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Abstract

We define a notion of barycenter for random probability measures in the Wasserstein
space. Using a duality argument, we give a precise characterization of the population
barycenter for various parametric classes of random probability measures with compact sup-
port. In particular, we make a connection between averaging in the Wasserstein space and
taking the expectation of optimal transport maps with respect to a fixed reference mea-
sure. We also discuss the usefulness of this approach for warping problems in statistics and
data analysis. In this setting, the problem of estimating a population barycenter from n
independent and identically distributed random probability measures is also considered. In
particular, we study the convergence of the empirical barycenter proposed in Agueh and
Carlier [2] to its population counterpart as the number of measures n tends to infinity.
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1 Introduction

In this paper, we consider the problem of defining the barycenter of random probability measures
on R%. The set of Radon probability measures endowed with the 2-Wasserstein distance is not an
Euclidean space. Consequently, to define a notion of barycenter for random probability measures,
it is natural to use the notion of Fréchet mean [20] that is an extension of the usual Euclidean
barycenter to non-linear spaces endowed with non-Euclidean metrics. If Y denotes a random



variable with distribution P taking its value in a metric space (M, dn), then a Fréchet mean
(not necessarily unique) of the distribution P is a point m* € M that is a global minimum (if
any) of the functional

1
J(m) = —/ da(m,y)dP(y) ie. m* € argminJ(m).
2 Jm meM
In this paper, a Fréchet mean of a random variable Y with distribution P will be also called
a barycenter. An empirical Fréchet mean of an independent and identically distributed (iid)
sample Yq,...,Y, of distribution P is

_ N I

Y, € a1;§er/\r;1n - ]Z:; 2dM(m,Y]).

For random variables belonging to nonlinear metric spaces, a well-known example is the com-
putation of the mean of a set of planar shapes in the Kendall’s shape space [29] that leads to
the Procrustean means studied in [22]. Many properties of the Fréchet mean in finite dimen-
sional Riemannian manifolds (such as consistency and uniqueness) have been investigated in
[1, 5, 7, 8, 27|. For random variables taking their value in metric spaces of nonpositive curvature
(NPC), a detailed study of various properties of their barycenter can be found in [34]. However,
there is not so much work on Fréchet means in infinite dimensional metric spaces that do not
satisfy the global NPC property as defined in [34].

1.1 A parametric class of random probability measures

In this paper, we consider the case where Y = p is a random probability measure belonging
to the 2-Wasserstein space on a compact set  of R%. In this work, we consider the following
parametric class of random probability measures. Let M () be the set of Radon probability
measures on {2 endowed with the 2-Wasserstein distance dyy, between two probability measures.
Let @ : (RP, B(RP)) — (M4 (2), B(M4+(€2)) be a measurable mapping, where B(RP) is the Borel
o-algebra of RP and B (M (Q2)) is the Borel o-algebra generated by the topology induced by
the distance dyy,. For a compact subset © of RP (with p > 1), we consider the parametric set
of probability measures {uy = ®(0), 6 € ©}. Futhermore, we assume that, for any 6 € O, the
measure pg = ®(0) € M (Q) admits a density with respect to the Lebesgue measure on RY. Tt
follows that if 8 € R? is a random vector with distribution Pg admitting a density g : © — R,
then pg = ®(0) is a random probability measure with distribution Py on (M (2), B (M (Q2))
that is the push-forward measure defined by

P,(B) = Po(® *(B)), for any B € B(M4(Q)). (1.1)
In this paper, we propose to study some properties of the barycenter u* of pg defined as the

following Fréchet mean

*

p* = argmin J(v), (1.2)
vEM4(Q)
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(1.3)

If it exists and is unique, the measure p* will be referred to as the population barycenter of the
random measure pg with distribution Py.

1.2 Related literature

Throughout the paper, we discuss various statistical models that involve the use of such para-
metric random measures, and for which the notion of barycenter in the 2-Wasserstein space is
relevant. A similar notion (to the one in this paper) of a population barycenter and its con-
nection to optimal transportation with infinitely many marginals have been studied in [31]. In
particular, a similar class of parametric random probability measures, where the parameter set
© is one-dimensional, is also considered in [31] for the purpose of studying the existence and
uniqueness of p*. Some generalization of the results in [31] for probability measures defined on
a Riemannian manifold, equipped with the Wasserstein metric, have been recently proposed in
[30]. The empirical counterpart of p* is the barycenter f,, defined as

[, = argmin — d2. (v, g ), (1.4)
" U€M+(Q Z ? 0
where 684, ...,0, are iid random vectors in © with density g. A detailed characterization of

empirical barycenters, in a broader setting, in terms of existence, uniqueness and regularity,
together with its link to the multi-marginal problem in optimal transport can be found in [2].

1.3 Main results of the paper

The main contribution of this paper is to give an explicit characterization of the population
barycenter p* that can be (informally) stated as follows: let g € M, (2) be a fixed reference
measure that is absolutely continuous with respect to the Lebesgue measure on R?, and let
Ty : © — Q be the optimal mapping to transport g onto g (i.e. ug = Tg#po). f E(Tg(x)) =z
for all x € €, then pg is equal to the population barycenter p*, and one has that

ik Tw) =5 | E(Tp@) —af)di@) = 5 [ [ (Tute) = o) a0)a00° ).
This result can also be written in the form p* = T#pug, where T = E(Ta) is the mapping
defined by T'(z) = E(Tg(z)), for all x € Q. This suggests that averaging in the Wasserstein
space may amount to take the expectation (in the usual sense) of the optimal transport map
Ty with respect to a fixed reference measure 9. However, this result is generally not true if
E(Te) % I , where I = Q2 — ) denotes the identity mapping. Nevertheless, we propose to
consider sufficient conditions (beyond the case E(Tg) = I) ensuring that

p* = T#po, where T =E(Tg). (1.5)



To the best of our knowledge, such a result on the population barycenter in the 2-Wasserstein
space is new. A similar result has been established in [13] for the empirical barycenter, namely
that

1 n

under specific assumptions on the optimal maps TG and the reference measure g such that
rg, =T, #Hup for j = 1,...,n. The validity of equatlon (1.6) stated in [13] is restricted to a
specific class of optimal transport maps that is assumed to be admissible in the sense that the
composition of two maps in this class remains an optimal one. The extension of the results in
[13] to the population barycenter has not been considered so far. In this paper, we do not assume
that the collection of maps (Tp)geco is an admissible class to prove that p* = g if E(Te) =1.
Nevertheless, we prove that equation (1.5) may hold under the assumption that Ty o T~ is an
optimal map for all € ©.

