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Abstract: 8 

Internally heated 3-D mantle convection models in a spherical shell with temperature and 9 

pressure dependent viscosity have been performed to provide new insights into the various 10 

convection regimes, the transition from steady state convection to time-dependent convection 11 

and the associated convection pattern. The analysis of a total of 91 simulations reveals four 12 

regime types, i.e., a mobile-lid regime, a sluggish regime, a low-degree regime, and a 13 

stagnant-lid regime. The occurrence of these regimes depends on the viscosity contrast and 14 

the internal Rayleigh number. The low-degree regime occurs close to the boundary of the 15 

stagnant-lid regime in case of temperature dependent viscosity. In case of additional pressure 16 

dependence, the range of the low-degree regime is smaller and a narrow range of the sluggish-17 

lid regime exists in the weakly convecting part. Furthermore, the transition to the stagnant-lid 18 

regime occurs at a lower viscosity contrast. For the stagnant-lid regime we have derived a 19 

scaling law describing the heat transport. Similar scalings could not be obtained for the other 20 

regimes as this seems to require also a correlation of the convective pattern with the internal 21 

Rayleigh number. Such a relation is only given for the stagnant-lid regime in case of 3D 22 

spherical geometry. The stagnant-lid cases in steady state show a minimal possible degree of 23 

the convective pattern that is independent on the pressure dependence of viscosity and 24 

remains constant until time-dependent convection sets in with increasing Ra. At this stage, the 25 

dominant degree of the convective pattern increases with increasing internal Ra but the slope 26 

varies with the pressure dependence of the viscosity.  27 
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 28 

1. Introduction�29 

The temporal and spatial evolution of mantle convection strongly depends on the mantle 30 

rheology, and in particular the viscosity (e.g., Christensen, 1983; Christensen, 1984a; 31 

Christensen and Harder, 1991; Giannandrea and Christensen, 1993; Hansen and Yuen, 1993; 32 

Ratcliff et al., 1995; Roberts and Zhong, 2006; Tackley, 2000a; Tackley, 2000b; Weinstein, 33 

1995; Zebib, 1993; Zhu and Feng, 2005). One first order effect is the temperature dependence 34 

of the viscosity. For temperature variations typical in the terrestrial planets the viscosity varies 35 

by several orders of magnitude. The consequences of this strong viscosity variation on the 36 

mantle dynamic has been examined with experimental and numerical studies for about three 37 

decades (e.g., Christensen, 1984a; Davaille and Jaupart, 1993; Giannandrea and Christensen, 38 

1993; Grasset and Parmentier, 1998; Honda, 1996; Moresi and Solomatov, 1995; Morris and 39 

Canright, 1984; Reese et al., 2005; Reese et al., 1999; Richter, 1978; Richter et al., 1982; 40 

Solomatov, 1995). One important finding is the change in surface mobility and the 41 

development of three different regimes depending on the viscosity contrast (e.g., Ratcliff et 42 

al., 1996a; Ratcliff et al., 1997; Solomatov, 1995):  43 

The mobile-lid regime is typical for iso-viscous convection and convection with extremely 44 

low viscosity contrasts where the surface is fully mobile. The sluggish-lid regime, sometimes 45 

called transitional regime, is typical for convection with moderate viscosity contrasts (102-46 

104). The surface velocity is strongly reduced due to high viscosities of the cold material close 47 

to the surface. The stagnant-lid regime occurs with strong temperature-dependent viscosity 48 

(for viscosity contrasts larger than ~ 104 – 105) as the surface completely stagnates and does 49 

not participate in convection. The heat transport within this lid is only by conduction.  50 

Transition into the different regimes has also been associated with changes in the degree of 51 

convective pattern. For instance, for a moderate viscosity contrast, i.e., the sluggish-lid 52 

regime, the convection structure can become large-scale (e.g., McNamara and Zhong, 2005; 53 

Tackley, 1996b; Yoshida and Kageyama, 2006) whereas convection under the stagnant lid is 54 

typically characterized by small-scale convection (Reese et al., 2005; 1999). 55 

In this paper, we present a systematic study of internally heated convection in a spherical shell 56 

with varying viscosity contrast and Rayleigh number for either purely temperature dependent 57 

viscosity or temperature and pressure dependent viscosity. To our knowledge, the only studies 58 

for internally heated three-dimensional spherical shells have been performed by Reese et al. 59 

