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Abstract

We propose a unified asymptotic approach in order to derive the Oberbeck-Boussinesq approxi-
mation from the compressible Navier-Stokes equations coupled to a heat equation with an eventual
source term. We point out, in the configuration of a horizontal infinite layer, the conditions for the
density changes to be small, first for an ideal gas and then for a fluid with a divariant state law.
We identify two small parameters. The original equations are then non-dimensionalized with different
characteristic pressures and different linearized state laws for ideal gases and for a general fluid. We can
either let the two small parameters go to zero and formally derive the asymptotic system of equations
whereas in the gaseous case, we can directly use the Low Mach Number asymptotics. The coherence
between the two approaches is provided and the link with the entropy production is established. It is
emphasized that, in some situations, the work of the static pressure forces has to be retained in the
final set of equation with both strategies since it involves the ratio of the two small parameters. It is
related to the static pressure stratification of the fluid and can not be eliminated directly even if it is
usually neglected in the Oberbeck-Boussinesq approximation. This original result proves the necessity
to start from a divariant state law instead of the usual assumption that the density only depends on
the temperature. Finally we prove, using a linear stability analysis and numerical simulations that
this term has a stabilizing effect on the Rayleigh-Bénard problem and can even suppress the onset of

natural convection for some values of the parameters.

Keywords : Boussinesq approximation/natural convection/asymptotic analysis

* Corresponding author



From Navier-Stokes to Boussinesq : a Unified Approach

1 Introduction

There has been several attempts at deriving the Oberbeck—Boussinesq approximation from the
full Navier-Stokes equations. This approximation is often mentioned to be valid for a “mechanically
incompressible but thermally compressible” fluid. It is generally used in the framework of the
natural convection problems such as the Rayleigh-Bénard configuration, and provides a simplified
set of equations which is much more tractable for both numerical and analytical purposes, since all
the acoustic scales have been eliminated. There exists various studies devoted to the justification
of this approximation from more general models, which we think are not entirely satisfactory, and

this is the aim of the present paper to provide a general and unified approach.

As there are too numerous papers devoted to the present subject, we are going to present only
a few of them, a cursory discussion of the quintessential contribution of which is going to both
justify the re-examination of the subject in the present paper as well as the chosen framework and
asymptotics. We have chosen to present the state of the art in the domain using four representative
papers. The first paper to be published was written by Spiegel and Veronis [1]. They considered
an ideal gas with the usual state law; an asymptotics was derived from the compressible Navier-
Stokes equations. However, for the study of their thin layer of an ideal gas, they only introduced
one small parameter related to the density variation. Consequently, in their discussion about the
terms in the compressible equations to be retained, they had to use an adhoc argument in order
to obtain the usual system of equations. The second one, often referred to as the “rigorous basis”
for the derivation of the Oberbeck—Boussinesq equations, is the paper of Mihaljan [2]. Two small
parameters were identified using the Buckingham Pi-theorem. Nevertheless, they assumed, from
the starting point, that the density is a function of the only temperature of the fluid. It will be
made clear by our study that such an assumption does not allow to take into account the work
of the pressure forces in the temperature equations, an additional term which can change the
stability limit in the Rayleigh-Bénard problem. It is worth to notice that the criticism expressed
by Rajagopal et al. [3], that one of the parameter is exploding when the other is approaching zero
is not correct since one of the two parameters is related to the temperature changes in the fluid
layer and the other one to the acoustic scales; they are independent. A beautiful piece of work is

to be found in Gray and Giorgini [4] where an extensive study of the validity of the Oberbeck—

2



From Navier-Stokes to Boussinesq : a Unified Approach

Boussinesq approximation was provided. A general divariant fluid was considered and the final set
of equations obtained. However, they did not conduct a rigorous asymptotic analysis and did not
study the difference between ideal gases and general fluids. The relation of their approach to the
Low Mach number asymptotics for ideal gases was not conducted and the influence of the work
of the pressure force not studied. Part of our study can be considered as the rigorous exposition
of the ideas present in this paper. Finally a more recent work by Rajagopal et al. [3] intends
to provide a rigorous derivation of the Oberbeck—Boussinesq approximation in the framework of
a full thermodynamical theory of the Navier-Stokes equations. They make the same assumption
as Mihaljan; density is a function of the temperature only and the motion of fluid at constant
temperature is isochoric. Besides, they pretend to relate the system of equations to the second
law of thermodynamics. Since the work of the viscous forces is eliminated from the temperature
equation in the limit of an incompressible fluid, the resulting system of equations is not compatible
any more with the entropy production in the system. As a consequence of eliminating the pressure
ab initio from the state law, they have to re-introduce it as the trace of the stress tensor; it is
not the thermodynamical pressure any more but a “mechanical pressure”. Since then it is difficult
to follow the use of classical thermodynamics arguments when the functional dependencies of the
various state function such as the free energy and the entropy are not explicitly given. Finally, they
relate the choice of the free fall characteristic velocity in their asymptotics to the thickness of the
layer which is then very large, and artificially let the reader think that the asymptotics depends
on this characteristic velocity. The issue of the influence of the chosen characteristic velocity on

the asymptotics will be discussed in the following.

In this paper we conduct two strategies, one for general divariant fluids which is based on
two small parameters (close to the one used in [4]) and one based on the Low Mach Number
asymptotics for ideal gases. In the present study, gases will always be assumed ideal, and for the
sake of physical intuition, the first strategy will be considered to be well-suited for liquids, even if
it is also valid for real divariant gases. For the sake of clear presentation, we focus on the generic

infinite horizontal layer under gravity conditions.

The fundamental difference in terms of scales between liquids and gases is identified. The two
strategies are then applied and yield asymptotic systems of equations. They are then proved to

be compatible and provide the usual system of the Oberbeck-Boussinesq equations except that
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there is a residual compressibility term in the heat equation. It is due to a static pressure gradient
related to the stratification of the fluid and correspond to the work of the static pressure forces. It
can only be eliminated under some precise assumption on the ratio of free fall velocity and velocity

of sound.

