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GEVREY EXPANSIONS OF HYPERGEOMETRIC INTEGRALS 1

FRANCISCO-JESUS CASTRO-JIMENEZ AND MICHEL GRANGER

ABSTRACT. We study integral representations of the Gevrey series solutions of irregular hypergeometric
systems. In this paper we consider the case of the systems associated with a one row matrix, for which
the integration domains are one dimensional. We prove that any Gevrey series solution along the singular
support of the system is the asymptotic expansion of a holomorphic solution given by a carefully chosen
integral representation.

Friday 7" December, 2012

1. INTRODUCTION

Hypergeometric systems also known as GKZ systems were introduced in [GGZ87] and [GZKS89] as a
far reaching generalisation of the Gauss hypergeometric differential equation. They appear as a special
family of D-modules and they have been first studied in the regular case. For example in [GKZ90] the
authors consider integral representations of the solutions of hypergeometric systems, at generic points of
the space, which they call Euler integrals. In the irregular or confluent case, A. Adolphson considers in
[A94] other integral representations of solutions which involve exponentials of polynomial functions and
appropriate integration cycles. In this paper we develop new aspects in the irregular case namely the link
between Gevrey series solutions and holomorphic solutions in sectors following Adolphson’s approach.
We aim at proving that we can materialise any Gevrey series solution as an asymptotic expansion in a
sector of such an integral solution.

Let us fix some notations : D stands for the complex Weyl algebra of order n, where n > 0 is an integer.
Elements in D are linear partial differential operators with polynomial coefficients. The polynomial ring
C[0] := CJ0y, ..., 0,] is a subring of the Weyl algebra D, where the J;’s represent the partial derivatives
with respect to the variables in the space C". The input data for a GKZ system is a pair (A, 3) where (3
is a vector in C? and A = (a;;) = (a,--- ,a™) € Z¥" is a matrix of rank d whose j** column is a(/).
The toric ideal 4, C C[0] is the ideal generated by the family of binomials 0" — 9" where u, v € N" and
Au = Awv. The ideal I is a prime ideal and the Krull dimension of the quotient ring C[0]/14 equals d.
Following [GGZ387, GZK89], the hypergeometric ideal associated with the pair (A, 3) is :

Hy(B) = DIy + D(Ey = B, ..., Eq— Ba)

where £; = Z?Zl a;jx;0; is the "™ Euler operator associated with the i-th row of A. The corresponding
hypergeometric D-module (or hypergeometric system) is nothing but the quotient D-module M4 () :=
D

Hu(B)"

In [GZKS89] and [A94] it is proven that any hypergeometric D-module is holonomic. Moreover, a charac-
terization of the regularity of M 4((3) is provided in the series of papers [Ho98], [SST] and [SWO0S8] : The
holonomic D-module M 4([3) is regular if and only if the toric ideal 7, is homogeneous for the standard
grading in the polynomial ring C[J]. In particular the condition to be regular for M () is independent
of 3. The concept of regularity has been studied first in the case of an ordinary differential equation
given by an operator P € A;. Regularity is characterised according to Fuchs theorem by the nullity of
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the irregularity number, an invariant combinatorially defined from the Newton polygon of P. In [M74]
B. Malgrange proved that the irregularity is the dimension of the space of solutions at the origin of C
with values in the space C[[z]|/C{z} of formal series modulo convergent ones. Later J.P. Ramis gave a
refined version of this result in [R84] calculating the space of solutions of a given Gevrey index again by
using the Newton polygon of the operator.

The concept of irregularity in higher dimension is considerably more involved but generalizes the above
results. Let us consider the structure sheaf Oy of a complex manifold X and denote O v its completion
along a smooth hypersurface Y. In [Me90] Z. Mebkhout introduces for a holonomic D-module M
its irregularity complex along Y, Irry (M) = RHomp, (M, O v /Ox|y), and in [LM99] the Gevrey
filtration of this complex is introduced and related to other invariants of the system, the algebraic slopes
in the sense of Y. Laurent.

In the case of hypergeometric D-modules the irregularity sheaves along coordinate subspaces, and Gevrey
series solutions are studied and described in [F10] (see also [FC11a, FC11b]). Beforehand A. Adolph-
son [A94] gave a formula for the dimension of the space of holomorphic solutions at a generic point of
the space and for a generic value of the parameter 3, and he also described integral representations of
solutions of these confluent hypergeometric systems. In the non-confluent case a analogous dimension
formula was previously given in [GZK89]. In [ET12] A. Esterov and K. Takeuchi prove that these generic
solution spaces are in fact completely described by integral representations along rapid decay cycles as
introduced by Hien in [Hi07] and [Hi09].

We want to explore the more hidden link between these integral representations and the Gevrey series
solutions described in [F10] and [FC11b, FC11a]. In this paper we first treat the case of a matrix with
one row A = (a,...,a,) with0 < a; < --- < a, a list of co-prime integers. This is the case where
the integration cycles are paths. We prove that any Gevrey series solution of the system can be obtained
as the asymptotic expansion of an integral representation along a well chosen path. A specificity of the
one row case is that the rank of the space of Gevrey solutions is independent of 3 and we can treat all
the values of (3. For a generic 0 we only use the space of rapid decay cycles and for special values of
3, namely for 5 € Z \ (Na; + --- 4+ Na, ) we must add an exceptional path, without the rapid decay
property. The method of the proof is to reduce the statement to the case of the matrix A = (a, b), using
the fact that the restriction is compatible with being a Gevrey solution as well as with taking integrals
on a fixed path. In parallel we know by an argument using a Gevrey version of Cauchy-Kovalevskaya
theorem that the dimension of the Gevrey solution space is a,_; [FC11b]. In the case A = (a,b) the
Gevrey expansion is with respect with the second variable x5 and the main issue is to choose the paths of
integration in a specific way to ensure a common sector of convergence for the coefficients which depend
on the variable ;.

Here is a summary of the contents of this paper. In Section 2 general facts are given about Gevrey series
solutions following [F10]. In the case of a one line matrix we know that the characteristic variety of
the hypergeometric system is the union 7%.X U 7y X of the zero section and of the conormal to the
hypersurface Y : (z, = 0). It is therefore sufficient to consider the irregularity sheaf and the germs of
Gevrey series solutions at a generic point (0, ...,0,¢,0) of Y. We recall from [FC11b] the description
given in that case of a basis of the space of Gevrey series solutions in terms of ['-series and the proof
that the dimension of this space is always equal to a,,_;. We also describe its behaviour by the restriction
operation which consists in omitting variables among 1, ..., x,_o. In Section 3 we recall the definition
of hypergeometric integrals of exponential type and the fact that in the irregular case they are solutions of
the system. It is a quite general fact that these solutions have an asymptotic expansion as a Gevrey series
with respect to the variable x,, provided that we choose an integration path of rapid decay both for the
function t="~texp (21t + - - - + 2,t%) and for t #~Lexp (x1t* + - - + x,,_1t%1). At the beginning
of Section 4 we prove that these expansions are Gevrey series of index at most _%»—.
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In the remainder of this Section we prove the main result of this paper about realisation of these Gevrey
series as asymptotic expansion of integral solutions. We treat first in detail the case of dimension 2 and
the last Subsection consists in using various restriction operations on the integral that are compared to
the analogue described in Section 2 for the Gevrey series.

2. GEVREY SOLUTIONS OF HYPERGEOMETRIC SYSTEMS

In this Section we review some results on the construction of Gevrey series solutions of hypergeometric
systems with respect to a coordinate hyperplane. Let us write X = C", Oy the sheaf of holomorphic
functions on X and Dy the sheaf of linear differential operators with holomorphic coefficients. With the
hypergeometric system M 4(3) we associate the left coherent Dx—module M 4 () := Dxil){—),:(ﬁ) which is
called the analytic hypergeometric system associated with the pair (A, ().