(2005; 1999), and cover only a narrow parameter range within the stagnant-lid regime and do 60 
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not study the transition between the regimes or structural aspects in detail.  Here, we have 61 

performed 91 simulations to provide new insight into the transition to the stagnant-lid regime, 62 

the transition from stationary to time-dependent convection, the associated convection 63 

patterns and the ratio of lateral to radial viscosity contrast. For the stagnant-lid regime, we 64 

have derived a scaling law for the heat transport and the dominant degree of the convective 65 

pattern depending on the internal Rayleigh number as well as a scaling law for the lateral 66 

viscosity contrast depending on the radial viscosity contrast. 67 

 68 

2. Numerical Model 69 

The numerical model is based on a simulation code by (Hüttig and Stemmer, 2008a; 2008b) 70 

that is able to handle fully spatial viscosity variations up to several orders of magnitude. The 71 

mantle convection is numerically treated as thermal convection in a 3-D spherical shell (with 72 

a core-to-surface radius ratio of 0.55) of a Boussinesq fluid with infinite Prandtl number. We 73 

apply free-slip boundary conditions, volumetric heating and surface cooling. The set of 74 

conservation equations then reads: 75 

 ' 0v∇⋅ =
�

 (0) 76 

 { }( ) 0' ' ' ' ' 0
T

rp v v Ra T eη� �−∇ + ∇ ⋅ ∇ + ∇ + =� �� �

�� �� ��
 (0) 77 

 2'
' ' ' 1

'
T

v T T
t

∂ + ∇ = ∇ +
∂

��
 (0) 78 

The above parameters with an apostrophe are non-dimensional scaled parameters, where 'v
��

 is 79 

velocity, T’ is temperature, 'η  is viscosity, { }T is vector transpose, re
��

is the radial unity 80 

vector, t’ is time, p’ is pressure and Ra0 is the Rayleigh number at the reference viscosity 0η   81 

(here it is the surface viscosity). This Rayleigh number is defined as 82 

 
5

0
0

g Hd
Ra

k
ρ α

κ η
=  (0) 83 

where ρ  is the density, g is the acceleration of gravity, κ  is the thermal diffusivity, k is the 84 

thermal conductivity, H is the volumetric heat production rate, and d is the layer thickness. 85 

The following scaling has been used to derive the non-dimensional parameters: '
d

v v
κ

=
�� �

, 86 
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−=  with Ts the surface temperature. 87 
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 88 

The Rayleigh number together with the varying viscosity acts as a driving term for thermal 89 

convection. The viscosity itself is described by the Arrhenius law (Karato and Li, 1992; 90 

Karato and Wu, 1993) and here approximated by a linearized Frank-Kamentskii approach 91 

(Frank-Kamenetskii, 1969). This approach is based on the constant rheological gradient γ  92 

that describes the dependence on T’ and - in case of pressure dependence - a pressure 93 

dependent part pη∆  94 

 
0

'' exp( ' ln( )( '))pT r rη γ η= − + ∆ −  (0) 95 

where r’ is the radius (r’=r/d) and '
0r  is the outer radius. 96 

The rheological gradient is defined as 97 

 ln '
'T

ηγ ∂= −
∂

 (0) 98 

In the present study, Ra0, defined at the surface, and γ  have been varied between 1 and 106 99 

and 0 and 120, respectively, with either pη∆ = 1 (without pressure dependence) or pη∆ = 100 100 

(pressure dependent viscosity contrast of 100). While the viscosity contrast due to pressure 101 

pη∆  is directly specified, the contrast due to temperature is an output parameter. Both setups, 102 

i.e., with or without pressure dependence, took approximately half of all runs. In the 103 

following, models with only temperature-dependent viscosity have the symbol TC and models 104 

with temperature and a pressure dependence viscosity throughout the shell of two orders of 105 

magnitude TPC. The appendix provides a detailed overview on all cases.  106 

All runs were simulated until they reached the quasi-steady state, meaning that surface heat 107 

flow and mean velocities oscillate around a constant value for a sufficiently long time. The 108 

discrete base is a grid with 32-48 shells (depending on the strength of convection) and 109 

laterally divided icosahedra with 5 iterations, leading to 10.240 nodes per shell. 110 

The following diagnostic (output) parameters for the present study have been calculated for 111 

each model:  112 

1) The internal temperature '
iT , which is defined as the laterally averaged temperature in the 113 

convecting mantle. It is best described by the laterally averaged temperature at the depth of 114 

the maximal radial velocity with 115 

 
' ' ' '

0

' ' ( ')      with

' ' , : ( ') max ( ')

i lat

c r r
lat lat

T T r

r r r r v r v r

=

� �	 
� �= ∈ =� �
 �� � � �� �

�� ��  (0) 116 

with '
cr  the inner radius and '

rv  the radial velocity. 117 
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2) The viscosity contrast in a convecting system is described by the viscosity of the 118 

convecting interior  119 

 
'
0
'
i

ηη
η

∆ =  (0) 120 

 121 

where '
iη  is the viscosity at the interior temperature at '

iT . Note that, in contrast to bottom 122 

heated convection, the viscosity contrast is an output parameter.  123 

3) The internal Rayleigh number, based on the viscosity of the convecting interior 124 

