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T-coercivity for the Maxwell problem
with sign-changing coefficients

ANNE-SOPHIE BONNET-BEN Duia!, LucAas CHESNEL?, PATRICK CIARLET JR.3

- December 6, 2012 -

Abstract. In this paper, we study the time-harmonic Maxwell problem with sign-changing permit-
tivity and/or permeability, set in a domain of R3. We prove, using the T-coercivity approach, that the
well-posedness of the two canonically associated scalar problems, with Dirichlet and Neumann boundary
conditions, implies the well-posedness of the Maxwell problem. This allows us to give simple and sharp
criteria, obtained in the study of the scalar cases, to ensure that the Maxwell transmission problem
between a classical dielectric material and a negative metamaterial is well-posed.

Key words. Maxwell’s equations, interface problem, metamaterial, compact imbedding, sign-
changing coefficients.

1 Introduction

We investigate the time-harmonic Maxwell problem in a composite material surrounded by a perfect
conductor. A composite material is modeled by non constant electric permittivity ¢ and magnetic
permeability p. It is well-known that some materials, like metals at optical frequencies, are almost dissi-
pationless and have a dielectric permittivity whose real part is negative. More surprising is the possibility
of realizing materials, called negative metamaterials, which exhibit both negative real valued permittivity
and permeability in some appropriate range of frequencies. The association of classical dielectrics and
such negative materials has very exciting potential applications such as plasmonic waveguides, perfect
lenses [31, 21, 27], photonic traps, subwavelength cavities [16] ... From a mathematical point of view,
the change of sign of the coefficients € and/or p in the medium raises a lot of original questions for the
corresponding electromagnetic model, both for the mathematical analysis and the numerical simulation
[26, 28, 17]. Indeed, standard theorems proving the well-posedness of the problem and the convergence
of conventional numerical methods are no-longer valid in such situations. Consequently, and generally
speaking, the questions we have to address are the following. Can we extend the classical theory to
configurations with sign-changing coefficients? And if not, is there a new functional framework in which
well-posedness and stability properties can be recovered?

For 2D configurations, the corresponding electromagnetic model reduces to a scalar problem involving
the operators —div (¢V-) with Dirichlet or Neumann boundary condition, o being equal to e =1 or p=1.
Those scalar problems have been thoroughly investigated [5, 35, 7, 24, 2, 12, 3, 10, 13] and sharp results
have been recently obtained using the simple variational technique of the T-coercivity. The problems
are proved to be of Fredholm type in the classical functional framework if the contrasts (ratios of the
values of o across the interface) are outside some interval, which always contains the value —1. This
interval reduces to {—1} if (and only if) the interface is smooth (see also [14, 25] for approaches relying
on integral equations). For a contrast equal to —1, the problems are severely ill-posed (not Fredholm)
in H'. The influence of corners in the interface, noticed for instance in [30, 32|, has been clarified in
[15, 8, 29]. When the interface between the dielectric and the negative material has a corner, depending
on the value of the contrast in o, the scalar problems can be ill-posed (not Fredholm) in H!, even for
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contrasts different from —1, because of the onset of “strong” singularities at the corner. Well-posedness
can be recovered by working in a new functional framework in which a radiation condition at the corner
is imposed [4].

For scalar problems, the theory is now quite mature. Now, we wish to obtain such results for Maxwell
problems, and first, the results of well-posedness using variational techniques. These variational methods
are interesting because they allow one to consider rather general configurations: Lipschitz-continuous
interface between the positive and the negative material and L> coefficients ¢, ¢!, u, p~'. However,
it appears that the geometric approach followed for studying the scalar problems is difficult to apply
because of the nature of functional spaces used for Maxwell problems. Therefore, we will proceed
differently. Again, we will use the T-coercivity technique but in a different form. We will prove that one
can construct T-coercivity operators which allow us to restore some coercivity property as soon as the
associated 3D scalar problems are well-posed. This will provide very simple criteria (those of the scalar
problems) to ensure that Maxwell problems are well-posed. When the contrasts in € and/or u lie inside
the critical intervals, the definition of a new functional framework taking into account the gradients of
the strong singularities, is still an open question.

The outline of the paper is the following. The definition of the problem and the notations are intro-
duced in Section 2. In Section 3, we give an equivalent formulation of the problems, using some classical
functional spaces for the study of Maxwell problems: V(g; Q) for the electric field and Vr(u; Q) for
the magnetic field ; some divergence free condition is included in their definition. Section 4 expresses the
main idea of the paper: how to build a T-coercivity operator for the Maxwell problems when the associ-
ated scalar problems are well-posed. For the sake of clarity, we present it in the canonical cases € = 1 for
the electric field and p = 1 for the magnetic field. Then, we use these results and a technique due to [19]
to prove some result of compact embedding of Vy(g; Q) and Vp(u; Q) in L*(Q) := L?(Q)3, extending
[6]. Again, let us underline that these results are not classical in the literature when the coefficients ¢
and p change sign. In Section 6, we state the main theorem of this work, summing up the previous
results: electric and magnetic Maxwell transmission problems are well-posed as soon as the associated
3D scalar problems are well-posed. We illustrate this result on a series of canonical geometries. Finally,
we present some generalizations in Section 8. First, we are interested in configurations where the scalar
problems are well-posed in the Fredholm sense with a non trivial kernel. Second, we consider the case
of a non-simply connected domain whose boundary is not connected?. This study covers the case of non
simply connected domains with connected boundary and the case of simply connected domains with non
connected boundary.

2 Setting of the problem

Let Q be a domain in R?, i.e. an open, connected and bounded subset of R? with a Lipschitz-continuous
boundary 9. For some w # 0 (w € R), the time harmonic Maxwell’s equations are given by

curl B —iwpH =0 and curlH +iweE=J in Q. (1)

Above, E and H are respectively the electric and magnetic components of the electromagnetic field.
The source term J is the current density. We suppose that the medium 2 is surrounded by a perfect
conductor and we impose the boundary conditions

Exn=0 and pH-n=0 ondQ, (2)

where n denotes the unit outward normal vector to 0€2. We assume that the dielectric permittivity € and
the magnetic permeability u are real valued functions which belong to L°°(Q), with e=1, u=t € L>°(Q).
Let us introduce some classical spaces in the study of Maxwell’s equations:

L*(Q) L2(Q)%

H(curl; Q) = {ueL*(Q)|curlu e L*(Q)};

Hy (curl; Q) := {u € H(curl; Q) |u x n =0 on 90} ;

V(& Q) :={u € H(curl; Q) |div({u) =0, u x n =0 on 00}, for & € L>=();
V(& Q) :={u € H(curl; Q) |div({u) =0, {u-n =0 on 00}, for £ € L>=(N).

4The Figure 2 at the end of this paper gives an example of such a geometry.



For simplicity, the current density J will be chosen in L*(Q) with div.J = 0°. We denote indistinctly
(-,-) the inner products of L2(Q) and L*(Q) and || - || the associated norms. The spaces H(curl; Q),
Hy(curl; Q), Vx(§; Q) and V(§; Q) are endowed with the inner product

('a ')curl = (', ) + (curl ° curl )
Classically, we prove that if (E, H) satisfies (1)-(2), E and H are respectively solutions to the problems

Find E € H(curl; Q) such that:

curlp~tcurl E —w?*E = iwJ inQ (3)
Exn = 0 on 0f)
Find H € H(curl; Q) such that:
curle tcurl H — w?yH = curle 'J inQ )
uwH -n =0 on o) °
e (curlH —J) xn =0 on 9N

As already announced in the introduction, we want to find criteria for € and p to ensure that problems
(3) and (4) are well-posed in the Fredholm sense. Classically, for the study of Maxwell’s equations, our
strategy will consist in working in the space V y(e; Q) for the electric field and in the space V(u; Q)
for the magnetic field. Indeed, for example, if E satisfies (3) and if w # 0, then div(¢eE) = 0, so E
belongs to the space V y(e; Q). Therefore, the Fredholm property for the problem (3) will rely on two
arguments: first the compact embedding of V y(e; Q) in L?(Q), secondly, the isomorphism property for
the principal part curl = lcurl-: Vy(g; Q) — Vy(e; Q)*. In a symmetric way, the Fredholm property
for the magnetic field relies on the compact embedding of V1 (; Q) in L?(2) and on the isomorphism
property for the principal part curle tcurl-: Vo (u; Q) — Vo(u; Q)*.

3 Equivalent formulations

Let us first give equivalent formulations to problem (1)-(2) in the spaces V y(e; Q) and V(u; Q).

3.1 Problem for the electric field

Consider a® the sesquilinear form such that a®(p, ¢’) = (eVip, V') for all p, ¢’ € H{(2). With the Riesz
representation theorem, we define the operator A : H§(Q) — H{(2) such that, for all ¢, ¢’ € H(€),
(V(A%p),V¢') = a*(p,¢’). On H}(2), we define the norm ||-||H[1)(Q) = ||V -||. Let (-,-) designate the
duality pairing H=1(Q) x H}(€2). Now, let us introduce an assumption for the 3D scalar problem related
to the electric field. Here, C' > 0 is a constant.

There exists an isomorphism T¢ of H}(£2) such that

‘% I £
) 1 (o) 2 C Lol iy, Vo € HHQ).

Lemma 3.1 Assumption () holds true if and only if A® : H}(Q) — H(Q) is an isomorphism. In this
case, for all f € H71(Q), there exists a unique solution to the problem

Find ¢ € H{(Q) such that : (5)
a*(p,¢') = (f.¢'), V¥ € Hy(Q).

Besides, there exists a constant C > 0 independent of f such that H@”Hé(ﬂ) < Cfllg-1(e)-

Remark 3.2 Classically, Eq. (5) can be rewritten —div (eVy) = f in H=Y(Q). We will see in section 7
that, in practice, it is possible to build explicitly such operators T¢, depending on the values of ¢ and on
the geometry of the domain. Actually, assumption () is an assumption on £ and on the geometry of
the domain only (for more details see [2]).

5The case divJ # 0 can be handled similarly with the tools that we propose, see Remark 6.3 below.