Let us denote Y the hyperplane defined by z,, = 0 and (’) 3 the formal completion of Ox along Y. A
germ f of the sheaf O g, at a point (p,0) € Y has the form f =2 o fml®1, . 20 1) 7] where all

the f,, are holomorphic functions in a common neighbourhood of p; in particular the restriction of Ox
to Y, denoted by Oxy, is a subsheaf of (9 s

For any real number s, we consider the sheaf O (s) of Gevrey series along Y of order less than or equal

v (5)
to s defined as the subsheaf of O . whose germs f at any (p,0) € Y satisfy the following convergence

condition:

If s < s then O (') C (’)X‘Y( 5).

s’ < s, we say that the index of the Gevrey series f is s.

Let A = (a®) --. ™) be a full rank d x n matrix with ' € Z¢ foralli = 1,...,n. In [GZK89] and
[SST], the authors associate with any vector v € C”" satisfying Av = /3 a series expression of the form

(2.1) Yapo(x) =1’ Z [[v; ulz®

UE N,
where N, = {u € kerz(A) | nsupp(v + u) = nsupp(v)}, kerz(A) = {u € Z" : Au = 0} and
nsupp(w ) ={i e {l,...,n}|w; € Zy} is the negative support of w € C". The coefficient I'[v; u]
where [v], = [];[vils, and [v;],, = [];Z,(v; — j + 1) is the Pochhammer symbol for

If a germ f belongs to O . (s) for some s but f ¢ O (s') for all

X|Y( 5) XY

equals W
v; € C,u; € N

We write ¢, = @4 g, 1s no confusion is possible. It is proved in [SST, Proposition 3.4.13] that the formal
expression ¢, is annihilated by the hypergeometric ideal H 4(/3) if and only if the negative support of v
is minimal, which means that flu € kerz(A) with nsupp(v + u) € nsupp(v).

When 3 € C%is very generic, that is when /3 is not in a countable union of Zariski closed sets, there is
a basis of the Gevrey solution space of M4(/3) along Y at a generic point of Y, given by series ¢, for
suitable vectors v € C", [F10, Th. 6.7].

In this article we restrict ourself to the case where A = (aq, ..., a,) is arow matrix with 0 < a; < -+ <
a, with (a,--- ,a,) coprime and n > 2. We recall here some results about the Gevrey series solutions
of M () as presented in [FC11b, Sections 4, 5]. Let us fix some notations. As before X = C" and
Y C X denotes the hyperplane defined by x,, = 0. Let us write Z C X the hyperplane defined by
Tp—1 = 0.
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When s < a“—’il one sees from the results in [FC11b] that the set of Gevrey solutions is zero if 5 ¢ NA
and is a one dimensional space generated by a polynomial if 3 € NA. This result follows also from what

an

we show in this paper and we focus now on the case s > —#=—

n—1"

2.1. Case a; = 1. Assume first n > 3. A basis of the free Z—module kerz(A) is formed of the vectors
{u® ... u™} where u™ Y = (a,,_1,0,...,0,—1,0) and fori = 2,...,n,i # n — 1, we define

u = (—a;,0,...,0,1,0,...,0)

where 1 is in the i-th component. For each m = (my,...,m,) € Z" ! we write u(m) = >, m;u®
the corresponding element in kerz(A).

Forj=0,...,a, 1 — 1define v’ = (5,0,...,0, fijl ,0) € C™ and consider the associated I'—series, see
(2.1)

(2.2) Pap =" > L[o’; w(m)]z ™).

MY,y My _—1,mn >0

Jtan—1mn—1 2217&7171 a;m;
We write gpii)ﬁ = Qapw and also V) = ¢, 5.5 if no confusion arises. By the choice of a basis of

kerz(A) that we make ) is a series in z¥’ C[[z1, ..., 2}, z,)][z7].

Notice here that the summation in ¢/, is according to (2.1), taken over the set N,;y = {u(m) | nsupp(v\/)+
u(m)) = nsupp(v?}. We have

Nv(j) = {m S anl |] + Qp—1Mpp—1 Z Zi#n—l aimi} if G«Bn;—jl ¢ N
Ny = {m € N7 j + apympy 2 30,4, g aimi, o=t > ma} if 2L €N,

In this last case we can write § = j + hanfl for unique 0 < j < a,_1and h € N and then the series go(j )
is a polynomial since [h],,, , = 0 = I'[v’;u(m)] if m,_; > h + 1. In fact ) is a polynomial if and
only if we are in that case.

The negative support of each v/ is () if » € N and {n — 1} if 3 — j is a negative multiple of a,,_; and it is
minimal in both cases. The series ¢ is a polynomial in the first case and a solution of the ideal H 4(3)
in both. More precisely,

Theorem 2.1. [FC11b, Th. 421, 1)] Let A= (1 ay - a,) € Z"withl < ay < -+ < a,, Y = (v, =
0) C X and Z = (x,,_1 = 0) C X. Then the set (of germs of) Gevrey series {o) |j =0,... a,_1 — 1}
is a basis of Homp, (Ma(B), Oﬁ,(s))pfor allpeCpeY\Zands > ap/a, .

It is also useful to consider the immersion ¢ : C* — X defined by the equations 7 = -+ =z, 5 = 0
and the restriction p’ with respect to this immersion (coordinates in C? are (z, ,_1,,)).

The series gofg?ﬁ(xl, 0,...,0,2,_1,2,) equals precisely @E{?anihan)ﬁ(m, Tp_1,Ty) SO the restriction de-
fines an isomorphism
(2.3) Homp, (Ma(B8), Oy (5)) —— Homp, (M1,0,1.0,) (5), Ogaryr(s))

of the corresponding stalks at any point in Y; \ Z; for all § € C and s € R where we denote Y;, Z; the
subspaces in C? with equations x,, = 0 and z,,_; = 0.

Remark 2.2. So far we have assumed n > 3. The case n = 2 is special and will be treated now, following
[FC11a]. We can drop in this case the assumption on a; and simply write a = a;,b = ao, with 1 < a < b
and ged(a, b) = 1.
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The corresponding I'-series have a slightly different shape (see [FC11a]): Forp =0, ...,a — 1, consider
wP = (=2 p) € C? and
[ﬁ—pb

]bm —b
a m _.am
1 Lo

2.4) 90(,5)5 = 2" Z i

m>0 am + p]am

We have the following

Proposition 2.3. [FCl11a, Prop. 5.3 and 5.4] Write X = C?, Y = (x2 = 0) C X. The set (of germs) of
Gevrey series {gog’,)ﬁ |p=0,...,a— 1} is a basis of the stalk of Homp, (M a(3), (9@(5)) at any point
inY \ {(0,0)}, for any real number s > g and any 3 € C.

2.2. Case a; > 1. Recall that X = C", Y C X (resp. Z C X) is defined by z,, = 0 (resp. z,_1 = 0).
First of all, we follow [FC11b, Rk. 5.4] to prove the following equality

Proposition 2.4.
(2.5) dim¢ (Hompx (Ma(5), Oﬁ,(s))p) = Gp_1
ifpeY\ Zands > -2 forany [ € C.

an—1

Proof. We apply, among other results, Cauchy-Kovalevskaya’s Theorem for Gevrey series. We con-
sider A" = (1, ay,...,a,) and the hypergeometric system M 4 (3) on X’ := C"*! with coordinates
(zo,x1,...,x,). We denote by Y’ C X' (resp. Z' C X') the hyperplane x,, = 0 (resp. x,_1 = 0) and
we identify X C X’ with the hyperplane o = 0. Notice that Y =Y’ N X and Z = 7' N X.

By [CTO3, Proposition 4.2] we can apply Cauchy-Kovalevskaya’s Theorem for Gevrey series solutions
(see [LMO02, Corollary 2.2.4]) to deduce that there exists a Cauchy-Kovalevskaya’s isomorphism C' K%, y

S
KX’,X

Homop ., (Mar(8), Oz () 1x Homp, (Mar(B)x, Oy (s))

where M 4/ (3)x stands for the restriction in the category of D—modules. This is true for any s € R and
for any 3 and even if ged(ay, . .., a,) # 1.

We write C K* = C' K%, y is no confusion is possible. The isomorphism C'K* is induced by the inclusion
X C X/, by the action of restriction on the modules involved. Theorem [FC11b, Th. 5.1] states that for
any 8 € C there exists ' € C such that the restriction M 4/ (3)|x is isomorphic to the hypergeometric
Dx-—module M 4(3'). Moreover, by the same Theorem [FC11b, Th. 5.1] one can take 3’ = (3 for all
but finitely many 3. We denote by sp(A) the finite set of 5 € C such that 3 # (. In particular, the
isomorphism C'K*® and Theorem 2.1 prove equality (2.5) forp € Y \ Z, s > oo and Z sp(A).

