Ny under NY[-|My > 1] is distributed as K*.
Following the proof of Lemma 6.4, we set h*(u) = NV [uNW 1{N@21}] , and we have for v € [0, 1]:

h*(u) = 28NY[My > 1]u + /(0+ )rﬂ(dr) EY [u™1ny>1y]

= 20nu + / rr(dr) (e*mu*“) - e*m> .
(0,400)
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Elementary computations yield ng nw) = h*(u)/h*(1). Thus Ny under N¥[-|M, > 1] is
distributed as K*. This ends the proof. O

We give a similar representation formula for 7;()). Let Kj be an integer-valued random
variable with generating function gj/gy(1), see definitions (44) and (28). Since g;(0) = 0,
K} is a.s. positive. Notice that the distribution of Kj + 1 is the size-biased distribution of
Ky with generating function gy. Let (7'(;C ™ k € N*) be independent random trees distributed
as 7p(\) under P¥* (that is with distribution P¥0%¢() and mass measure given by (27))
independent of K. We set:

* k*
Gp =0 ®1<k<iy (197, 0).

Theorem 8.6. Let A >0 and n =y ~1(\). For 6 >0, under P*¥, 7;(\) is a rooted real tree
distributed as:

[[@, EG]] ®ZEI; (gg7i’ x;k)’
where

o [0, Ey] is a real tree rooted at O with no branching point and zero mass measure and
such that d(0, Eg) is an exponential random variable with parameter 1;(0),
® > i I3 dzz is an independent Poisson point measure on [0, Eg] with intensity [1y(n) —

5(0)] d, ,
o conditionally on Eg and Zz’elg dz:, the real trees (G*',i € Ij) are independent and
distributed as G-
Proof. Recall notations of the proof of Theorem 8.5. The distribution of d(0), Ey) is given in
[2]. By construction, thanks to (56), we have:
() = [0, Bo] ®ier (" (N), 7),
with Tg’i()\) = 7' (A)N Ty Let Nyy (resp. Nj) be the degree of the root of 75(\) (resp.
70(¢e(n))). Notice that 7,*(\) is distributed as 79(A) under N¥[dT, Ny > 1] that is as
70(e(n)) under N¥¢[dT]. The rate at which sub-trees are grafted on the spine [}, Eg] is
given by:
N [Ng = 1] = ¥ n) = ¥4(0).
Then to end the proof, it is enough to check that Ny under N¥o[.| Ny > 1] is distributed as
Kj. Elementary computations give:

P(u) = N0 [ (o | = wo(m) = vh(n(1 = w)),
so that hy(u)/hj(1) = gy(u)/gy(1). Thus, Ny under NYe[-| Ny > 1] is distributed as K;. O
We also provide a recursive distribution of the tree 75 ()). Let ag(X) = ¥5(0)/vp(n) =
1— gp(1).
Corollary 8.7. Let A > 0 and n = 1~ Y(\). For 6 > 0, under P*¥, 7;(\) is a rooted real tree
distributed as [0, Eg(\)] with probability ag(\) and with probability 1 — ag(\) as:
[0, Eg(N)] ®o0<i<1 (g;’i, Eg(N)),

where

o [0, Eg(N)] is a real tree rooted at ) with no branching point and zero mass measure
and such that d(0, Eg(X\)) is an exponential random variable with parameter vy(n),
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e conditionally on Ex(0), QZ’O and G*' are independent and distributed respectively as
Gy and 75 ().

Notice that the number of children of Ey()) has generating function 1 — g(1) 4 ugy(u).

Proof. This is a direct consequence of Theorem 8.6, when considering the decomposition of
75 (A\) with respect to the lowest branching point and using the branching property. Notice
that there is no such branching point (and then 7;()) is reduce to a spine) if the point
measure » ;. I 6z defined in Theorem 8.6 is zero. This happens with probability ap(A). O

Remark 8.8. Notice that 7, () could be obtained from 75 () by a similar pruning procedure
as the one defined in Section 6.1.

8.4. Sub-tree process from the ascension time. We start with a remark on size-biased
discrete Galton-Watson trees.

Remark 8.9. Let G be a discrete sub-critical Galton-Watson tree starting with one root and
with g as generating function of the reproduction law. Let L be the number of leaves of T
We have E[L] = ¢g(0)/[1 — ¢’'(1)]. Let G* be distributed as the size-biased distribution of T'
with respect to L, that is for any non-negative measurable function:

ey _ E[LF(G)]
Let Ny(t) be the number of children of the root of a tree t. For example Ny(G) has generating
function g. The following result can be proved inductively by decomposing the tree with
respect to the children of the root.

The distribution of G* is characterized as follows. Ny(G*) has generating function v —
1—9¢'(1) +ug'(u). If Ny(G*) > 1, then label from 1 to Ny(G*) the children of the root and
by G; the sub-tree attached to children i. Then (Gy,...,G N@(g*)) are independent trees; they
are distributed as G but for Gy, for some random index I uniform on {1,..., Ny(G*)}, which
is distributed as G*.

We denote Sg(A) = (75, ,(A), ¢ > 0).

Proposition 8.10. For 6 > 0, A > 0 and non-negative functionals F', we have:

M O) g ) p(Sy (W) Lo(N)] = BV IF(SS (A

T BUAF(Sp (V) Lo(N)] = EVPIF (S5 (V)]

()

Proof. By considering E¥* [F(Sp)|79()\)] instead of F(Sp())) and E*¥ [F(S;(\))|75(N\)] in-
stead of F(S;())), one can assume that F' is measurable defined on T. Since the life times
of all individuals in 75(A) and 75 () have the same distribution, we only need to consider
the distribution of the number of offsprings. This is equivalent to consider the corresponding
discrete (or size-biased) Galton-Watson tree. Then the result follows from Remark 8.9. O

Recall that the function 6 + 6 is defined by (49). If 65 € ©¥, then we deduce from (50)
that:

Ox—0x = 1.
In particular the function f defined by:

1 '(r
A== (1 - ZETD Lire(0:.0))
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is a probability density. the corresponding cumulative distribution is F defined on [6),0)
by:
r—r

Fy(r)=1- = PY(Ay < 7).

Proposition 8.11. Let A > 0 and n ==Y ()\). Assume that ) € O¥. Under P*¥, let U be
a random variable with density f\ and independent of Si(\). Then Sa, (\) under P¥ has
the same distribution as 8% (¢ (nFx(U))) under P*¥.

Proof. Using Corollary 8.2, with ng =n — 0 + 6, we get:

E¥MF(S4, ()1 Ax = 0] = PO go (125500 () Ly (6 ()
%(779)
— BV [F(SE ().

Using (52) and np = nF\(0

~—

, we get:
0
EVAF(Sa, ()| Ax = 0] PV (A € df)

o >

s S

o >

E*Y[F (S5 (4(19)))].f2(8) d

; E*Y[F(S;(0(nFa(0))]f2(6) db

AFSHWEAU))))-

Il
&=
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