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Abstract 

The determination of the viscoelastic properties of cells by atomic force microscopy (AFM) 

is mainly realized by looking at the relaxation of the force when a constant position of the 

AFM head is maintained or at the evolution of the indentation when a constant force is 

maintained. In both cases the analysis rests on the hypothesis that the motion of the probe 

before the relaxation step is realized in a time which is much smaller than the characteristic 

relaxation time of the material. In this paper we carry out a more general analysis of the probe 

motion which contains both the indentation and relaxation steps, allowing a better 

determination of the rheological parameters. This analysis contains a correction of the Hertz 

model for large indentation and also the correction due to the finite thickness of the biological 

material; it can be applied to determine the parameters representing any kind of linear 

viscoelastic model. This approach is then used to model the rheological behavior of one kind 

of cancer cell called Hep-G2. For this kind of cell, a power law model does not well describe 

the low and high frequency modulus contrary to a generalized Maxwell model. 
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1 Introduction 

The rheological properties of single cells have been investigated in the past using a large 

variety of methods like micropipette aspiration[1], traction or compression between two 

microplates[2], optical tweezers[3,4], magnetic twisting cytometry[5,6], rotational 

microrheology[7], atomic force microscopy (AFM)[8–10] and many other methods. All these 

methods (except micropipette aspiration) have in common the tracking of a micro or a 

nanoparticle either at the surface of the cell or even inside the cell in response to an applied 

force. Then a model is needed to relate the force-displacement curve to the viscoelastic 

properties of the cell. If the probe is larger than the characteristic mesh size, , of the actin 

network (typically =100nm) a continuum approach can be used to model this response. A 

possible approach rests on a two fluid description with a viscoelastic network coupled by a 

frictional force to a viscous fluid [11]. The approximation of low Reynolds number can be 

written as:  

 

2
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 
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G
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with a the radius of the probe, l the amplitude of motion of the probe and  the density of the 

fluid. The order of magnitude of a and l being the micron and the order of magnitude of G() 

being between 0.1 and 10kPa it  is readily seen that this condition holds even  for frequencies 

as high as 100kHz. The other condition needed for the use of a frequency generalized Stokes’ 

law is that a compressive wave in the elastic network would be overdamped on a 

characteristic length equal to the dimension of the probe; this is realized for frequencies 

above[11,12]: 
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where  and  are Lamé coefficients and ~/2
 is the friction coefficient between the fluid 

phase and the elastic network. Introducing  with G the static shear modulus, the 

crossover frequency becomes: 

2
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We shall see in the following that the order of magnitude of the relaxation time is the second , 

so we get b~10
-2

; it means that the deviation from generalized Stokes’ Einstein equation is 

only expected at very low frequencies, that is to say on a long time scale. In AFM 

experiments, as well as with optical tweezers the bead is not completely immersed in the 

viscoelastic medium, so this continuum approach must be modified to take into account 

different boundary conditions. When the motion of the probe is perpendicular to the surface 

as in AFM or indentation experiments, the basic relation which can be generalized in the 

frequency or time domain is no longer the Stokes law , but the Hertz law which applies to a 

spherical probe which settles in an elastic medium  Due to the change of the contact surface 

with time, the time dependent generalization of the Hertz law, which rests on the hypothesis 

of a linear superposition of delayed response to increments of force or displacement, must be 

properly written. Such a generalization was described, for instance in Johnson [13] and 

applied to nanoindentation of cells [14]. As the cell thickness is often not very large 

compared to the indentation depth, a correction of the Hertz formula has been proposed [15] 

for elastic media which introduces a function of the indentation depth over the cell thickness. 
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This correction was used to model the time dependent response to an approximate step 

displacement, with the approximation that during the relaxation of the force, the indentation 

depth could be considered as constant [16]. Besides the time dependent generalization of the 

Hertz model including the cell thickness correction, a description of the viscoelastic response 

function of the material is needed. In principle a deconvolution should allow to extract the 

creep response function G(t) or the compliance function J(t) but, due the limited range of  

time -or frequency- in the experiment, it is more direct to fit the experimental curve with a 

model response function. Furthermore the viscoelastic models can give some insight in the 

physical process underlying their representation. One of the most common models to describe 

a viscoelastic solid is the Zener model consisting of a Maxwell element in parallel with a 

spring representing the zero frequency elastic modulus G0, the Maxwell element introduces a 

relaxation time: 


  i

i

iG
 (4) 