Assume now 3* € sp(A). We can take 3 = * + A’y = 3* + A~ for a suitable v = (0,7) € N*1 U
(—N)"*1 in such a way that 3 ¢ sp(A) and so the corresponding morphism C'K* is an isomorphism. By
using [SO1, Th. 2.1], [B11, Th. 6.5] one has that the morphism - 97 : M 4(5*) — M, (@) if v € N*
(resp. <077 1 Mu(B) — Mu(5*) if v € (—N)") is an isomorphism. This proves equality (2.5) for
B* € sp(A). O

Once the equality (2.5) is established we give a description of a basis of the solution space of M 4(/3) in
O )?B/(S» We use the restriction morphism

S
Pxr x

(2.6) Homp, (MA’<B);OX/,‘?(S))|X HomDX(MA(ﬁ),O@(S))
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for 5 € C and s € R. This morphism is well defined and it is induced by the restriction to o = 0. It
is useful to write ' = (zg,r) and © = (zy,...,7,). Then p%, x(¢(2")) = ¢(0, ), since if p(z') is a
solution in the first space then (0, x) is a solution in the second one. Notice that it is an approach of
restriction that could be different from the one by the C' K’s.

?;5171 of germs (ata pointin Y\ Z C Y’\ Z’) of Gevrey series
solutions (of order < s) of M 4/(3) described in Theorem 2.1.We simply write (/) = gpg,)’ 5 The terms
—B+J

in z,"7" ¢©\9) have the form

We now consider the basis {gog,)’ 5(z0, )}

F[’U(j); u<m)]x(3) (m/)u(m) _ F[’U(j); u(m)]xg;ranﬂmn—l*z#n—l aimil’gm . [L’;nf;Q.CL';ianHl.CIjZI"

where u(m) is a general element of kery(A’) C Z"'. The summation in ) (see (2.2)) is taken over
the set {m € N" | j 4+ a,_1m,_1 > Z#n_l a;m;}.

It is useful to write the formal expansion of ©/) (0, z). According to what is said before we have

i s [ ﬁ_] ]mnflj!
2.7 90(]) (O, l’) = 1’21711 Z an—1 Mp—2 —Mn-1_1mn

mi
Ty o Tpo Ty Ty
MY yeney My —1,Mn >0

Jtan—1mnp—1 :Zl#n— 1 aimy;

mq!- - my_slm,!

Notice that the family of non zero ¢¥) (0, z') is C-linearly independent because their supports are pairwise
disjoint. This, and equality (2.5), proves the following (see [FC11b, Remark 5.4])

Theorem 2.5. Assume that ¢ (0, x) is non zero for j = 0,...,a,_1 — 1. Then the set (of germs of)
Gevrey series {©W(0,2)|j = 0,...,a,_1 — 1} is a basis of the stalk of Homp, (Ma(S3), Oﬂ(s)) at
any pointinY' \ Z for s > .

Remark 2.6. Assume now that for some j = 0,...,a,_; — 1 one has ¢ (0, z) = 0. By [FC11b, Rk.
5.4] this condition happens if and only if 3 € N \ NA. Furthermore this j is then unique for a fixed
and the image of the morphism p%, y has codimension 1 in the stalk of Homp, (Ma(8), O )?TY(S)) at
any pointin Y\ Z and for all s >
solution space for all 5 € C.

an
an—1

. We will show in Theorem 4.8 how to describe a basis of this last

2.3. The restriction to 7, = 0 for A" = (1, ka, kb). Let us consider the morphism p%, y when X =
(rg = 0) C X' = C? and the matrix A’ = (1, ka, kb) with 1 < a < b, 1 < ka and ged(a,b) = 1.
The morphism p%, ., as defined in (2.6), sends solutions of M 4 (/3) to solutions of M 4 xs) () and this
last Dx—module is isomorphic to M(a,b)(g). In particular if & > 1, p%, y is not an isomorphism, since
the corresponding solutions spaces have dimensions ka and a respectively. Below we describe in detail a
different but related morphism involving the restrictions of the derivatives up to order £ — 1 with respect
to the variable .

So, instead of considering A = (ka, kb) as before it is better to write A = (a, b). Coordinates in X' are
(20,21, T2).

For j =0,...,ka — 1 let us write v\ = (J, %,0) and

» B—j1
) B—j Z [H]mlj! j+kam17kbm2x7m1 ma

. ka
Parg =2 . T Ty ~.
A8 ! o m2'<] + k:am1 — kbmg)' 0 ! 2
my,mo>
Jjt+kami>kbme
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Notice that if a series ¢ (as for example gp ﬁ) is a solution of M 4/(3) then 8—“0 is a solution of
xro=0

the system M A( ) for all / > 0. We are going to compare this solution, for ¢ = go(j) to the usual

Gamma series solutions 9054,)6’ (x1,22), see (2.4), of this last system M 4 (') for §' = 57 We consider
the following C—linear map

Homp,,(Ma (), O (9)) 1 =, é}lHompx (MA (ﬁ z g) ,0@(3)>

=0
k-1
which maps ¢ to the vector (a 2(0, xq, x2)> .HereY' = (2o =0)C X'andY = X NY".
=0

Notice that the morphism @} is well defined and that it coincides with the morphism (2.6) when £ = 1.
The following Proposition generalizes to an arbitrary k what is already proved for £ = 1 in Theorem 2.5
and in Remark 2.6 :

Proposition 2.7. 1) Assume that 3 ¢ N or 3 € Uf;é(r + kNA). Then the C-linear map wj is an
isomorphism of vector spaces.

2) Assume (3 € Uf;é(r—i-k(N\NA)) and consider the integers jo, 7o, qo uniquely determined by 0 < j, <

ka, 0 <ro < kand 8 = jo+ kah = ro + kqo + kah. Then the image of the map @} is the codimension

1 subspace, generated by all the (0,...,0, cp(j)h, 0,...,0), with a non zero term in position r, and
Tk

(p,1) # (po,70) for po € {0,...,a — 1} uniquely determined by bpy = qo (mod a).

Proof. We consider the morphism o induced on the stalks at points in Y\ Z, Z = (z; = 0) C X and
s> g Letusfixj=0,...,ka—1and write j = kq+ r forunique 0 < ¢ <a—1land0 <r <k —1.
So we have

ka ka ka
The general exponent of z( in gpfj}{ 5is j+ k(amy — bmg) = r + k(q + am; — bmsy). An exponent of

dé (J) .
g 7 for 0 < ¢ < k — 1, can only come from a term in go(j,{ 5 for which the underlying exponent

B—j B-kg—r B-r q_ F —q
a

in B

zo=0
of g is £. Therefore the only pairs (my,my) € N? that may appear are those satisfying the relation :

(2.8) Jj+ k(amy —bmgy) — € =k(qg+ am; —bmy) +7 — £ =0.

¢ (j/)
This cannot happen if ¢ # r which means that g;} = = 0 if ¢ # r. The equality (2.8) is equivalent
0 xro=0
to ¢ = bmy — amy and ¢ = r. For any (m;, my) € N? satisfying (2.8), we write my = am + p with
0 < p < a— 1. We notice that the integer p depends only on ¢, hence on j because ¢ = b(am + p) —am;
so that a divides bp — q. We denote it p = p(j). By a straightforward calculation the general exponent
o) _
g % = is Bk I —my = B L bpa] ) _ bm which equals the general exponent of z; in go(A (5,))
xo=0
by (2.4) applied to 3’ = 2=
correspondence through the relations

of T in

(mq,my) and m are in a 1-1

bp(j) —q

my = bm + and mg = am + p(j).
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r (3)
Al
O

(»)

Now we compare the corresponding coefficients in and in ¢, 5. The quotient of these two

xo=0

coefficients is well defined, for all m > 0, when 3 ¢ N and it is

C%]ml(lﬁq + 7”)!> ([ﬁlapb]bmp!) B _ ['(z —bm 4 mq)(kq +1)!

mo! (am + p)! I'(2)p!