Equation (1.5) is not difficult to prove in a one-dimensional setting (d = 1) i.e. for random
measures supported on the real line. The main issue is then to extend this result to higher
dimensions d > 2. To this end, we consider a dual formulation of the optimization problem (1.3)
that allows a precise characterization of some properties of the population barycenter that are
used to prove equation (1.5). These results are based on an adaptation of the duality arguments
developed in [2]| for the characterization of an empirical barycenter. Therefore, our approach is
very much connected with the theory of optimal mass transport, and with the characterization
of the Monge-Kantorovich problem via arguments from convex analysis and duality, see [38] for
further details on this topic. Another contribution of this paper is to study the consistency of
i, to p* as the number n of measures tends to infinity.

1.4 Organisation of the paper

The paper is then organized as follows. In Section 2, we introduce some definitions and notation
for the framework of the paper, and we discuss the existence and uniqueness of the population
barycenter. In Section 3, we characterize the population barycenter in the one-dimensional case,
i.e. for random measures supported on €2 C R. In Section 4, we prove the main result of the paper,
namely equation (1.5) in dimension d > 2. As an application of the methodology developed in
this paper, we discuss, in Section 5, the usefulness of barycenters in the Wasserstein space for
various problems in statistics and data analysis. The consistency of the empirical barycenter is
discussed in Section 6. In Section 7, we introduce a dual formulation of the optimization problem
(1.3) that is used to prove the main result of this paper. In Section 8 , we finally give a conclusion
and some perspectives on the extension of this work.

2 Existence and uniqueness of the population barycenter

2.1 Some definitions and notation

We use bold symbols Y, 1,0, ... to denote random objects. The notation |z| is used to denote
the usual Euclidean norm of a vector x € R™, the notation (x,y) denotes the usual inner product



for x,y € R™, and M (Q) is the set of Radon probability measures on 2. We recall the following
assumptions that are made throughout the paper.

Assumption 1. The sets Q C R and © C RP are compact.

Assumption 2. The mapping ® : (0 C RP,B(RP)) — (M4 (Q),B(M(Q)) is measurable.
Moreover, it is such that, for any 6 € ©, the measure pg = ®(0) € M (Q) admits a density with
respect to the Lebesque measure on R?.

The squared 2-Wasserstein distance between two probability measures pu, v € M (Q) is

B () = inf {/ rx—m%waw},
~YEI(1,v) QxQ

where II(p,v) is the set of all probability measures on 2 x Q having p and v as marginals, see
e.g. |38]. We recall that 4 € II(u, v) is called an optimal transport plan between p and v if

d%UMOZA;dw—MWﬂ%w-
X

Let T': Q — Q) be a measurable mapping, and let € M (). The push-forward measure T'#pu
of p through the map 7T is the measure defined by duality as

/ f@)d(T#up)(x / f(r wu(x), for all continuous and bounded functions f: 2 — R.

We also recall the following well known result in optimal transport (see e.g. [38] or Proposition
3.3 in [2]):

Proposition 2.1. Let u,v € M (). Then, v € II(p,v) is an optimal transport plan between
and v if and only if the support of v is included in the set ¢ that is the graph of the subdifferential
of a convexr and lower semi-continuous function ¢ solution of the problem

_arfeném{/w )dp(x /w )dv(z }

where P*(x) = supyeq {(z,y) —¥(y)} is the convex conjugate of 1), and C denotes the set of
proper convex functions ¢ : 0 — R that are lower semi-continuous

If 11 admits a density with respect to the Lebesque measure on R, then there exists a unique
optimal transport plan v € (u,v) that is of the form v = (id, T)#un where T = V¢ (the gradient
of ¢) is called the optimal mapping between 1 and v. The uniqueness of the transport plan holds
in the sense that if Vo#Hu = Vy#u, where ¢ @ Q — R is a lower semi-continuous convex
function, then V¢ = Vb p-almost everywhere. Moreover, one has that

@2y, (1, /|V¢ ) — 22du(x).



2.2 About the measurability of Tj

Let pg be a fixed reference measure that is absolutely continuous with respect to the Lebesgue
measure on R%. In the introduction, for any # € © , we have defined Ty : Q — Q as the optimal
mapping to transport pg onto py. By Proposition 2.1, such a mapping exists, and it is the
to-almost everywhere unique one that can be written as the gradient of a convex function ¢g.
Then, thanks to Assumption 2, it follows, by Theorem 1.1 in [19], that there exists a function
(0,z) — T(0,x) which is measurable with respect to the o-algebra B(RP) ® B (M ()), and
such that for Pg-almost everywhere 6 € ©,

T(0,z) =Ty(x), for pg-almost everywhere x € .

In particular, the mapping (x,6) — Ty(z) is measurable with respect to the completion of
B(RP) @ B(M4(Q)) with respect to g(0)dfdug(x) (we recall the assumption that dPg(f) =

g(6)dh).

2.3 Existence and uniqueness of p*

Let us now prove the existence and uniqueness of the barycenter (i.e. the Fréchet mean) of the
parametric random measures p1g with distribution Py, as defined in equation (1.1). We recall
that this amounts to study the solution (if any) of the optimization problem (1.2).

Remark 2.1 (About the existence and finiteness of J(v)). Let v € M (Q). The integral defining
J(v) will be defined as soon as 6 — d%%(l/, 1g)g(0) is a measurable application. The measurability
of this mapping follows from Assumption 2. Moreover, since §2 is compact by Assumption 1, it
follows that, for any 0 € ©, dfy, (v, po) < 46%(2), where 6%(Q) = sup,cq{|z[*} < +oo. Therefore,
one has that J(v) = 1 [ Ay, (v, pe)g(0)dl < 26%(Q) < 400, for any v € M4 ().

