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Abstract

This paper is focused on the study of acoustic metasurface cloaking, based on the use of appro-
priate ultrathin pseudo-surfaces that may act as cloaking devices for a finite range of frequencies.
The technique consists in tailoring the appropriate acoustic surface impedance which cancels the
scattered field of a diffracting spherical obstacle placed in the trajectory of an impinging acoustical
wave. Our numerical simulations of both near and far-fields show a significant reduction of scatter-
ing cross-section for a moderately broad range of frequencies, confirming the effectiveness of surface
cloaks (easier to manufacture and less cumbersome than their bulk counterpart). We also go one
step further by proposing a realistic structure obtained by quasi-periodically patterning the surface
of a spherical layer. The effective properties of the metasurface are obtained in the framework of

homogenization theory and confirm this realistic route to surface cloaking for acoustic waves.



I. INTRODUCTION

In 2006, Pendry et al. have shown that by surrounding a finite size object with a coating
consisting of a metamaterial, it could be rendered transparent to electromagnetic radiation?.
The cornerstone of this work is a geometric transformation. Mimicking the heterogeneous
and anisotropic nature of the permittivity and permeability tensors became possible only
when Pendry suggested the use of newly discovered metamaterials. These are composite
structures manufactured for their exotic properties enabling the control the electromagnetic
field. A team lead by Pendry and Smith implemented this idea using a metamaterial con-
sisting of concentric layers of Split Ring Resonators (SRRs), which made a copper cylinder
invisible to an incident plane wave at 8.5 GHz as predicted by the numerical simulations?.
Independently and at the same time, Leonhardt studied conformal invisibility by solving the
Schrodinger equation which is valid in the geometric optics limit3*. Parallel to these semi-
nal studies, other methods have been investigated ranging from anomalous resonance of the
so-called perfect lens®” to homogenization of quasi-photonic crystals to mimic anisotropy
and space dispersion®?.

A different technique proposed back in 2005 by Engheta and Alu relies on matching the
impedance of the surrounding media by canceling the scattering response of the object to be
cloaked!®. This method has the advantage of requiring homogeneous and isotropic cloaking
shells unlike the transformation optics based cloaks. This allows one to think of practical
realization of such devices for applications such as cloaking sensors!!, non-invasive imaging
techniques through cloaking Scanning Optical Microscope Tip'?. Experimental evidence
of such invisibility devices was demonstrated in the microwave regime'® and more recently
in the 3D case!*. More recently it has been proposed in Ref.!® to use clusters of silver
nanoparticles as cloaking shells by arranging them in a random manner at the surface of
dielectric spheres. In a cylindrical geometry a similar concept was investigated in Ref.'6.

Different from metamaterial cloaking, objects may be made invisible also using a surface
cloaking technology, as it was recently shown that a patterned meta-surface may produce
similar cloaking effects in a simpler and thinner geometry'”. Indeed, Ali1 and Chen proposed
the surface cloaking technique!® 2! based on scattering cancelation, in which an ultrathin
mantle cloak with averaged surface reactance [frequency selective surface (FSS)?? or meta-

surface|] was shown to provide low visibility for moderately sized objects, comparable to the



one achievable with bulk metamaterial cloaks.
The acoustic counterpart was considered soon after. Cummer et al.?® analyzed the 2D
acoustic cloaking for pressure waves in a transversely anisotropic fluid by exploiting the anal-

1.24 subsequently investigated this cloaking

ogy with TE electromagnetic waves. Torrent et a
for concentric layers of solid lattices behaving as anisotropic fluids in the homogenization
limit. Using a similar approach, Farhat et al.?® independently demonstrated cloaking of
surface liquid waves using a micro-structured metallic cloak which was experimentally val-
idated at 10 Hz. Quite remarkably, Chen and Wu?® and Cummer et al.?” noticed that a
3D acoustic cloaking for pressure waves in a fluid can be envisaged since the wave equation
retains its form under geometric changes. More recently, even a new class of acoustic cloaks
based on the scattering cancellation technique®®?? and 2D FSS*® were proposed.