(2.9)

/_ —
where z — 1 = 8=pb — 8= pb
a ka a

We notice here that once j is fixed, p = p(j) is also fixed and the integer b — m; = q%” does not
depend on m, m4. So, if 3 € N we have found a constant A\; € C* such that

r (9) ¢, (7)
Veig| 3 000 g PPN
owy | TPl Ol
To=

—0 ifl#r

zo=0

When ( € N, we write 3 = jo+ kah = ro+ kqo + kah, withunique 0 < rp < k—1land 0 < gy < a—1.
If j # jo = ro + kqo the quotient in (2.9) is still well defined for all m and the relation A; # 0 still valid.
If 5 € ro+ k(N \ N(a,b)), the quotient is still well defined but we have \;, = 0 by Remark (2.6)
since @%0,)5 is a polynomial solution of M 4 (3) and M 4 (2522) has no non zero polynomial solution for

ﬁ_km ¢ N(a,b).

Assume now % = ha + qo € N(a,b) so that ha + go = ua + vb for some u, v € N. We can write in a

unique way ¢op = —nja + n9b with 0 < ny < a — 1. One has (h — ny)a + nyb = ua + vb which forces
v > ng and h —ny —u > 0. In particular, & > n; and [h],, # 0 and so A\, # 0. This proves 1) and 2)
taking po = p(Jo)- O

3. HYPERGEOMETRIC INTEGRAL OF EXPONENTIAL TYPE

With the pair (A, 3) one associates the following integral (called hypergeometric integral of exponential
type):

L(A Bx)=1(8z) = /t‘ﬁ_lexp (ixjt“j> dt

Y J=1

where A = (a4, ...,a,) and v is a cycle in the rapid decay homology with closed support of M. Hien.
We also write 1, (3; x) = I((; z) if there is no possible confusion on the matrix A.

The expression /(3; x) formally satisfies the equality P(/(3;x)) = 0 for any P in the hypergeometric
ideal H 4(3). So we consider I(3; x) as a solution of M 4(/3). Our goal is to give an asymptotic expansion
of I(3; x) as Gevrey series along the coordinate hyperplane appearing in the singular support of M 4(/3).

We are going to prove in this case that all the Gevrey series solutions can be obtained as an asymptotic
expansion of such an integral.

In the one row matrix case the rapid decay cycles are easy to describe and we prove first an asymptotic
expansion statement. In the following Proposition we consider a path v : R — C such that when
t — oo the arguments of z,,t* and of z,,_;%~1 have both a limit in ]Z, 37 [. These paths are exactly

2772
the rapid decay paths for both the function t — ¢~#~!exp (Z?Zl xjt“j> and for its restriction to the

hyperplane z,, = 0.
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Proposition 3.1. The integral depending on © = (1, ...,x,):
I(B;z) = /t_ﬁ_1 exp <Z xﬂf‘”) dt
g j=1
admits an asymptotic expansion y - (1, .. ., Tp_1)x®  for x, tending to zero whose coefficients are
1
(3.1 k(T1s ey Tpo1) = 2l /t_ﬁ_lﬂ"k exp (x1t™ + -+ 4+ 2,1t ) dt.
CJy

This expansion is valid for a fixed cycle ~ in some product of open sectors in C*.

Proof. By developing the exponential e*#!*" we may write

_ﬂ_l al Qan—1 = (xnta’,L)k
I(Bx)= [ 1 exp (x1t™ + -+ 4 gt ZT dt
v .

k=0
and we get
Nk
3.2) I(B;z1,...,x,) = Z —T /t“”kﬁl exp (x1t™ + -+ + 2,1t ) dt + Ry(B; 21, ..., Ty)
k=0 77
where
—-1 a @ > ([Entan)k
Ry(B;21,. .. 20) = Ry(B;2) = [ exp (x1t™ + -+ + x, 1% 1) Z B dt.
v k=N+1 ’

These integrals are all convergent due to the choice of the path and we shall use the following elementary
lemma involving an auxiliary complex variable z € C :

Lemma 3.2. Let ry(2) = Y 07 vy Zk—lf be the remainder of order N of the exponential power series.
There exists a positive real number C';, depending only on N, such that for all z with ®z < 0 on has

rn(2)] < CylzMH
Since there is a compact set K such that for ¢ € v\ K we have (x,t%*) < 0 there is a possibly larger
constant C'y depending also on ~ such that

vt €7, |rn(wat®™)] < Cyloat™ ¥

So we have
—6- (T, )
R ,.CL' — $N+1/tan(N+1) ﬁ 1e T tal . .’L'n_ tan_l dt
|Rn(3;2)]| n . xp (z1t™ + -+ 1 ) (zton )N+
:|QN<B7 LTiyen. 7‘rn)| : |J;1’L|NJrl
this proves the existence of an asymptotic expansion which is locally uniform with respect to (z1, ..., Z,_1).

Indeed as indicated in the statement, the domain of convergence of the last integral () contains the
product of C"~2 by a product of sectors in the variables x,,_1, x,, . It is convergent since the integrand is
bounded by the integrable function :

CN ’ta7z(N+1)_ﬁ_1 eXp (xltal + . _|_ xn_ltanil)’ .
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4. GEVREY EXPANSIONS OF HYPERGEOMETRIC INTEGRALS FOR A = (ay, ..., a,)

First of all we prove the following

Proposition 4.1. The asymptotic expansion of the integral depending on (x4, ..., x,):
I(B;z) = /tﬁl exp <Z :cjt%) dt
Y j=1

given in Proposition 3.1 is a Gevrey series of order less than or equal to s = —**— with respect to x,, = 0.
an—1

Proof. We set (a,_1,a,) = (da,db) with ged(a,b) = 1 and foreach k € N, k = aq + j with 0 < j <
a — 1. The coefficients ¢ in (3.1) satisfy by derivation under the sign fﬂ/ the relation

aquj

)1 . = 4l

(qa +.7)'an+]($17 <o an71> - j.8xn—1qb (:Cla e 7xn71)

Since each of the functions c, . .., c,—1 1s holomorphic, we have in a small enough neighbourhood of a
point x4, ..., x,_1 with Rz,,_; < 0 a uniform upper bound involving a constant KX that we can choose

common to all the indices 7 =0,...,a —1:

(C]G +])' ’anJrj(xla <o 7$n71)| < ]|(qb)‘KQb

Then a local upper bound of ¢ (1, ..., z,_1) is the quotient
(a — D[ ))K"
k!
This proves that the asymptotic expansion that we consider is a Gevrey series of order < g U

Remark 4.2. We will see, as a consequence of Theorem 4.8, that in fact these Gevrey series have index
equal to ai‘—’_ll when [ is generic enough. See Subsection 4.3.

4.1. Case A = (a,b). The aim of this Subsection is to compare, in the case A = (a,b), the Gevrey
asymptotic expansions of the hypergeometric integrals to the Gevrey solutions described in Proposition
2.3. This comparison is proved in Theorem 4.7. We consider here a,b € Z, 1 < a < b and a,b are
relative primes. We consider the integrals

L(A Bx)=1,(0x) = /t‘ﬁ_1 exp (xlt“ + xgtb) dt.

Y

with respect to various specific cycles of rapid decay v = C,, as in Figure 1.

LN

€
Fig. 1. The cycle Cj.
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This path consists of the real half line [€, +00) negatively oriented, and the half line w,, - [¢, +00) where
Wy = e”%" is a b—th root of unity joined by the arc of a circle {ee® | 0 <6 < 2T} with e > 0.
The cycles C), ® o, for 1 < p < b are a basis of the rapid decay homology with closed support as defined

in [Hi07] where o is a section of the local system C - t~#~!exp(z,t* + x5t%) in C*. We choose the
determination of t~#~! as being real on [¢, +-00).

When /3 is generic, in practise here when [ ¢ Z, they are all non compact and when (3 is an integer the
last cycle Cj, is compact being equivalent to the circle of radius € because the determinations t %~ are
the same for the argument 0 and 2.