As shown below, using standard arguments, the existence and the uniqueness of p* are not
difficult to prove. To this end, a key property of the functional J defined in (1.3) is the following:

Lemma 2.1. Suppose that Assumption 2 holds. Then, the functional J : M (Q) — R is strictly
conver in the sense that

JAp+1=Nv) < AJ(u)+(1=N)J(v), for any X €]0,1[ and p,v € M (Q) with p # v. (2.1)

Proof. Inequality (2.1) follows immediately from the assumption that, for any § € O, the measure
g admits a density with respect to the Lebesgue measure on R?, and from the use of Theorem
2.9 in [4] (for similar results to those in [4] on the strict convexity, one can read Lemma 3.2.1 in

131]). O

Hence, thanks to the strict convexity of J, if a barycenter p* exists, then it is necessarily
unique. The existence of u* is then proved in the next proposition.

Proposition 2.2. Under Assumption 1 and Assumption 2, the optimization problem (1.2) admits
a unique Mminimizer.



Proof. Let v™ be a minimizing sequence of the optimization problem (1.2). Let us first show that
the sequence [, |z|*dv"(x) is uniformly bounded. Thanks to Remark 2.1, there exists a constant
C > 0 such that [q %d%/VQ (o, vn)g(0)df < C, for all n > 1. Since g is a probability density
function on © with respect to the Lebesgue measure, it follows that ©’ := {6, g(f) > 0} is a non
negligible set (for the lebesgue ’smeasure). Since [g, %d%/VQ (g, vn)g(0)dd < C, one obtains that
there exists 6* € ©, such that ¢g(6*) # 0 and

1 *
5 i (e, vn)g(07) < €7 (2.2)

where C" = ﬁ. Then, thanks to the Kantorovich duality formula (see e.g. [38], or Lemma 2.1
e/
in [2]) , it follows that

1
3o, 1) (@) = [ faPv ) + [ Cory (@) (2.

where Cyep+) () = infyeq {@\x —yl? - \y[2} Note that by Assumption 1, Q is a compact

set, and therefore the function z +— [Cyg«) ()| is bounded on . Hence, combining the above
inequality with (2.2), one finally obtains that

/ |lz|2dvy (z) < O — / x)dpg+(x), for alln > 1,

which shows that [, |z[*dv"(x) is a uniformly bounded sequence.

Hence, by Chebyshev’s inequality, the sequence v, is tight and by Prokhorov’s Theorem there
exists a (non relabeled) subsequence that weakly converges to some p* € M, (). Therefore,
%d%% (g, ) < liminf, %d%% (g, v™), and thus, by Fatou’s Lemma

1
/ —diy, (g, 1*)g(0)do < / lim inf — dWQ(,ug,V”)g(H)dH §liminf/ id%/Q(ug,yn)g(H)dﬂ.
@ © ©

n—+o0o n—+o0o

Therefore, J(p*) = inf, ey, () : Jo d%%(l/, g)g(0)df, which proves that the optimization prob-
lem (1.2) admits a minimizer.

By the strict convexity of the functional J (as stated in Lemma 2.1), it follows that the
barycenter of g is necessarily unique. O

3 Barycenter for measures supported on the real line

In this section, we study some properties of the population barycenter p* of random measures
supported on the real line i.e. we consider the case d = 1 where {2 is a compact subset of R. In
this setting, our characterization of p* will follow from the well known fact that if 4 and v are
measures belonging to M, (€2) then

diy, (v, 1) / |F ;l(x)fdx, (3.1)



where ! (resp. F " 1) is the quantile function of v (resp. ). This explicit expression for the
Wasserstein distance allows a simple characterization of the barycenter of random measures. In
particular, we prove that equation (1.5) always holds for d = 1. This result means that, in
dimension 1, computing a barycenter in the Wasserstein space amounts to take the expectation
(in the usual sense) of the optimal mapping to transport a fixed (non-random) reference measure
o onto fig.

Theorem 3.1. Let py be any fized measure in M4 (§2) that is absolutely continuous with respect
to the Lebesgue measure. Suppose that Assumption 1 and Assumption 2 hold. Let g = ®(0)
be a random measure where 6 is a random vector in © with density g. Let Ty be the random
optimal mapping between po and pg given by To(x) = Fﬂ*‘; (Fuo(x)), x € Q, where F;el is the
quantile function of pg, and F,, is the cumulative distribution function of po.

Then, the barycenter of g exists, it is unique, and it satisfies the equation

* = T#po, (3.2)
where T : Q0 — Q denotes the optimal mapping between pig and p* that is defined by

T(z) =E (Tg(z)) = /@Tg(:ﬂ)g(@)d@, for all z € Q.

Furthermore, the quantile function of u* is

F) =B (Fgw) = [ Bl a0y,

fory €10,1]. Thus, the barycenter p* does not depend on the choice of o, and one has that

it I0) =3 [ E(Tg@) —aP) i) = 5 | [ 1Tow) —aPo@)isi @), 63

veEM(Q) 2
where TH =Tgo T
Proof. Let v € M (Q2) then

50) = [ 5 olato)as = 5 [ / |F 4 (y) — Ft(v)] dyg(6)do.

In the proof, we will repeatedly use Fubini’s Theorem to interchange the order of integration
in the right-hand size of the above equation. To be valid, Fubini’s Theorem requires that the
application (y,0) — |F,(y) — F,! (y){2 g(0) is measurable. This application will be measurable
as soon as (y,0) — Fﬂ_el(y) is measurable. Since, by definition, F;el(y) = Tg(Fl;)l(y)) for any
y € [0,1], the measurability of (y,6) — F,!(y) is ensured by the continuity of y — F'(y) and
the measurability of the mapping (z,0) — Tp(x) which has been stated in Section 2.2.

Let us now consider the function E (F Py 91) : [0,1] — Q defined by

E(F;é)()—E / 0)d6 < +oc



for any y € [0,1]. We will now prove that E (Fu_gl) is a quantile function. To this end, let

62(Q) = sup,cq{|z|?} that is finite by Assumption 1 (compactness of Q). Then, by Assumption
2, the measure py admits a density with respect to the Lebesgue measure, and thus the function
y — F'(y) is continuous on [0,1], for any 6 € ©. Hence, since |F, '(y)| < 6(Q) for any

(0,y) € ©x]0,1] it follows, by Lebesgue’s dominated convergence theorem, that y — E <F;01> (y)
is a continuous function on [0, 1]. Since y — F, H_el (y) is increasing for any 6 € ©, it is also clear that
y—=E <F 1 01> (y) is an increasing function. Hence, thanks to the property that any continuous
and increasing function from [0, 1] to € is the quantile of some probability measure belonging to
M () (see e.g. [18]), one obtains that E (F;jel) is a quantile function.