Proof. Assume (J#) to be true. Since T° : H}(Q) — HE(Q) is an isomorphism, ¢ satisfies (5) if
and only if ¢ is a solution of the problem “find ¢ € H}(Q) such that a®(p,T°¢') = (f,T¢'), for all
¢’ € HY(Q)”. Lax-Milgram theorem then allows us to conclude that problem (5) is well-posed because
(0,¢") = a®(p,Te¢’) is coercive on H{(Q) x H(2) by assumption. This approach also proves that
A® : Hy(2) — HY(Q) is an isomorphism. Reciprocally, if A° : H}(Q) — H{(Q) is an isomorphism, taking
T° = A%, one obtains, for all ¢ € H)(Q), [a(2, T°0)| = |A°¢l}1 () > C @ lfi10)- =

Theorem 3.3 Assume that w # 0.
1) If (E, H) satisfies (1)-(2) then E is a solution of the problem

Find E € V(g; Q) such that for all E' € Vy(g; Q):
/ ptcurl E-curlE' — w’¢E-E' = iw/ J-E. (6)
Q Q

2) Assume () to be true. If E satisfies (6) then (E, (iwn) ‘curl E) satisfies (1)-(2).
Proof. 1) If E satisfies (1)-(2), then E is a solution of (3). On the other hand, since w # 0, there holds
div (¢E) = 0. This allows us to show that E satisfies (6).

2) Now, let us prove that if E € Vy(g; Q) C Hy(curl; Q) satisfies (6) then E is a solution to the
problem

Find E € Hy/(curl; Q) such that for all E € Hy(curl; Q):
/ plcurl E-curl E' — w’*E - E' = iw/ J-E. (7)
Q Q

For all E' in Hy(curl; ), Lemma 3.1 indicates that we can build ¢ € H{(Q) such that div (eVyp) =
div (¢E’). The element E'— V¢ belongs to V x(g; Q). Taking E'—V as a test-field in (6) and observing
that (eE,Vy) =0 and (J,Vy) = 0 (recall that divJ = 0), one obtains

/ pteurl E-curl B — w*cE - E' = iw/ J-E'.
Q Q

But (3) and (7) are equivalents. Therefore, if E satisfies (6) then E is a solution of (3). There just
remains to notice that in this case, (E, (iwu) lcurl E) satisfies (1)-(2). ]

With the Riesz representation theorem, let us introduce the bounded operator @y (w) : Vy(g; Q) —
Vn(g; Q) such that for all E, E' € Vy(g; Q),

(AN (W) E, E )eur1 = (u 'curl E,curl E') — w?(<E, E'). (8)

3.2 Problem for the magnetic field

For the study of the magnetic field, we introduce the space

HL(Q) = {cp c HY(Q)| /Q(p = o}.

Notice that the only constant in H;E(Q) is 0. Using the Rellich’s theorem which indicates that the
embedding of H!(Q) in L?(Q) is compact and using that €2 is connected, we prove by contradiction the

Lemma 3.4 The map (p,¢') — (Vo,V¢') defines an inner product on H#(Q) The associated norm
is denoted H-||H%(Q).

Consider a* the sesquilinear form such that a*(p, ') = (uV, V') for all ¢, ¢’ € H;&(Q) With
the Riesz representation theorem, we define the operator A* : HL(Q) — HL(2) such that, for all
@, ¢ € HL(Q), (V(A'p), V') = a(p,¢'). As for the study of the electric field, let us introduce a
property associated with this 3D scalar problem for the magnetic field. Again, C' > 0 is a constant.

There exists an isomorphism T# of HJ (Q2) such that

WA
) | (o, m0) 2 C gl ), Vo € HY(Q).




Lemma 3.5 Assumption (/) holds true if and only if A" : H#(Q) — H#(Q) is an isomorphism. In
this case, for all £ € (H#(Q))’, there exists a unique solution to the problem

Find ¢ € Hy () such that: )
a'(p,¢") = U(¢),  V¢' € Hy().

Besides, there exists a constant C > 0 independent of ¢ such that ||<pHH;¢(Q) <C ||€||(H;#(Q)),.

Remark 3.6 Classically, for f € L?(Q) such that Jo f =0, if one defines € by ((p") = [, f¢' for all
o e H;L(Q), Eq. (9) can be rewritten —div (uV¢) = f in L2(Q) and pdnp = 0 in H-1/2(09). As in the
electric case, assumption (7€) is an assumption on p and on the geometry of the domain only.

Proof. Assume (J5¢,) to be true. Since T : H%(Q) — H%(Q) is an isomorphism, ¢ satisfies (9) if
and only if ¢ is a solution to the problem “find ¢ € H;E(Q) such that a* (@, THy') = £(THy'), for all
¢' € H,(Q)”. But Lemma 3.4 ensures that (o, ¢’) = a*(p, T°¢’) is coercive on HY (Q) x H(2). Then,
one can conclude that problem (9) is well-posed with Lax-Milgram theorem. In the same way, we prove
that A* : HL(Q) — HL(Q) is an isomorphism. Reciprocally, if A* is an isomorphism of HJ (), taking
T = A", one finds, for ¢ € H(Q), [a" (o, T"0)| = | 4"¢llfp, (o) = C el o). .

Adapting the proof of Theorem 3.3, one obtains the

Theorem 3.7 Assume that w # 0.
1) If (E, H) satisfies (1)-(2) then H is a solution of the problem
Find H € Vr(u; Q) such that for all H' € V(u; Q):

/5_1cur1H~curlH/ —wuH -H' = / e 'J - curl H'.
Q Q

(10)

2) Assume () to be true. If H satisfies (10) then (i (we)~!(curl H — J), H) satisfies (1)-(2).

With the Riesz representation theorem, let us introduce the bounded operator o/ (w) : Vo (u; Q) —
Vr(u; Q) such that for all H, H' € Vg (u; Q),

(o (W) H, H ) eur1 = (¢ 'eurl H,curl H') — w?(uH, H'). (11)

4 The T-coercivity approach in Vy(1; ©2) and in V(1; Q)

For the sake of clarity, we present first the T-coercivity approach for the Maxwell’s equations on the sim-
pler cases: € = 1 and p possibly sign-changing for the electric field; 4 = 1 and e possibly sign-changing
for the magnetic field. This study will be useful for two reasons. On the one hand, the results obtained
will serve to prove the compact embeddings of Vy(g; Q) and V7 (u; Q) in L?(©2). On the other hand,
this will give us an insight of how to proceed to study the operators 7y (0) and <7 (0).

Let us recall some classical properties for the spaces V(1; ) and V(1; Q) (cf. [33, 1]).
— The embeddings of Vx(1; Q) in L*(Q) and of Vp(1; Q) in L*(Q2) are compact.
— Furthermore, when 9 is connected (respectively when  is simply connected), the map (u,v) —

(curl u, curl v) defines an inner product on V (1; Q) (resp. on Vp(1; Q)) and the associated norm is
1/2

equivalent to the canonical norm u — (u,u)l -

4.1 Study for the electric field with a permittivity ¢ =1
Let us first study the problem for the electric field.

Lemma 4.1 Let Q be a simply connected domain such that OS) is connected. Assume (J,) to be true.
Then, there exists an isomorphism T of V5 (1; Q) such that for all u,v € Vy(1; Q),

(p*curl u, curl Tv) = (1~ 'curl Tu, curl v) = (curl u, curl v).



Remark 4.2 One can prove a “reciprocal” assertion. Namely, “there exists an isomorphism T of V n(1; Q)
such that (p~'curlu, curl Tu) > |[curlu|?, for all uw € Vy(1; Q)7 implies “(,,) is true”.

Proof. x Definition of T. Consider v € Vy(1; Q).
i) Define ¢ the unique element of H%(Q) such that

/QMVQO'V@/:/QMcurl'U-Vgo’, V' € H(Q).

The function ¢ is well-defined since we have assumed (J%,) to be true.

ii) Observe next that u(curl v—Vy) is a divergence free element of L*(Q) such that p(curl v—Vy)-n = 0
on 9. Since ) is simply connected and since 02 is connected, according to theorem 3.17 in [1] (see also
theorem 3.6 in [18]), there exists a unique potential Tv € V 5 (1; §2) such that curl Tv = p(curlv—Vep).
This defines a bounded operator T : Vx(1; Q) = Vn(1; Q).

* Positiveness property. For all u,v € V(1; Q), we then compute

(n 'curlw, curl Tv) = (p 'curlu, p(curl v — Vi) = (curl u, curl v),

because u x n = 0 on 9. Notice we have also (u~tcurl Tu, curl v) = (curlu, curlv).
* T is an isomorphism of Vy(1; Q). Let us consider the operator for the electric field @/ (w) :
Vn(l; Q) = Vy(1; Q) defined in (8). The previous identity allows us to write

(N (0)(Tw),v)eurt = (p~*curl Tu, curl v) = (curlu, curlv), Yu,v € Vy(1; Q).

Since 99 is connected, the map (u,v) — (curl u, curl v) defines an inner product on V y(1; Q). Conse-
quently, the operator @7y (0) o T is an isomorphism of V(1; Q). Since @7y (0) is selfadjoint, we deduce
that <7y (0) and T are isomorphisms. ]

We deduce the

Proposition 4.3 Let ) be a simply connected domain such that 0Q is connected. Assume (,) to
be true and ¢ = 1. Then, the problem for the electric field (6) has one and only one solution which
continuously depends on the data J, for all w € C\&7, where . is a discrete set.

Proof. According to Lemma 4.1, the operator <7y (0), with £ = 1, is an isomorphism when assumption
(4£,) holds true. Since V y(1; Q) is compactly embedded in L*(Q), @y (w)— 2/ (0) is a compact operator
of Vn(1; Q) for all w € C. The analytic Fredholm theorem allows us to conclude. |

Remark 4.4 The analysis presented in this paragraph also holds in the case where the assumption
“e = 17 is replaced by the assumption “c > C > 0”. To deal with the case of a sign changing coefficient
e, we will have to assume in addition that (#2) holds true to be able to build an operator T with values
in Vy(e; Q) and to prove that the embedding of V x(g; Q) in L?(Q) is compact.