This simple model of viscoelastic solid containing three parameters, can describe quite well 

the mechanical response of different kinds of cells[17,18], nevertheless some other 

experiments show a more complex response which can be described by a set of relaxation 

times or by a power law. In this last case an interpretation of the power law behavior was 

proposed in terms of a distribution of relaxation times associated with a power law for the 

distribution of the lengths of the elementary units of the actin network which was supposed to 

present a fractal structure[19]. The mechanical response of a cell to different stimuli is 

important, because several biological functions are regulated by their contact with the 

neighboring cells or the extracellular matrix [20]. On the other hand it has recently been 

demonstrated that a small mechanical stimulus induced by the periodic motion of magnetic 

nanoparticles at the surface of the membrane can cause the death of the cell[21,22]. Since a 

magnetic field can easily be applied in vivo it could be an attractive way to destroy tumors if 

the magnetic nanoparticles specifically bind to the cancer cells. In this paper our objective is 

to obtain the rheological characterization of a given type of cancer cells in order to use it in a 

future work to model the motion of different kinds of magnetic nanoparticles deposited on the 

surface of the cells. The knowledge of the viscoelastic response of the cell to the AFM probe 

will allow to determine the deepness at which magnetic particles can penetrate when 

submitted to an oscillating magnetic field of different frequencies. An atomic force 

microscope was used and in a first section we describe briefly the operating conditions and 

the biological material. As explained above, different approximated methods are used to 

identify the viscoelastic parameters from the experiments, so the second section will be 

devoted to a presentation of the equation used to deduce the material properties from the 

indentation depth versus time of a spherical indenter, and the prediction of this equation will 

be tested against the trajectory of the bead deduced from a finite element simulation which 

mimics the operating condition of the AFM. In the third section the results are analyzed 

through different rheological models and it is shown that the generalized Maxwell model 

gives a better agreement with the experimental data than a power law model. 

2 Materials and methods  

Besides imaging, another major application of AFM is force spectroscopy through the direct 

measurement of tip-sample interaction forces as a function of the indentation depth of the tip 

into the sample. Compared to conventional rheometers the use of AFM to get rheological 

properties raises three problems. The first one is the determination of the position of the 
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probe relatively to the surface, the second one is due to the fact that the contact surface 

between the probe and the biological material is changing during the experiment and at least 

we have no independent measurement of the position of the probe and of the applied force. 

As presented in the introduction there are many papers dealing with these problems and we 

do not intend to make a review of them here, but just to present what we think to be the best 

way to overcome them. 

2.1 Cancer cells 

The tumor cell which has been studied is called Hep G2, a human liver carcinoma cell line. 

HEP-G2 cells were grown at a BD Falcon™ 35mm Easy-Grip™ Cell Culture Dish, in 

Dulbelcco modified Eagle culture medium (Invitrogen, Carlsbad, CA) containing 10% fetal 

calf serum, glucose (4.5g/L), glutamine (2mM), penicillin (100units/mL), 10 mg/mL 

gentamycin in a wet (37°C) and 5% CO2/95% air atmosphere. 

 

Fig. 1: The organization of actin (left) and microtubules (right) of Hep G2 shown by 

fluorescent microscopy 

For fluorescence microscopy, HepG2 cells were grown on glass cover slips for 48h and fixed 

with 4% paraformaldehyde for 15 min. Cells were then permeabilized with PBS 0,1% triton. 

For microtubule staining, cells were incubated with anti beta-tubulin followed by secondary 

anti mouse antibody coupled to Alexa-488 (Molecular Probe). For actin staining, cells were 

incubated with phalloidin (Sigma Aldrich). Nuclei were stained with Hoescht. Cover slips 

were mounted on slides using Permafluor (Thermo Scientific) and observed with Zeiss 

Axioimager microscope.  

The organization of actin and microtubules are shown separately, respectively on the left and 

right hand side of Fig.1. The nucleus is stained in blue. It appears that the microtubule 

network is homogeneous and dense right above the nucleus. 

2.2 Force spectroscopy with AFM 

Atomic force microscopic experiments were performed with an Agilent series 5100 

AFM/STM (Agilent, Santa Clara, CA). The probe of AFM which have been used to obtain 

the rheology of cancer cells is a spherical borosilicate glass probe (Novascan, Ames, IA). The 

spring constant of the cantilever is obtained by using an AFM option called Thermal K. 

which calculates the cantilever spring constant through the use of the equipartition theorem 

who states that the kinetic energy stored in a system, here on a coordinate which is the 
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deflection of a cantilever from its equilibrium position, is equal to one half of the thermal 

energy of the system[23]. The spring constant of spherical borosilicate glass probe was 

0.047N/m. The radius of the spherical probe was: R= 2.5 m. 

The deflection d, of the cantilever is related to the applied force by:  

         F t kd k z t h t  (5) 

Where z(t) is the position of the piezoelectric transducer and h(t) the indentation depth. This 

equation only applies when the indentation begins that is to say for a given position z0(t). For 

positions above the surface, the deflection can change a little bit for the highest velocity of 

the cantilever due to the viscosity of the feeding liquid; the corresponding force is subtracted 

as indicated below. In a "force spectroscopy" mode a first detection of the surface is related to 

a given indentation force which is taken as a (false) reference surface by the AFM, which 

needs to be corrected. A fit of the indentation curve with two parameters (the surface position 

and the shear modulus) is the more usual procedure. Another technique consists in comparing 

the work done during different indentations which are stopped at a same given trigger force. 