 
5

,H i
i

g Hd
Ra

k
ρ α

κ η
=  (0) 125 

 126 

4) The structural complexity of convection can be obtained by transforming the temperature 127 

field of a certain radius into spherical harmonics. The strength or energy of each degree of 128 

convective pattern � , referred to as ‘degree’ here after, represents the temperature variation 129 

corresponding for this specific wavelength on the sphere. The higher the energy in high 130 

degrees, the more complex is the convective pattern. This in turn reflects the amount of up- 131 

and down-wellings in the spherical shell. The resulting power spectrum lλ  determines the 132 

energy of each degree of the convective pattern �  at radius r. The sum in radius of these 133 

power spectra provides a one-dimensional spectrum of degrees that reflects the complexity of 134 

convection of the entire spherical shell and is given by: 135 

 ,rr
λ λ=�� �

 (0) 136 

The dominant degree, or the degree with the highest energy, �  is usually considered to 137 

classify the structural regime and is the degree with the maximum energy. However, to obtain 138 

a single parameter to describe the structural complexity of the convecting system other than 139 

the dominant degree, a weighted degree ω  is also calculated to account for multiple 140 

occurrences of strong degrees. This method is similar to the robust-localization method 141 

(Kertz, 1973; Buttkus, 2000): 142 

 
λ

ϖ
λ

= �
�

�

�

�
 (0) 143 

5) The thermal boundary layer (TBL) is the region within the convecting system that 144 

determines the transition from conductive to convective heat transport. A bottom-heated 145 

convection system consists of two such thermal boundary layers; purely internally heated 146 

convection as in our case has only the top boundary layer. The details like thickness and depth 147 
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of this layer also determine the heat-flow of the convecting system; the depth of the center of 148 

this region ( 0δ ) is directly related to the surface heat flow, expressed as the Nusselt number, 149 

while the temperature difference across the TBL reflects the rheological gradient γ  (Grasset 150 

and Parmentier, 1998). The following parameters have been obtained for each run. Their 151 

definition is illustrated in figure 1. 152 

 153 

0δ  Depth of the center of the TBL 154 

bδ  Depth of the bottom boundary of the TBL 155 

lδ  Depth of the upper boundary of the TBL equivalent to the thickness of the stagnant- 156 

 lid, determined with the method illustrated in fig. 1b 157 

rhδ  Thickness of the TBL, l bδ δ−  158 

*
rhδ  Reduced thickness of the TBL, centered around 0δ : ( )*

02rh bδ δ δ= −  159 

3. Results�160 

The convection pattern and its temporal evolution change with increasing internal Rayleigh 161 

number or viscosity contrast. Two different categories can be distinguished. One category 162 

classifies the temporal evolution and differentiates between stationary convection and time-163 

dependent / turbulent convection and is called time�������������	�
���	��
���

���. The 164 

central parameter of influence is the Rayleigh number. We further distinguish the spatial 165 

properties of the flow such as structure and surface mobility. The spatial properties are 166 

influenced mainly by the viscosity contrast and the applied rheology.  This is called 167 

convective regime.  168 

 169 

��� ������	��	
�����
������� ���

��	:  170 

To achieve convection for a given viscosity contrast, the internal Rayleigh number must be 171 

larger than a critical value. For Rayleigh numbers just above the critical value, convection sets 172 

in and reaches a stationary in which the convection pattern stays stationary. With increasing 173 

Rayleigh number, time-dependent convection sets in where all measurable output parameters 174 

fluctuate over time (e.g., Bottaro et al., 1992; Busse, 1978; Craik, 2000; Hansen and Ebel, 175 

1984; Hansen and Ebel, 1988; Hansen and Yuen, 1990; Hansen and Yuen, 1993; Hansen et 176 

al., 1990; Hansen et al., 1992a; Hansen et al., 1992b; Krishnamurti, 1970; Tang and Tsang, 177 

1997; Travis et al., 1990). If the output parameters are independent of the initial condition and 178 
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fluctuate around their temporally averaged value, it is called the quasi-stationary or time-179 

dependent convection.  180 

The time dependence of the flow depends mostly on the internal Rayleigh number as it 181 

determines the vigor of convection. To classify the time dependence of convection, a criterion 182 

is required that is sensible to temporal fluctuations of control variables, i.e., the maximal 183 

velocity maxv . The (quasi-) stationary part of a simulation was used to calculate the mean 184 

maximal velocity maxv  and finally the M0 indicator that determines the standard deviation of 185 

maxv relative to maxv : max

max
o

v
M

v
σ
	 


= 
 �
� �

. This is equivalent to the average fluctuation in percent of 186 

maxv .  187 

Cases with a value of M0 smaller than 1.5% are considered as stationary. For values of M0 188 

larger than 1.5%, the convective pattern is time-dependent. Between the stationary and time-189 

dependent flows, we observe some intermediate cases in which the flow pattern is periodic. 190 

We included these cases as time-dependent because they have values of M0 larger than 1.5%. 191 

A sharp boundary for the transition from steady state to time-dependent convection could only 192 

be identified for stagnant-lid cases (see classification of the stagnant-lid regime below) and is 193 

at RaH,i ~2�106 for TC, similar to observation by Hansen et al. (1990), and ~6�105 for TPC 194 