4.2 Study for the magnetic field with a permeability =1

Now, let us study the problem for the magnetic field.

Lemma 4.5 Let Q2 be a simply connected domain such that 0S) is connected. Assume (%) to be true.
Then, there exists an isomorphism T of V(1; Q) such that for all u,v € Vr(1; ),

(e 'curlu, curl Tv) = (¢~ *curl Tu, curl v) = (curlu, curl v).

Remark 4.6 One can again prove a “reciprocal” assertion. Namely, “there exists an isomorphism T of
Vr(1; Q) such that (¢~ curlu, curl Tu) > ||curlu||?, for all uw € V(1; Q)” implies “(#) is true”.

Proof. The proof is very similar to the proof of Lemma 4.1, the boundary conditions being the only
changing elements.

* Definition of T. Consider v € Vp(1; Q).

i) First define ¢ the unique element of H}(£2) such that

/ eV -V = / ecurlv - Vy/, V' € Hy(Q).
O Q



The function ¢ is well-defined since we have assumed (%) to be true.

ii) Then, notice that e(curl v — V) is a divergence free element of L?(Q). Since  is simply connected
and since 052 is connected, according to theorem 3.12 in [1], there exists a unique potential Tv € V(1; Q)
such that curl Tv = e(curl v — V). This defines an operator T from Vr(1; Q) to Vp(1; ).

* Positiveness property. For all u,v € Vp(1; §2), we then compute

(e 'curlu, curl Tv) = (¢ 'curlu, y(curlv — Vy)) = (curlu, curlv),

because ¢ = 0 on 9. We have also (¢~ 'curl Tu, curlv) = (curlu, curlv).
* T is an isomorphism of Vp(1; Q). Let us consider the operator for the magnetic field @7 (w) :
Vr(l; Q) = Vr(l; Q) defined in (11). The previous identity allows us to write

(r(0)(Tw), v)eur1 = (¢~ curl Tu, curl v) = (curlu, curlv), Yu,v € Vo(1; Q).

Since  is simply connected, the map (u,v) — (curlw,curlwv) defines an inner product on Vp(1; Q).
Thus, the operator @7 (0) o T is an isomorphism of V(1; Q). Since 7 (0) is selfadjoint, we deduce that
2/p(0) and T are isomorphisms. |

Proceeding as in Proposition 4.3, one proves the

Proposition 4.7 Let Q be a simply connected domain such that O is connected. Assume () to be
true and p = 1. Then, the problem for the magnetic field (10) has one and only one solution which
continuously depends on the data J, for all w € C\., where .7 is a discrete set.

Remark 4.8 Like in Remark 4.4, let us indicate that the analysis of this paragraph also holds in the
case where the assumption “u = 17 is replaced by the assumption “u > C' > 0”. To deal with the case
of a sign changing coefficient j1, we will have furthermore to assume that (7,) holds true to be able to
build an operator T with values in Vo (u; Q) and to prove that the embedding of V(u; Q) in L*(Q) is
compact.

5 Compactness results
Define the spaces, for £ € L>°(Q2),

Xn (& Q) := {u € H(curl; Q) |div(u) € L*(Q), u x n =0 on o0}
Xr(& Q) = {u € H(curl; Q) |div ((u) € L*(Q), éu-n =0 on 90} .

Theses spaces are equipped with the norm w — ([|u||* + ||div (¢ w)||” 4 [|curl w||*)'/2. In this paragraph,
we prove that X (e; Q) and Xr(u; Q) are compactly embedded in L*() when () and (%) hold
true, extending the classical theorems of [33, 19, 23| (for another approach, based on the study of the
regularity of fields, in 2D, when ¢, u change sign, see [11]). This constitutes a more general result than
t}12e one we actually need for our study, namely the compact embedding of V y(e; Q) and V(u; Q) in
L*(Q).

5.1 Compact embedding of Xy(c; Q) in L*(0)
Let us start by studying the space of electric fields.

Theorem 5.1 Let Q be a simply connected domain such that 9 is connected. Assume (H2) to be true.
Then the embedding of X (g; Q) in L*(Q) is compact.

Proof. Let (u,) be a bounded sequence of Xy (g; ). Define f, := div (cu,) and F,, := curlu,,. The
sequences (f,) and (F,,) are respectively bounded in L?(Q) and in L*(Q). Since () is true, according
to Lemma 3.1, there exists, for all n € N, ¢, € H{(Q) such that div(eVp,) = div (eu,). Then, we
notice that e(u, — V,) is a divergence free element of L*(2). Since 99 is connected, there exists (see
[1], theorem 3.12) w,, € Vp(1; ) such that curlw, = ¢(u, — V¢,). Thus, for all n € N, one has
u, = Vo, + e tcurl w,. Let us show now we can extract sequences from (V) and (curl w,,) which
converge in L*(Q).



Lemma 3.1 ensures that (¢,) remains bounded in H}(£2). The operator T¢ of hypothesis (%) is
continuous from H{(Q) to H(Q), (T°¢,) is also bounded in Hj(Q). But H{(Q) is compactly em-
bedded in L2(Q2). Therefore, we can extract a subsequence from (g, ) (still denoted (g, )) such that
(T°p,) converges in L2(Q2). Introduce ¢,m = @n — ©m and fum = fn — fm. By linearity, there holds:
—(EVPnm; V') = (fam, ¢'), for all ¢’ € H}(Q). Taking ¢’ = T, one obtains

2 5 5
¢ HQDanH})(Q) < (eVenm, V(T @nm))| = [(frm; T°0nm)| -

This shows that (V¢,) is a Cauchy sequence in L*(Q), and so, that it converges.

Now, let us work on the sequence (curl w,). We know that w — ||curl w|| defines a norm on Vp(1; Q).
Consequently, the sequence (w,,) is bounded in V7 (1; Q). By the compact imbedding of V1 (1; ) in
L%(Q), we can extract a subsequence, still denoted (w,,), which converges in L*(£2). According to Lemma
4.5, there exists an isomorphism T of Vp(1; Q) such that

|(e" curl w, curl Tw)| = |curl w||?, Yw € Vp(1; ).

Since T is continuous, the sequence (Tw,,) is bounded in Vr(1; 2). So, we can extract a subsequence
from (w,,), still denoted (w,,), such that (Tw,) converges in L?(Q). Since curle 'curlw, = F,, in Q
and (e lcurlw,) x n = 0 on 99, one has (e~ Lcurl w,,, curlw’) = (F,,,w’), for all w’ € Vr(1; Q)
with wy, = w, — wy, and Fo,,, = F,, — F,,. Testing with w’ = Tw,,, leads to:

||CUI‘1 u’nm”2 = |(an7Twnm)| :

This estimate proves that (curlw,) is a Cauchy sequence in L*(2). Consequently, it converges. ]

Corollary 5.2 Let Q be a simply connected domain such that OS2 is connected. Assume (J2) to be true.
Then, there exists a constant C' such that

ul® < C |lcurlul®,  YVu e Vi(e Q). (12)

Thus, the map (u,v) — (curlu, curlv) defines an inner product on 'V y(e; Q) and the associated norm
1/2

is equivalent to the canonical norm w — (u,u) ., -

Proof. To prove this corollary, it is sufficient to show (12). Let us proceed by contradiction assuming
there exists a sequence (u,) of elements of Vy(g; ) such that

VneN, ||lu,|l=1 and lim |curlu,| =0.
n—oo

According to Theorem 5.1, we can extract a sequence from (u,) (still denoted (u,)) which converges
to w in L?(Q). By construction, we have ||u| = 1. Then, we check easily that (u,) converges to u
in Hy(curl; Q) with curlu = 0 a.e. in Q. Since 09 is connected, one deduces (see [9], chapter 2,
theorem 8) that there exists a scalar potential ¢ € H}(Q) such that u = Vi in Q. Finally, we notice that
div (eu) = 0 and so div (eVy) = 0. Lemma 3.1 implies ¢ = 0 so u = 0. This leads to a contradiction
because we must have ||u| = 1. |

5.2 Compact embedding of Xy (x; Q) in L*(Q)

Now, let us work on the space of magnetic fields.

Theorem 5.3 Let Q) be a simply connected domain such that OS2 is connected. Assume (J¢,,) to be true.
Then, the embedding of X1 (i; Q) in L*(Q) is compact.

Proof. Let (u,) be a bounded sequence of elements of Xr(u; Q). Define f, := div(pu,) and
F, := curlu,. The sequence (f,) is bounded in L?(Q) whereas (F',) is bounded in L?(Q). For all
n € N, since [, div (pu,) = [y pun - m = 0, Lemma 3.5 allows us to build ¢, € HL(Q) such that
div (uV,) = div (uu,). Observe next that u(u, — Vi, ) is a divergence free element of L*(Q2) such
that p(u, — Ve,)-n =0 on 9Q. Since  is simply connected, according to theorem 3.17 in [1], there
exists a potential w, € Vy(1; Q) such that curlw, = pu(u, — Ve,). Thus, for all n € N, we have
u, = Vo, + ,uflcurl w,,.

Then, we show as in the proof of Theorem 5.1, using the assumption (.77,), that we can extract subse-
quences from (V,) and (curlw,) which converge in L*(Q). |



As previously, this theorem allows us to obtain the

Corollary 5.4 Let Q be a simply connected domain such that 0S) is connected. Assume (J,) to be true.
Then, there exists a constant C' such that

lul® < C Jeurlu|®,  Vu € Vr(y Q).
Thus, the map (u,v) — (curlu, curlv) defines an inner product on Vr(u; Q) and the associated norm
is equivalent to the canonical norm u — (u, u)il/frl

6 Well-posedness of Maxwell’s equations

We extend the results of Lemmas 4.1 and 4.5 to address the problem for the electric field (resp. magnetic
field) when € (resp. p) changes sign. Thus, we precise Remark 4.4 (resp. Remark 4.8).