The work done is the integral of the force displacement curve whose value is quite insensitive 

to the position of the surface, so, supposing the validity of the Hertz formula, it allows to 

relate the ratio of the shear modulus at different positions of the cell to the ratio of the 

indentation depths[24]. This is very convenient for cartography of the shear modulus of the 

surface of a cell, nevertheless a reference point is needed and, above all, this method relies on 

the validity of the Hertz equation.  

We propose here a different method which allows to determine accurately the contact point of 

the probe with the surface and the time dependence of the force. The process is exemplified 

in Fig. 2 where, the upper plot is the applied force versus time, and the lower one is the 

displacement of the piezoelectric head versus time. The (false) surface is found by setting an 

arbitrary force for which the piezo will stop and set z=0; this is the initial point at t=0 in Fig. 

2 (sketch A), then the piezo retracts during 10s at a given velocity and stops 2µm above this 

initial position (sketch B) and remains in this position during 10s to reach a plateau (P) on 

the force curve. Since this plateau in the feeding liquid corresponds to a zero force we use it 

to find the time tsf and the corresponding position zsf of the piezo where the bead leaves the 

surface. It only needs to extrapolate the horizontal plateau when the probe is at rest well 

above the surface (t=15~20s in Fig. 2), to get the time t1 where the bead leaves the surface 

and then the corresponding position (point 2) zsf of the piezo head  which is associated with 

the surface of the cell: h=0. After that, the cantilever head is lowered at a given velocity 

(from 100µm/s to 100nm/s), depending on our experiment need, and stopped at a given 

position(sketch C) which is kept constant during 50s; during this time the probe continues to 

deep and the force is relaxing(sketch D). Note that the time t2 where the bead leaves the 

surface was obtained from the previously determined   position of the surface zsf (point 3 left 

insert) and so the force, F2, corresponding to this time t2 (point 4 on the insert) can be 

precisely determined  Finally, the piezoelectric head is raised in 10s towards its initial 

position at time t=0; and in all our measurements we recovered the same force as the initial 

one (red dashed curve), showing that we did not enter into the plastic regime. Finally this 

procedure also gives us access to the hydrodynamic force on the cantilever: F(t2)-F(t1) 

which should be subtracted from the total force [25]. Even for high velocities, here 3µm in 

0.01s, this hydrodynamic force is rather small (around 2nN) compared to the total force and, 

of course, does not play a role on the relaxation part of the force. 



6 

 

Fig. 2: Left is an indentation cycle; right is the method for the determination of the 

contact point and of the force/indentation curve. Upper graph: experimental force 

versus time. Lower graph: motion of the cantilever head versus time 

The last important thing to note in this Fig. 2 is the fact that when the piezo returns to its 

initial position (red dash line on both graphs) the initial force is also recovered. It is a proof 

that there is no plastic deformation of the medium and the recovery time is about 10s in this 

example. 

2.3 Microrheology with a spherical indenter 

2.3.1 Time dependent Hertz model 

The quasi-static force is related to the indentation depth by the Hertz equation [26,27]:  

3 2

2

4

3 1 




E
F R h  (6) 

where E is the Young modulus and R the radius of the spherical probe. In the absence of 

information on the Poisson ratio, it is usual to consider the cell as an incompressible medium 

and to take =0.5 and E=3G where G is the shear modulus; in this case:  

3

2
16

3
 

R
F C G h with C  (7) 
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It is interesting to note that the Hertz formula can be recovered, within a constant number, by 

considering that the average strain, , for an indentation depth, h, is given by:  

1 2

2 2
   

h h h

a Rh R
 (8) 

with a the radius of the contact area. The average force is then:  

1/2 3/22 2     F G S G Rh G R h  (9) 

The dependence in R
1/2 

h
3/2 

predicted by the Hertz law is recovered under the approximation 

<<1. We shall see in the following that, in our experimental conditions, the Hertz formula 

needs to be corrected. In normal or cancer cells, more than 98% of molecules are water [28], 

and their viscoelastic properties result from the interaction between water and a poroelastic 

medium formed by the actin skeleton of the cell. A quite general description of a viscoelastic 

solid is given by the generalized Maxwell model consisting in a purely elastic part of shear 

modulus G0 in parallel with a series of Maxwell units, representing different relaxation 

processes modeled by a set of relaxation times[15,26,27]. 