In previous papers, this term is either neglected in the Oberbeck-Boussinesq approximation
since the authors start from a simplified state law [2] [3] or it is mentioned but not derived in the
framework of a rigorous asymptotics [1] [4]. The fact that the final system is not self consistent
from the entropy conservation point of view is then discussed. Finally we make the link between

the choice of various typical velocities as the characteristic velocity of the problem.

The influence of this residual compressibility term on the onset of natural convection for the
Rayleigh—Bénard problem is studied through a linear stability analysis. Some numerical simulation
confirm the theoretical analysis : the compressibility term can stabilize the layer and even prevent

the onset of natural convection.

2 Original equations, characteristic pressure and density variations

The purpose of this first section is to introduce the reference system of equations. It is
constituted of the compressible Navier-Stokes equations coupled to the heat equation with an
eventual source term and a general divariant state law. This system of equations is the basis in
order to derive weakly compressible models. By weakly compressible models, we mean that the

density variations are supposed to be small in the fluid around a reference value.

In this context, we consider the configuration of an infinite horizontal layer. We assume that
the 1D heat equation in the vertical direction for the static fluid admits a stationary solution such
that the temperature variations around one of the boundary conditions Tj, are small. We then
precisely describe the pressure and density variation in the presence of gravity as well as the small
parameters involved in the problem. We distinguish the treatment of ideal gases and divariant

liquids and finally derive linearized state laws in both cases.
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From Navier-Stokes to Boussinesq : a Unified Approach

2.1 The general framework of compressible Navier-Stokes Equations

The general system of equations we are going to start from is the system of the conservative
Navier-Stokes equations with only one specific force acting on the fluid, the gravity. These equations

of motion of the fluid are coupled to the enthalpy equation. The system reads:

op+ O - (pv) =0, (2.1)
Orpv + 0y (pv @) = =0, P — pyge.,, (2.2)
0iph'®* + 0y (ph**'v) = —8y-q — 0y (IL.v) + Op — pgv-e., (2.3)

where x is the space coordinates vector, p denotes the density, v, the velocity, ht°t = h(p, T) +vv/2
the total specific enthalpy and h(p,T) the specific enthalpy of the fluid, p, the thermodynamic
pressure, IT the shear stress tensor, P = pI + I1, the pressure tensor, with I the unit second order
tensor and ¢, the heat flux; g is the norm of the gravity force and e, the unit vector in the vertical

direction.

The dissipative fluxes IT and g are given by:

I = (41— m)(9:-0)I =1 (90 + (0;0)") (2.4)

q=—-X\0,T, (2.5)

where 7 denotes the shear viscosity, np, the bulk viscosity and A, the heat conductivity.

For the system to be closed, we need to consider an equation of state relating the density to

pressure and temperature:
p=pp,T). (2.6)

We assume that p is a strictly increasing function of pressure and strictly decreasing function of
temperature (we are not too close to the 4°C point for water). We finally assume that the density

is a smooth function. We also express the specific enthalpy :

where e(p,T) is the specific internal energy. We also assume the smoothness of h as a function

of (p,T). It is important to notice here that we do not assume that the density is a function of
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the temperature only as it is often done [2] [3]. We only suppose the fluid to be divariant, a fairly

general basis. Let us then define:

__1 (9o _
alp,T) = _Po (8T>P’ ag = a(po, To), (2.8)

where « is the coefficient of thermal expansion at constant pressure and pg, pg and T} are reference
density, pressure and temperature. It is interesting to relate the isothermal compressibility

coeflicient to the sound velocity in the fluid through :

dp dp 0
c(p,T) = — 1, co = ¢(po,To), — ==, ,T)=c,(p,T)/co(p, T). (2.9
e = (%) w-cmn. () ~F @D -amD/emD). @)
where ¢ denotes the sound velocity, S, the entropy, v the ratio of the heat capacity at constant
pressure over the heat capacity at constant volume and vy = 7v(po,Zo), its value at the reference

temperature and pressure.

We can then derive a general equation for the temperature of the fluid :
pcp (0T +v-0,T) =0, (N0, T) — IT : Opv + P (Orp + v - OpD). (2.10)
p

Before going into the core of the paper, let us make the following assumptions which can be

easily relaxed, for the sake of clearness of the presentation.

[S1] The heat capacity at constant pressure of the fluid is assumed constant c,(p,T) =
cp(Po; To) = ¢po-

[S2] The shear viscosity as well as the thermal conductivity are supposed to be constant, A = A,

= uo- We neglect the bulk viscosity 7.

The purpose of the paper is to rigorously derive the Oberbeck—Boussinesq approximation from
the previous system of equations for both liquids and gases, thus providing a unified approach.
This approximation intends to retain in the final model the small density variations in the gravity
terms without taking into account the acoustic scales. This model is essentially used for the
determination of the onset of natural convection (which correspond to the stability limit of a given

static configuration, by static we mean without fluid motion).

In order to derive the model and present the underlying ideas, we consider the usual configura-
tion of a infinite horizontal layer as in the Rayleigh-Bénard problem ([5] [6] [7] [8]) and characterize,

in the following sub-section, the characteristic density variations of the static stationary solution.
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2.2 Horizontal layer : Static stationary solution

We consider a horizontal layer of thickness L, the bottom line of which is located at the vertical
coordinate z = 0 and the top line at z = L. We look for a static solution (vg = 0,pg,Ts) of the

system of equations (2.1), (2.2), (2.10).

The system of equations defining the static stationary solution is then given by :

—d.ps — p(ps,Ts) g =0 (211)
d.(A\d.Ts) + Q(Ts) = 0, (2.12)

with boundary conditions :
ps(z =0) = py, Ts(z=0)=1Ty, Ts(z=1L)="T. (2.13)

For the sake of generality, we have added a heat source term Q(7T) in the temperature equation
which can correspond to a chemical heat source term as in the thermal explosion problem treated
in [9] [10] [11] [12]. For this system of two equations, we assume, firstly, that equation (2.12)
with boundary conditions (2.13) on the temperature, admits a unique smooth solution Ts(z); and

secondly that equation (2.11) also admits a unique smooth solution pg(z).