(Figure 2). The boundary for non-stagnant-lid cases is rather wide and between 105 and 2�106 195 

for all cases.  196 

Convection regimes 197 

To distinguish the convection regimes, in particular the transition to the stagnant-lid regime, 198 

most studies have used the averaged surface velocity topv (e.g., Davaille and Jaupart, 1993; 199 

Hansen and Yuen, 1993; Solomatov, 1995; Tackley, 2000c; Trompert and Hansen, 1998). 200 

Two such mobility definitions are top

rms

v
M v= (Tackley, 2000c) where vrms is the root mean 201 

square velocity and 
2
rh topv

S d
δ

κ=  (Solomatov and Moresi, 1997) with rhδ  being the thermal 202 

boundary layer thickness. Here, we propose an alternative approach based on a well-defined 203 

correlation between the Nusselt number and the heat flux in the mobile-lid regime in the form 204 

of 1
rh Nuδ −=  (Solomatov, 1993). Figure 3 shows the distinct behavior between Nu and rhδ  for 205 

the stagnant and non-stagnant-lid regime. Scaling laws, as those presented in the next section, 206 

highlight the differences between those regimes.  207 
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The correlation of the boundary layer thickness in relation to the Nusselt number can be used 208 

for an alternative mobility definition in the form of 1 rhM Nuδ= , as it defines a useful 209 

boundary for the stagnant-lid regime with M1 < 0.6. The advantage of this definition is the 210 

absence of any velocity component. Figure 4 shows the three different definitions derived 211 

from Solomatov and Moresi (1997) and Tackley (2000c) as well as the just described M1 for 212 

all cases. A comparison of the three definitions indicates that the transition to stagnant-lid 213 

convection can be best distinguished with our new mobility definition M1.  According to this 214 

definition, the stagnant-lid regime is observed for a viscosity contrast larger than 1.3 104 215 

within the convecting system for purely temperature-dependent viscosity cases. The relative 216 

error on this value is less than 5% because the transition is valid for all relevant parameter 217 

values. The transition into the stagnant-lid regime for pressure dependent viscosity starts at a 218 

lower viscosity contrast of about 103 (with the exception of case #83 that will be discussed 219 

below). It is interesting to note that in contrast to the bottom-heated case, our experiments 220 

indicate that for an internally heated fluid, the critical viscosity contrast for the stagnant-lid 221 

regime is smaller when the pressure dependence of viscosity is accounted for as well (Bunge 222 

et al., 1996; 1997). We will demonstrate and discuss below that the transition into the 223 

stagnant-lid regime is accompanied and can also be identified with an increase in the 224 

dominant degree of convection and a rapid decrease of the ratio of lateral to radial viscosity. 225 

For lower values of viscosity contrast, i.e., lower than the critical value at which stagnant-lid 226 

convection occurs, we distinguish three other regimes, i.e., the mobile-lid regime, the sluggish 227 

regime and the low-degree regime (Fig. 5). This is different to earlier studies that only 228 

distinguish between the mobile and the sluggish regime (Solomatov and Moresi, 1997). In the 229 

present classification of the regimes we consider the dominant degree of convection in 230 

addition to surface mobility to highlight structural differences as well.  231 

Mobile-lid regime: This regime is characterized by a full mobile surface and a dominant 232 

degree of the convective pattern larger than two. It includes isoviscous convection and 233 

convection with low viscosity contrasts up to 10. The absence of low degree convection in the 234 

present isoviscous cases is due to the chosen radius ratio. An increased core-to-surface radius 235 

ratio leads to higher minimal degrees (Jarvis, 1993; Jarvis, 1994; Jarvis et al., 1995; 236 

Travnikov et al., 2000). An increase in the surface Rayleigh number generally results in an 237 

increase of the degree, although no tendency could be observed for increased internal 238 

Rayleigh numbers with increasing γ . The velocity increases and the flow become turbulent 239 

while maintaining a relatively low dominant degree. Sluggish-lid regime: This regime is 240 

characterized by strongly reduced velocity at the surface and a dominant degree which is 241 
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larger than two. In this study, it has been only observed in a small parameter range of the TPC 242 

cases. Due to the relatively low Rayleigh numbers and viscosity contrast, the patterns are 243 

comparable with laboratory and theoretical experiments in the plain layer (Busse and Frick, 244 

1985; Oliver and Booker, 1983; White, 1988). Low-degree regime: This regime is 245 

characterized by a full mobile surface (in few cases close to the transition of the stagnant-lid 246 

regime a reduced surface velocity has also been observed) and a dominant low degree of the 247 

convective pattern of one or two. In both cases, TC and TPC, starting from isoviscous 248 

convection, an increase in the viscosity contrast leads to a drop in the dominant degree for 249 
5

0 10Ra <  and increases rather abruptly while passing the stagnant-lid boundary. Within the 250 