In the frame of the linear theory of viscoelasticity the increment of stress at a time t resulting 

from a stepwise increment of strain at time t' is given by:  

     ' '  d t G t t d t  (10) 

Where G(t) depends on the viscoelastic model under consideration. For instance, for the 

generalized Maxwell model, we have: 

  1 2 // /

0 1 2 ... ...
   

     itt t

iG t G G e G e G e  (11) 

It is important to note that the Eq. 10 is not directly relevant to the case where the contact 

surface between the medium and the tool is changing with time, which is presently the case. 

Actually the time dependent generalization of the Hertz model starts with Eq. 7. The 

increment of force at time t is related to the increment of indentation at time t': dh(t') by: 

     
3 2

' ' dF t CG t t dh t  (12) 

Integrating the Eq.12 gives: 

   
 

3 2

0

'
' '

'
 

t dh t
F t C G t t dt

dt
 (13) 

or still:  

         
3 2 3 2

0

0 ' ' '
 

   
 


t

F t C G h t G t t h t dt  (14) 

This is a general formula for a spherical probe indenter, the rheological properties of the 

material being represented by the stress response function: G(t). The same kind of reasoning 

with the compliance response function J(t) will give: 

         3 2

0

' 0 ' ' '
 

   
 


t

h t C J F t J t t F t dt  (15) 
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with C'=1/C 

The relation between the two response functions is obtained by taking the Laplace transform 

of the respective convolution products, which will give: 

    2G p J p p  (16) 

Eqs. 14 and 15 are simply time dependent generalizations of the Hertz formula. If the relative 

indentation depth h/R, or the indentation depth relatively to the thickness of the sample: h/L, 

are not much smaller than unity, then these formula need to be corrected, that is what we are 

going to see in the next section. 

2.3.2 Corrections to the Hertz model 

The Hertz model is known to be accurate only for small values of the contact area with 

respect to the radius of the probe. For larger indentation the corrections depend on the 

Poisson ratio [29,30]. In order to find a correction adapted to our experimental conditions, we  

took =0.5 and compared, for a large indentation, the force calculated by FEM with the Hertz 

equation for a purely elastic cylindrical plate whose thickness and radius were very large 

compared to the probe radius (R=2.5m). The thickness L and the radius of the cylinder were 

both taken equal to 200µm. The Young modulus E was 575Pa corresponding to a value 

measured on a cancer cell. We found a small difference (4% for h=1m) between the Hertz 

equation and the result obtained by FEM. Introducing a  first order correction factor in the 

Hertz equation (Eq.17), gave a result which very well reproduces the FEM result until 

h/R=0.4 : 

 
3/2

2

4
1

103 1 

 
  

  

E R h
F h

R
 (17) 

On the other hand the Hertz equation was corrected for the effect of the finite thickness, L, of 

the sample by (14):   

 
 3/2

2

4

3 1 




E R
F h f h  (18) 

where: 

 
2 2 3/2 2 2

3 3/2 3 20 0 0

0 0 0 02 2 3 3 4 4

2 4 168 4 3
1

15 5

   
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   

    
          

    

R R R R
f h h h h h

L L L L
 (19) 

0

21.2876 1.4678 1.3442

1


 
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

v v

v

 

0

20.6387 1.0277 1.5164

1


 




v v

v
 

Once again, there is a small difference between this modified Hertz equation Eq.18 and FEM 

result, but this difference disappears if we use the same correction as in Eq.17 Finally the 

corrected expression of the Hertz model, Eq.20, is found to be in excellent agreement with 

the FEM result at least for indentation below 20% of the plate thickness. 
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 
 3/2

2

4
1

103 1 

 
  
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E R h
F h f h

R
 (20) 

The time dependent generalization Eq.20 is straightforward. Let us call g(h) the function 

which multiplies the Hertz equation: 

   1
10

 
  
 

h
g h f h

R
 (21) 

Then, instead of applying the time superposition to h
3/2 

it should be applied to h
3/2 

g(h) so 

Eq.13 becomes: 

        3/2

0

' ' ' '
'

    
t

d
F t C G t t h t g h t dt

dt
 (22) 

or 

               
3/2 3/2

0

0 ' ' ' '
  

   
  


t

F t C G h t g h t G t t h t g h t dt  (23) 

Before applying Eq. 23 to find the function G(t) from an experiment it is worth testing its 

application to a viscoelastic solid represented by the popular Zener model. 