The final Oberbeck—Boussinesq approximation is valid for a fluid density, the changes of which
around a constant value py = po(po,To) are supposed to be small throughout the process and
particularly for the static solution. It is then necessary to identify the conditions on the static
temperature and static pressure such that the density changes inside the layer are small, as well

as the corresponding small parameters.

2.3 Small parameters

We identify in this paragraph, under the form of a proposition, the proof of which is given in
Appendix I, the conditions for the density variations in the layer to be small both in the isothermal
case and in the varying temperature case. The reason why the isothermal case is emphasized will

be made clear in Remark 2.2 at the end of this subsection, and also in the following subsection.
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Let us first treat the isothermal case. We assume that 77 = Ty and @ = 0 in such a way that
the solution of problem (2.12) is Tg;(z) = To. Let psr(z) denote the isothermal pressure field

solution of (2.11) with Tg;(2) = Tp.

Let us now introduce two non-dimensional parameters:

YR TIL T, 1) G(p T)AT, AT = max |[T(z)—Tol,  (2.14)

YP(p,T) =
#.T) A(p,T) " =€[0,L]

where AT is the maximal temperature difference in the layer. We also define, for convenience,
Y& = TP (po, Tp) and YE = YT (py,Tp). We then define the maximum of this quantities in both

the isothermal and the non-isothermal cases :

o = zren[g%]{Tj (ps1(2), Ts1(2)), Y (ps(2), Ts(2))}, j=PT. (2.15)

PROPOSITION 2.1 ——

Let us assume that YE_ << 1, then for the isothermal case, we have the following estimate :

max

|psz — (po — pogz) |po — psr(psr(z), Tsr)

<< 1, <<1, 2.16
pogL | 00 | (2.16)
and even, more precisely :
_ — )2 —
0 < Psr = (Po — pog?) <P (/L) o<t ey (2.17)
pogL 2 Po

Let us then assume YL << agTy < 1, then, for the non-isothermal case, we have :

max

- - - - T
s (po pogZ)‘ w1, |PSTPSL g R0 ps(ps(2), s)‘ <1, (2.18)
pogL ogL Po
However, these estimates can be made more precise :
— _ L)?
YT (/1) < BT P09 oy pyypr, BIEE (2.19)
pogL 2
L)? - L)?
X (/D) ~ Y G P50t pr oy ek, B )
pogL 2
L - T
_Tﬁax—"_Tr]rDlax (Z/L) (1_T17;1ax_T11:1ax (2/2 )) < po pS(pS(Z)’ S> < Trlnﬂlax—'_rflax (Z/L) (1+T§1ax>
£o
(2.21)
o
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In the way the problem was formulated, for the sake of generality, we have made no assumptions
on the variations of  and «y/c? as functions of (p, 7). However, out of the two conditions, we mainly
retain the associated assumptions on AT and L. Besides, Y. and YT, have been defined over
the range of variation of pg and Ts. In the following, we will consider the dynamical problem and
linearize around the static solution so that the range of variations of pressure and temperature
will change. Consequently, since we do not want to derive a priori estimates on p and T', we will

consider a stronger assumption on o and v/c? :

[S3] The coefficient of thermal expansion at constant pressure a as well as the ratio v/c? are

uniformly bounded as functions of p and T :

0 < a < amax, 0<12<(12> ,
C C®/ max
with the assumption that :
YL = omax AT << Ty <1, TP = (612) gL <<1, (2.22)
max

as well as, aumax/ag = O(1) with respect to YL and (C%)max/ (7—8> = O(1) with respect

max

to TP

max*

Remark 2.1.

This is the point where ideal gases and divariant fluids (and especially liquids) differ; for ideal

gases, the inequality Y2

max

<< 1 implies ”‘;—‘[’)L << 1 since ¢3 = yopo/po, which means that the
pressure changes are small compared to pg, a condition which is going to allow the use of the
Low Mach Number approximation for the dynamical set of equations as well as a linearization

of the state law around (pg,Tp). This is not the case for a liquid where the pressure changes

can be of the order of py, even if ps});opo << 1 is satisfied.

Proposition 2.1 states that in both cases, the characteristic pressure drop due to gravity at the

static level is pggL, and it is almost linear as a function of the vertical coordinate.
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Remark 2.2.
Similarly for a divariant fluid, if its thermal expansion coefficient is small, the temperature

variations does not have to be small for the density variations to be small. However, for the
sake of simplicity, we assume that we are in the framework of assumption S3 so that the
temperature variations are small compared to Ty. This is reasonable even in the configuration
of thermal explosion where the temperature increase is of the order of the Frank-Kamenetskii
temperature and is then small in comparison to Ty in the large activation energy asymptotics
[11]. The whole study can be extended to the case of a small thermal expansion coefficient

to the cost of much more complicated notations since the linearization on the temperature are

going to take place around the eventually non-linear stationary temperature profile Tg.

2.4 Linearized state law, difference between gases and liquids

The state law can be linearized around (po, Tp):

p(ps,Ts) = po _ YoPo Ps — Po
Po Cg Po Do

(Ts —To)
To

—ao (Ts — To), (2.23)

under the condition that

<< 1, as well as pSpT)po << 1. In the case of an ideal gas,

the two conditions invoked in Proposition 2.1 are sufficient in order to insure the validity of the

linearization, since pg = porly, with r the universal gas constant divided by the molar mass of the

fluid, a9 = 1/Tp and c% = v0po/po. We then retrieve that the density variations are small.