In this paper, we build upon all these works and numerically demonstrate that acoustic
cloaking may be achieved using ultrathin pseudo-surfaces for spherical pressure waves. The
underlying mechanism is analogous to mantle cloaking for electromagnetic waves: a properly
patterned meta-surface may support currents that may drastically reduce the scattering
from a given object and thus suppressing its visibility. However, the governing equations
are different. Moreover, we derive the homogenized parameters of the metasurface structure
using a two-scale asymptotic expansion in the linearized acoustic equations. In the limit
when the wavelength is much larger than the typical heterogeneity size of the quasi-phononic
crystal, we show that it behaves as an artificial solid with an anisotropic effective shear
modulus and an effective-mass density. The potential applications of this technology for a
better control of acoustic waves open fascinating possibilities in achieving such invisibility
for 3D (real-world) objects with light low profile meta-structures. We are also working on
the extension of this principle to the domain of plate elasticity, where equations are also of

fourth order and where applications such as anti-earthquake devices can be envisaged.

II. SETUP OF THE PROBLEM

The solutions to the Lamé equation for elastodynamics are pressure waves (longitudinal)
and shear waves (transverse) that can be coupled in certain mediums. In this paper we limit

our analysis to only pressure waves described by the classical 3D acoustic equation

. w?
V-(p Vp)+;p=0 (1)
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with p being the density rank-2 tensor of the fluid, x its inhomogeneous bulk modulus, p
the pressure field, and where we have assumed a time harmonic dependence e=**.

The boundary conditions governing pressure discontinuity and the radial component
of the velocity fields at the interface between the two mediums (r > a, and a < r < a.)
complete the setup of our problem (as can be seen in Fig. 1). Our aim is to show the
possibility of drastically reducing the scattering from various spherical objects (e.g. hard

and soft ones) by choosing the appropriate surface impedance (reactance), and to suppress

their visibility.

FIG. 1: Schematic of the cloaking mechanism: a metasurface of radius a. is covering a sphere of
radius a (2D view) are in the path of a plane pressure wave impinging from left. The mass density
and bulk modulus inside the object (sphere of radius radius a) are respectively p,po and k,ro where
po is the density of the background and kg its bulk modulus. The domain between a < 7 < a. is
the same as the background medium, since our cloak (dashed line) is just an ultrathin surface with

negligible thickness. The inset shows possible designs for acoustic FSS, including irregular shapes.



We consider a spherical object with radius a. We will denote with the suffix r all the
acoustic properties relative to the scatterer, and by the suffix ¢ the ones of the surface
impedance, the free space will be referred by the suffix 0 (infinite acoustic medium where
spherical waves are propagating).

The pressure field p is given in the different regions in form of Bessel expansions®!, and
the choice of the wave functions is dictated by the conditions that the scattered response is
finite at r = 0 and must be outgoing, or radiating as r — oc.

ikorcos 6

The incident excitation is a plane wave of the form e , where 6 is the incidence

angle, and can be expanded in spherical coordinates:

n=0oo

P =Py > i"(2n+ 1) ju(kor) Pa(cos ) (2)

n=0
where P, (cosf) is the Legendre polynomial of order n and j, denotes the nth spherical
Bessel function [which is related to the ordinary Bessel function J, through the relation
Jnlz) = \/%Jnﬂ/g(z)]. Py is the amplitude of the incident field.

The radiation condition dictates the following form for the scattered field (in terms of

spherical Hankel functions)

n=oo

P =Py Y e P (kor) Py (cos 0) (3)

n=0

with h,(ql)(kor) the spherical Hankel function of the first kind, and ¢, are coefficients to be
fixed by the boundary conditions.