Lemma 6.1 Let Q be a simply connected domain such that 0S) is connected. Assume (%) and (JE,)
to be true. Then:
o There exists an isomorphism T¢ of V (g; Q) such that, for all u,v € Vy(g; Q),

(u eurlu, curl T*v) = (p~ 'curl T°u, curl v) = (curl u, curl v). (13)
o There exists an isomorphism TH of Vo (u; Q) such that, for all u,v € Vp(u; Q),
(e tcurl u, curl T*v) = (¢~ *curl T"u, curl v) = (curlu, curl v). (14)

Proof. The first steps in the construction of the operators T¢ and T* will be the same as those of
Lemmas 4.1 and 4.5. However, we recall them for the sake of clarity. Of course, to obtain fields which
belong to V x(g; Q) and Vr(u; ) (instead of Vi (1; Q) and V(1; 2)), we shall add one step.

* Definition of T¢. Consider v € Vy(g; Q).

i) Introduce ¢ the unique element of HJ, () such that

/MVQO'VQO/:/MCUI'I’U'VSD/a Vg’ € Hy(Q).
Q Q

The function ¢ is well-defined since we have assumed (4,) to be true.

ii) Remark next that p(curl v—Ve) is a divergence free element of L?(Q) such that y(curl v—Vep)-n = 0
on 0. Under the assumptions on the geometry, there exists a unique potential ¥ € V5 (1; Q) such that
curly = p(curlv — Vo).

iii) Consider ¢ the unique element of H}(£2) such that

/evg-vg’:/w.vg’, V¢ € HA(Q).
Q Q

The function ¢ is well-defined since we have assumed (22) to be true.
iv) Finally, define the operator T¢ : Vy(eg; Q) — Vi (g; Q) such that Tv =1 — V( for v € Vy(g; Q).

* Definition of T#. Consider v € Vr(u; Q).
i) Introduce ¢ the unique element of H}(€2) such that

/ eV V¢ = / ecurlv - V', Yo' € Hy(Q).

Q Q

The function ¢ is well-defined since we have assumed (J#2) to be true.

ii) Then, notice that e(curlv — V) is a divergence free element of L*(2). Under the assumptions on

the geometry, there exists a unique potential ¥ € V(1; ) such that curl ¢ = e(curlv — V).
iii) Consider ¢ the unique element of HL, (Q) such that

[uveve = [wp-ve, v e my@.
Q Q



The function ¢ is well-defined since we have assumed (.7),) to be true.
iv) Finally, define the operator T# : Vp(u; Q) — Vr(u; ) such that THv = 4 — V{ for v € Vp(u; Q).

A simple computation leads to (13) and (14). Proceeding as in Lemmas 4.1 and 4.5, and using Corol-
laries 5.2 and 5.4 which prove that (u,v) — (curlw, curl v) defines an inner product on V y(g; Q) and
on Vr(u; ), one shows a posteriori that T and T* are respectively isomorphisms of V (e; Q) and
Vo (p; ). n

We now have all the tools to prove the main result of this paper.
Theorem 6.2 Let Q) be a simply connected domain such that 092 is connected. Assume also that

There exists an isomorphism T° of H}(Q) such that

A

)| eV, V(Ee) 2 C llpline . Ve € HA(Q).

- There exists an isomorphism T of Hy () such that
W Ve, V(T 2 C el @), Ve € Hi(9).

Then, the following results hold.
e There exists a unique solution to the problem for the electric field

Find E € V(g; Q) such that for all E' € V(g; Q):

/,u_lcurlE~cur1E’—w25E-E’ = iw/J-E/,
Q Q

(15)

which continuously depends on the data J, for all w € C\S where S is a discrete set.
o There exists a unique solution to the problem for the magnetic field

Find H € Vr(u; Q) such that for all H' € Vo (u; Q):

/ e tcurl H -curl H' — w?pH - H = / e 'J curl H',
Q Q

which continuously depends on the data J, for all w € C\S.
o  Mazwell’s equations (1)-(2) are uniquely solvable for all w € C*\S.

Proof. Let us begin with the first point. Lemma 6.1 ensures the existence of an isomorphism T¢ :
V(e Q) = Vi(e; Q) such that (u,v) — (u~tcurlu, curl Tw) is coercive on V(g5 Q) x Vy(e; Q).
Now, since T¢ is an isomorphism, E satisfies (15) if and only if E satisfies the problem

Find E € Vy(g; Q) such that for all E' € V y(g; Q):
/ p tcurl E - curl (T°E’) — w?¢E - (T°E’) = iw/ J - (T°E’).
Q Q
It only remains to observe that the Fredholm alternative holds for this problem because the embedding
of Vy(e; Q) in L*(Q) is compact by Theorem 5.1. The second point can be proved in the same way
whereas the third statement can be obtained thanks to Theorems 3.3 and 3.7. [

Remark 6.3 Ifin Eq. (1) one considers J such that div J # 0, it follows that div (e E) = (iw) " 1divJ #
0. However, if one assumes that (J) is true, one can solve (5) with right-hand side f = (iw)~'divJ.
Then, one can proceed exactly as before with (J —iweVo, E — V) replacing (J, E) in Eq. (1).

7 TIllustrations

We apply Theorem 6.2 in a few simple configurations. We focus on situations where the medium consists
of two different materials. To model this problem, we assume that €2 is divided into two sub-domains €
and Qy with Q = Q; UQs et Q;NQy = 0. We denote 3 := 982 \ 0Q = 90 \ 9Q. Let us introduce £; and
u1 (resp. 9 and po) two elements of L>°(;) (resp. L*°(€22)). Define the functions ¢ and p such that
gla, = ex and plq, = px for k = 1,2. We assume that € is filled with a positive material and that Qs is
filled with a possibly negative material (for e and/or i). For that, we make the following assumptions:

10



80N

Figure 1: Canonical geometries: symmetric domain, prismatic edge, Fichera’s corner, non symmetric
cavity.

— there exists a constant C' s.t. ¢4 > C >0 and py > C > 0 a.e. in (y;
— there exists a constant C s.t. e > C >0 a.e. in Qs or eg < —C < 0 a.e. in s ;
— there exists a constant C s.t. us > C > 0 a.e. in Qs or us < —C < 0 a.e. in Q.

In particular, notice that e=! € L°°(Q) and p~! € L°°(Q). Then, we define

of ==supoy, of :=suploa|, o] ::igzlfal and o5 :=i£1f|02|, for o = ¢, p.
1 2

Q Q2

Generally speaking, if v is a measurable function on 2, we use the notation vy := v|q,, ¥ = 1,2. For
more details concerning the study of the scalar problems, we refer the reader to [2].

7.1 Symmetric domain

Let Q be a symmetric domain, in the sense that € and 25 can be mapped from one to the other with
the help of a reflection symmetry. Without loss of generality, we assume that the interface X is included
in the plane z = 0 (see Figure 1, left, for an example). Consider the operators R; and Ry respectively
defined by (Rip1)(7,y,2) = ¢1(7,y,—2) and (Raps)(x,y,2) = pa(x,y, —2) for ¢ € H (). Define the
operators Ty and Ty such that:

ng iH Ql (pl — 2R2(p2 in Ql
Tip= . ; Top = .
1Y { —p2+2Ripr inQy T { —p2 in

By construction, T;¢ and Toy belong to HI(Q) As T; 0Ty =Ty 0Ty = Id, we deduce that T, and T, are
isomorphisms of H!(Q2). The restrictions T§ and T§ of T; and To to H}(Q) are isomorphisms of Hj ().
Let us introduce the linear form ~ : H'(2) — R such that v(¢) = [, ¢/ [, 1. Note that ker(y) = HJ ().
Then, we define the operators T} and T such that, for all ¢ € HL(Q), T{v = Tip — v(T1¢) and
T = Top — 7(T2p). Notice that T and Ty are elements of H, (€2). Moreover, we have

TV (The) = T (Tip—7(Tip)) = Ti(Tie —¥(T1e)) — ¥(T1(Tre = ¥(T1¢)))
o = T1(Y(T1p)) — (¢ — T1(v(T1¢p))
= ¢p-Ti(V(T1p)) + 1 (T1(v(T1))) = ¢.

Thus, T} o T{ = Id. In the same way, we find Ty o T5 = Id. Hence T and T4 are isomorphisms of HL, ().

Proposition 7.1 (SYMMETRIC DOMAIN)

Assume that ¢ satisfies e > C >0 a.e. in Q or max(e] /ed,e5 /eT) > 1.

Assume that p satisfies p > C >0 a.e. in Q or max(uy /pg, ps /p) > 1.

Then, Mazwell’s equations (1)-(2) are uniquely solvable for all w € C*\'S where S is a discrete set.

Proof. Apply Theorem 6.2. To check that (722) and (.7,) hold true, use the following table [2].

For e>C>0 el /e > 1 ey /ef > 1
Take T® equal to Id TS TS

For p>C>0 /s > 1 py /> 1
Take T* equal to Id TV Th

11



In the case where € and p are constant on each side of the interface, the statement of Proposition 7.1
can be simplified.

Proposition 7.2 (SYMMETRIC DOMAIN: PIECEWISE CONSTANT COEFFICIENTS)
Assume that 1, €3, p1 and ug are constant numbers. Then, if ea/e1, pa/p1 € R*\{—1}, Mazwell’s
equations (1)-(2) are uniquely solvable for all w € C*\S where S is a discrete set.

7.2 Prismatic edge

Consider the geometry of Figure 1, middle-left. Introduce the cylindrical coordinates (r, 0, z) centered
on the edge, so that the cartesian coordinates are mapped as (z,y,z) = (rcos 8,rsin 6,z). Let H > 0
denote the height of the cylinder, R > 0 its radius. Given 0 < « < 2, define

Qi ={(rcosf,rsinh,2)|0<r<R,0<0<a,0<z<H};
Qy:={(rcosO,rsin0,2) |0<r<R,a<f<2m,0<z< H}.