In the case of a liquid it is different in that psp;op“ does not have to be small for the density
variations to be small; actually if pg g L/pg is of order one then, the pressure variations are also of
order one. On the other hand, from Remark 2.2, the temperature variations around T are small.

In this case the linearization has to take place around the profile pgs;. In the following we will use

= p(pf)(’JTS), p= p(pSpIO’TO), and pg = ES=PSL We then obtain:

the following notations : pg ool

T-T,
S A TP— _TT
pPs p+ o Ps 0 AT 5

(2.24)

which is justified because pg << 1 from Proposition 2.1.

Finally just by examining the static mechanical equilibrium, we come to the conclusion that

the state law can be linearized under the two conditions

T
Tmax

<< apTy <1, b o o<<1, (2.25)

max
so that the two small parameters are identified.
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3 Non-dimensional form of the equations, characteristic quantities

In this section, we are going to obtain non-dimensional forms of the system of equation
considered in the previous section. The plural is due to the fact that ideal gases and general
divariant liquids can be treated using different approximations and also due to the fact that there

is no natural characteristic velocity for the Rayleigh-Bénard problem.

3.1 Non-dimensional quantities and state laws for gases and liquids

Let us first focus on the characteristic quantities which do not depend on the fact that the fluid
is a liquid or a gas. The characteristic density is pg, the characteristic temperature Ty g AT, and
the characteristic velocity will be denoted by vg. We will see that there exist several choices for vy.

The space characteristic length is L and the characteristic time scale is L/vg, in such a way that :

z=z/L, t=tv/L, v=v/vg, p=p/po, 79:T10TT;OTO. (3.1)
Finally, we define Q() = Q(T).
In the case of an ideal gas, we simply consider the characteristic pressure py and define
p=(p—po)/po- (3:2)
The linearized state law then takes the expression :
p~1+p—"Tl0, (3.3)

In the case of a liquid, we have to distinguish the static pressure from the dynamic one and

define :
p=(p—ps1)/Ppo, D= (Pst—po)/Pso- (3.4)

where the characteristic dynamic and static pressures are taken to be :

Ppo = Po v%, Pso = pog L. (3.5)

In these equations, pg, stands for the static change of pressure due to gravity around pg, Py for
the dynamical change of pressure around pgy. The linearized state law then reads :

) R’ )
prp+ T (Té’TTp oonot‘)), p = p(psr,To)/po, (3.6)
0
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where Fr = vg/+/gL is the Froude number. Let us notice that TOP R = Yo Ma?, where Ma = vo/co
is the Mach number. In the following, the non-dimensional numbers will always denote the ratio

of quantities with a zero index.

3.2 Non-dimensional equations for ideal gases

Using the non-dimensional variables introduced in the previous sub-section, we finally get for

the non-dimensional form of the system of equations :

Oip + V-0zp = —p 0Oz, (3.7)
5 (05D + 0-050) = —————0aD+ (D0 + O (B5-D) — 205-(95-B) ) — g (3.8)
p OtV V-0zV) = - 1\4&2 zP Pe 2z U z\Oz "V 3VYz z U pFrgeza .
1 — 1)Ma? Pr
p (00+ ©-050) = —0zz0 + %— (050 + (0z0)" — 20;-01) : 950
Pe 1 Pe
awTovo—1,, . . QOL*1
——(0sp + v-0zD) + —, 3.9
S S a o) + S (3.9)
where we have used
po T _ -1
polocpo  Cpo Yo o

and where Pe = Lvg/kg is the Péclet number, Pr = vg/k¢ the Prandtl number (with vg = 19/po
the kinematic viscosity and ko = Ao/po ¢po the thermal diffusivity) and go = poc,0AT a reference

enthalpy.

3.3 Non-dimensional equations for divariant fluids

In the case of a divariant fluid, the system takes the form:

Oip + U-0zp = —p 0z 7, (3.10)
oo Tpo, o Pso 5~ Pr - -\ 2 - _1
p(0F0 + 0-0z0) = povg Ozp pO'U(Q) Ozp + B (0zz0 + 0z(0z-0) 50z (0z-0)I) pFr2 e, (3.11)
p (Op0+ ©-0z0) = Lo.0- foo I (050 + (0z0)" — 20501 : 970
Pro e YT Dso SN Q) L? 1
+—=2(14+750) —=(0p+1-0:p) + == (1+ 7Ty 0) —=(v-0zp) + —. (3.12
20 (140 0) s (00 + 0-050) + 52 (14 Y 0) s (0-050) + =, "0 (312
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Remark 3.1.
The system for the divariant fluid is also valid for an ideal gas. Therefore, it can be shown that

(3.11-3.12) is equivalent to (3.8-3.9) for an ideal gas.

3.4 Characteristic velocity and associated non-dimensional equations

We have come to the point where a choice has to be made. The characteristic velocity vg is
still to be defined. There are basically two choices which are more natural : either vg = ko/L or

vo = o/ L, a diffusion velocity [6] [8] [2], or vo = v/g L apAT the free fall velocity [4] [3].

It is interesting to note that this choice has no influence on the stability boundary defining the
onset of convection from a linear stability analysis point of view. The influence of the choice of
the characteristic velocity on the derivation of the asymptotics is discussed in section 7. In the
present subsection, we use the free fall velocity. The non-dimensional equations for the choice of a

diffusion velocity are provided in Appendix II.