Now, it is clear that E (|Fl:01(y)|2> < §%(Q) < +oc for any y € [0,1]. Hence, applying
Fubini’s Theorem, and the fact that E |a — X|? > E [E(X) — X|? for any squared integrable real
random variable X and real number a, we obtain that

1 1
/@d%vg(v,ue)g(é’)dé’ = /0/@\Fyl(y)—FMI(y)fg(@)dey:/o E|F, y)— F,(y)| dy

]
> /OIE‘E (F;é(y)) - F;é(y)rdy
1 2
= [ L[E(Frgw) - Fal ] s@risay
= [ a0y, (3.4)

where p* is the measure in M (Q) with quantile function given by F o ) (F » 91) The above
inequality shows that J(v) > J(u*) for any v € M4 (). Therefore, u* is a barycenter of the
random measure pg, and the unicity of p* follows from the strict convexity of the functional
J as stated in Lemma 2.1. Finally, let po be any fixed measure in M, (£2) that is absolutely
continuous with respect to the Lebesgue measure. Hence, one has that Fy,, o F},/ L(y) = y for any
y € [0,1]. Therefore, equation (3.2) follows from the equalities

F.l=E (F*l) —E <F*1 oF

—1 B N |
g g MO)OF;LO :E(TG)OFuo =Tok,.,

where T' = E (Tg) = Fl;l o F,,. Note that it is clear that 7' : © —  is an increasing and
continuous function, and thus it is the optimal mapping between ug and p* by Proposition 2.1.



Finally, by equation (3.4) and Fubini’s Theorem, one hast that
2 ' 1 N Yo NE
/@dWQ(M*,ue)g(H)dH = /0 E(F,} (y) —F,Ze(y)( dy:E(/o (F,} (y)—F,Za(y)‘ dy>

_ E</Q‘F“010Fm(x)—x‘2du*(x)>

2
— E</Q‘FljeloFmoFgoloFm(x)—x‘ d,u*(ac))

- E(Lk@oT;%m—xfmﬁwo

where the last equality follows from the fact that Ty = Fu_e1 o F,, and T-'=F o loF, u+- Hence,

this proves equation (3.3), and it completes the proof.
O

To illustrate Theorem 3.1, we consider a simple construction of random probability measures
in the case where () is a compact interval of R. Let g € .Mi(Q) admitting the density f with
respect to the Lebesgue measure on R, and cumulative distribution function (cdf) F. We assume
that the density f is continuous on 2, and that it is compactly supported in a sub-interval
of Q. Let 8 = (a,b) €]0,4+00[xR be a two dimensional random vector with density g, such that
ar +b € Q for any x € {2g. We denote by jig the random probability measure admitting the
density

1-/x—Db
= — e
o) =37 (*57) v en
where we have extended f outside by letting f(u) = 0 for u ¢ Q. Thanks to our assumptions,
the density fg is compactly supported in a sub-interval of 2. Moreover, the cdf and quantile
function of ug are given by

_=({xz—Db 1y oA
Fug(x)_F< a ),er, and Fue(y)—aF (y)+b, y €[0,1].
By Theorem 3.1, it follows that the barycenter of ;g is the probability measure p* whose quantile
function is given by

Frl(y) = E() P~ (y) + E(b), y € [0,1].

Therefore, u* admits the density
1 ~/x—E(b)
* _ 0
f(x) af( ) )we :

with respect to the Lebesgue measure on R. Moreover, if pg is any fixed measure in M, (),
that is absolutely continuous with respect to the Lebesgue measure, then

p* = To#tuo, where Ty(z) = E(a)F1(F,,(2)) + E(b), v € Q.

Now, we remark that extending Theorem 3.1 to dimension d > 2 is not straightforward.
Indeed, the two key ingredients in the proof of Theorem 3.1 are the use of the well-known

10



characterization (3.1) of the Wasserstein distance in dimension d = 1 via the quantile functions,
and the fact that, in dimension d = 1, the composition of two optimal maps (which are increasing
functions) remains an optimal one (thanks to Proposition 2.1). However, the property (3.1) which
explicitly relates the Wasserstein distance dyy, (v, 119) to the marginal distributions of v and g is
not valid in higher dimensions. Moreover, the composition of two optimal maps is not necessarily
an optimal one in dimension d > 2. Nevertheless, we show in the next section that analogs of
Theorem 3.1 can still be obtained in dimension d > 2.

4 An explicit characterization of the population barycenter

In this section, we extend the results of Theorem 3.1 to dimension d > 2. Let pug € M (Q)
denote the parametric random measure with distribution P, as defined in equation (1.1). Let
o be a fixed (reference) measure in M () admitting a density with respect to the Lebesgue
measure on R?. Then, by Proposition 2.1, there exists, for any § € O, a unique optimal mapping
Ty : Q — Q such that pg = Th# g, where Ty = Vg po-almost everywhere, and ¢g : 2 — R is a
lower semi-continuous convex (l.s.c) function.

In Theorem 4.1 below, we give sufficient conditions on the expectation of Ty which imply
that the barycenter of ug is given by pu* = E (TH) #11o. This result means that computing a
barycenter in the Wasserstein space amounts to take the expectation (in the usual sense) of the
optimal mapping Ty to transport pg onto p1g. The proof of this result relies on the use of a dual
formulation of the optimization problem (1.2) that is stated in equation (7.2), and we refer to
Section 7 for further details.

Before stating the main result of this section, we introduce, for any 6 € ©, the notation

Ty =TypoT 1, (4.1)

where T : Q — Q is the mapping defined by T(z) = E(Ty(z)) = [ To(2)g(0)dd, = € Q.
Note that equation (4.1) is only valid if T7~! is well defined. Sufficient conditions to ensure the
existence of T' as a one-to-one mapping from € to Q are given in the following theorem which
contains the main results of this paper.