Introduce the two operators Ry and Ry such that (Ryp1)(r, 0, 2) = p1(r, 7%= (0—27), 2) and (Rap2)(r, 0, 2) =
@o(r, ©=22 0 + 27, 2) for € H'(Q).
Proceeding as for the case of the symmetric domain, one obtains the

Proposition 7.3 (PRISMATIC EDGE)
Define 1, := max (52—, 27=9),

2r—a’?  «

Assume that e satisfies € > C > 0 a.e. in Q or max(e; /e5,e5 /ef) > L.
Assume that p satisfies p > C > 0 a.e. in Q or max(uy /ud, uy /uf) > 1.
Then, Mazwell’s equations (1)-(2) are uniquely solvable for all w € C*\S where S is a discrete set.

Proposition 7.4 (PRISMATIC EDGE: PIECEWISE CONSTANT COEFFICIENTS)
Assume that €1, €3, p1 and pp are constant numbers. Define I, = max (5% af’lT_a). Then, if
eafer, po/u1 € R*\[—Iy;—1/1,], Mazwell’s equations (1)-(2) are uniquely solvable for all w € C*\S
where S is a discrete set.

7.3 TFichera corner

Consider the geometry of Figure 1, middle-right. More precisely, define  := (—1;1)3, ; := (0;1)3 and
QQ = Q\ﬁl

Introduce the operator Ry, Ra, such that, for ¢ € H' (),

v1(—z,y, 2) in Q) :=(-1;0) x (0;1)2
v1(x, —y, 2) in  Q%:=(0;1) x (—=1;0) x (0;1)
o1(z,y, —2) in Q3 :=(0;1)2 x (-1;0)
(Rl(pl)(gjvyvz) = ( z, —y,z) in Q% = (_LO)Z X (07 1) )
o1(—z,y,—2) in  QF :=(-1;0) x (0;1) x (=1;0)
(Z‘, -Y,— ) in Qg = (O; 1) X (_1;0)2
o1(—x,—y,—2z) in  QF:=(-1;0)3

(RQSOQ)(:Ev Y, Z) = @%(_"E, Y, Z) + (,0%(1’, -, Z) + QO%({E, Y, _Z)
—(,02(—3?, Y, Z) - 903(_37, Y, —Z) - (Pg(l', Y, _z)
+<Pg(_x7 —-Y, _Z)'

Above, for £ =1...7, % is the restriction of ¢q to Q5.
Again, proceeding as for the case of the symmetric domain, one obtains the

Proposition 7.5 (FICHERA’S CORNER)

Assume that ¢ satisfies e > C >0 a.e. in Q or max(e] /e5,e5 /e]) > 7.

Assume that p satisfies ;1 > C >0 a.e. in Q or max(uy /ug, py /uf) > 7.

Then, Mazwell’s equations (1)-(2) are uniquely solvable for all w € C*\'S where S is a discrete set.

Proposition 7.6 (FICHERA’S CORNER: PIECEWISE CONSTANT COEFFICIENTS)
Assume that €1, €2, p1 and ps are constant numbers. Then, if eo/e1, pa /1 € R*\[—7; —1/7], Mazwell’s
equations (1)-(2) are uniquely solvable for all w € C*\S where S is a discrete set.
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7.4 Non symmetric cavity

Let us consider the non symmetric cavity of Figure 1. More precisely, define Q := {(z,y, z) € (—a;b) X
(0;1) x (0; 1)}, 21 := (—a;0) x (0;1) x (0;1) and Qs := (0;b) x (0;1) x (0;1) with @ > 0 and b > 0.
The interface ¥ is then equal to {0} x (0;1) x (0; 1). Assume that €1, €2, p1 and ps are constant numbers.

Recall that in §3.1, we have defined the operator A° such that, for all p, ¢’ € H{(Q), (V(A%p), V') =
(eVe, V') whereas in §3.2, we have introduced the operator A* such that, for all ¢, ¢’ € H;#(Q),
(V(A*), V') = (uVp, V¢'). For this particular geometry, we know (see |2]) that the operator A¢
(resp. A*) is Fredholm of index 0 (see Definition 8.1 below) if and only if e5/e1 # —1 (resp. pa/p1 # —1).
To apply Theorem 6.2, we need A° and A* to be isomorphisms. Therefore, we study here the question of
the injectivity of A° and A*. Let us start with A°. Consider ¢ an element of H}(£2) such that A%p = 0.
The pair (¢1, 2) satisfies the equations

Ap; = 0 in Qy; P11 — P2 = 0 on?J3;
Aps = 0 in Qo; €10zp1 —€20,02 = 0 on X.
Decomposing ¢; and @9 in Fourier series (the family {(y, z) = sin(mmy)sin(nmz)};0 ,—; is a basis of

L?((0;1) x (0;1))), one obtains
o1(@,y,2) =D 0 S o sinh(vVm? 4+ n2w(x + a)) sin(mry) sin(nrz)
and  @o(z,y,2) = > 00 > @ sinh(vm? + n?m(z — b)) sin(mmy) sin(nrz),
where "™ and @45*" are constant numbers. Besides, the transmission conditions imply,

P sinh(vm? + n?ma) = —p5" sinh(vm?2 + n?wb) (16)
ey cosh(vm?2 + n2ma) = p§"ey cosh(vm? + n2mb)

For each (m,n) € N* x N*, there exists a non trivial solution to the system (16) (in (o7, ©5*")) if and
only if

V(m,n) € N* x N,

0 g9 sinh(v'm? 4+ n?ma) cosh(vm?2 + n2xb) + 1 sinh(vm?2 + n2nb) cosh(vm? + n?wa)
tanh(v/m? + n?mb)
<~ 52/61 = -

tanh(v/m2 + n2ma)’

Consequently, A : H}(2) — H}(€2) is an isomorphism if and only if 5/; is not an element of

7. := {— tanh(v/m?2 + n2rb)/ tanh(v/m?2 + n?ra), (m,n) € N* x N*} U {—1}. (17)

Following the same way, exchanging the “sin” by “cos” and the “sinh” by “cosh” to satisfy the Neumann
condition, we prove that A* : HL (Q) — HL(Q) is an isomorphism if and only if yi5/p1 is not an element
of

7, = {—tanh(v/m? + n?ra)/ tanh(v/m2 + n27b), (m,n) € N* x N*} U {~1}. (18)

Remark 7.7 The map g : z — —tanh(zwb)/tanh(zwa) is continuous, strictly decreasing if a > b
and strictly increasing if a < b. Besides, we have lim,_, . g(z) = —1. As a consequence, —1 is an
accumulation point of both sets /. and 7.

Remark 7.8 For this particular 8D geometry, we obtain a result specific to 2D configurations (see [3]):
the problem with Dirichlet boundary condition for the coefficient € is well-posed if and only if the problem

with Neumann boundary condition is well-posed for the coefficient j := 1.

We deduce the

Proposition 7.9 (NON SYMMETRIC CAVITY: PIECEWISE CONSTANT COEFFICIENTS)

Assume that €1, €2, p11 and po are constant numbers. Assume that e2/e1 € R*\7 and po/pn € R*\.7,
with 7. and 7, respectively defined in (17) and (18). Then, Mazwell’s equations (1)-(2) are uniquely
solvable for all w € C*\S where S is a discrete set.
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8 Relaxing the main hypotheses

To prove the previous results, we relied extensively on two types of assumptions. On the one hand,
hypotheses (%) and (7,) ensure that the scalar problems are well-posed. On the other hand, the
domain 2 is supposed to be simply connected, with a connected boundary. We would like now to relax
these assumptions.

Concerning the hypotheses on the geometry, the difficulty is well-known (see for instance [9]). For
instance, if the boundary 0% is not connected, the space V y(e; Q) contains non-trivial curl free fields
Vo, so that u — (u,u)i{il
Q is not simply connected.
At first glance, relaxing hypotheses (22) and (.7,) has similar consequences. For instance, suppose that

the homogeneous scalar problem (5) with f = 0 has a non-trivial solution ¢: the non-trivial curl free
field V¢ belongs to V y(e; Q). Once more, u — (u,u)(l:/2

url

is not a norm on Vy(g; ) anymore. The same occurs for Vo (u; ) when

is not a norm on Vy(g; Q).

However, we observe a fundamental difference between the scalar potentials which are built in the two
cases: ¢ ¢ H}(Q), whereas ¢ € H}(Q). As a consequence, the field E = V¢ is such that:

/5E-E’=0, VE' € Vy(g; Q),
Q

which is not the case for E = V. So, E is a solution to the homogeneous problem (J = 0) for the
electric field (6) stated in V y(e; ) but not to the homogeneous problem (3) stated in Hy (curl; Q). In
other words, when the scalar problems have non-trivial kernels, Theorems 3.3 and 3.7 (equivalence with
the original Maxwell’s problem) are no longer true.

Summing up, we see that the difficulties which occur when relaxing either hypotheses on the geome-
try or hypotheses on the scalar problem present some similarities (existence of admissible fields which
are both divergence free and curl free) but also some fundamental differences (formulations in V y(g; Q)
and Vp(u; ) are no longer equivalent to the original problem when the scalar problem have kernels).
Since the non-injectivity of the scalar problems is a difficulty which is specific to the presence of sign-
changing coefficients ¢ and/or u, it will be treated first in Subsection 8.1. Then, in Subsection 8.2,
we shall check that the usual treatment for non-trivial geometries can be extended to sign-changing
coefficients.

8.1 Extension to non injective scalar problems

8.1.1 Non injective scalar problems: a new functional framework

We have introduced the sesquilinear forms a® and a* such that

a(p,¢') = (Vp, Vy'),  Vp,¢ € H{(Q);
a(p, @) = (Ve V'),  Ve,¢ € Hy(Q).

With the Riesz representation theorem, we have defined the operators

A H(Q) = Hi(Q) st (V(A%), Vo) =a’(p,¢'), Vo, ¢ € Hy(Q);
and  AM:HL(Q) = HL(Q) st. (V(A'9), V') = a"(p,¢'), Yo, o' € H(Q).

Theorem 6.2 indicates that Maxwell’s equations (1)-(2) are well-posed in the Fredholm sense when A°®
and A* are isomorphisms. In this section, we want to study the case when A® and A* are non injective
Fredholm operators of index 0. Let us recall the definition of a Fredholm operator (see [34, 22]).