1 N N Tt
D = — (O T-0D) — —2O (50 +T-O- 1

Dz -0 1+§(5tp+v dzp) 13170 (00 + v-0:0), (3.13)

_ _ _ _ 1 R Pr _ _ _ ﬁ
p (050 + 0-0z0) = *mafp+ Fe(ﬁmv + 0z(0z-0) — %357'(8.%'1))I) - Tgem (3.14)

1 ~p Pr
P00+ v-0z0) = 5= Oza6 + Tr o (050 + (9z0)" — 20;-0I) : 070
awTovo—1,, . . Q@OL*1
Or +v-85 + = 3.15
5 % (0P P) qoko Pe (8-15)
where T(I; = %W—ngéD and with the linearized state law:
p=14+p-"_T0, p<<l, TI0 << apTy <1.
In the case of a liquid, the system takes the form:
TP
—070 = — (Y& (0p + 0-0:p) + 0-0:P) — o To YT (950 + v-050), (3.16)
P
Pr _
p (050 + 0-050) = —0zp + F(é)ﬁz‘) + 03(03-0) — 205+ (0z-0)I) — T (Ozp+pez), (3.17)
© 0
1 Ty P, v e . QO 1

Ty s xP s 1T
1475 0) = = (0 -Oz — 1475 0) = —(v-0zp), (3.18
bty (FX80) = 0 +0-0:0) + iy o (14 TE0) 2 e (0-047), (319

with the linearized state law:

p=p+Y5 (YEp—aoTnh), 0<1-p<Th 2<<1, Y{O<<1l, TIp<<1l. (3.19)
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‘We have used the fact that
@ _ -1
Cpo Cg OtQTO ’
so that
Pro Téj Pso _ Téj 1

qo a Ty’ qo aoTo YT

3.5 First approximation, link with the entropy production

At this level of the study, it is clear that a first approximation can be conducted using
assumption S3 on the two parameters Y2 and Y1 on system (3.16-3.18). It yields a divergence
free velocity field, and allows to neglect the work of the dynamical pressure and viscous forces in

the temperature equation.

The first idea is to express the particular derivative of the density as in (3.16) and to see that
the divergence of the velocity is constituted of two terms, the first one multiplied by T and the
second one by T{'. This yields :

0z-0 = 0.
Besides, the source term in the momentum equation reads :

aiﬁ"' ﬁez

TT ~ (T(I;ﬁ — O TO e)eza (320)
0

so that we can conclude on this point, with the complementary fundamental assumption :

[S4] The Péclet number and the Prandtl number are of order zero with respect to both small
parameters Y{ and YT§ :

Pe=0(1), P:=0(1). (3.21)

The meaning of the previous statement is that the three velocities, the diffusion velocities and
the free fall velocity have to be at the same order in the asymptotics. The same conclusion could
be drawn from the study by Rajagopal et al. [3] where they choose the free fall velocity and assume
the Reynolds number to be order one in their asymptotics. We will come back on this matter in

the discussion section at the end of the paper.

A 2

Assuming % = O(1) with respect to both T& and Y7, the last term to be examined
P

takes into account the ratio of the two small quantities. Either % ~ 1 then the term v, is to be
0

14
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retained :

80 =0, (3.22)
o I & I
8{1} + V-0z0 = — ip+FaijU+OtOT09€z7 (323)
1 TP YT 1 QL? 1
O+ 0050 = Sy Wy Bt R R | N S 3.24
t tU0s Pe e Tg Tg (675} T() vz qo Ko Pe’ ( )

P
or % << 1 so that this terms does not play any role at the zeroth order and the final equations
0

read :

97 =0, (3.25)
4 _ b
(9{1} + ’U-aifU = —O0zp —|—Faij'l] + g TO Gez, (326)
1 QL? 1
Ot 5.0--0 — O - .2
8t9+ v 8w 6 Peawze—" o Ko Pe7 (3 7)

a system of equations which corresponds to the usual Oberbeck-Boussinesq approximation.

Remark 3.2.
It is especially important here to emphasize that the model of a fluid “mechanically incom-

pressible but thermally compressible” can be obtained from (3.16-3.18) by letting YT{" go to
zero. We then rigorously obtain the model presented by Rajagopal et al. as the limit of the full
compressible model and justify it. However, we do not proceed with this part since we realize
that, doing so, the possible interaction between the two scales of the problem disappears. By

performing successively T — 0 and then Y — 0, the only possible result of the asymptotics

Ieyr 1
Yo Yo (agTp)?

attained. This is the reason why we conduct an asymptotics with both scales involved and

is the usual Oberbeck-Boussinesq approximation and the term ¥, can not be

qualify the obtained model of “weakly compressible”.

Before going into the link with the Low Mach Number asymptotics, let us come back on the
problem of the entropy production for the previous system of equations in reference to system
(3.16-3.18). It has to be noticed that, neglecting the work of the viscous forces, the entropic
structure of the compressible and conservative original equation is destroyed. In order to visualize

it, let us recall the entropy conservation equation related to system (2.1-2.3) :

0,T-0,T II: O,
T2 T

Ops+ 0y (psv) = —0p-q+ A (3.28)

15



From Navier-Stokes to Boussinesq : a Unified Approach

where s denotes the specific entropy and where _1r :1‘?”

can be shown to be non-negative. The
work of the viscous forces can then be interpreted as the entropy production due to the viscous
dissipation phenomenon. Neglecting this terms yields the decoupling of the hydrodynamic part
of the equations from the thermal one. However, even if the equations are simpler, the resulting
system of equation has lost, for example, the symmetrizability property as a system of mixed

hyperbolic-parabolic equations. We refer to [13] [14] for precise results on the entropic structure

and symmetrizability of the compressible Navier-Stokes equations.

4 Low Mach Number asymptotics for ideal gases

We have seen that the pressure variations at the scale L of the layer can not be considered as
small in comparison to py for a liquid. For this reason, we have introduced two separate pressure
scales in sub-section 3.1. However, for an ideal gas, the pressure variation, under the assumptions
of Proposition 2.1 can be considered as small in comparison to pg. In this context, we can use the
low Mach number asymptotics [15]. To that purpose, we introduce a small parameter and derive
in a first sub-section the system of equations. We prove, in a second sub-section that it can be

seen as equivalent to the systems derived in the previous section.

4.1 Principle and Asymptotics

In the case of a gaseous phase, it can be shown from the previous developments that :
p=p(1+p), p<<1l, p=O0(Ty). (4.1)

The idea is then to put the two small parameters into a unique scale, and to distinguish between

two cases.