2.3.3 Derivation of the probe trajectory in a viscoelastic medium 

We wish to predict the trajectory of the spherical probe inside a viscoelastic solid represented 

by the Zener model consisting of a spring of modulus G0, in parallel with a Maxwell element 

represented by a spring G1 and a dashpot of viscosity 1. For this model the response function 

to a unit stress step is: 

  1

0 1




 

t

zG t G G e  (24) 

where 1=1/G1 is the relaxation time of the Maxwell branch. Then from Eq.23  

          
3/2

0 1 1
   
 

F t C G G h t g h t F t  (25) 

with       1

'

3/21

1

1 0

' ' '






 
t tt

G
F t e h t g h t dt  

 Deriving Eq. 25 and taking into account that:  

 
 

    
3/21 1

1

1 1 
  

F t G
F t h t g h t  (26) 

and (cf. Eq.5) that:         F t k z t h t  

We shall end up in the case of the Zener model with the following differential equation: 
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   
 

       

3/20

1 1 1

3/2

0 1

1
10

3
1 1

10 10 2 10

   
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  


    
        

    

τ τ τ

dz h z h Gh h
C h f h

dt Rdh

dt h h h
G G Q h f h h f h

R R R

 (27) 

where 

 
52 2 3/2 2 2

3/2 3 2 30 0 0 2
0 0 0 02 2 3 3 4 4

4 3212 4 3

15 5

   
   

   

   
         

   

R R R R
Q h h h h h

L L L L
 (28) 

In order to check the validity of this approach the indentation and the force versus time are 

calculated from Eq. 27 and compared with the result obtained from a simulation done with 

the software Abaqus which contains the possibility to introduce the viscoelastic parameters of 

the Zener model. A 2d axisymmetric geometry was used; the cantilever was represented by a 

spring of stiffness 0.05N/m and the spherical probe by a rigid sphere (Fig. 3). The cell was 

modeled by a cylinder of thickness L whose viscoelastic properties, defined by the Zener 

model, were the following: G0=191.6Pa, G1=118.4Pa, 1=8.4s which are values obtained for 

a given cancer cell.  

 

Fig. 3: Calculation of the force with respect to the indentation in a viscoelastic medium 

with a spherical probe mounted on a spring using the software Abaqus 

The result is shown in Fig. 4 where the force was plotted versus time when a displacement at 

a velocity of 0.1m/s during 10 seconds was applied to the  top of the spring and then stopped 

at z=1µm. The numerical solution of the differential equation Eq.27 was compared to the 

Abaqus result for a cylinder whose thickness is infinite (in practice L=200µm in Abaqus) and 

for finite thicknesses of 5 and 10µm. Fig. 4 shows a very good agreement between FEM 

calculation and the solution of Eq.27 in all the cases, so we can trust the validity of the 

corrections applied to the Hertz formula and its generalization to time dependent forces. It is 

also worth noting that it applies for any function z(t) and in particular for a sinusoidal one. 
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Fig. 4: Comparison between FEM result and the solution of Eq. 27 for the indentation 

versus time in disk of different thicknesses.  

Another interesting point revealed by the FEM calculation is that the maximum stress 

generated by the motion of the spherical probe is not situated directly on the surface of the 

probe but below, on the axis of indentation (cf. Fig. 3) This maximum stress depends on the 

indentation depth and, as long as no plastic flow is experimentally observed, it determines the 

range of stress that the cell can support without yielding. In Fig. 5 is plotted, in the case of a 

purely elastic medium, the evolution of the maximum stress with the indentation depth. The 

average stress can be approximated by putting: =F/(2Rh) with F given by Eq.20. Of 

course this average stress is lower than the maximum stress (cf. Fig. 5), but it is quite 

remarkable that the ratio between the maximum stress and the average one, remains 

approximately constant with the indentation at a value of about 1.6 up to 0.6m and then 

increases slowly until 1.8 for a deepness of 1.7µm. 
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Fig. 5 : Maximum and average stress with respect to the indentation depth for a purely 

elastic medium; the diameter of the bead is 5µm and the thickness of the layer is 10µm; 

the insert is the ratio of maximum stress to average stress 

2.3.4 Deriving the material properties  

Eq.25 is a general equation relating the force, F(t), and the indentation, h(t), which are both 

known experimentally, to the response function G(t). In principle it is possible to extract G(t) 

by taking the Laplace transform of the convolution product in order to get G(p) and then to 

come back by inverse Laplace transform to G(t). Nevertheless ,the time scale on which the 

force is measured is not infinite as in a convolution product and the experimental data can be 

noisy, so the error coming from this double Laplace transform is difficult to evaluate; 

furthermore , even if we can get a reliable result for G(t), we would like to compare it with 

known models. In practice it is much easier to directly begin with a given model for G(t)-like 

for instance the generalized Maxwell model- and to see afterwards if  this model can well 

represent the experimental curve. As an example of this procedure let us suppose that the 

function G(t) of Eq. 11 well describes the viscoelastic properties of the material; then 

inserting it in Eq.23 gives: 

       
3/2

0 1

( )
 

 
  

 
 

n n

i i

i i

F t C G h t g h t F t  (29) 

where      1

'

3/2

0

' ' '






   
t tt

i

i

i

G
F t e h t g h t dt  

This is just the generalization of Eq.25 to a set of relaxation times. 