There are two boundary conditions that should be satisfied at the surface of the spherical
obstacle (on 7 = a) and the cloak (r = a.). On the boundary r = a, we have only the
continuity of the pressure and radial velocity, i.e., pl,—q- = Plrma+, and v;|p—o— = Vp|p=a+,
where the signs + (-) refer respectively to the inner (outer) region. In contrast, on the cloak
boundary, we need to consider the acoustic surface impedance which produces a discontinuity

of the normal velocity:

ZS p‘T:CLc = U7‘|7‘:a}L - UT‘r:aZ ’ (4)

where we have used the continuity of the pressure field p|._,- = p|,_,+ = plr=q., and where

Zs = Ry — iX, is the averaged surface impedance that relates the pressure to the velocity



on the surface. This impedance is function only of the geometry of the structure and the

wavelengths of the excitation signals and can usually vary over a large range of values.

The scattered far-field amplitude f(0,¢) is defined such that pseat
\/%ei(kor‘”/ VFO,0) + o(l/\/r),r — o0o. The scattering cross-section, o defined
as the ratio of the scattered flux to the incident one, is an integration over the solid angle

with incremental d€2:

1
gt = [ aos.0. )
As a measure of the overall visibility of a given object Eq. (5) is given by the expression3!
P
oSt — Tol? Z(2n+ Dleal?, (6)
0 n=0
where we can express ¢, = —P,/(P, +i@Q,). The nth spherical scattering harmonic can be

suppressed provided that the following determinant is canceled (See Mie theory!?)

Jn(kra) Jn(koa) Yn(koa) 0

P ke, (Kra) kody, (Koa)/ po Koy, (koa)/ po 0
0 Jn(koac) Yn(koac) Jn(koac)
0 Ju(koae) — iwpojn(koae)/(koZs) yy(koac) — iwpoyn(koac)/(koZs) j,(koac)

(7)
We may derive a similar expression for Q,, (we have to replace only j, and j, in the last
column of (7) by 4, and ¥,,). Surface cloaking may be achieved provided that we cancel the

determinants (7) for the dominant scattering orders.

III. HOMOGENIZATION THEORY FOR 3D DISPERSIVE CONFORMAL
METASURFACES

Before analyzing our numerical results and confirming the possiblity to cloak a spherical
object with an acoustic impedance surface, we put forward a rigorous framework to homog-
enize acoustic conformal metasurfaces, which may be applied to a variety of geometries as

quasi-periodically patterned surfaces as in Fig. 1. The model assumes that the patterns



on the surface are small compared to the wavelength, which permits an effective medium
treatment of the structure. A realistic design is proposed and its cloaking capabilities are
verified by full wave simulations.

The general equation governing the motion of acoustic waves is called the Lamé equation,
and can be written as follows in terms of the displacement field u

E(l-v) E 0*u

(1+V)(1_2V)V(V~u)—mVx(qu):p% (8)

where FE is the Young’s modulus of the medium, v its Poisson’s ratio and p its density.

Let us discuss the underlying homogenization mechanism of the ultra-thin quasi-periodic
acoustic spherical cloak schematized in Fig. 2 (a), which can serve as a basis for the ultra-thin
cloak analyzed in section 2. For this, we resort to the von Karmann theory®? of thin elastic
plates since the thickness of the metasurface is much smaller than the wavelength of sound.
We note that the Lamé equation (8) can be simplified using the Helmholtz decomposition
theorem with a scalar acoustic potential ¢ and a vector elastic potential ¥ = (U, Wy, U3).

These can be expressed in terms of the theta function © in the following manner:

(1, 22, 03,t) = (1) Alog(O(z1, 2, 73)) ,
i (9)
\I/j(l’l,xg,l’g,t) = \I]j(t)AlOg(@(l’l,I‘Q,Ig)) s

where 7 = 1,2,3. It is possible to show that the theta function is solution of the von

Karmann equation3334:

AV.(CT'V(AAV.(CT'VO)) - B0 =0, (10)

where A = p~1/2, ¢ = E~'/2 with F the Young modulus of the composite constituting the
ultra-thin plate cloak and 83 = w?poh/Dy, with Dy the rigidity of the cloak, pop its density,
h its thickness, and w the pressure wave frequency.