We consider system (3.13-3.15) and define the small parameter ¢ = T{'; we assume :
T8 =07, j>o0. (4.2)

This yields 7o Ma® = TEYE = O(e7+?). We further assume

1 Q L?
— =0(1), Pr=0(1), =
5 =0() M

o(1). (4.3)
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It can be noticed that j can not be negative from equation (3.15). Besides, the arguments presented
in Remark 3.2 are also valid in this section where both scales are considered at the same time and

their possible interaction described through the integer j.

From there, the pressure and gravity terms in the momentum equation can be rewritten

_Ti&azaﬂ’cﬁ_ Le., which means that the perturbation of the pressure is going to be O(e/+1).

If we then expand p and p in &, we get:

P =P + 7 pja + O, (4.4)

p=1+¢e'p1+0(?), (4.5)

We then have to consider the linearized equation of state which states that :

p1=—e"pj1—0+0(), (4.6)
and recalling that 0z pj+1 = —%ez, we finally get :
T‘D
[_):17?027694*0(52). (4.7)

P
Let us consider the first case when j = 0; we denote yo = %, so that xo = O(1). In this case, the
0

system at the zeroth order reads :

Oz v =0, (4.8)
_ _ _ I = _ o
O + 0-0z0 = —; 3ip2+F8;z£U + fe, + x Ze, (4.9)
1 -1 20)L% 1
00 + 0-05-0 = — O — 2 o+ QOLT 1 (4.10)
Pe Y qo Ko Pe

P .
If 7 > 0, we denote x; = %, so that x; = O(e’). In this case, the system at the zeroth order
0

reads

0z v =0, (4.11)
4 1, . Pr. _
00 + 0-050 = —— OzDj2+ = 0zz0 + Oe, (4.12)
Xj Pe
- _ 1 Qo) L* 1
00 + v-0z-0 = P Ozz0 + wro Pe (4.13)
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which is the usual form of the Oberbeck-Boussinesq approximation [8] [9] [10] [11] [12].

4.2 Coherence between the two approaches

It is interesting to note that both approaches yield the same systems of equations (3.24-3.26)
and (4.12-4.14), if YJ' << Y¥. However, in the situation where Y& ~ YI', equations (3.22) and

(4.9) differ.

The two equation can be related by considering the two expressions of the pressure :

p;po=—5>202+€2]72+0(63):e)zo(eﬁ—i—fi), (4.14)
0
so that, at the leading order,
ep: ~
2+ 2 —epip
X0
Besides [p+ 2| < TE . %, so that finally :
. . D+Z p+z, TP 22
Bo= o (o EE5), [ELE < SmeE o), (415)

thanks to assumption S3. Finally, we can relate the pressure py to its equivalent in the other
derivation p through a constant coefficient of order one modulo an other part which can be
calculated easily :

= 52
.

The conclusion to be drawn from this is the fact that both forms are equivalent through a change
of pressure and that the low Mach number asymptotics is a little more precise since it provides, at

the second order, the exact pressure corrections.

The models have been completely identified; we are now going to evaluate the influence of the
work of the pressure forces when j = 0. We first consider the linear stability analysis and then

compare to numerical simulations.

5 Rayleigh—Bénard problem for an ideal gas : Linear stability analysis

18
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The system of equations we are going to use for the linear stability analysis is the one used
usually, which means the one with vy = k¢/L given in Appendix II, without the heat source term.
There has been a vast literature on the linear stability analysis of this type of equations for the
Rayleigh-Bénard problem (See for example [5] [6] [7] [16] [8]) and we shortly reproduce the leading

ideas in this section.

The aim is the computation of Ra. (the critical value of the Rayleigh number Ra for the onset

of convection in the layer) as a function of the coefficient related to the work of the static pressure

P
forces x = ;rr—" = 7‘;:1 Xo- We should retrieve the usual values for the critical Rayleigh number as
0

x — 0.

5.1 System of equations

The system with vg = ko/L for a gas reads :

where p can be easily related to p, and where we omit, in the following, the double bar on
the pressure. Problem (5.1-5.3) is considered in a 2D square domain (T = (y,2)%, 0 < y < 1,
0 < z < 1), where u and w represent the horizontal and vertical coordinates of the velocity and

with the boundary conditions:

y=0,1: 0,0=0,u=0,0,w=0; 2=0: 0=1,w=0,0,u=0; 2=1: §=0,w=0,0,u=0.
(5.4)

5.2 Linear stability analysis

Problem (5.1-5.4) is linearized about a static solution 6y(z), u = w = 0, (in the configuration
considered in the present paper, static solutions depend only on the vertical coordinate). In the
following we still use the notation ¢ for the linearized temperature around 6y. Using simple algebra,

pressure can be eliminated to yield:

850 = 0320 — (65 + x)w, (5.5)
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with boundary conditions:
y=0,1: 0,0 =0,0,w=0; 2=0,1: §=0,w=0,0,,w=0. (5.7)

We look for the solution of (5.5-5.7) of the form 6(y,z,t) = 6(z)e M cos(ky), w(y,zt) =

w(z)e * cos(ky) where k = mm, m = 1,2, ... which yields the eigenvalue problem:
“M =0 — k0 — (05 + ), (5.8)
M@ = k@) =P (@ = 2k*T + k*®) — PrRa k26, (5.9)
with the boundary conditions
2=0,1:0=0,0=uw =0. (5.10)

The convective instability boundary can be found from the condition that the eigenvalue A with

the maximal real part is zero. Eliminating 6 from equations (5.8-5.9) and setting A = 0 yields
©® -3k o™ +3k* @ — k® @ = Rak*(6 + X)W. (5.11)

with boundary conditions

z=01:w=w =a® =0. (5.12)

In the present configuration the static solution g (z) is linear 4(z) = 1—z. Setting w(z) = sin(mnz),

we get ((mn)? + k?)3 = Rak?(x — 1), which defines

(n)? + 1)