13 

In a fit of the parameters G0, Gi, i, (i=1, n), the force F(t) is the experimental function whose 

values are known for a given set of time values: Fexp(tj) (j=1,N) and the left-hand side of 

Eq.(29) is the "theoretical" part: Fth(tj,G0,Gi,i) containing the unknown parameters. The 

minimization of the residue, using the Levenberg-Marquardt method allows to find the 

unknown parameters. This procedure can, of course, be used for any kind of function G(t) 

and will be used in the following both for the generalized Maxwell model (Eq.11) and a 

power law relaxation function: G(t)=At

 

3 Results  

As explained in section 2.2 all the experimental curves have been obtained in force 

spectroscopy mode with different velocities of the piezoelectric transducer on which is 

attached the cantilever head. The final position was corresponding to an indentation depth of 

about 1m. The small viscous force coming from the hydrodynamic friction of the cantilever 

in the feeding liquid was subtracted and the indentation depth, h(t), was obtained as shown in 

Fig. 2. The indentation was stopped at a time t=ts. If there was no relaxation during the rising 

time, or in other words if ts<<i, then the terms Fi(t) in Eq.29 are negligible and the force at 

t=ts can be expressed as:  

      3/2

0

 
  

 


n

s i s s

i

F t C G h t g h t  (30) 

This is the hypothesis which is usually done [17][18] when dealing with the relaxation part 

for t>>ts. It means that at t=ts, which is the starting point of the relaxation curve, Eq.30 gives 

access to the sum of the shear moduli of the model, which is called the high frequency 

modulus:  

0 1 2    G G G G  (31) 

On the contrary, if the time ts is longer than all the relaxation times, the integrand 

representing Fi(t) in Eq.29 will be different from zero only for t-t'< where ts, so the term 

containing h(t) can be taken out of the integral in Fi(t) with its final value h(ts); then 

considering that  ts>>i we shall end up with:  

      
3/2

0s s sF t CG h t g h t  (32) 

This is now the low frequency limit of the shear modulus which is measured at t=ts but in this 

situation the indentation is a quasi static one and after stopping there will be no relaxation. 

This is the way to obtain the static shear modulus G0. 
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Point A B C D E F G 

E(Pa) 731 894 621 465 545 513 618 

Fig. 6: AFM topography of Hep G2 cell,  the point A to G are the measurements where 

has been carried out 

All the experiments that we are going to discuss were made on the central part of the cell 

where the height of the cell is maximum and is about 4 m. Actually, as shown in Fig. and in 

the table just below, the values of G0 do not vary significantly for different points in the 

region above the nuclei in the white zone (points E, F, D), but they increase when the 

measurement is done closer to the border of the cell. These measurements were made in a 

quasi static way; on the other hand, if only the relaxation part of the force is used then ts 

needs to be as small as possible to minimize the error, but in any event it will be safer to fit 

the full curve from the beginning of the indentation. In order to illustrate this point we have 

presented in Fig. 7 the values of the shear modulus which are obtained from Eqs. (30) or (31) 

after an indentation made at different velocities on the same cell. It clearly shows that the 

shear modulus obtained in this way depends on the indentation velocity but this value has no 

clear meaning in the frame of the viscoelastic models and only a fit of the total indentation 

curve can allow to attribute safely the values of the fitted parameters to a given model as we 

shall see in the next section. 
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Fig. 7: Young’s modulus versus indentation velocity. In the insert: force versus 

indentation for two different velocities (v=100µm/s and 100nm/s) and their fit by Eq. 20 

3.1 Response function G(t) of the cells Hep G2 

A typical curve representing the force versus time for a "slow" velocity of the cantilever: 

v=0.25µm/s is plotted in Fig. 8; the indentation depth corresponding to the maximum of the 

force is hs=1.08µm. The force (black square line) passes through a maximum when the 

cantilever stops and then decreases as the probe continue to go down until the elastic stress 

becomes equal to the stress applied by the cantilever. This curve was fitted with the 

generalized Maxwell model with a single branch (Zener model) for the 3 parameters: G0, G1, 

1.  
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Fig. 8: Applied force versus time during an indentation with a velocity: v=0.25µm/s and 

a maximum indentation depth: hs=1.08µm .The blue triangles represent a fit with a 

power law for G(t) and the red circles a fit with a one branch Maxwell model  

As can be seen in Fig. 8, the fit is good on all the time scale for the following parameters: 

G0=198Pa, G1=101Pa, 1=7.1s. This model was also observed to give a good representation 

of the viscoelasticity of some bacterial cells[18] and of chondrocytes[17]. Nevertheless it is 

worth noting that in these previous works the fit was only done on the relaxation part of the 

curve, supposing that the indentation was fast enough so that the medium did not have time to 

relax during the indentation. If this hypothesis was used for the experiment represented in Fig. 