Theorem 4.1. Let 6 € RP be a random vector with a density g : © — R such that g(6) > 0 for
all® € ©. Let ug = ®(0) be a parametric random measure with distribution Py. Let pg be a fized
measure in M (Q) admitting a density with respect to the Lebesque measure on R, Suppose
that Assumption 1 and Assumption 2 hold, and that the following condition are satisfied: for any

fecO

(i) Ty is a C diffeomorphism of €, (4.2)
(41) Ty = Vg where g : 2 — R is a Ls.c. convex function,

such that for any x € Q, ¢g is integrable and satisfies the normalization condition

/ b9 (1)g(0)do = %]w\Q for all z € Q. (4.4)
©
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Then, the population barycenter is the measure p* € M (Q) given by

1" = T po, (4.5)
and the optimization problem (1.2) satisfies

1

i Tw) =5 [ b a0)a0 = 5 [ £ (Tg(w) - af) i 2. (4.6)

Theorem 4.1 shows that computing the population barycenter in the Wasserstein space of
the parametric random measure pg may amount to transport the reference measure po by the
expected amount of deformation measured by T'. In the case where T' = [ is the identity mapping,
it can be checked that Conditions (4.3) and (4.4) are necessarily satisfied. Hence, if T = I, then
the population barycenter p* is equal to the reference measure po. In the case where T # I,
Condition (4.3) is not necessarily satisfied since the composition Ty o T~ between the optimal
mapping Ty and the map T~ is not always an optimal one. In the following section, we describe
statistical models to illustrate the usefulness of the barycenter in the Wasserstein space for data
analysis, and we discuss various assumptions on 7' to ensure that Conditions (4.3) and (4.4) are
satisfied.

Condition (4.2) is generally more delicate to verify. In the next section, we provide some
statistical models for which such a condition holds. For a general setting, we refer to the review
in [16] for a discussion on sufficient assumptions on the smoothness of €, 19 and po which ensure
that the optimal mapping Ty is a C'* diffeomorphism.

Proof. Under the assumptions of Theorem 4.1, it follows from Proposition 2.2 that the barycenter
w* exists and is unique.

Let us first prove that Condition (4.2) implies that Ty = TyoT ! is a C'! diffeomorphism. By
our remarks in Section 2.2, one has that (x,0) — Ty(x) is a mesurable mapping with respect to
the completion of B(RP)® B (M, (Q)) with respect to g(0)dfdug(x). Therefore, x — T(x) is also
a mesurable mapping. Using Assumption 1 (compactness of §2), Condition (4.2), and Lebesgue’s
dominated convergence theorem, it can be checked that 7' is a C! diffeomorphism of €2, which
implies that Ty = Ty o T~ is also a C'! diffeomorphism of 2 for any 6 € ©.

The rest of the proof relies on the dual formulation (7.2) of the optimization problem (1.2),
and we refer to Section 7 for further details and notation. To prove the results stated in Theorem
4.1, we will use the dual characterization of the barycenter p* that is stated in Proposition 7.1.
For this purpose, we need to find a maximizer f© = (fg)peo € L'(O,X) of the dual problem
(P*), see equation (7.2). In the proof, we repeatedly use the fact that uy = Tp#j where, by
definition, i = T, and the property that Ty = Ty o T~ is a C' diffeomorphism.

a) Let us first compute an upper bound of Jp-. Let f© € L'(©, X) be such that f® fo(x)dd =0
for all x € Q. By definition of Sgg)fo(z) one has that

9(0)

Sao)Jo(x) < =7l =yl = foly) (4.7)

12



for any y € Q. By using inequality (4.7) with y = ( ) for = € Q, one obtains that

Sy fo(x)dpg(x)dd < o @) = fo (T, (@) ) dpg(a)df
L) [ (55 )

< //(—wmm—ﬁ—ﬁwﬁmww
//( mﬁwmw

Note that to obtain the second inequality above, we have used the change of variable uv =
Te_l( ), while the third inequality has been obtained using the fact that fe fo(u)dd = 0 for
any u € ) combined with Fubini’s theorem. Thanks to Condition 4.3, TH is the gradlent of a
convex function, and it is such that pug = Ty#pu. Hence, by Proposition 2.1, one obtains that
Jo I To(w) — udpi(u) = dIQ/Vg (i, 1p) which implies that

Lm>=/«mmwuma

= [ ] (22000 Yty = 5 [ B (1Tp(e0 ) dnto)

where the last equality above is a consequence of Fubini’s Theorem which follows from the
measurability of the mapping (u, #) — Tp(u) that has been stated in Section 2.2.
Therefore, we have shown that

IN

//Sg(")f"(x)dﬂe(x)degj(u)7
e JQ

for any f© € L'(©, X) such that f@ fo(x)do = 0 for all x € Q. This inequality implies that

1 _
Io < J() = 5 [ B (Tglw) — uP) duu), (438)
where Jp- denotes the maximal value of the dual problem (7.2).

b) Let us recall that we have assumed that g(6) > 0 for any § € ©. Now, for any 0 € ©, we
define the function

fo(e) = ~a(6) (Gata) ~ 5lal?) v € (19)

where ¢y is the Ls.c. convex function introduced in Condition (4.4). First, Assumption ii)
ensures that f© = (fy)yce belongs to L'(©, X). Moreover, by Condition (4.4), one has that
Jo Jo(x)do = 0 for all z € Q. For any (x,0) € Q x ©, let us now consider the function F': Q@ — R
defined by

9(6)

F) = 220 = o = fo) = 270 o +6) () — 5ol ) y e 0
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Note that F(y) = @|x|2 — g(0){(z,y) + g(0)dy(y). Hence, F is a convex function, since, by

assumption, ¢y is convex. Searching for some y € €2, where the gradient of F' vanishes, leads to
the equation

0 = —g0)(z—y)+90) (Voaly) —y) = —g(0)(x —y) + g(0) (To(y) —y) .

Since g(#) > 0, it follows that the convex function y ~— F(y) has a minimum at y = T, '(z) € Q.
Therefore,

g(0 — - 1, -
Synole) = TP~ T P +.90) (T @) - 5175 @ ) (4.10)
Let us introduce the notation J* (f®) = Jo Jo Sy(0)fo(w)dpg(z)df. By equation (4.10) and using

the change of variable v = T, *(z), one obtains that

0
7 (1% = [ [ (k=1 @R ) (0T, ) - 515 @ ) ) duata)as

[ (X200 4 500) (a) — 51uf ) ) ity

9(0) o1 B .
= [ gt = 5 [ B (Tp(e ) dite)

where the last equality follows as an application of Fubini’s theorem combined with Condition
(4.4). Hence, thanks to the upper bound (4.8), we finally have that

* 1 T = =
T(f9) = Jpe = 5 /QE (ITg(w) = ul?) di(uw) = J (),
which proves that f© is a maximizer of the dual problem (P*). Moreover, by Proposition 7.1,
one also obtains that that J(g) < J(v) for any v € M (Q). Hence, i = p* is the barycenter of
the random measure pg. This completes the proof of Theorem 4.1. O

5 Applications

5.1 A connection with statistical models for curve and image warping

In this section, we propose to discuss some applications of Theorem 4.1. To define probability
models where averaging in the Wasserstein space amounts to take the expectation of an optimal
transport mapping, we first introduce some statistical models for which the notion of population
and empirical barycenters in the 2-Wasserstein space is relevant.