(s = T =0

(5.13)

The minimum of (Ra);(k?) is attained for k* = 72/2 and is equal to 4(217f:) ~ P2, In the square

8r* . 780
(1—=x) 1-x"

domain where k = 7m the minimum of (Ra); (k?) is attained for m = 1 and is equal to

6 Comparison with numerical simulations

A 2D vorticity-stream function formulation of system (5.1-5.3) is used:

Ozzth = —w, (6.1)
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Ofw + u Oyw + w O,w = PrOzzw — PrRa 0,0 (6.2)
050+ w0y0 + w 0,0 = 03760 — xw (6.3)
where 9 is the stream function, w the vorticity, v = 0,¢, w = —0y. The Prandtl number has

no influence on the critical value of the Rayleigh number and is taken to be 1. System (6.1-6.3)
has been considered in a square domain with boundary conditions: ¢ = w = 0, 9,0 = 0 on the
vertical boundaries and 6 = 0 on the horizontal ones. It is solved by using finite differences and
an alternate directions method: the discretization of equation (6.3) on the first and on the second

time half steps is, respectively,

2005577 = 05) /7 -l (057 = 0700 2 ol (B30 = 005-0)/2h+ X) =

1] i—1,j

n+1/2 n+1/2 n+1/2 n n n
(91:15 - 2‘91',; 24 eij1,§ )/h* + ( rie1 — 207+ Hi,j—l)/h2

and

n +1/2 n +1/2 n+1/2 n n n
2(90‘“ - 9:3 / )/ T+ ug (9?+1,§ - 93_1; )/2h + v} ((91',;:%1 - gij—lﬁ/?h +x) =

(712 — 20772 0 2 (07 — 207 4 00 k2

Here 7 is the time step and & the space step. Other equations are discretized similarly.
We examine the effect of the term yw. Recall that this term has to be retained in the equation

e _YoglL
if cg ag AT

~ 1 which means that the density changes due to temperature variations and the density

changes due to the static pressure variations have the same order of magnitude.

This term is seen to have a stabilizing effect which confirms the linear stability analysis. On
Figure 1, we have plotted the maximum of the stationary stream function as a function of the
Rayleigh number, for various values of x. For each curve a continuation based on the Rayleigh
number has been performed. This bifurcation diagram is classical for x = 0. On Figure 2, we have

i

plotted Ra. as a function of y, as well as the curve Ra. = % predicted by the stability analysis,

for comparison. It is shown to perfectly match.

We have also performed the numerical simulations in the configuration of no-slip boundary
conditions. In this case, the domain was taken rectangular (0 < y < 3.117 and 0 < z < 1. The
value 3.117 corresponds to the wave length leading to the minimal critical Rayleigh number on

the marginal stability curve : Ra, = 1708 [7] [8]). Figure 3 shows the behavior of the stationary
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maximal stream function with the Rayleigh number as a bifurcation parameter for various values
of the compressibility parameter. Finally, Figure 4 presents Ra. as a function of x as well as the

curve Ra, = 4708

= o As in the case of the free surface boundary conditions, the agreement is very

good.

7 Discussion and Conclusion

Three main directions of discussion can be drawn from the previous study. The first point to be
underlined is the necessity to start from general enough equations, i.e. from the full compressible
system of equation with a divariant state law in order to rigorously justify the Oberbeck-Boussinesq
approximation. The mathematical representation of a mechanically incompressible but thermally
compressible fluid, should only be obtained as the limit Y{" — 0 for the systems of equation derived
in sub-section 3.4. This leads in some cases to the additional term involving the compressibility
parameter x which can not be attained by just assuming the density to depend only on the
temperature as in [2] [3]. As stated in the previous two sections, the influence of this term can be of
importance since it can completely stabilize the layer. A physical explanation for this phenomenon
can be given. In the asymptotic limit where the compressibility of the medium is negligible at
the scale L, but where the work of the static pressure forces due to the pressure stratification
can bring a temperature difference of the order of the temperature difference imposed on the fluid

layer, convection is prevented.

The second point is related to the typical order of magnitude of the compressibility parameter
x- In the case of a gaseous layer of air at usual temperature and pressure, the thickness of the layer
has to be between a hundred and a thousand meters for x to be in the range where is stabilizes the
layer, whereas for water, is is of the order of 10* m. We have assumed in the previous evaluation
that 0T ~ 5 K. We then refer at this level to the study of Gray and Giorgini [4] where the regions
of validity of the approximation are provided. It is clear that for such thick layers, the associated
Rayleigh numbers will be sufficient for turbulence to appear. However, even if the equations are
then not valid any more, the problem of the stability of the stationary solution is still relevant
and the stabilizing effect of the work of the static pressure forces should be kept in the governing

equations.
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The third point to be discussed is related to the choice of the characteristic velocity in order
to non-dimensionalize the equations. We have presented the case vy = \/m of the free fall
velocity. In this case, the bifurcation parameter can still be taken as the Rayleigh number, or more
precisely as the square root of it since Pe/ VPr = vRa. Instead of having the bifurcation parameter
in front of the source term in the momentum equation as usual when vy = kg/L, it is in front of the
viscous second order term as the denominator. From a theoretical point of view, it yields of course
the same results. From the asymptotics point of view, let us underline that it has no implication
since Ra = O(1) for both small parameters. In order to check the validity of such a result, we have
represented on Fig. 5 three characteristic velocities involved in the Rayleigh-Bénard problem with
x = 0. The first one is the ratio of the free fall velocity to the diffusion velocity. In our case, since
Pr = 1, this ratio is equal to the square root of the Rayleigh number. The second velocity is the
diffusion one, vy = Kko/L which corresponds in our study to the non-dimensionalizing velocity and
is represented on Fig. 5 with the horizontal line |5| = 1. Finally, we have plotted the maximum
of the norm of the stationary velocity as a function of the Rayleigh number. It is particularly
interesting to note that this last velocity is always in between the previous two velocities, that
the diffusion velocity is adapted to the numerical detection of the critical value of the Rayleigh
number but gets especially small as the Rayleigh number is increased whereas the maximum of
the velocity is closer to the free fall velocity. In this case, the Péclet number is linearly increasing

which is known to yield the appearance of a thermal boundary layer.