8 the relaxation part would be fitted by the function: 

    13/2

0 1  when  



 

     
 
 

st t

s s s sF t t Ch g h G G e t t  (33) 

where ts and hs are respectively the time and the indentation corresponding to the maximum 

of the force. In our example it would give G0=203Pa, G1=70Pa, 1=8.4s instead of 

G0=198Pa, G1=101Pa, 1=7.14s. The error is not that big, the maximum error being 40% for 

G1, nevertheless the degree of approximation of Eq.33 depends on the importance of G1 

compared to G0 and on the relaxation time 1 compared to ts since it supposes that for t=ts the 

modulus is equal to G0+G1, that is to say that the material did not have time to relax during 

the rising indentation.. On the other hand it is clear that the velocity of the cantilever head 

will give a limit on the smaller relaxation time which can be detected: roughly speaking a 

relaxation time which would be smaller than ts would not be detected. In practice our Hep G2 

cell gives a good example of this remark. In Fig. 9 is plotted the force versus indentation for a 

velocity of the piezoelectric head: v=250µm/s and about the same indentation depth 

hs=1.27µm. The maximum of the force is higher than in Fig. 8, and above all, shows a very 

fast relaxation of large amplitude. A fit of this curve with a single relaxation time, 1, (red 

circle curve in Fig. 9) no longer works, and it is necessary to add another relaxation time, 2, 

to give a satisfying agreement (blue triangle curve).  

 

Fig. 9 : Rapid indentation: applied force versus time during an indentation with a 
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velocity: v=250µm/s. Red dots represent a fit with 3 parameters (the Zener model) for 

G(t) and the blue triangles a fit with 5 parameters (two Maxwell branches) 

The results obtained on several experiments both for fast and slow indentation velocities are 

summarized in Tab 1. In parentheses are the values calculated without taking into account the 

thickness of the cell which overestimates the moduli of about 15-20% because the increase of 

stiffness due to the presence of the bottom wall was attributed to the elasticity of the cell. The 

rapid relaxation time 2=0.06s associated with a modulus G2 of about 450Pa means that some 

elastic part of the cytoplasm, whose elasticity is more than two times larger than the static 

one, is associated with a rather low friction during its relaxation (2=2G2=27Pa.s) compared 

to the one associated with the slow relaxation process (1 =1G1=450Pa.s). In previous 

experiments, either with AFM [18] or with specific devices like microplates [2], the time 

scale of the indentation or of compression in the case of microplates was much longer so a 

Zener model with a single Maxwell time as in Fig.8 was able to represent the viscoelastic 

behavior of the cell and this fast relaxation time associated with a lower viscosity was not 

detected. 

Slow indentation G0 G1 1   

Average 210 (247.6) 118.4 (128.3) 5.6 (6.1)   

Standard deviation 22.8 (28.5) 19.8 (20.7) 2.1 (2.2)   

 
Rapid indentation G0 G1 1 G2 2

Average 184.3 (214.5) 149.4 (168.6) 3.07 (3.84) 451.4 (538.5) 0.057 (0.065) 

Standard deviation 65.8 (74.0) 30.2 (35.1) 0.99 (1.16) 110.2 (142.7) 0.003 (0.018) 

 

Tab 1: Viscoelastic parameters deduced from a fit of G(t) with the generalized Maxwell 

model (Eq.29) with one Maxwell branch for slow indentation and two Maxwell 

branches for rapid indentation; the thickness of the cell was L=10m; the values 

between parenthesis are obtained for an infinite medium 

Different branches of the Maxwell model can tentatively be associated with different 

deformations of the actin network; the first spring with the shear modulus G0 gives the solid 

like behavior and is likely mainly due to the enthalpic bending stiffness of the actin network. 

The first Maxwell branch could represent the entropic part associated with the shear 

elongation of the crosslinks and the second Maxwell branch with a faster relaxation and a 

higher modulus could come from the change of entropy associated with the compression of 

the main filaments of the network[31]. Of course many others explanations can be proposed, 

but the interest of the Maxwell model is that it can be interpreted more easily than other 

models on a physical basis. Another model which is often used to represent the viscoelastic 

behavior of gels consists in a power law distribution of the relaxation times; it was also 

argued to represent the viscoelastic response of the actin network, leading to a power law for 

the creep relaxation function[19]: 

  J t At  (34) 
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The Laplace transform of J(t) is: 

 
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1

1





 
J p A

p
 (35) 

Since the Laplace transforms of G(t) and J(t) are related by G(p)J(p)=p
2
(cf. Eq.16) it is easy 

to show that G(t) will be given by: 
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Where 
   

1

1 1 

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B

A
 (37) 

Formally we should have t0=0 but this time shift is an ersatz which is used to avoid the 

divergence of G(t) in t=0 [32]. In practice the fit is realized on the three parameters, B,,t0, 

knowing that t0 should be small compared to the relevant relaxation times. This power law 

gives a reasonable fit although not as good as the Zener model for a slow indentation, with 

parameters: t0=0.056s, B=288.3, 0.104 (cf. blue curve in Fig. 8). In the case of a rapid 

indentation, the comparison between the Maxwell model with two relaxation times and the 

power law model is shown in Fig. 9. The obtained parameters were t0=0.016, =0.265, 

B=199; clearly the agreement with the experimental curve is less satisfactory for the power 

law model than for the Maxwell model with two relaxation times, especially at short times 

where the decrease of the force is too slow (insert of Fig. 9). Nevertheless it is worth noting 

that the value of the coefficient  is not very different from the one =0.20 found by a 

different experimental method [19]. 