The integral along C, does not depend of the choice of € and we have an asymptotic expansion which is
just a particular case of Proposition 3.1:

Proposition 4.3. The integral depending on (x1, z5):

]Cp<ﬁ;xlpx2) - / t_ﬂ_lexlta-i-wgtbdt
CP

is defined when Rxo < 0 and admit an asymptotic expansion ), , cx (1) 2k whose coefficients are
1

ck(zq) = E/ B 14Ok gmat® gy
. Cp

This expansion is valid in the open sector defined by Rx1 < 0, %(w;xl) < 0.

O

Remark 4.4. Notice that the open sector of the variable x; described in Proposition 4.3 is empty when
w, = —1 which happens if (2k+1)b = 2pa. In a forthcoming Proposition we will show that if we restrict
the domain of the variable x5 to some sector m — € < argze < 7 + € for a small ¢ > 0 we may enlarge

the domain of validity in the variable x;.

We give now a more precise description of the asymptotic expansion of the integral /¢, (3; 1, z2). The
coefficient cx (1) can be decomposed as a sum (—1Ij 1) + Ji, + I 2 Where

1 [t a
[k,l(ea xl) — / 8bk—5—1€x15 ds

Kl
|
b . aiaf . .
Je(€, 1) = E/ Ok =B—1o—i0(B+1-bk) gmiee™®® . oib g
"Jo
1 —B—14bk z1t® I 2T (b —B) bk—B—1 ziw?s®
_[k,Q(G,Il):—' t et = e b s e"1rS ds
k! wp-[€,400) k! €

For £ large enough R(bk — $) > 0 and the limit of Ji(e, z1) is O when € tends to 0. Under the same
condition the limit of the sum /; ; and of I}, » exist and then

1 [T 2ipr 1 [T

- / eTp(bk—ﬁ)sbk—ﬂ—lemlw;s“dS - / Sbk—ﬁ—leww“ds

k! Jo k! Jo

Les us denote ¢ (z1) = I 2(x1) — I;1(z1) this decomposition of the coefficient ¢, () as a difference.
We transform [} ; (1) for x; real negative by the change of variable u = |z1|s®, ds = sdu

au *

bk—p3
1 [ 1 [T/ u a e "du
4.2 T — bk—B—1 xls“d _ /
(4.2) k(1) k!/o 5 ¢ iy k! J, || au

4.1) ck(xy) =



12 FRANCISCO-JESUS CASTRO-JIMENEZ AND MICHEL GRANGER

The final result is

1 kb B=kb [T g

Iii(zy) = —e (g @ u o« e tdu

) | 1
ak! 0

when we choose 7 as a determination of the argument of xy. The equality is valid on the half plane
Rz < 0 because both sides are holomorphic and coincide on the real negative half line by the equation
(4.2). The last integral equals I'(*:-2 By,

Similarly the first part of the equation (4.1) for ¢x () can be evaluated for the values of z; € C such that
z1wy is real negative and setting u = |x1|s for such a fixed x4

1 +o0 2ipw 1 +0o0 2ipw u a ’
Ik,Q(xl) = H/ e b (bk*,@) bk—p—1 :Elw s dS — H e b (bkfﬁ) (m>
. 0 1

e Ydu

au

The appropriate argument for is wy is 2“’”

, therefore in order to get obtain the argument 7 for zwj it is
natural to set arg x; = 7w — 2“5’”. Wlth thls choice of arg z; and by a calculation identical to the one used

for I, 1 (1) we get

—kb B—kb . (B=kb 2iaprm  B—kb B=kb _ s (B=kb 2ipm
|x1| a :xla @”r( a )e b ( a ):xla e”r( a )@bﬁ
1 8=kt . 5 TOO e 8
Iio(z1) = —=z, @ e~ ™) u @ e tdu.
ak' 0

We get an expression of [ 5(z1) formally identical to the one for I;;(x1). However the determination
of the argument of x; is in general different in the intersection S, of the two half planes Xz, < 0
and Rz wy < 0. Therefore in this common sector there is a constant c(k,p) such that [} 1(71) =

c(k, p)Ia(z1).

Assume that w? # —1. We have arg(w,®) = —22 and we define the integer ¢ € {0,...,a} by the

property that a = 27 (¢ — %) is the determination of the argument of arg(w™*) in | — 7, 7|

2
4.3) —r <2l - =L <
in other words ¢/ = [ — 3], and since w? # —1, { is the unique integer such that [%2 — (| < 1.

The argument used for z; in the sector of validity of I »(z1) is centered on the value 7 — 2“% €
| = 2n¢, —27(¢ — 1)[. Therefore to obtain in the common sector the determination of argz; used for

I;. 1 (1) we must add 27/ and therefore we obtain at any point the sector .S, by treating the effect of this
B—kb
difference on the monomial z; *

(4.4) Lua(a1) = Ing(z1) x e 27055)
If we set kK = am + j it results in
% b—5 ¢
Iam+j,2($1) = am+j,1($1) X <€2 S ) .

The asymptotic expansion of I¢, (1, x2) is valid in the same sector by the proof of Proposition 3.1 and
we obtain still limiting ourselves to £ hence to m large enough:

PN
Cam+j(x1) — ((QQMJ = ) — 1) [am+j,1<x1)

(4.5) ()
ZW(M) irbm B;]b_bml—\ <b + jb - ﬁ)
a

- alam + j7)! e reh
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Assume that 3 ¢ Z. Using the well known identity
r 1
T oand (z+1)

)01 —2) = . Ny =[zlm=2(2-1)...(z—=m+1)
bi—BY (1 I S
: (bm—i— a ) B sin(m - #)F(% —bm+1) B sin(m - %)F(‘%bﬂ +1) { a Lm’

the expression of the function cg,,,; 1s finally :

PN re~ (%) N
46)  comiilan) = () - 1) ' ‘ EETRE lam”
(4.6) +]( 1) ( aj!sin(w- %)F(%—i—l) ! [am+]]am '

Now we are ready to prove a more precise statement about asymptotic expansion of the integral along the
cycle C,. Recall that we denote ©U), see (2.4), the elements of a basis of the Gevrey solution space of
order less than or equal to s > g at generic points in Y = (x5 = 0), see Proposition 2.3. We recognize in
the expression (4.6) of ¢,,+;(71) a multiple by a factor depending only on j of the coefficient of x;”"“

in the expansion of ¢\,

Proposition 4.5. (1) The integral Ic,(v1,x2) has, provided that = # —1, an asymptotic expan-
sion which is a linear combination of the Gevrey series 7). When (3 ¢ 7 the coefficient of o)

P D . b=5
in this linear combination is equal to the product of qf —1:= <62”J a > — 1 by a non zero

constant \; which does not depend on p while |{ — F| < % When 3 € 7 the same is true if
% ¢ 7. Finally when 3 € 7.\ N(a, b) the coefficient of ©\%°) is zero for the unique j, such that
Bbo € 7.

(2) This expansion is valid for Rzo < 0 and x; in the sector of angular width T — |«
2m (¢ — °P) defined by the condition:

s 3 > ()
argr; € ]2—;%2[{]%5_
15, % +alifa <0.

, with o =

(3) If we restrict the domain for the variable x5 to a sector | arg(zs) — 7| < € with € sufficiently small
we can extend the domain of validity with respect to the variable x; to a larger sector, in such a
way that for each { € {1,... a} there exist a p such that |{ — 2| < 1 and the open extended

2
sector contains the real negative half line.

Proof. By Proposition 2.3 and since the integral /¢, (1, x2) is a solution of the hypergeometric system
M (), the asymptotic expansion that we found in Proposition 4.3 is a linear combination of the Gevrey
series ), described in equation (2.4). Let us call 1t; the coefficient of this linear combination. Since the
set of exponents of these series are mutually disjoint the sum ), Cam+; (xﬁx%mﬂ must be the multiple

ujgo(j) of the series /). Assuming first that 3 ¢ Z the calculation for m large enough in equation (4.5)
is sufficient to determine 11; and comparing formula (4.6) with the expression of the series ¢l gives the

result with the value \; = me~im(55) (aj!sin(r - I”%B)F(@ + 1))_1, which yields y; # 0.