In many applications observations are in the form of a set of n gray-level curves or images
Xy,...,X,, (e.g. in geophysics, biomedical imaging or in signal processing for neurosciences),
which can be considered as iid random variables belonging to the set L2(Q) of square-integrable
and real-valued functions on a compact domain of Q@ C R? In many situations the observed
curves or images share the same structure. This may lead to the assumption that these observa-
tions are random elements which vary around the same but unknown mean pattern (also called
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reference template). Estimating such a mean pattern and characterizing the modes of individual
variations around this template is of fundamental interest.

Due to additive noise and geometric variability in the data, this mean pattern is typically
unknown, and it has to be estimated. In this setting, a widely used approach is Grenander’s
pattern theory [23, 24, 36, 37| that models geometric variability by the action of a Lie group on
an infinite dimensional space of curves (or images). Following the ideas of Grenander’s pattern
theory, a simple assumption is to consider that the data Xy,...,X,, are obtained through the
deformation of the same reference template h € L?(Q) via the so-called deformable model

X, =hop; ' i=1,...,n, (5.1)

where ¢;,..., ¢, are iid random variables belonging to the set of smooth diffeomorphisms of
Q. In signal and image processing, there has been recently a growing interest on the statistical
analysis of deformable models (5.1) using either rigid or non-rigid random diffeomorphisms ¢,,
see e.g. 3, 9, 11, 12, 10, 21, 39] and references therein. In a data set of curves or images, one
generally observes not only a source of variability in geometry, but also a source of phomotometric
variability (the intensity of a pixel changes from one image to another) that cannot be only
captured by a deformation of the domain 2 via a diffeomorphism as in model (5.1).

It is always possible to transform the data X,...,X,, into a set of n iid random probability
densities by computing the random variables

X, —
Yi(z)= idu, z € Q, where X;(z) = X;(z) —min {X;(uw)}, i=1,...,n.
Let go € L?(Q) be a probability density function. We consider the following deformable model
of densities:

Yi(x) = {det (Dcp;1) ()] q0 (cp]%x)) reQ, i=1,...,n, (5.2)

where det (Dcpi_l) () denotes the determinant of the Jacobian matrix of the random diffeomor-
phism cpjl at point x. If we denote by py,...,u, € M4 (Q) the random probability measures
with densities Y1, ...,Y,, and by ug the measure with density go, then (5.2) can also be written
as the following deformable model of measures

In model (5.3), computing the empirical barycenter in the Wasserstein space of the random
measures ft,..., M, may lead to consistent and meaningful estimators of the reference measure
1o and thus of the mean pattern ¢g. In the rest of this section, we discuss some examples of
model (5.3). In particular, we show how the results of Section 4 can be used to characterise the
population barycenter of random measures satisfying the deformable model (5.3).

5.2 A parametric class of diffeomorphisms

Let po be a measure on R? having a density g (with respect to the Lebesgue measure dz on RY)
whose support is contained in compact set €2y, C R?. We propose to characterise the population
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barycenter of a random measure p satisfying the deformable model

w = p#uo, (5.4)

for a specific class of random diffeomorphisms ¢ : RY — R% Let S} (R) be the set of positive
definite d x d symmetric matrices with real entries. Let

¢ : (RP, B(RP)) — (s;(R) x R% B (SI(R) X Rd))

be a measurable mapping, where B(S; (R) x R?) is the Borel o-algebra of S} (R) x R%. For
0 € RP, we will use the notations

(b(a) = (A97 b9)7 with Ag € S;(R), by € Rd,

and
Ty(z) = Agx + by, x € RY.

Since the matrix Ay belongs to S;‘(R), it is clear that Ty is the gradient of the convex function

1
pg(x) = 55[?/14956 + bz, for x € RY.
Moreover, for any 6 € R?, it is clear that Ty : R — R¢ is a C'! diffeomorphism with inverse
given by
Ty ) = Ayt (z — bg), = € R

Let © C R? be a compact set. One can then define a parametric class of diffeomorphisms of R?
as follows

Dy(0) = {Ty, 6 € O} (5.5)

Finally, let & € RP be a random vector with density g (with respect to the Lebesgue measure
df on RP) having a support included in the compact set ©. We propose to study the popula-
tion barycenter in the 2-Wasserstein space of the random measure pg satisfying the following
deformable model:

ng = T io- (5.6)

The above equation may also be interpreted as a semi-parametric model of random densities,
where Ty is the optimal mapping between jg and jg. For any § € © (not necessarily a random
vector), we define g = Typ#po. Since Ty is a smooth diffeomorphism and g is a measure with
density go whose support is included in the compact set €2, it follows that g admits a density
g9 on R? given by

[ det (AN qo (Ayt (z —bp)) if  x € R(Ty),
qg(m)_{ 4 )qog ’ ) i r g R(Ty). (5:7)

where R(Tp) = {Tp(v),y € Qg } = {Aoy + by, y € Qg }. If we further assume that the mapping
¢:0 — SI(R) x R is continuous, it follows that there exists a compact set @ C R? such that
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R(Typ) C Q for all # € ©. Thus, under this assumption, the random measure pg takes its values
in M+(Q)

If we assume that E(Ag) = I and E(bg) = 0, then, by applying Theorem 4.1, it follows
that pio = p* is the population barycenter in the Wasserstein space of the random measure pg
satisfying the deformable model (5.6). In the case where E(Ag) # I, we define, for any 6 € ©,
the following quantities

Ag - AQA_l and Bg = bg — Agz‘_l_lg, (58)
where A =E (AG) and b= (bG)' For any 6 € O, we also define the mapping
Ty(z) = Ty(T~(x)) = Agz + by, = € RY,

where T'(z) = E(Ag)z + E(bg). To apply Theorem 4.1, it is necessary to assume that Tp is the
gradient of a convex function, which means assuming that Ay = AgA~! is a positive definite
matrix. A sufficient condition to have this property is that Ay is a diagonal matrix for any 6.
Another condition ensuring this property is to assume that AgAgy = Ag Ay for any 6 and 6 in
©, namely that (Ap)gco is a class of commutative matrices. Under such assumptions, it is then
possible to apply Theorem 4.1 to obtain that the population barycenter in the Wasserstein space
of the random measure pg satisfying (5.6) is given by

= THpo.