,H iRa  and η∆  parameter space, this low-degree region has the shape of a trapezoid and 251 

therefore depends on both parameters, as illustrated in figure 5 with a degree-marker over the 252 

observed parameter space.  253 

For TPC (Fig. 5b), one case (#83 in the appendix, also L in figure 6) produces a convective 254 

pattern of degree one without a stagnant lid but with a viscosity contrast larger than the 255 

critical value of 103. This case indicates that the transition to the stagnant-lid regime is not 256 

purely bound by the viscosity contrast, as indicated already by earlier studies (Grasset and 257 

Parmentier, 1998; Solomatov and Moresi, 1997). We have therefore considered in Figure 5b a 258 

small area of the low-degree regime that is located above the critical viscosity contrast 259 

although the exact position is not well constrained due to lack of data.   260 

For all four regimes, a typical convection structure, temperature power-spectra for degrees up 261 

to 30 over depth and a velocity profile are presented in figure 6. 262 

 263 

Scaling laws 264 

Wavelength scaling 265 

The dominant degree of the convective pattern indicates the structural complexity and is 266 

directly associated with the number of convective up- and down-wellings. Within the 267 

stagnant-lid regime, and only in the stagnant-lid regime, a strong correlation exists between 268 

the degree of convective pattern and the internal Rayleigh number (Fig. 7). This was already 269 

expected from previous studies for both bottom and internally heated convection (e.g., 270 

Ratcliff et al., 1996a; Reese et al., 2005; Stemmer et al., 2006; Zhong et al., 2008) because it 271 

was observed that the degree of convective pattern increases with increasing driving forces. 272 

Due to the large number of cases in our study, we derive for the first time a scaling law to 273 

describe the correlation between the convective pattern and the internal Rayleigh number.   274 
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We use the weighted degree ϖ instead of the dominant degree as for the former the 275 

correlation between the internal Ra and the convective pattern is stronger. The following 276 

fitting formula has been derived:   277 

 , , min( , ) ln( ) ln( ) step
S T H i H i S TP Ra Ra m Ra Ra

m

ϖ
ϖ ϖ− −

∆	 

= − + +
 �

� �
 (0) 278 

where S TRa −  is the internal Rayleigh number at which the transition to the time-dependent 279 

convection occurs, m is the slope in the time-dependent part, 
stepϖ∆  is the observed increase at 280 

,H i S TRa Ra −= , minϖ  is a  minimal possible degree, and P is the incomplete gamma function 281 

(Furman and Zitikis, 2008) to describe the transition from stationary to time-dependent 282 

convection with a step function. 283 

The minimal possible degree minϖ  occurs for the stationary cases, i.e., small Rayleigh 284 

numbers, and remains constant until the transition to time-dependent convection.  This 285 

minimal degree has a relatively large error because multiple possible degrees may exist for 286 

the same ,H iRa  in the stationary convection depending on the initial condition of the 287 

temperature field (e.g., Ratcliff et al., 1995; Ratcliff et al., 1996b; Ratcliff et al., 1997; Zhong 288 

et al., 2008). To account for this uncertainty, an error of plus-minus two degrees is expected 289 

for minϖ . Note that the minimal degree also depends on the assumed core-to-surface radius 290 

ratio.  291 

The transition from stationary to time-dependent convection is accompanied by a step 
stepϖ∆  292 

towards higher degrees, i.e., the complexity of the flow pattern increases. At this transition, 293 

the degree increases linearly with increasing Rayleigh number (Fig. 7a). The fitting 294 

parameters for the stagnant-lid regime are summarized in table 1.  295 

For the models with pressure dependent viscosity (TPC), the slope is less steep than for the 296 

TC cases resulting in lower degrees of the convective pattern, as predicted by Bunge et al. 297 

(1996).  However, the minimal degree minϖ  for stationary convection is not influenced by the 298 

pressure dependence of the viscosity.  299 

As a consequence of the increase in the degree after the transition from stationary to time-300 

dependent convection, the observed temporal standard deviation of the velocity (Mo indicator) 301 

has to show a significant increase for min stepϖ ϖ ϖ> + ∆ , as demonstrated in figure 7b. This 302 

leads to the conclusion that beyond 10ϖ ≥ , convection is always time-dependent in the 303 

stagnant-lid regime. 304 

 305 
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Lateral viscosity contrast 306 

Figure 8 shows the relation between the lateral to radial viscosity contrast of the convecting 307 

system for the purely temperature-dependent cases and the pressure-dependent cases. For 308 

non-stagnant-lid cases with purely temperature-dependent viscosity, the lateral viscosity 309 

contrast is similar to the radial viscosity contrast ( )latη η∆ ∆� . In contrast for non-stagnant-310 

lid cases with pressure-dependent viscosity, the lateral viscosity contrast is much larger than 311 

the radial viscosity contrast and a relation of 23latη η∆ ≈ ∆ has been identified. 312 

For all stagnant-lid cases, latη∆  remains approximately constant. For TC this value is about 313 