Definition 8.1 Let X and Y be two Banach spaces, and let L : X — Y be a continuous linear map. The
operator L is said to be a Fredholm operator if and only if the following two conditions are fulfilled

i) dim(ker L) < oo and range L is closed;

it) dim(coker L) < oo where coker L := (Y /range L).
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Besides, the index of a Fredholm operator L is defined by ind L = dim(ker L) — dim(coker L).

For the example of the non symmetric cavity described in §7.4, this corresponds to consider the situ-
ation where r. € . \{—1} and , € .7,,\{—1}. For the sake of brevity, we will focus on configurations
where A° and A* both have a kernel non reduced to zero. When only one of these two operators is not
injective, the study of the Maxwell’s equations can be easily inferred from the one we present.

Up to the end of this section, we assume that the physical parameters €, u and the geometry are
such that A° : Hj(Q) — Hg(Q2) and A* : HL(Q) — HL(Q) are non injective Fredholm operators of index
0. Let us introduce {A\{}X) a basis of ker A° such that (VA, VAS) = 6;; and {\'}Y] a basis of ker A"
such that (VA}, V) = d;;. Define the spaces S* and S* such that

L 1
Hi(Q) =ker A°®S°  and HL(Q) = ker A* ® SH.
Consider the sesquilinear forms a® and a* such that

ac(p,¢') = (eVe, V'), Yo, o € SF;
CNL‘U’(QO, SO/) = (Mv907 V@/)v Vva SO/ € SM'

With the Riesz representation theorem, define the operators

A5 85 587 st (V(A%9), V') = @ (e, @), Yo, @' € S°;
and AF:SH = SH st (V(APp), V') = at (e, ¢'), Yo, € SH.

Classically (see [22]), one has the
Proposition 8.2 The operators A° : S — S and A* : S* — S are isomorphisms.

As mentioned in the introduction of Section 8, Theorems 3.3 and 3.7 do not hold anymore. Indeed,
span(VA5, ..., VAY:) is included in the kernel of problem (6), stated in V5 (g; ©), but not in the kernel
of the original problem (3), stated in Hy(curl; €2). Our objective is therefore to write variational
formulations of Maxwell’s problems in some spaces different from Vy(g; Q) and Vr(u; Q) in order to
eliminate these artificial kernels. A way to achieve that is to enrich the usual spaces by setting

\:/N(E; Q) :={u € Hy(curl; Q)| (eu, V) =0, Vo € S°}; (19)
Vr(w; Q) :={u € H(curl; Q)| (pu, Vo) =0, Vo € S*}.

Notice that we have Vi (g; Q) € Vy(e; Q) and Vp(u; Q) © Vp(u; Q). Let us precise the relation
between these spaces.

Lemma 8.3 Fori=1...N¢, there exists A5 € Vy(e; Q) such that (eA7,VA5) = dij, for j =1...N*.
We deduce y
V(e 2) = Viv(e; 2) @ span(AH)Y.

Proof. For j = 1...N¢, let us introduce the linear form ¢; on V y(e; Q) defined by £;(v) = (ev, VAS).

Let us prove that the family ¢, ..., ¢y- is free. Let aq,...,ay- be N constants such that Z;\Zl a;l; = 0.

For all v € Vy(e; Q), we have (51},2;\:1 a;VA5) = 0. This implies (5111,2;-\:1 a;VA5) = 0 for all
w € Hy(curl; Q). Indeed, for w € Hy(curl; Q), let us introduce ¢ € S° the function such that
(eVp, V') = (ew, V') for all ¢’ € S%; ¢ is well-defined according to Proposition 8.2. We have

w — Vi € V(e Q). Since (eVp,VA5) =0, j =1... N, we obtain (sw,Z;\Zl a;VA5) = 0.

Since €5°(Q)? € Hy(curl; Q) is dense in L*(), we deduce Z;\Zl a@;VA; = 0. The family Af,..., Ay

constitutes a basis of ker A%, so we have ay = -+ = aye = 0: fy,...,fy is free. Then Theorem
8.4 (see |20, lemma 4.12]) hereafter ensures the existence of the (Af). Finally, for all v € V(e; Q),
v — Zjvzl £j(v)A; belongs to V(e; 2), which ends the proof. L]
Theorem 8.4 LetV be a normed vector space. For all free family €*,. .., 0" € V*, there existx*,...,z" €
V such that

O(2?) = 69 with 89 =1 ifi=j and 69 =0 if i # j.
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Proceeding in the same way, one can prove the

Lemma 8.5 Fori=1...N", there exists A € Vo (u; Q) such that (uAY, VM) = b, forj=1...N*.
We deduce R

V(s Q) = Vr(u; Q) @ span(A})L;.
8.1.2 Non injective scalar problems: equivalent formulations

Now, we can give equivalent formulations to problem (1)-(2) in the spaces V y(g; Q) and Vp(u; Q).

Theorem 8.6 Assume that w # 0 and that the operator A° : Hy(Q) — Hy(Q) is Fredholm of index 0
with a non trivial kernel span{ s}, Let V x(c; Q) be defined as in (19).
1) If (E, H) satisfies (1)-(2) then E is a solution of the problem

Find E € Vy(g; Q) such that for all E' € Vx(e; Q):

/ pteurl E-curl E' — w*cE - E' = iw/ J-E'.
Q Q

(20)

2) If E satisfies (20) then (E, (iwu)tcurl E) satisfies (1)-(2).

Proof. Let us focus on the proof 2) = 1). For that, let us show that if E € Vy(e; Q) € Hy(curl; Q)
satisfies (20) then E is a solution to the problem (7) set in Hy(curl; Q). For all E' in Hy/(curl; Q),
Proposition 8.2 indicates that we can build ¢ € S¢ such that a*(yp,¢’) = (¢E', V'), for all ¢’ € S°.
The element E' — Vi belongs to Vi (g; ). Observing that (cE, V) =0 and (J, V) = 0 (recall that
divJ = 0), one obtains

/ pteurl E-curl B — w*cE - E' = iw/ J-E'.
Q Q

Therefore, if E satisfies (20) then (E, (iwu) lcurl E) satisfies (1)-(2). ]

Adapting the proof of Theorem 8.6, one obtains the

Theorem 8.7 Assume that w # 0 and that the operator A* : H:}#(Q) — H%(Q) is Fredholm of index 0
with a non trivial kernel span{\*}N'\. Let Vi (u; Q) be defined as in (19).
1) If (E, H) satisfies (1)-(2) then H is a solution of the problem

Find H € V(u; Q) such that for all H' € Vo (u; Q):

/5_1curlH.curlH/—w2uH'H':/5_1J-curlH’.
Q Q

(21)

2) If H satisfies (21) then (i (we)~*(curl H — J), H) satisfies (1)-(2).

Now, we wish to study formulations (20) and (21). For that, we need some new compactness results.

8.1.3 Non injective scalar problems: compactness results

Let us start by proving the compactness result needed to study the problem for the electric field.

Theorem 8.8 Let §) be a simply connected domain such that 0 is connected. Then the embedding of
V(e Q) in L(Q) is compact.

Proof. Let (u,) be a bounded sequence of Vy(e; Q). For all n € N, using Lemma 8.3, define
v, € V(e Q) and (a4y) € CN* (an = li(uy)) such that w, = v, + ZZN; ainA. To prove The-
orem 8.8, it is sufficient to show that we can extract a subsequence from (v,,) which converges in L*(Q).
Define F,, = curlw,,. The sequence (F,) is bounded in L*(Q2). For all n € N, we have div (cv,,) = 0.
Since 0N is connected, there exists (see [1], theorem 3.12) w, € Vr(1; Q) such that curlw,, = cv,,.
Thus, for all n € N, we can write v,, = ¢ 'curlw,. Let us show we can extract a sequence from
(curlw,,) which converges in L?(Q).

We know that w — |curlw]| defines a norm on Vr(1; Q). Consequently, the sequence (w,) is
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bounded in Vr(1; Q). Since curle lcurlw, = F, in Q and (¢ !curlw,) x n = 0 on 99, one
has (e lcurlw,, curlw’) = (F,,w'), for all w’' € V(1; ).

Now, let us build a continuous operator T from V1 (1; Q) to itself, to restore some property of positivity.
Consider w € Vr(1; Q).

i) First, define ¢ the unique element of S° such that

NE

/ eV V¢ = / g(curlw — ZBiAj) -V, Vo' € S°,
Q Q

i=1

where §; = (¢ curl w, VX?). The function ¢ is well-defined since A° : S — S° is an isomorphism.

ii) Thanks to the definition of the coefficients (/3;), notice that e(curl w—ZZ].\:l BiA; =V ) is a divergence
free element of L?(£2). Since € is simply connected and since S is connected, according to theorem 3.12
in [1], there exists a unique potential Tw € V(1; ) such that curl Tw = e(curl w — va; BiA; — V).
This defines a bounded operator T : Vp(1; Q) — V(1; Q).

Since T is continuous, the sequence (Tw,,) is bounded in V(1; 2). So, we can extract a subsequence
from (w,,), still denoted (w,), such that (Tw,,) converges in L*(£2). Since for i = 1... N%, the sequence
(Bin), with B, = (ecurlw,, VX?), is bounded in C, we can extract a subsequence from (w,,), still
denoted (w,), such that (8;,) converges. Introducing w,.,, = w, — w,, F,, = F, — F,, and
ﬂinm = 6171 - Bima one finds

[(Frm, Twpm)| = |(5flcurlwnm,curl'ﬂ‘wnm)|

(=4
|curl w,, ||* — Zfil | Binm||(curl ., A7)|.

v

This estimate proves that (curl w,,) is a Cauchy sequence in L?(Q), so it converges. Thus, we can extract
a subsequence from (v,) = (¢~ 'curlw, ) which converges in L?(Q). ]

Proceeding in the same way, we can prove the

Theorem 8.9 Let Q be a simply connected domain such that 9 is connected. Then the embedding of
Vo(p; Q) in L%(Q) is compact.