5.3 Related results in the literature on signal and image processing

In the literature, there exists various applications of the notion of an empirical barycenter in
the Wasserstein space for signal and image processing. For example, it has been successfully
used for texture analysis in image processing [14, 32|. There also exists a growing interest on
the development of fast algorithms for the computation of empirical barycenters with various
applications in image processing [6, 15]. The theory of optimal transport for image warping has
also been shown to be usefull in various applications, see e.g. [25, 26] and references therein. Some
properties of the empirical barycenter in the 2-Wasserstein space of random measures satisfying
a deformable model similar to (5.3) have also been studied in [13].

Nevertheless, the results in this paper are novel in various aspects. First, we have also shown
the benefits of considering the dual formulation (7.2) of the (primal) problem (1.2) to characterize
the population barycenter in the 2-Wasserstein space for a large class of deformable models of
measures. To the best of our knowledge, the characterization of a population barycenter in
deformable models throughout such duality arguments is novel.

6 Convergence of the empirical barycenter

Let us now prove the convergence of the empirical barycenter for the set of measures considered
in this paper under Assumption 1 (i.e. that they are compactly supported). We recall that
this assumption implies that the Wasserstein space (M (Q),dw,) is compact. This is the key
property that we use to study the convergence of the empirical barycenter.
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Let 04,...,0, be iid random variables in R? with distribution Pg. Then, let us define the
functional

11
Jn(”) = 5256@[@(”7”9]-)7 V€M+(Q)7 (61)
j=1

and consider the optimization problem: find an empirical barycenter

i, € arg min J,(v), (6.2)
veM4(Q)

Thanks to the results in [2], the following lemma holds:

Lemma 6.1. Suppose that Assumption 2 holds. Then, for any n > 1, there exists a unique
minimizer @, of Jy(-) over M4 (£2).

Let us now give our main result on the convergence of the empirical barycenter f,,.

Theorem 6.1. Suppose that Assumption 1 and Assumption 2 hold. Let p* be the population
barycenter defined by (1.2), and @, be the empirical barycenter defined by (6.2). Then,

lim dw, (@, ") =0 almost surely (a.s.)

n—-+0o0o
Proof. For v € M(Q), let us define
Ap(v) = Ju(v) — J(v).

The proof is divided in two steps. It follows standard arguments to obtain a strong law of large
number for random variables belonging to compact metric spaces that can be found in [35].
Theorem 6.1 can be seen as a particular case of the general results in [35]. But in order to be
self contained we include a detailed proof that is inspired by the arguments in [35]. First, we
prove the uniform convergence to zero of A,, over M (). Then, we show that any converging
subsequence of f,, converges a.s. to p* for the 2-Wasserstein distance.

Step 1. For v € M4 (), let us denote by f, : M4 () — R the real-valued function defined by

1
Fulse) = 5, (1),
Then, let us define the following class of functions
F = {fw Ve M-I—(Q)}

Since ) is compact with diameter §(€2), F is a class of functions uniformly bounded by 252()
(for the supremum norm). Now, let v, u, ' € M (). By the triangle reverse inequality

() = fo(u)] = % |y, (v, 1) = di, (v, )| < V26(Q) |dwr, (v, ) = dww, (v, 1)
< \/ié(Q)dWQ (Mnu’/)'
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The above inequality proves that F is an equicontinuous family of functions. Now, let 61,...,8,
be iid random vectors in R? with density g, and let us define the random empirical measure on

(M1(Q),B(M4(2)))
I 1«
L Z_; Ong. =% Z;%(@i)’
where 5u denotes the Dirac measure. It is clear that

Ap(v) = /Mm) fo(p)dPy (p) — /Mm) fo(p)dPg (1)

Let f: M4(©2) — R be a real-valued function that is continuous (for the topology induced by
dyw,) and bounded. Thanks to the mesurability of the mapping ¢, one has that the real random
variable fM+(Q) f(u)dPy (1) converges a.s.'to fM+(Q) f(p)dPg(p) as n — +oo, mez.ming that the
random measure Py a.s. converges to Py in the weak sense. Therefore, since F is a uniformly
bounded and equicontinuous family of functions, one can use Theorem 6.2 in [33] to obtain that

sup |A,(v)| = sup — 0 asn— 400, a.s. (6.3)

VEML(Q) fer

JRLCL AT X0
M4 (Q)

My ()

which proves the uniform convergence of A,, to zero over M, (Q).

Step 2. By Lemma 6.1, there exists a unique sequence (f,,),>1 of empirical barycenters defined
by (6.2). Thanks to the compactness of the Wasserstein space (M4 (), dy, ), one can extract a
converging sub-sequence of empirical barycenters (fi,, )r>1 such that limy ., o dw, (i1, , 1) = 0
for some measure 1 € M4 (Q).

Let us now prove that g = p*. To this end, let us first note that by the definition of @, and
p* as the unique minimizer of J,, () and J(-) respectively, it follows that

‘J(ﬁnk) - J(M*)| J(ﬂnk) - Jnk(ﬁnk) + Jnk(ﬂnk) - Jnk(lu'*) + Jnk(lu'*) - J(M*)

2 sup |An (V)]
veM4 ()

IN

where we have used the fact that Jp, (f,,) — Jn, (#*) < 0. Therefore, thanks to the uniform
convergence (6.3) of A,, to zero over M (), one obtains that

lim J(f,,) = J(1°). (6.4)

k—+o00

Therefore, using that

[T (B) = T (5] < [ (B = T (B, )|+ [T (B, ) = T (7))
< sup A )]+ [T () = T
veEM ()
one finally obtains by (6.3) and (6.4) that
lim  Jp, () = J (%) (6.5)

k——4o00
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Since [Jn, (1) — J(1)] < sup,ea, () [Bn, ()], it follows by equation (6.3) that

kll)I_iI_I In, () = J(1) a.s. (6.6)

Moreover, for any € > 0, there exists k. € N such that dw, (i, , i) < € for all & > k.. Therefore,
using the triangle inequality, it follows that for all & > k.