When 3 € Z here is a unique jo € {0,...,a — 1} such that @ is an integer. For j # jo, the same
argument applies for the determination of j; and again p; # 0. Let us write 3 = bjo + ag, with ¢ € Z.
In that case cqmj,(x1) = 0 for m big enough. When ¢ < 0 or equivalently 5 € Z \ N(a, b) the series
1) has an infinite number of terms and again the argument based on equation (4.5) gives the announced
result but now with ;, = 0 by equation (4.5). Finally when 5 € N(a, ) the series ©U0) reduces to a
polynomial and equation (4.5) gives no information about 1, .
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In the exceptional case 3 € N(a, b) we find directly that ©U0) comes from an integral solution. Indeed by
inspection of the I'-series in (2.4) we find that ©U°) is then the polynomial

L5

[S3S]

[Q] bm xqumxam+jo
m=0 [am + jO]am ! 2
and this is exactly the integral

1 1

— (A Br)=—— " [ 5! te ) dt
2miq! o 14, 55 2) 2m‘q!j0!/7 exp (218" + z2t’)

along the compact cycle v = (|t| = €) for € > 0 small enough.

Recall that oo = 27/ — 2”7‘”’ €] —m, m| and consider the two half planes where the function I}, ; and I, , are
defined. They intersect along the common sector of complex numbers with arguments in |7, %[ﬂ]g +
o, 2% + af. This gives the second statement.

Furthermore for each ¢ € {1,..., a} we choose p such that || the smallest possible which yields :

2ﬂap

la| = |20 — \<—

b
This remark is useful for the proof of the statement (3) and shows that the restriction wy # —1 is harmless
since we can avoid it and reach any given ¢.

In view of the last statement let us consider the family of paths €?C,, for || < 55 — - When x5 remains
in the open sector |argzy — m| < € centered on real negative axis they are all rapid decay cycles for the
function ¢t ~#~! exp(x1t® + 2,t") and are equivalent in the rapid decay homology. Therefore we have :

Ic,(v1,22) = / t7P 7 exp (211 4 9t%)dt = / t= P exp(w,t® + 29t”)dt.
Cp e,

By Proposition 3.1 the Gevrey asymptotic expansion of I (1, x2) that we have obtained in statement
(1) of the Proposition can also be written Y-, cg (1) with :

1 1 .
—/ R =B~ exp(z,t®)dt = —/ R =B oxp (1701 dt
k! Jeoc, k! Je,

The domain of validity with respect to the variable z; of this asymptotic expansion therefore contains
a sector Sy which is the image by a rotation with an angle —af of the initial sector obtained from the
part 1 of the Proposition. Since we can continuously deform the paths of integration from C, to ¢*C,
the domain of validity of the asymptotic expansion of /¢, is the union of all the sectors Sg. The original
sector Sy is centered at § + 7 and its width is 7 — [a|. When |arg(z;) — 7| < € we have enlarged this
width by an angle §(m — 2¢). The width of the enlarged sector is :

CG,k(xl) =

7T—|Oz|+%(77‘—26)>77‘—26.

Since this sector is centered at § + 7 €]7, 7”[ this proves that it contains the real negative half line for
€ > 0 small enough. O

Proposition 4.6. Assume that 3 ¢ 7Z. Then for every Gevrey series ¢ of order less than or equal to
5 > g which is a solution of the hypergeometric system M (), there is an holomorphic solution
defined in a product of sectors, which is a neighbourhood of the product of the real negative axes, and
which admits p as an asymptotic expansion. This solution can be described as an integral of the function
t P~ exp (21t + x9t°) along a rapid decay cycle.
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Proof. According to Proposition 2.3 it is sufficient to prove that each of the series ¢/ or what amount to
the same each series )\jgo(j) is the asymptotic expansion of such an integral. In Proposition 4.5, we have
described such integrals and asymptotic expansions as linear combinations of the )\jgo(j ). The number a
of these integrals is equal to the dimension of the space of Gevrey solutions. Therefore in order to prove
the statement we just have to show that the square matrix of the coefficients of these linear combinations
is invertible. In the notations of Proposition 4.5 this matrix is :

@o—-1 g¢g-1 ... g¢-—1
M= .. ..
qa_l_l qg—l_l .« e q((]]:—l_l

and one show by elementary calculations

1 1 1 1
1 q @ ... g w1
detM=1|: ... ... ... ... |= (qi—l)H(qj—qi)%O
=0 i<
L Qo1 @y v Gis
where the last inequality follows from ¢; = 22 with 8 ¢ Z and a, b co-prime. O

Theorem 4.7. For any € C and for every Gevrey series ¢ € Oﬂ(s), 5 > % which is a solution
of the hypergeometric system M 4([3), there is an holomorphic solution defined in a product of sectors,
which is a neighbourhood of the product of the real negative axes, and which admits p as an asymptotic
expansion. All these solutions can be described as an integral of the function t=°~ ' exp(z,t* + x5t%)
along a rapid decay cycle when 3 ¢ 7.\ N(a,b). When 3 € Z\ N(a, b), the above integral solutions span
a codimension one subspace and there is a one dimensional supplementary space obtained by expanding

an integral along [0, +00).

Proof. When 3 ¢ Z, Proposition 4.6 give a complete proof of the statement. When /3 € Z we shall write
B = pob+ aq, 0 < py < a and the proof of the same Proposition shows that all the Gevrey series 0P for
p # po are obtained as integrals on rapid decay cycles. The non obtained Gevrey series is :

(po) _ [q]#xQ*bmwaerpo
7 mz>:0 [am + pO]am ! 2

It is a polynomial if and only if ¢ > 0, that is when 5 € N(a, b). We notice that it is exactly the case
where the integral along a circle of radius € > 0 centered at the origin which is equal to

L1 .02

a b . 1T
/ t*,@*lexlt +xat dt — 271_2 1 v2
o 2. hity
l1a+Llab=0

is non zero. Since this is a polynomial solution we are done in this case.

Finally when ( € Z\ N(a, b), that is when ¢ > 0, we notice that there is an integral holomorphic solution
given by the formula :

4.7) Ja(x1,29) = / =t (e”ltu“tb — Ps(x1, 22, t)) dt
0
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where Pg(z1,22,t) = 0if § < 0, and if 3 € N\ N(a, b), we take the Taylor polynomial of degree < 3

int: .
1$22tfla+€2b

x
Polavaat) = >
Cra+t2b<3 12

It is in fact of degree < (3, by the condition 5 ¢ N(a, b) which guarantees the convergence of J3.

The fact that .Jj is a solution of the system H 4(/3) is completely similar to the proof in [A94, Section 2]

for the case of rapid decay cycle. The reason is first that since 92 — 94 annihilates et +e21" it annihilates
as well the coefficients of all the monomials #/ in its power expansion of hence also the polynomial
Ps(z1,x2,t). Concerning the Euler operator x = ax10; + bx20> we just have to notice that the relation
for the integrand which leads to the proof is still valid and it is :

X (exlta+$2tb — Pﬂ(l‘l, T, t>) =t (emltaﬂztb N Pﬁ(xl’ T2, t)> '

In order to conclude the proof we just have to check that Jg admits under the same conditions as in
Section 4.1 an asymptotic expansion (of Gevrey order less than or equal to g) which must then be a linear
combination 3" 1,0® of all the go(p). We rewrite it as follows

B—14bk | x1t® xlitm 95]5
Ja(x1,20) = Zt et — Z 7 o dt

ta<B—kb

and this lead to the existence of an asymptotic expansion completely similar to the one given in the
general case, but with a coefficient of 25 given by :

(4.8) ( )—l oot*ﬁ*ku ot Z 7t dt
' W =00, c 0

ta<B—kb

which is again a convergent integral. The change of variable s = —xt® for z; € R, works exactly in
the same way as in Remark 4.4 and Proposition 4.5. In fact as soon as k is large enough the correcting

l La
term ), . <B—kb Z, is zero and we find explicitly :

1 etk bk — B—kb
cp(21) = —ze” " T ( ﬂ) Tt

ak! a

Considering the coefficients c,,+,, (1) for m large enough, we see that the coefficient y,,, of 4,054 5) is

non zero in the asymptotic expansion of J3 as expected.