8.1.4 Non injective scalar problems: well-posedness of Maxwell’s equations

With the Riesz representation theorem, let us introduce the bounded operators An(w) : V(e Q) —
Vn(e; Q) and @p(w) : Vp(p; Q) — Vp(p; Q) such that for all E, E’ € Vy(g; Q) and for all H, H' €
Vr(u; ), N

(INW)E,E)eurt = (u 'curl E,curl E') —w?(cE, E'),

(JZZT(w)H,H')curl = (¢lcurl H,curl H') — w?(uH, H').

Now, let us state the main result when the geometry and the physical coefficients ¢, u are such that the
scalar problems are well-posed in the Fredholm sense with a non trivial kernel.

Theorem 8.10 Let Q be a simply connected domain such that dQ is connected. Consider J € L*(Q)
such that divJ = 0.

Assume that the operator A® : H(Q) — HY(Q) is Fredholm of index 0 with a non trivial kernel
span{\; } V.

Assume that the operator A* : HL(Q) — HL(Q) is Fredholm of index 0 with a non trivial kernel
span{\] }V; .

Then, the following results hold.

e For all w € C, the operator @y (w) : VN(QQ) — V(g Q) is a Fredholm operator of index 0.
Moreover, for w e C*, E € Vy(e; Q) satisfies (n(w)E, E )eur1 = iw(J, E'), for all E' € Vy(e; Q), if
and only if the pair (E, (iwp) lcurl E) satisfies the Mazwell’s equations (1)-(2).

o Foralwe C, dp(w): Volu Q) — Vr(u; Q) is a Fredholm operator of index 0. Moreover, for
weC*, He Vy(u; Q) satisfies (7 (w)H, H )eur1 = (e~ *J, curl H'), for all H' € V1 (u; Q), if and
only if the pair (i (we)~*(curl H — J), H) satisfies the Mazwell’s equations (1)-(2).
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Proof. Let us prove that Ay (w) is a Fredholm operator of index 0. For all w € C, using Theorem 8.8,
we can prove that o7y (w) — /y(0) is a compact operator of V y(e; Q). Consequently, according to [22,
theorem 2.26], /i (w) is a Fredholm operator of index 0 if and only if JZ/N( ) is a Fredholm operator of
index 0. In the sequel, we work on @y (0). We build a bounded operator T¢ : V x(e; Q) — Vy(e; Q) to
restore some positivity up to a compact perturbation. Let us consider u € V n(e; Q).

i) First, define ¢ the unique element of S* such that

N©

/ uVeo -V = / p(curlu — Z@At‘) -V, Vo' € S*,
Q Q

i=1

where ; = (pcurlu, VAY). The function ¢ is well-defined since Al : S# — SH is an isomorphism.

ii) Then, notice that p(curlu — Zf\:l BiAY — V) is a divergence free element of L?(Q) such that
u(curlu — Zf\zl BiAl' = V) -n =0 on dQ. Since Q is simply connected and since 9 is connected,
according to theorem 3.17 in [1], there exists a unique potential ¥ € Vi (1; Q) such that curlyp =

p(curlu — Zf\:l BiAl — V).
iii) Consider ¢ the unique element of S¢ such that

/QEVCVC’:/QMJwVC’, V(' e se.

The function ( is well-defined since flf : 5% — 57 is an isomorphism.
1v) Finally, define the operator T : Vi(e; Q) = V(e; Q) such that T°u = ¢ — V¢ and the operator
: V(e Q) = Vi(e; Q) such that

Nl-"
(KU, ) cun = (u,v) + Z(u curlu, VA/) (A, curlv), Vv € Vy(e; Q).

i=1

According to Theorem 8.8, we know that the embedding of Vi (g; Q) in L? (Q) is compact. Consequently,
K¢ is the sum of a compact operator and a finite rank operator. Therefore, it is a compact operator.
Now, for all u,v € Vy(e; ), we obtain

(An(0)(Tu), V)eur1 = (u 'curl (Téu), curl v)

= (curlu,curlv) + (u,v) — (KU, ¥)cur1 -

We deduce 77(0) o T¢ + K¢ = Id. This proves that T¢ is a right parametrix for <y (0). Thus, the
selfadjoint operator #y(0) is Fredholm of index 0 (use [22, Lemma 2.23]). In the same way, we prove
that o/ (w) : Vp(u; Q) = Vp(u; Q) is a Fredholm operator of index 0 for all w € C. Finally, the
equivalence with Maxwell’s equations (1)-(2) comes from Theorems 8.6 and 8.7. |

Remark 8.11 To apply the analytic Fredholm theorem to prove that Mazwell’s equations (1)-(2) are
uniquely solvable for all w € C*\S where S is a discrete set, it remains to show that there exists w € C
such that o/ (w) or o/p(w) is invertible. However, we have not been able to prove this result.

8.2 Extension to a non trivial geometry
8.2.1 Non trivial geometry: a decomposition of the functional spaces

Classical configurations for Maxwell’s equations include non-topologically trivial domains, and/or do-
mains with a non-connected boundary. We study these configurations here. To avoid multiple sub-cases,
we focus our work on the case of a non simply connected domain whose boundary is not connected.
Figure 2 presents an example of such a geometry. In these geometries, the functions u of Vi (e; Q)
(resp. Vr(p; Q)) do not necessarily write under the form u = e !curl® (resp. u = p~'curl)) where
1 belongs to Vp(1; Q) (resp. Vi (1; ©)). However, imposing more restrictive conditions to the functions
of Vn(eg; Q) and Vr(u; ), we can recover these results of existence for the potentials.

To introduce the spaces adapted to the study of Maxwell’s equations in this kind of domains, we use the
notations of [1].
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Figure 2: An example of domain which is not simply connected and whose boundary is not connected.
The domain is made of the torus without the purple inclusions. It is not simply connected because of
the toroidal structure. The boundary is not connected because the boundary of the torus and the ones
of the spheres are not connected. The green disk represents a cut 37 which is such that Q\ ¥; is simply
connected.

Notations for domains with a non connected boundary. We denote I';, ¢ = 0...1, the
connected components of the boundary 9. Since we assume that 0f is not connected, we have I > 1.
Let us introduce

H{(Q) == {0 e H' () |, =0, ¢, =cst, i=1...1}.

Let us start by characterizing this space. Using a lifting function, we prove the

Proposition 8.12 Assume () to be true. Then, for i = 1...1, there exists a unique solution p; to
the problem
Find p; € HL(Q) such that:
div(eVp;)) = 0 in Q
pi = 5ik Oan,k=1...I.

Then, we have
HE(Q) = Hy(Q) @ span(pi){_;.
Define R
V(e Q) == {u € Hy(curl; Q)| (su, V) =0, Vo € HL(Q)} .

Notice that VN(E; Q) C Vy(e; Q). Let us precise the link between these two spaces.

Lemma 8.13 Assume (2) to be true. Fori = 1...I, there exists P; € V y(g; Q) such that (eP;,Vpg) =
Oik, for k=1...1. We deduce

V(e Q) = VN(E; Q) & span(Pi)f:1
and Hy(curl; Q) = Vy(e; Q) @ span(P;)_, & VHL(Q).

Proof. For k = 1...1I, let us define the linear form ¢; on V (g; ) such that ¢;(v) = (ev, Vpg). Let
us prove that the family ¢1,... ¢ is free. Consider I constants aq,...,a; such that Zizla_kék =0.
For all v € Vy(g; Q), we have (EU,Z£=1 arVpr) = 0. We deduce (5w,Z£=1 arVp) = 0 for all
w € Hy(curl; Q). Indeed, if w € Hy(curl; Q), let us define ¢ € H{(Q) the function such that
(eVp,V¢') = (ew, V') for all ¢' € H§(2). We have w — Vo € V(g; Q). Since (eVp, Vpi) = 0,
k=1...1, we find (cw, Zi:l arVpg) = 0.

Since €§°(2)? € Hy(curl; Q) is dense in L*(2), we obtain Z£:1 arVpr = 0. But the family py,...,ps
is free. Consequently, we have a; = --- = oy = 0 and the family /¢4, ..., ¢ is also free. Theorem 8.4 then
allows us to obtain the desired result. [

Notations for non simply connected domains. We will assume that there exist connected open
surfaces ¥, j = 1...J called “cuts” such that:

i) each surface ¥; is an open subset of a smooth variety;

i)  the boundary of ¥; is contained in 9Q, j =1...J;

iii) the intersection X; N ¥y, is empty for j # k;

iv)  the open set Q := Q\ Uile ¥, is pseudo-lipschitz [1] and simply connected.
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The domain 2 is said topologically trivial when we can take J = 0. The extension operator from LQ(Q)
to L*(Q2) is denoted ~ whereas [-]g, denotes the jump through X, j = 1...J. In this definition of
the jump, we assume that a convention has been established for the sign. We also assume that a unit
vector i normal to X;, j = 1...J, is chosen, consistent with the choice of the sign of the jump. Let us
introduce the space of scalar potentials

0(Q) = {gaeHl(Q)|/Q§5:Oand [ols, = cst, j:1...J}.

Let us present a result of decomposition of this space.

Proposition 8.14 Assume () to be true. Then for j = 1...J, there exists a unique solution g; to
the problem _
Find g; € ©(Q) such that:

div(uVg;)) = 0 in
1ong; = 0 on 02 (22)
[q]']zk = 5jk, kzlJ
[1Ongjly, = O, k=1...J

We then have )
o) = H;E(Q) &) span(qj)}]:l.

Proof. Since we have assumed (7,) to hold true, problem (22) has at most one solution. Let us build
it. For 1 <j < J, let r; € ©(12) be a function such that [r;]5, = d;x for k=1...J. Then, let us define
q; = rj — ¢ where ¢ is the unique element of HJ, (Q2) such that

/Qqua V' = /QMVTJ‘ -V, V' € H;le;e(Q)

One classically checks that ¢; satisfies problem (22). This allows to obtain the result of decomposition
of the space ©(Q). |

Let us introduce

V(s Q) = {u € H(curl; Q)| (cu, V) = 0, Vo € e(Q)} .