 

Fig. 10 : Same conditions as in Fig. 7. Comparison between a fit with two Maxwell 

branches and a fit with a power law 

The comparison of these two models is still more instructive in the frequency domain. The 

real part of the shear modulus is given by  
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      G pG p  (38) 

which leads respectively for the Maxwell and the power law model to: 
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and      0
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Fig. 11 : Frequency dependence of the real part of the shear modulus: G'() deduced 

from the fit of G(t) by different models. Black line: power law model (Eq. (40)), redline: 

Maxwell model with two branches (Eq. (38)), Blue line: Maxwell Model with three 

branches 

Note in Eq.40 the presence of t0 in the imaginary exponential which would give a non 

physical oscillation for >1/t0. In fig.14 we put t0=0 and the incomplete gamma function 

(1-,t0) becomes (1-) so:  

   1 cos
2


  

 
     

 
G B  (41) 

The red curve clearly shows the two relaxation frequencies of the generalized Maxwell model, 

and a high frequency plateau, whereas the power law model shows a continuously increasing 

modulus. The addition of more than two relaxation times in the generalized Maxwell model 

is difficult to perform because of too many parameters which can give similar residue for 

different set of parameters; it can improve a little bit the fit and gives a smoother frequency 

dependency (blue line in Fig. 11) but in any event it remains true that both at low and high 

frequencies the behavior of the two models remains very different. At low frequency we find 

clearly a zero frequency modulus, G0 corresponding to a constant position of the indenter 

after the relaxation sequence; this also confirmed by the elastic recovery of the indenter 

position at the end of the cycle described in Fig. 2 whereas in the power law model there is a 
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continuous decrease of the modulus with the frequency. Actually it is possible to add a zero 

frequency modulus in Eq.36 to take into account the solid like behavior, but at high 

frequency we find a plateau with the Maxwell model contrary to the power law model. This 

plateau is, of course, inherent to the Maxwell model and is imposed by the shortest relaxation 

time; it could be that experimentally it is not possible to test higher frequencies because the 

indentation velocity is limited. Actually, as can be seen in Fig. 7, we are well able to detect 

this plateau for indentation velocity higher than 10m/s. Furthermore, as can be seen in the 

insert of Fig. 10, the experimental relaxation is faster than the one predicted by the power law 

model, which means that this model does not well capture the physics of the relaxation 

process in the high frequency range. This frequency cut-off could be, for instance, related to a 

typical unbinding time of crosslinks, which blocks the relaxation of the actin network for 

smaller times [33]. 

4 Conclusions 

In the section 2 of this paper it was shown, with the help of a comparison with FEM results 

on a viscoelastic solid, that a generalized Hertz theory was very well adapted to describe, not 

only the relaxation part, but the whole indentation curve, obtained with a spherical probe 

mounted on the tip of an AFM. Furthermore this equation takes into account the finite 

thickness of the cell with respect to the indentation depth. In the case of a Zener model, the 

differential equation relating the indentation to the vertical motion, z(t) of the piezoelectric 

transducer can be written explicitly: Eq.27 whatever the shape of z(t). For any creep function 

G(t), the integral equation Eq.23 can be used to obtain the parameters included in the function 

G(t). A proper determination of the contact between the probe and the cell and also the 

correction due to the viscous dissipation on the cantilever was proposed and described in Fig. 

2. Based on these methods, the viscoelastic properties of Hep G2 cancer cells were obtained. 

It appears that high velocities of indentation reveal a short relaxation time which is generally 

ignored due to the use of smaller indentation velocity, This is for instance the case[2][34], 

where the typical time of compression was several seconds which did not allow to observe 

this fast relaxation time. A generalized Maxwell solid with two relaxation times is shown to 

rather well describe the indentation function except  for the very first part of the relaxation 

(t<0.1s). A power law function for G(t) gives a poorer agreement in this domain and 

furthermore is not able to represent the solid behavior at low frequency. A tentative 

interpretation of this result in terms of the actin network was proposed even if it was beyond 

the scope of this paper which was to give a firm basis for the determination of viscoelastic 

functions with the help of an AFM. These results will also be used in a future work to predict 

the motion of magnetic nanoparticles actuated at the surface of the cell by a magnetic field. 
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