When the pressure wave penetrates the structured ultra-thin cloak 2 whose overall ge-
ometry is shown in Fig. 2 (a), the basic cell being depicted in Fig. 2 (b), it undergoes
fast periodic oscillations. To filter these oscillations, we consider an asymptotic expansion
of the sequence of theta functions ©, solutions of Eq. (10) in terms of a macroscopic (or
slow) variable x = (r, 0, ¢) (in spherical coordinates, see Fig. 2) and a microscopic (or fast)
variable x,, = (r,0/n, ¢/n), where 7 is a small positive real parameter.

With all the above assumptions, the theta function is solution of:
Py VG AV (0, V(G VO,)) = B0, =0, (11)
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inside the heterogeneous isotropic ultra-thin spherical cloak 2, where

6= B2 and g, = (9.
Furthermore, 33 = w? poh/Dy, where Dy is the flexural rigidity of the plate, py its density
and h its thickness (which are all assumed to be constant during the homogenization process
i.e. they do not depend upon 7).
The easiest way to handle the homogenization process is to use multiple scale techniques

that amount to introducing an ansatz of the solution and a rescaling of the differential

operator as follows?:

@n(X) = @0(X> X/77) + 77@1(X> X/77) ey

(12)
V =Vy+1'V,

where x and y = 1~ 'x are respectively the slow (or macroscopic) and fast (or microscopic)
variables.

In order to achieve some homogenized equation with frequency dependent parameters,
we need to introduce some high-contrast in the material parameters. Similarly to what was

6

proposed for second order partial differential equations®®, we further assume that

¢, =n*Ey Y2 in inclusions and Ch=FEy Y20utside inclusions ,
_ /2 o . 12 S . (13)
Py = P1 in inclusions and p, = p,'“outside inclusions ,

where a typical pattern of high contrast inclusions is shown in Fig. 2 (a).
Using multiscale techniques for high-contrast homogenization described in¢, we find that

the homogenized system takes the form

Ahom(w)v'([ghom]_l AV (Ahom(w>v'([£hom]_l VGhom))) - Bg @hom =0 ) (14>

which is the homogenized biharmonic equation with the rank-2 tensor [£40m] given by:

E;l/Q area(Y™) — g Vo

15
area(Y*) w(bg area(Y*) — w¢¢ ( )

[ghom] =

Here Y* denotes the region surrounding a rigid inclusion in an elementary cell of the periodic

array on the surface of the ultra-thin cloak, and ;; represent corrective terms defined by:

\V/Z,] € {9, ¢}a %’j = _/

\Ifinj ds s (16)
a8
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FIG. 2: (a) Schematic of the acoustic sphere to be cloaked surrounded by the patterned metasurface,
the structure consists of 100 angular sectors forming a quasi-periodically surfacic phononic crystal.
(b) View of the unit cell, where the annex problem defined by Eq. (17) will be solved by means
of homogenization theory and leads to an effective invisibility metasurface described by Eq. (15).
The total pressure field when a point source is impinging on the bare sphere (¢) and the cloaked
structure (an ultra-thin shell of thickness 10~2a, and parameters deduced from the homogenization
theory was used to model the mantle cloak) (d) clearly shows the effectiveness of this mechanism

for moderate sized obstacles.

where n is the unit outward normal to the boundary 0S of the inclusion on the surface of
the sphere.
Furthermore, U, ,j € {r,0}, are periodic potentials which are unique solutions (up to an

additive constant) of the following two biharmonic equations (K;):

(K;): VY, =01in Y*, (17)



o, 02 3V,
Bn —W;:W;:—n'e]’Onthe

which are supplied with the effective boundary condition
boundary 95 of the inclusion. Here, ey and e, denote the vectors of the basis in spherical
coordinates (6, ¢).