4.2. A basis of Gevrey asymptotic expansions. Let A = (a4, ..., a,) with integers 0 < a; < --- < a,
and gcd(aq,...,a,) = 1. For any § € C and any rapid decay 1-cycle v we write ®,(A, §;z) the
asymptotic expansion of the integral I, (A, 3, z), that is

D, (A, Bix) =ae(l,(A B, 1)) =ae. (/ Pt eXp(Z xjtaf)dt) :
v J
In Propositions 3.1 and 4.1 we have proved that for some well defined cycles v : R — C* there ex-
ists an asymptotic expansion of the integral I, (5;z) = I,(A, 3, z) and that this asymptotic expansion
O, (A, ;x) is a germ of Gevrey series in OX|Y( s) at any point in Y \ Z for all s > -%-. When
B € Z \ NA, and restricting to a product of sector in the variable z,, 1, x,, containing the real negative
axes we may, as in the previous Section, define an asymptotic expansion for the integral

Ja(T1, .. ) = / (677 exp (z1t™ + -+ + ™) — Py(a, ..., z0,t)) dt
0



GEVREY EXPANSIONS OF HYPERGEOMETRIC INTEGRALS I 17

where Pg(z1,...,x,,t) is the Taylor polynomial of degree < (3 in t of the function exp (D>, x;t%).
When § € Z \ NA and v = [0, +00) we still denote @, (A, 5; ) this asymptotic expansion, and by
extension we will still call cycle an element of the formal direct sum of C - [0, +00) and of the space of
a rapid decay cycle.

The goal of the remaining part of this Section is to prove the following

Theorem 4.8. There exists a family of cycles 1, ... ,%,,_, in C* such that the set of (germs of) Gevrey
asymptotic expansions

{(I)’VJ(A>B>:B) ‘] = 17 - '7an71}
is a basis of the stalk of Homp, (MA(ﬁ), O@(S)) at any pointin Y\ Z, for 5 € C and for s > 42—

an
an—1

Remark 4.9. 1) By [FC11b, Remark 4.12] it is enough to prove the Theorem for points of the form
(0,...,0,e,0) € X with e # 0.

2) In the proof of this Theorem we will see that for 3 ¢ Z \ NA the cycles ~; are all rapid decay cycles.
When 8 € Z \ NA there exists a unique ®,, (A, 8; ) which is obtained by expanding an integral along
[0, +00) the other cycles being again cycles with the rapid decay property.

3) In the proof of Theorem 4.8 we obtain integral solutions in the neighbourhood of a product of sectors
for the variables x,,_1, z,, centered along the real negative axes, while the other variables x1, ..., x, - are
arbitrary in C. We can deduce from it the same statement for products of sectors centered along arbitrary
rays |0, +00) - €1 x]0, +-00) - €. For the proof we use cycles of the form ¢? - v, and ¢? - [0, +00) when
the argument of x5 is near 6 = b (mod 2)7. The result can be obtain from this data by using carefully
the width of the sector of validity with respect to 2, as described in Proposition 4.5 and playing with the
different determinations of § = 6, /b.

Corollary 4.10. [of Theorem 4.7] Theorem 4.8 holds for n = 2.

Proof. In the proof of Theorem 4.7 one describes, by using Propositions 4.5 and 4.6, how to build the
cycles v1,...,7, for A = (a,b),1 < a < b, ged(a,b) = 1. If 3 ¢ Z \ N(a, b) all the ~, are rapid decay
cycles. When 3 € Z \ N(a, b) among them a unique cycle is [0, 00). O

In order to simply notations we will denote Sol(M) = Homp(M, O an_)) the sheaf of Gevrey

v (e
solutions of order less than or equal to % of a holonomic Dx—module M on X = C" for Y = (z, =

0) C X. '

Remark 4.11. By Corollary 4.10, for all 3 € C and for each r = 0,...,k — 1 there exists a family
Yirs - -+ Ya,r OF cycles such that the family

- -
{(I)vu ((a7 5)7 BT;%,@) a‘.-aq)wa,r ((C%b)a 67;9017@)}

is a basis of the stalk of the solution space Sol(M ) (%)) at any pointin Y; \ Z;. Here Y} C C? (resp.
Z, C C?)is the line x5 = 0 (resp. x; = 0). If there exists 0 < ry < k (necessarily unique) such that
% € Z \ N(a, b) then among them one of these cycles is [0, 00).

In the statement of the following Proposition we are going to use the morphism g := wjp, for s = a“—’il,
defined in Subsection 2.3.

Proposition 4.12. Theorem 4.7 holds for the matrix (1, ka, kb) with ged(a,b) = 1 and k > 1. More
precisely, there exists a set of cycles {7,,|0 < p < a,0 < r < k} such that the image (of the germ) of
®5, . ((1, ka, kb), 3) by the morphism wg equals (0,--- ,0,+®., ((a,b), %), 0,---,0)in

Tp,r

DLy Sol (M qp)(55)).
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Proof. We consider the germs at a point (0, €,0) with € # 0 and the stalk of the direct sum at (¢, 0). Write
B' = (1,ka, kb) and B = (a,b). We write (x¢, z1, z2) for coordinates in C*. The proof here depend
heavily on the Proposition 2.7 in Section 2. When 3 ¢ Z or when [ € U’:;é (r+ kN(a, b)) the morphism
wp studied in this Proposition is an isomorphism and all the cycles that we obtain are rapid decay cycles.
When § € Z \ U’:;é (r + kN(a, b)) one of these cycles is special. This last cose containing the one case
B eN\ Uf;é (r + kN(a, b)) where w3 is not an isomorphism.

Let us assume first 5 ¢ Z. We fix v, one of the cycles described in Corollary 4.10 with respect to the
matrix B and % Consider any cycle v in C* such that v* = ,, .. We develop the integral

[’Y = [’Y(x(]? xy, ]}2) = /tﬁl exp(:z:ot + Q?ltka + .Tgtkb)dt

v
as
k-1
L (%0, 21, 22) = Z :céJf(xlg, x1,X3).
=0

14
Notice that a—IZ(O, 1, 25) = 1J4(0, 21, 25). Notice also that

aT 1 _B=r_ 1 /8 —r
o —2(0, 21, 22) = z / 5™ F Lexp(z,5® + x95")ds = Elvpm B, T2 )
0 Yp,r
Write w = e+ and for v = 0,....,k—1,+" = w"~. We can write
L(xg, 21, 22) = w™P /( ) s A1 exp(zow”’s 4 115 4 195" ds = w”’ﬂlv(m (xow”, 1, xa)
and then
k—1
L (w0, 21, 32) = WL (mow ™, @1, 22) = wyﬂzw Vg (26, T, 22).
=0
The matrix (w™"*)o<,¢<k_1 being invertible we can write
(49) :L,OJK $0,.I1,I'2 Z)\KVW VA n/(V) :EO;:ED'IQ)

for some A\, € C.
Consider now the cycle 7, , 1= Zl]:(l) )\,,Vl,w*”ﬁv(”) and the integral /5, , (%0, 1, T2). Then we have

oL
8;? (07 Xy, 1'2) =0
0

if ¢ # r and

oI 1 -
ﬁ(o , X1, To) = T'J (0,5(31,1‘2) = EI%”“ (B, %;‘Thl’g) )
Assume now (3 € Z. Write § = [’k + ro for unique integers ' and 0 < rq < k. Write by
Euclidean division ' = ha + pg, 0 < pg < a. We can apply the argument for § ¢ Z to any
(p,7) # (po, 7o) to prove that there exists a cycle 7, such that the image of ®5,  (B’, ) by the morphism

wgis (0,...,0,1®, (B, 5" 3,20),0,...,0).

Let us treat now the case of (pg,79). If € Z \ Uf;ol (r + kN(a, b)) then we consider the expression

Jﬁ = / t_ﬂ_l(exp(xot + J}ltka + l’gtkb) - Pg(xo, T, T, t))dt
0
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with analogous notation to the one used in the proof of Theorem 4.7. It can be proved as in Theorem
4.7 that J3 is a holomorphic solution of the system Mp/(3) and that it admits an asymptotic expansion
which is of Gevrey order less than or equal to ——. In fact Jg is holomorphic in a product of sectors

which is a neighbourhood of the product of the real negatlve axes. Then we conclude that this asymptotic
expansion is a linear combination » . i gosg/) with A, # 0.