Finally we have provided a rigorous framework for the derivation of the Oberbeck-Boussinesq
approximation from a full compressible model. The difference between general divariant liquids and
ideal gases has been pointed out and two asymptotics derived. The asymptotics is not dependent
on the choice of the characteristic velocity. The presence of a residual term in the temperature
equation due to the work of the static pressure forces due to stratification has been discussed and
justified; besides the influence of this term on the stability of the layer has been studied both
theoretically and numerically. We think that our work brings a unified approach to this problem
and provides the basis for further mathematical investigation and justification of the presented

asymptotics.
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8 Appendix I

In this Appendix, we give the proof of Proposition 2.1. Let us first recall the result. Under the

assumption that T

P

max << 1, then for the isothermal case, we have the following estimate :

0 < Psi— (Po — pogz)

<irk
pogL 2o Po

Pl 0< PO oyP o g

max

where Z = z/L, L is the characteristic length.

Let us then assume YT

-rr 4+

<< agTy <1, then

max

YT < P50 =pegz) _yr z4+ 1Tl 2?2 <<,

max 009 I3 max max
YT . yp 2 PSTPSI _yr o yp 2
~lhmax?® — lmax ? = pogL > Lhax ? + max ?7

Z - T
s1-1T P Z) po — ps(ps(2), S)STT + TP

max max 5 P max max
0

max max 2 (1 + T?T;ELX)?
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We first consider a non dimensional form of the pressure equation, the characteristic pressure
drop is taken to be pggL, and the non dimensional pressure will then be denoted p = (psr —
po)/(pogL). The static equation at constant temperature on the pressure p reads:

p(po + ppogL, To) — po
Po

dsp+1=—

Since p is a strictly increasing function of p at constant temperature, it is clear that p is then a
decreasing and convex function of zZ which belongs to the interval [—1,0]; besides, from Rolle’s
theorem applied to the application p — p(p,Tp), there exists p(z = L) < p* < po such that,

denoting p = p/po, we get :

1= = ZE L) < Y (50
but
b=z [ 1= p
0
so that
0<-p<z 0<1-p<YP =

this also yield

ps(ps(2),To)
Po

ps(z)—po

pogL and pg =

Let us now turn to the non-isothermal case and denote pg =

po — ps(ps(2),Ts(z)) _ bs — ps(ps(), Ts()) | | _ bs:
Po Po

however, at constant pressure, p is a smooth decreasing function of T so that there exists

To — AT < T* <Ty+ AT, such that

. ps(ps(z),Ts(z)) ps(ps(2), Ts(2))

ps — ——————= =a(ps(2), T")(To — Ts(2)),  |ps— | < T haxi
Po Po
but
~ z . z ) 2 ,T
—ps 22—/ (1—Ps)dz+/ (Ps — w)d&
0 0 Po
Besides, there exists p** such that
. (e To) ~
1— S = L (- S)y
p 2 Ty ¥ (—ps)
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so that
-2
Yl 2 S Bs 7 S Tha 24 Thoe 5
and finally
z — z),Ts _
R CONETU B S Y ey et L L S T YT S )

max max 2

£0

9 Appendix II

We give the system of non-dimensional equations in the case when we chose vy = * as the

characteristic velocity of the problem. The final system then reads, for the gaseous case:

1 '
- i"7 = T = D v- :i/\ T AT _9 78i9 9
Oz 7 1+p(8tp+vap) 1+T50(8t + 0 )
RaPr RaPr
YOl Y1
TP
p (0504 0-050) = 020 — . (020 + (0:0)" — 20501 : O30
1 Yo — Q(Q) L2
0D + 00z )
T ( P P+ qo Ko

where Ra = gL3agAT/kg 1 is the Rayleigh number, and with the linearized state law:
p=1+p-Yto, p<<1, TYro<<l
In the case of a liquid, the system takes the form:

—0z-0 = % (Y3 (08 + ©-0zP) + 0-05p) — g Ty YT (950 + v-050),

RaPr .
0
_ _ = 1 1 _ B B B Q(e) L2
6-94— 118559 = aﬁe — TP 5 (%v + 85;’0 t_ 285’0[ : &gv +
p (0 ) 0 (QOTO)QRA( (0z0) 3 ) o Ko
T2 (14+7Y76) YT Y (1+7YLe) YT

(atp +0- azp)

Oz
aoTy pRaPr TT (v-0zp),

T (7)) To pRaPr TT
with the linearized state law:
_ A T P 195 T 2 AP -
p:p+T0 TO TTp apgTyl ), TOOZQT09<<1, Fr T0p<<1.
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Figure 5. :
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Captions

Behavior of the stationary maximal stream function depending on the Rayleigh
number for various values of the compressibility parameter x with free surface

boundary conditions.

Symbols : Critical Rayleigh number as a function of the compressibility
parameter ¥, solid line : theoretical value of the critical Rayleigh number with

free surface boundary conditions.

Behavior of the stationary maximal stream function depending on the Rayleigh
number for various values of the compressibility parameter y with no-slip

velocity boundary conditions.

Symbols : Critical Rayleigh number as a function of the compressibility
parameter y with no-slip velocity boundary conditions, solid line : curve
Ra. = %7 where 1708 is the theoretical value of the critical Rayleigh number

for x = 0.

Comparison of the various characteristic velocities in the Rayleigh-Bénard
problem with x = 0 : solid line is the square root of the Rayleigh number
v/ Ra = Pe since Pr = 1, dashed line is the maximum of the velocity in the layer,

and the dotted line corresponds to the diffusion velocity vg = ko/L = vo/L.
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Maximum of the stream function
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