It is interesting to note that the expression of the anisotropic Young’s modulus has the same

structure as the one of the structured plate we studied in®"3®

in the context of cloaking for
flexural waves. Somewhat more surprisingly, this homogenized Young’s modulus also has
the same structure as the effective shear viscosity of the structured cloak we introduced

in the context of linear liquid surface waves in Ref.?®

. However, we stress that the annex
problem (17) is a bi-harmonic equation on the surface of a sphere.
Moreover, we also have some frequency dependent parameters in the homogenized equation
(14).

Thus far, there is no real surprise in the model, as it has been known for over four decades

that the homogenization of periodic structures brings some artificial anisotropy. However,

the expression for the effective permeability is less usual:

M) = ([ =3 ) (18)

with f(y) is the function which was first introduced in the context of high-contrast homog-

enization theory for second order partial differential operator by Zhikov in®¢

00 2 —1/2
=1+ O / by dy . (19)

Here, \; and ¢, are the eigenvalues and orthonormal eigenfunctions of the following

Laplace eigenvalue problem with homogeneous Dirichlet boundary conditions:

V2u+f2v=0 ,in S,

(20)
v=1 ,on 0S.

The frequency dependent Zhikov’s function (19) has the same features as the curves in Fig.
3, which we are now going to discuss: It tells us that the homogenized density in (14) takes
some negative values near resonances of the eigenvalue problem (20).

In the present situation, we are also ensured that the homogenized pressure field within

the ultra-thin cloak takes the form:

¢hom($1,$2,$3,t) = qz(t)Alog [@hom(xl,ifz,if?,)] ) (21)
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whereby ©p,,,, is solution of Eq. (14) if one adopts the viewpoint of plate theory as a model
for pressure waves across the spherical ultra-thin cloak. Alternatively, Oy,,, is solution
of Eq. (8). If one adopts the viewpoint of the previous section, the anisotropic density
in the pressure wave equation plays the role of the anisotropic Young’s modulus in (14),
and the acoustic surface impedance is encompassed in the frequency dependent isotropic
homogenized density in (14). Of course, these two models are ultimately equivalent, but
they shed light on different aspects of the problem (volume pressure waves and surfacic

metasurface cloak).

IV. NUMERICAL ANALYSIS

After having established that a rigorous homogenization approach may be applied to
describe a patterned metasurface, we turn now to the numerical analysis of the surface
cloaking mechanism. In Fig. 3, we show the dependency of the scattering cross-section
on the surface reactance X, [-Zm(Z;)] of the mantle cloak for both soft (a) and hard (c)
spherical acoustic obstacles. We assume here and in the rest of this section a homogenized
surface impedance, based on the results of the previous section. In what follows, we consider
lossless mantle cloaks for which Ry = Re(Z;) = 0. We notice that due to the non-resonant
nature of the mantle cloaking based on the scattering-cancellation mechanism, the scattering
suppression ability is relatively robust to losses, as has been proven in the electromagnetic
case'®. We show also in the same plot the scattering from a bare sphere (without any cloak)
for comparison (gray-dashed lines). As can be noticed from the two curves, in the limit of
X, — 00, corresponding to large reactances, the scattering tends to be that of a bare sphere
and the cloak doesn’t play its role of invisibility anymore. This result is not surprising and
it can be understood since a large shunt reactance corresponds to the limit of no-surface.
However, for a finite and broad range of values of X, a significant reduction of scattering is
achieved, for different values of a. (radius of the cloak) as can be seen in Fig. 3 (a) and (c),
even in the limit of a conformal cloak (a, = a).