1/2
_\\1/2 1 <1 5
(Jny ()77 = - > 54w, (B 1
ki
1/2 1/2
1 a1,
j=1
1/2
€
S _Z W2 l‘l’nkaue ) +ﬁ7
and thus by equations (6.5) and (6.6), we obtain that
J(p) < lm Jy, (@, ) = J(1) a.s. (6.7)

k—+o00

which finally proves that g = p* a.s. since p* is the unique minimizer of J(v) over v € M ().
Hence, any converging subsequence of empirical barycenters converges a.s. to p* for the
2-Wasserstein distance. Since (M (Q),dw,) is compact, this finally shows that (g, )n>1 is
a converging sequence such that lim,,, dw, (f,,, #*) = 0 a.s. which completes the proof of

Theorem 6.1.
O

7 Dual formulation

In this section, we introduce a dual formulation of problem (1.2) that is inspired by the one
proposed in [2] to study the properties of empirical barycenters. Let us recall the optimization
problem (1.2) as

(P) Jpi=_inf (), where J() = % /@ @2y, (v, 116)9(0)d6. (7.1)

Then, let us introduce some definitions. Let X = C(€,R) be the space of continuous functions
f:Q — R equipped with the supremum norm

1f|lx = sup {|f(=)[} -
€

We also denote by X' = M () the topological dual of X. The notation f© = (f3)geco € L' (0, X)
will denote any mapping
f°: 0 - X
{ 0 — fo
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such that for any = €
/ [fo(@)|db < +oo.
©

Then, following the terminology in [2], we introduce the dual optimization problem

(P*) Jp+ 1= sup {/ / Sy fo(x)dpg(x)db; f© e L'(©, X) such that / fo(z)dd =0, Va € Q} ,
0 JQ ©
(7.2)
where

Sq0)f(x) = yeﬂ{@!x—yﬁ—f(y)},VmEQ and f € X.

Let us also define
Hyo)(f / Sgeo)f (x)dpg(z),

and the Legendre-Fenchel transform of Hg ) for v € X' as

i) = ) )} = o[ St [ Syt

In what follows, we show that the problems (P) and (P*) are dual to eachother in the sense
that the minimal value Jp in problem (P) is equal to the supremum Jp+ in problem (P*). This
duality is the key tool for the proof of Theorem 4.1.

Proposition 7.1. Suppose that Assumption 1 and Assumption 2 are satisfied. Then,
J’p == J’p*.

Proof. 1. Let us first prove that Jp > Jp=.
By definition for any f® € L'(0,X) such that Vz € €, f@ fo(x)dd = 0, and for all y € Q we
have

9)

Sy fo@) + foly) < EN o2

Let v € M4 () and vy € II(up, v) be an optimal transport plan between py and v. By integrating
the above inequality with respect to vy we obtain

/5 yJo(z)dpe(x /fe )dv(y _/QQ@W—ZJ\QCW&(%ZJ) gga)d%vg(ue,v)-

Integrating now with respect to df and using Fubini’s Theorem we get

0
/@ /Q S0 fo ) dpig ()6 < /@ %d%(u@,y)da

Therefore we deduce that Jp > Jp«.

21



2. Let us now prove the converse inequalities Jp < Jp=.
Thanks to the Kantorovich duality formula (see e.g. [38], or Lemma 2.1 in [2]) we have that
H (v v) = %d%/VQ (o,v)g(0) for any v € M (Q). Therefore, it follows that

g(0
Jp = inf {/ v)dl, v e X'} </® H;w)w)* (0). (7.3)

Define the inf-convolution of ( g(g)) by

0cO
H(f) ::inf{/ Hyp)(fo)d6; f© € Ll(@,X),/ fo(z)do = f(z),Vz € Q} VfeX.
S C)

We have in the other hand that

Using Theorem 1.6 in [28], one has that for any v € M (Q)

y):/@H

Jp = —H™(0) > —H(0) = Jp-.

Then, thanks to (7.3), it follows that

Let us now prove that H**(0) = H(0). Since H is convex it is sufficient to show that H is
continuous at 0 for the supremum norm of the space X (see e.g. Proposition 4.1 in [17]). For
this purpose, let f© € L'(©, X) and remark that it follows from the definition of Hgp) that

Hyp)(fo) = /Qzlelg{fe(y)—@\x—y?}dug(@
> o0 = 2 [ o),

which implies that
1) = £0) = [ 25 [ (o aua(a)ds > o0, vf € X,

Let f € X such that || f||x < 1/4 and choose f© € L1(©, X) defined by fo(z) = f(x)g(f) for all
0 € © and x € Q. It follows that

1 < [y pao < [ [ s Q{ 90, —ylz}due(ﬂﬂ)cw
: / / ()0 = .

Hence, the convex function H never takes the value —oo and is bounded from above in a neigh-
borhood of 0 in X. Therefore, by standard results in convex analysis (see e.g. Lemma 2.1 in
[17]), H is continuous at 0, and therefore H**(0) = H(0) which completes the proof. O
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8 Beyond the compactly supported case

To conclude the paper, we briefly discuss the case of a random measure pu with distribution
P whose support is not included in a compact set Q of R In the one-dimensional case i.e.
d = 1, let us denote by Fy, its cumulative distribution function, and by F ﬁl its generalized
inverse (quantile function). Provided that one can define the measure p* with quantile function

Fl;l(y) =E (Fﬁl(y)) for all y € [0,1], it is expected that arguments similar to those used in

the proof of Theorem 3.1 can be used to prove that p* is the unique population barycenter of
the random measure p with distribution P.

The multi-dimensional case (i.e. d > 2) is more involved. Indeed, the arguments that we used
to prove the main results of the paper for d > 2 strongly depend on the compactness assumptions
on the support of the random measure ;19 and on the set © to which the random vector 8 belong.
Adapting these arguments for the extension of this paper to non-compactly supported measures
is an interesting topic for future investigations.
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