30 and for TPC it increases to 130 (Fig. 8). This increase in latη∆  depends solely on the 314 

pressure dependence of the viscosity pη∆ . To obtain a relationship between the lateral and 315 

radial viscosity contrast for temperature and pressure dependent viscosity models, we have 316 

considered three additional stagnant-lid cases assuming 510pη∆ =  (case #89-91). These 317 

models show a lateral viscosity contrast of 3~ 3 10latη∆ ⋅  and the following linear relationship 318 

could be established:  319 

    exp(2.95 0.43 ln )lat pη η∆ ≈ + ∆     (0) 320 

 321 

Rheological constant 322 

In the stagnant-lid regime, the convective system is separated into two parts, i.e., the 323 

convecting interior and the stiff upper part (the stagnant-lid) that is mainly controlled by 324 

conductive heat transport.  Part of the convecting interior and just beneath the stagnant lid is 325 

the upper thermal boundary layer (TBL). The temperature drop within the TBL can be 326 

described by the rheological gradient γ  and the constant rha : 327 

 rh rh

rh i L

a

TT T

T γ∆
∆

=
= −

 (0) 328 

where ( )L lT T δ=  is defined as the temperature at the base of the stagnant lid and ( )i bT T δ=  is 329 

the internal temperature at the bottom of the TBL. This relation has been already suggested by 330 

Solomatov (1993; 1995), later proven in laboratory experiments for internally heated 331 

convection by Davaille and Jaupart (1993) and further confirmed by Grasset and Parmentier 332 

(1998) and Reese et al. (2005; 1999) with numerical simulations. 333 

The thickness of the stagnant lid lδ  is not clearly defined and different approaches exist in the 334 

literature to constrain its value. Some refer to a non-eroded stagnant lid (Deschamps and 335 

Sotin, 2000), where advective forces are low enough to guarantee that material in the lid 336 
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remains within this region. This has been approximated by a threshold in the radially averaged 337 

velocity profile. The thickness of the lid is then equal to the depth where the velocity profile 338 

reaches the value of the expected numerical error in the velocity.  Even though this is the most 339 

plausible definition of a stagnant lid as it really defines a ‘stagnant’ lid, it is also very volatile 340 

because the velocity profile has a rather smooth logarithmic transition towards zero, so small 341 

variations in the threshold value have a great impact on the thickness of the lid. Another 342 

widely used method consists of exploiting the tangent through the inflexion point of the 343 

velocity profile within the TBL (Grasset and Parmentier, 1998), as illustrated in figure 1b.  344 

Assuming that rha  is constant, we have benchmarked the different methods of determining 345 

the lid thickness to check which method leads to the least standard deviation of rha . Our 346 

results show that the method using the tangent through the inflexion point of the velocity 347 

profile is most suitable to obtain the least standard deviation. The average value is rha  � 2.88 348 

± 0.04 (table 2). The discrepancy between our value and previous estimates of 3.1 (Reese et 349 

al., 2005), 2 (Davaille and Jaupart, 1993), 2.2 (Davaille and Jaupart, 1994; Grasset and 350 

Parmentier, 1998) and 2.4 (Solomatov and Moresi, 2000) is mainly due to the insensitivity of 351 

this parameter within the heat-flow scaling law as explained in the next section. 352 

 353 

Nusselt number 354 

The convecting interior below the stagnant lid consists of small lateral and radial viscosity 355 

variations (see lateral viscosity scaling above) and can be considered as isoviscous (e.g., 356 

Grasset and Parmentier (1998). The Nu-Ra scaling relation for isovisous convection is given 357 

by  358 

 Nu a Raβ=  (0) 359 

where a  and β  are constants. This relation is only valid for the convecting region, therefore, 360 

the Rayleigh number, which is based on the interior viscosity iη  and the internal temperature 361 

iT , need to be rescaled with the effective non-dimensionalized thickness of the convecting 362 

interior (1 )lδ− : 363 

 ( )5 1
1 0 1 l iRa Ra δ η −= −  (0) 364 

as well as the internal temperature:  365 

 1 2(1 )
i L

l

T T
T

δ
−=

−
 (0) 366 
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For purely internally heated convection, the internal temperature iT  is directly related to the 367 

Nusselt number and therefore related to the heat-flow (Reese et al., 1999). The Nusselt 368 

number is the ratio of the theoretical non-dimensionalized maximal conductive temperature 369 

cT to the internal temperature  370 

 C

i

T
Nu

T
=  (0) 371 

This relation allows modifying the equation 15 to  372 

 1 1T a Ra β−=  (0) 373 

The constants a and β have been obtained by fitting the internal temperature to the calculated 374 

stagnant-lid cases for both the stationary and the time dependent convection (table 3). Figure 375 

9 shows further the relation between 1T  and 1Ra  for all the stagnant-lid cases with time 376 

dependent convection using the constants in table 3. The fitting constants of the time-377 

dependent part of TC are very similar (less than 3e-3 difference in β ) to those observed by 378 