To further demonstrate the validity of our approach to surface cloaking we now analyze
the frequency response of the cloak. This can be seen in Fig. 3 (b) and (d) that correspond
respectively to Fig. 3 (a) and (c), with a. = a (conformal) and a. = 1.1a. For these

simulations, we have made the assumption that the surface reactance does not depend on

11
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FIG. 3: Dependencies of the total SCS of a spherical obstacle with 2a = \¢/5 and k, = 1/10 on
(a) the reactance of the mantle cloak and (b) the normalized frequency of operation for different
ratios of a/a.. (c) and (d) are similar to (a) and (b), but for a spherical obstacle with comparable
size and k, = 10, where kg denotes the bulk modulus of the surrounding medium and is taken

equal to 1.

frequency over the range of interest (which is a fair approximation in a variety of acoustic
scenarios). By comparing the uncloaked case with the cloaked one, it is evident that an
excellent scattering reduction may be achieved over a finite range of frequencies for hard

and soft obstacles.

Finally, we perform a numerical analysis of the field scattered by a plane acoustic wave

vibrating harmonically. A plane wave is incident from top to bottom and encounters the

12



FIG. 4: Amplitude of the pressure field on the x-y plane for a spherical obstacle with 2a = X\¢/5
and k = 1/10 (a) with and (d) without the mantle cloak. (b) and (e) are similar to (a) and (d),
but for the phase of the pressure field on the orthogonal x-z plane. (c¢) and (f) are the associated
normalized far-field scattering patterns (the cloaked scenario are two orders of magnitude lower

than the uncloaked one).

spherical obstacle (for the two scenarios of cloaked and uncloaked sphere). Figures 4 and 5
show simulations for respectively hard and soft obstacles with radius 2a = \y/5, where Ag
is the wavelength of the incident wave.

For example Fig. 4 (d) and (e) show the pressure field amplitude for two orthogonal
planes of phase (x-y and x-z) and show the distortion of the field due to strong scattering
by the obstacle. Figures 4 (a) and (b) show the phase for the same obstacle when it is
cloaked and, as expected, the field outside the cloak is identical to the one we obtain when
we have free-space (homogeneous medium without any obstacle). This shows the efficiency

of cloaking by surface impedance.

13



0.10
003

.."_';u;_u.'Q
"AREYS

=1,

FIG. 5: Similar to Fig. 3, but for a spherical obstacle with 2a = \¢/5 and x = 1/10.

To further check the functionality of our cloak, we show on Fig. 4 (c) and (f) [and Fig.
5 (c¢) and (f)] the scattering diagrams computed in the far-field for both the cloaked and
uncloaked object. It is obvious that the cloaked obstacle is nearly invisible . [One should

take into account the difference in the upper axis limits between Fig. 4,5 (c) and (f)].

V. CONCLUSION

In conclusion, we have studied analytically and numerically the extension of the cloaking
mechanism described in Ref.'® to the domain of 3D spherical acoustic waves. We have
shown numerically that a surface impedance cloaking device is possible, provided we choose
a convenient reactance to reduce drastically the scattering from a spherical shaped obstacle.
Importantly, numerical results are supplied with a homogenization model which gives the
effective parameters of 3D conformal surfaces. We believe that our results make the cloaking

theory one step closer to its practical realization for acoustic waves since the proposed device

14



is a lot more thinner and lighter than its classical bulk counterparts. This mechanism could

also be used to build non-invasive sensing devices (e.g. ultrasound imaging) with moderately

broadband features.

Last but nor least, we would like to point out that the techniques developed in this

paper for pressure waves in fluids can be extended to flexural waves in plates, in which case

applications shift towards suppression of unwanted mechanical vibrations in aeronautic, ship

or car components. On a larger scale, one should note that fourth-order and higher order

governing equations as those described in Section 3 are a good asymptotic model for Rayleigh

waves propagating at the surface of the Earth: ultra-thin mantle cloaks could therefore open

new concepts in seismic cloaks.
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