Observe that we have Vo (u; Q) € Vo(u; Q). Working as in the proof of Lemma 8.13, we can precise
the relation between these two spaces.

Lemma 8.15 Assume (J),) to be true. Forj =1...J, there exists Q; € Vr(u; Q) such that (uQ;, ﬁq;)
Ojk, for k=1...J. We deduce

Vor(u; Q) = Vr(p; Q) ® span(Q;)f_,

and H(curl; Q) = Vr(u; Q) @ span(Qj)]J:1 @ VH:}%(Q)

Remark 8.16 Theorem 3.12 in [1] states that every element w of Vy(e; Q) can be written as u =
e~ lcurly with 1 belonging to VT(l; Q). Similarly, theorem 3.17 of [1] ensures that for every u €
VT(M; Q), there exists a unique ¥ € VN(l; Q) such that w = p~tcurlep. In the sequel, we will adapt
the proofs of the previous sections using these results of existence of vector potentials.

Assume (s%) and (7,) to be true. Remark that Theorems 3.3, 3.7 which prove the equivalence
between initial Maxwell’s equations and formulations in Vy(g; ), Vr(u; Q) do not require any as-
sumption concerning the topology of the domain. Therefore, they are true for the geometry we are
considering. In the sequel, we will work with these formulations set in Vy(g; ), Vr(p; 2). We should
prove the compactness results of Theorems 5.1, 5.3 in the case where € is not simply connected with a
non connected boundary. This will be the subject of the next Subsection.
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Remark 8.17 Can we work with formulations set in VN(E; ), VT(M; 0)? A priori, the electric field
which satisfies Mazwell’s equations has no reason to belong to the space V n(g; Q). To see this, we use
Lemma 8.18 and we decompose E under the form

1
EZE—FZO&iPi,

i=1
with E € VN(s; Q) and (ov,...,ar) € CL. Fori=1...1, testing with Vp; in (6), we find
a; = (eE,Vp;) = (iw) " (J,Vp;) = (iw)"HJ -n, Dr,,

where (-,-)p, denotes the duality product between H'/2(T;) and its dual space. Above, we have used the
properties divd = 0 in Q and p; = d;, on Uy, k = 1...1. Thus, if there exists 0 < i < I such that
(J-n,1)p, # 0, then E does not belong to V y(c; ). But this also proves that to know the field E, it is
sufficient to determine E. Following the same reasoning, we can check that the magnetic field is always
an element of VT(M; 0), regardless of the source term J.

8.2.2 Non trivial geometry: compactness results
Let us work first on the space of electric fields.

Theorem 8.18 Let §) be a bounded connected open subset of R® with a Lipschitz-continuous boundary.
Assume () to be true. Then the embedding of Vi (g; Q) in L*(Q) is compact.

Proof. Let (u,) be a bounded sequence of Vy(g; ). For all n € N, using Lemma 8.13, let us define
v, € VN(e; Q) and (aup,...,ar,) € C! the elements such that w, = v, + Zle a;inP;. To prove
Theorem 8.18, it is sufficient to show that we can extract a subsequence from (v,,) which converges in
L%*(Q). Define F, = curlwv,. The sequence (F,) is bounded in L?(Q). In addition, for all n € N,
there holds (ev,, Vi) = 0 for all ¢ € HL(Q2). Therefore, according to theorem 3.12 in [1], there exists
w, € VT(I; Q) such that curlw,, = ev,,. Thus, for all n € N, we have v,, = e lcurlw,. Let us prove
that we can extract a subsequence from (curlw,,) which converges in L*(Q).

We know that w — ||curlw|| defines a norm on Vp(1; Q) (cf. [1, corollary 3.16]). Consequently, the
sequence (wy,) is bounded in Vp(1; Q). Since curle™'curlw, = F, in Q and (¢ 'curlw,) x n =0
on 99, we have (¢ 'curl w,,curlw’) = (F,,w’) for all w' € Vp(1; Q).

Now, let us build a bounded operator T from V(1; Q) to V(1; ) to recover some positivity. Consider
w e Vp(l; Q).

i) First, define ¢ the unique element of H}(€2) such that

/ eV V¢ = / ecurlw - V¢, Vo' € Hy(9).
Q Q

The function ¢ is well-defined because we have assumed (.722) to be true.

i) Defining f3; := (e curlw, Vp;) for i = 1...1I, let us then notice that we have (¢(curl w — 25:1 BiP;—
V), V') =0 for all ¢’ € H-(2). Consequently, according to theorem 3.12 of [1], there exists a unique
potential Tw € Vo (1; Q) such that curl Tw = (curl w — Z{:l BiP; — V). This defines a bounded
operator T from V(1; Q) to Vo (1; Q).

Since T is continuous, the sequence (Tw,,) is bounded in V7 (1; Q). So we can extract a subsequence
from (w,,), still denoted (w,,), such that (Tw,) converges in L?(Q). Since for i = 1...1, the sequence
(Bin), with B;, = (ecurlw,, Vp;), is bounded in C, we can extract a subsequence from (w,,), still
denoted (w,,), such that (8;,) converges. Let us introduce wy, := w, — Wy, Fpm = F, — F,, and

ﬁinm = ﬂzn - Bzm We have

(Frm, Twnm)) = ’(5‘1curlwnm,curl'ff'wnm))

leurl W, ||* = S0, | Binm||(curl wi,m, P;).

Y

This estimate proves that (curlw,) is a Cauchy sequence of L*(Q). Therefore, it converges. Thus, we
can extract a subsequence from (v,,) = (¢ 'curlw,,) which converges in L?(€). ]
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Proceeding in the same way, we prove the

Theorem 8.19 Let Q) be a bounded connected open subset of R with a Lipschitz-continuous boundary.
Assume (H,) to be true. Then the embedding of Vr(u; Q) in L*(Q) is compact.

8.2.3 Non trivial geometry: well-posedness of Maxwell’s equations

Let us state now the main result of this section concerning the well-posedness of Maxwell’s equations in
non trivial geometries.

Theorem 8.20 Let ) be a bounded connected open subset of R® with a Lipschitz-continuous boundary.
Consider J € L*(Q) such that divJ = 0. Assume () and () to be true. Then, we have the following
results.

e For all w € C, the operator for the electric field o/ (w) : Vn(e; Q) = Vn(e; Q) defined in (8) is
a Fredholm operator of index 0. Moreover, for w € C*, E € Vy(e; Q) satisfies (n(W)E, E')eur1 =
iw(J,E"), for all E' € V(e; Q), if and only if the pair (E, (iwu) 'curl E) satisfies the Mazwell’s
equations (1)-(2).

o Foralwe C, orp(w): Vp(u; Q) — Vop(u; Q) defined in (11) is a Fredholm operator of index 0.
Moreover, for w € C*, H € Vp(u; Q) satisfies (r(w)H, H )eur1 = (¢7'J,curl H'), for all H' €
Vr(u; Q), if and only if the pair (i (we) " (curl H — J), H) satisfies the Mazwell’s equations (1)-(2).

Proof. Let us prove that @7y (w) is a Fredholm operator of index 0. For all w € C, using Theorem 8.18,
one can prove that o/ (w) — @y (0) is a compact operator of V y(g; Q). So, it is sufficient to show that
/N (0) is Fredholm of index 0. Again, we are going to build a right parametrix T¢ : Vi (g; Q) — Vi (g; Q)
for the operator </ (0). Consider u € V y(e; Q).

i) First, define ¢ the unique element of HJ, (Q2) such that

/MW-WIZ/MCurlu-W’, vy’ € Hy ().
0 Q

The function ¢ is well-defined because we have assumed (.],) to hold true.

ii) Defining B; := (,ucurlw,%) for 5 = 1...J, notice that we have (pu(curlw — Z'jI:l BiQ; —
Vgp),@vcp’) = 0 for all ¢’ € O(Q). Therefore, according to theorem 3.17 in [1], there exists a unique
potential 1 € VN(I; Q) such that curly = p(curlw — ijl BiQ; — V).

iii) Consider ¢ the unique element of H}(£2) such that

/avg-vg’z/w-vg’, V¢ e H(Q).
Q Q

The function ¢ is well-defined because we have assumed () to hold true.
iv) Finally, let us define the operator T¢ : Vy(eg; Q) — V(g; Q) such that T*u = ¢ — V( and the
operator K¢ : Vy(e; Q) = V(g; Q) such that

J
(Kfu,V)cur1 = (u,v) + Z(ﬂ curl u,%)(Q]—,curl v), Yv € V(e Q).
j=1

According to Theorem 8.18, we know that the embedding of Vy(e; Q) in L?(Q) is compact. Conse-
quently, K¢ is the sum of a compact operator and a finite rank operator. Therefore, it is a compact
operator. Now, for all v € Vy(g; Q), we find

(N (0)(Tu),v)eurn = (u 'curl (T°u),curlwv)
= (curlu,curlv) + (u,v) — (K°u,v)curl -
Thus, we have o/7(0) o T* + K¢ = Id. We deduce that T¢ is indeed a right parametrix for /v (0). This
proves that the selfadjoint operator o/ (0) is Fredholm of index 0. Similarly, we prove that </ (w) :

Vor(u; Q) — Vo(u; Q) is a Fredholm operator of index 0 for all w € C. Finally, the equivalence with
Maxwell’s equations (1)-(2) comes from Theorems 3.3 and 3.7. ]
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Remark 8.21 Again, to apply the analytic Fredholm theorem to prove that Mazwell’s equations (1)-(2)
are uniquely solvable for all w € C*\S where S is a discrete set, it remains to show that there exists
w € C such that ofy(w) or op(w) is invertible. This results does not seem simple to obtain. However,
according to Remark 8.17, we observe that the elements of ker oy (w) (resp. ker o/r(w)) always belong
to V(e; Q) (resp. Vop(u; Q). On the other hand, the map w — |curl u| defines a norm on Vy(e; Q)
and on V(u; Q). But one ingredient is still missing to achieve the injectivity of <y (w) or op(w).
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