Parmentier et al. (1994), who studied isoviscous three-dimensional Cartesian internally heated 379 

convection with no-slip boundaries. Our results are also close to the results obtained by 380 

Grasset and Parmentier (1998) in their 2D study (see table 3). This confirms the assumption 381 

that convection beneath the stagnant lid can be treated as isoviscous (Davaille and Jaupart, 382 

1993; Grasset and Parmentier, 1998; Reese et al., 2005; Solomatov and Moresi, 1996) and 383 

further that the boundary to the stagnant lid is close to a no-slip boundary condition.  384 

To derive a complete scaling law, the non-dimensionalized temperature (scaled with 
2Hd

k
ρ

) 385 

at the base of the lid can be derived from the conductive temperature profile for a volumetric 386 

heat source in spherical geometry with ri as the inner and r0 as the outer radius: 387 

 2 3 21 2 2
( )

6 i o
o

T r r r r
r r

	 
	 
−= − + + +
 �
 �
� �� �

 (0) 388 

This equation also leads to the maximal conductive temperature ( )C iT T r=  in the spherical 389 

shell, which is needed to obtain the Nusselt number. Inverting equation 20 yields the radius 390 

for the temperature within the conducting lid that can be exploited to retrieve the lid depth 391 

based on a known lid temperature with ( )l Ld Tδ = . 392 

Besides using the parameter rha  obtained from the tangent method (table 2) and the 393 

associated parameters a and β  (table 3), the large number of runs allows to fit all three 394 

parameters directly. To provide a better understanding of the dependence of all three 395 
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parameters, a was varied over a reasonable range between 1 and 10 while the remaining two 396 

parameters were fitted. The parameter fit is shown in figure 10a and the standard deviation in 397 

figure 10b for time-dependent TC cases. It is interesting to note that for a wide range of 398 

parameters the error remains almost constant. While a is in the range between ~1 and ~4.5, 399 

the resulting standard deviation is very small and does not change significantly. This puts rha  400 

in a possible range between 0.5 and 7, and β  between 0.21 and 0.26, respectively. The values 401 

for β  are approximately in between the two theoretical values for internally heated 402 

convection with free-slip (-0.25) and no-slip (-0.2) boundaries (Schubert et al., 1990a). This is 403 

evident from the definition of rha  itself; a higher value yields a more eroded stagnant-lid that 404 

gives the convection below an interface definition towards a no-slip upper boundary while 405 

lower values provide a more free-slip boundary through the shear effects of an increased local 406 

radial viscosity contrast.  Therefore, it is possible to choose the erosion level with the choice 407 

of rha  and of the associated best-fits for a and β . However, the lowest error was found for 408 

the time-dependent stagnant-lid regime at 3.57, 5.64 . 2, 0 2rha a β = −= = , which is marked by 409 

the vertical dashed line in figure 10. 410 

��� � �����	��
�	
�����	�411 

In the present parameter study, we performed internally heated 3-D mantle convection models 412 

in a spherical shell with temperature and pressure dependent viscosity. We have identified and 413 

classified four convection regimes, i.e., mobile-lid regime, sluggish regime, low-degree 414 

regime, and stagnant-lid regime that develop depending on the viscosity contrast and the 415 

internal Rayleigh number. In contrast to earlier work (Moresi and Solomatov, 1995; 416 

Solomatov and Moresi, 1997; Tackley, 1993; Tackley, 1996a), we consider also the dominant 417 

degree of the convective pattern to highlight structural differences.  418 

A significant difference to other publications is the absence of the typical sluggish regime for 419 

temperature-dependent viscosity (TC cases) and only a narrow range of the sluggish regime 420 

for temperature and pressure-dependent viscosity (TPC cases). The sluggish regime should 421 

occur after Christensen (1984b) and Moresi and Solomatov (1995) for a viscosity contrast 422 

between 102 and 104, and is further confirmed from other studies in 2D and 3D boxed 423 

simulations with internal heating and/or bottom heating (e.g., Carey and Mollendorf, 1980; 424 

Hansen and Yuen, 1993; Hirayama and Takaki, 1993; Ogawa et al., 1990). The absence of the 425 

sluggish regime for our TC cases and the small range observed for the TPC cases is mainly a 426 

consequence of the full 3D spherical treatment of the convection. This is the first study in a 427 
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spherical shell to simulate mantle convection with purely internal heating for a large 428 

parameter range. 429 

 430 

For the transition into the stagnant-lid regime we have proposed an alternative mobility 431 

definition in the form of 1 rhM Nuδ= , which defines the boundary into the stagnant-lid regime 432 

with M1 < 0.6. According to this mobility definition the stagnant-lid regime is observed for a 433 

viscosity contrast larger than 1.3·104 within the convecting system for purely temperature-434 

dependent viscosity cases. The transition into the stagnant-lid regime for pressure dependent 435 

viscosity starts at a lower viscosity contrast of about 103. An alternative boundary to the 436 

stagnant-lid regime that depends not only on the viscosity contrast can possibly be obtained if 437 

the surface Rayleigh number exceeds the critical Rayleigh number of the convecting system. 438 