If 5 e Uf;é(r + kN(a, b)), the integral along the cycle Cj, (see notations in Subsection 4.1)
/ t7P  exp(xot + 21" 4 2ot**)dt
Cy

is a polynomial and its image by wg is a non-zero scalar multiple of (0, ..., 0, gog())(ﬂ 7),0,...,0).

This finishes the proof. U

Proof. [of Theorem 4.8, general case]. We may assume n > 3. We simply write ka = a,,_1, kb = a,, for
some integer k£ > 1 and ged(a,b) = 1.

We first assume a; > 1 and denote as usual A’ = (1,a4, -+ ,a,). We also denote B' = (1,a,_1,a,) =
(1, ka, kb) and B = (a,b). Let us consider the following diagram

/

Sol(M.a(8)), ——= Sol(Mp(8)),

|s

Sol(M4(B))p-
Let us explain the restriction morphisms in the above diagram: p’ is the restriction defined as

pl(f(xﬂvxla s 7xn)) = f(l‘(h 07 s 7()’ xn—hxn)-
Similarly p(f(xg,1,...,2n)) = f(0,21,...,7,). We consider a point p = (£,0) € C? with € # 0 and
we also denote p the image of this point in the different considered spaces.

The morphism p’ is an isomorphism for any 3 € C, see Subsection 2.1. The morphism p is an isomor-
phism if 3 € N\ NA, see Theorem 2.5 and Remark 2.6.

Let us consider the set of asymptotic expansions
{®5,,(A, )10 <p<a0<r<k}

where 7, is the cycle built in the proof of Proposition 4.12. The image by p’ of (IJ% (A’ ) is just
®5, (B, 3). This prove the theorem for A’ and then for A if 3 ¢ N\ NA (because in this case p is an

isomorphism and the image of &5, (A', ) is precisely @5, (A, 5)).
If 3 € N\ NA then we have again p(®5, (A, 5)) = @5, (A, ) forall (p,r) # (po, ro). The integral

Tp,r

(4.10) J3 ::/ A1 (exp (th“‘) Py xl,...,xn,t)> dt
0

defines a holomorphic function in a domain C"2 x S,,_; x S,, where S; is a sector in C which is a
neighbourhood of the real negative axis for © = n — 1,n. Here Pj is the Taylor polynomial, for the
exponential, of degree < 3 in t.
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As usual we consider, for £ big enough,

n—1
1 o0
(411) ck(xl, . ,xn_l) — E / t—ﬂ—l—&-ank exp <Z Iitai> dt
- JO

i=1
the coefficient of ¥ in the expansion of .J5. By developing we get
(@1, Tn1) = Z Crm,---,mn—sz(xn—l)9571n1 ey
mi,...,Mp—220
where, writing m,, = k big enough,
1

mq!l - my_olm,!

Cmy,...;Mp—2,mn (xnfl) =

oo
/ t*ﬁflJrZ#n_l aimieivnfltanfldt.
0

Up to a scalar multiple this last integral equals

B—3itn—1aimg
SR (2 D)

2:nfl

ap—1

The condition # € N\ NA implies that the argument of the Gamma factor is never a non-positive integer.

Writing 3 = ga,—1 + jo with 0 < jy < a,_; and choosing my,...,m,_o,m,_1,m, > 0 such that
Jo+an_1mpy_1 =, 4n—1 @iTN; We see that the corresponding exponent of x,,_; in the expansion of Jg is
/B_Zi;ﬁn_l a;m;

= q —m,_1 which is a negative integer if m,,_; is large enough. Moreover, the asymptotic

an—1

expansion of J; is a Gevrey series solution of M 4(3) of order less than or equal to 22— which is linearly
independent of the set {<pf'4,7 5(0,2)[j # jo}. This finishes the proof of the theorem for A if a; > 1.

If finally a; = 1 then we apply previous discussion by using the restriction to the case (1, a,_1,a,). O

4.3. Gevrey solutions modulo convergent solutions. We can also give a description of the stalk of
Homp, (Ma(5), Qy(s)) at any point of Y\ Z where, for s > 1, Qy(s) is the quotient of O)?I\Y(S) by
Ox|y. By [FC11b, Th. 5.3] this space is just (0) if 1 < s < 22— and has dimension a,,_ if s > _#=—.
We will assume in this Subsection that s > ;“—"

n—1
Let ¢(t) a C* function with compact support locally constant with value 1 near the origin. We consider
the following integral, see (4.10):

(4.12) Jop(x) = Jpp(x1,...,2,) 1= /0 t=o1 (emt ™ _ Py(x, té(t))) dt.

We write .J; 3(A; ) if we want to emphasize the dependence of this integral on the matrix A. This integral
defines a holomorphic function in C*~! x S, _; x S, for some open sectors S; C C, i = n — 1, n, each
of them containing the real negative axis. In general this integral is not a solution of the hypergeometric
system M 4(3) but it is a solution modulo convergent power series.

Now we come back to the Gevrey solutions modulo convergent ones. We will treat the case A = (a,b)
first. According to Corollary 4.10, for 3 ¢ 7 the family of asymptotic expansions {®,(A, ) :=

e, (A, B),0 = 1,...,a} is a basis of Gevrey solutions of M4(3) in Oﬁ(s). For 5 & 7, the

family {(piﬁ)ﬂ |p = 0,...,a — 1} is also a basis of Gevrey solutions and their classes modulo con-
vergent series form a basis of Homp, (Ma(3), Qy(s)) [FClla, Th. 5.9 (i)]. Then, the classes of
{®,(A,),£=1,...,a} modulo convergent series forms a basis of Homp, (M (), Qy(s)).

Previous situation is still valid when 3 € Z \ N(a, b), taking into account that we have denoted ®,(A, ()
the asymptotic expansion of an integral Jg(x1, x2) over |a, 00), see (4.7).
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Assume now 3 € N(a,b) and write 5 = pyb + ga with 0 < pg < a and ¢ > 0. We know that the

Gamma series gbffoﬁ) is a polynomial and then its class modulo convergent series is zero. We denote by

®,(A, 3) the asymptotic expansion of Jy 3(1, 22). The coefficient c;(x;) of this expansion is, for k big
enough, exactly the same as in (4.8). In particular, the exponent of =1 in cgpp,(21) for m big enough
is the negative integer ¢ — bm. This proves that the family {®,(A, ), ¢ = 1,...,a} is still linearly
independent modulo convergent power series. Hence, it defines a basis of Homp, (M4 (), Qy(s)).

We treat now the case A = (aq,...,a,) and n > 3. We write as usual a, 1 = ka,a, = kb for
k > 1 and ged(a,b) = 1. According to Theorem 4.8, for 5 ¢ N the family of asymptotic expansions

{95,,(A,8),0 < p < a,0 < r < k}is a basis of Gevrey solutions of M 4(3) in (’)ﬁ,(s). For

B & N, the family {{0’%% = gp(j)ﬂ(o, z)|j=0,...,a,-1 — 1} is also a basis of Gevrey solutions and
their classes modulo convergent series form a basis of Homp, (M4(3), Qy(s)) [FC11b, Th. 5.5, (i)].
Then, the classes of {®5, (A4,3),0 < p < a, 0 < r < k} modulo convergent series form a basis of
HomDX (MA<6)> QY(S))

Previous situation is still valid when 5 € N\ NA, taking into account that we have denoted 5 (A, ()

Tpo,ro
the asymptotic expansion of an integral .Jz(x) over [a, 00), see (4.10) and we have considered this as-

ymptotic expansion as the generator of a complement space of {6&&, j=0,...,a,1—1}.

Assume now 3 € NA. We denote by @5, (A, 3) the asymptotic expansion of Jy 5(z), see (4.12), with
respect to x,,. The coefficient i (1, ..., x,_1) of this expansion is, for k£ big enough, exactly the same
as in (4.11). We can proceed as in the proof of the general case of Theorem 4.8 to see that the classes

modulo convergent power series of the asymptotic expansions @5 (A, 3) form a basis of the solution

space Homp (Ma(3), Oy (s)). "
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