This has been suggested already by Stengel et al. (1982), Richter et al. (1983) and Deschamps 439 

and Sotin (2000). We have also identified one specific case for which the transition occurs 440 

indeed for a larger viscosity contrast (figure 5b). A detailed study of this alternative boundary 441 

requires, however, much more model runs with high viscosity contrasts and Rayleigh 442 

numbers that is beyond the scope of our paper.  443 

 444 

For the stagnant-lid regime, we have derived a scaling law for the Nusselt number in the 445 

convecting interior similar to Grasset and Parmentier (1998). We confirm the assumption that 446 

the convection below the stagnant-lid can be treated and scaled as an isoviscous fluid. The 447 

exponent β  in the Nu-Ra scaling is 0.23 and consistent to earlier studies assuming internal 448 

heating (Parmentier et al., 1994). This study also shows results for the rheological constant 449 

that associates the temperature drop in the TBL with the rheological gradient. A complete 450 

inversion of the three parameters, that was possible due to the large number of cases, shows 451 

the weak dependence of the rheological constant on the two remaining fitting parameters, i.e. 452 

a and β . A Nu-Ra scaling law for non-stagnant-lid cases as given by Moresi and Solomatov 453 

(1995) could not be established. This is most likely due to the used spherical geometry, which 454 

results in a large variation in the degree of the convective pattern. The scaling laws of Moresi 455 

and Solomatov (1995) have been constrained from 2D boxed simulations. These models do 456 

not show a large variation in the degree of the convective pattern because the degree is limited 457 

by the chosen geometry. Our finding suggests that not only the Rayleigh number and the 458 

applied rheology account for the cooling behavior of a convecting system but also the degree 459 

of the convective pattern. This conclusion is confirmed by the wavelength scaling presented: 460 

only for the regime where a relation exists between the input parameters and the degree of 461 
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convective pattern, i.e., the stagnant-lid regime, a scaling relation for the heat flow can be 462 

obtained. For the mobile-lid and the sluggish-lid regime the dominant degree of the 463 

convective pattern is unpredictable. Furthermore the influence of the convective pattern on the 464 

heat-flow is expected to be greatest if the degree is low. Therefore, small changes within the 465 

low-degree regime have a large effect on the heat flow and hence prevent scaling laws for the 466 

low-degree regime.  467 

 468 

The spectral analysis especially for the time-dependent low-degree cases reveals embedded 469 

high-degree convection within the low degree. Thus, the 'overlap' of the dominant low degree 470 

with the embedded high-degree convection could further explain the lack of simple scaling 471 

relations. Furthermore, this specific pattern of the low-degree convection let us suggest that 472 

the stagnant-lid regime could also be seen as embedded high-degree convection but within 473 

outer “degree-0” convection that transports heat solely by conduction (spherically symmetric 474 

flow does not affect radial heat transport and is here a synonym for convection-free).  475 

 476 

For time-dependent cases in the stagnant-lid regime, a relation between the internal Rayleigh 477 

number and a structural indicator, the weighted degree of the convective pattern, has been 478 

identified: The weighted degree increases linearly with the internal Rayleigh number. This 479 

behavior is similar for both models with and without pressure dependence in the viscosity. 480 

However, the increase of the degree is weaker for the pressure dependence, i.e., for equivalent 481 

internal Rayleigh number the degree is smaller in contrast to cases with purely temperature 482 

dependent viscosity. In comparison to isoviscous convection, the same internal Rayleigh 483 

number produces in the presence of a stagnant lid flow structures with higher degrees. This 484 

seems to be valid for all heating modes (e.g., Reese et al., 2005; Stemmer et al., 2006; Zhong 485 

et al., 2008).  For stationary convection, degree five seems to be the lowest possible degree 486 

beneath the stagnant lid. This limit is not affected by the presence of pressure dependence in 487 

the viscosity but is bound to the used core-to-surface radius ratio of 0.55 and is likely to be 488 

lower with a smaller core (e.g., McNamara and Zhong, 2005). The reason for the lower limit 489 

of degree five in the stagnant-lid regime is due the reduced thickness of the convecting layer 490 

and an indirect change in the upper boundary condition. The stagnant lid alters the surface 491 

free-slip boundary condition towards a no-slip boundary condition, further hindering low-492 

degree convection to develop. Tackley (1993) observed low degrees caused by bottom heated 493 

convection in a 3D box and ascribed it to the influence of the boundary condition. He argued 494 

that with a free-slip boundary condition the flow would choose a preferably long wavelength 495 
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in this scenario. The transition of the boundary condition from free-slip in the mobile and 496 

low-degree regime to the no-slip boundary condition of the stagnant-lid regime is probably 497 

responsible for the observed minimal degree. These results differ from the results of Bunge et 498 

al. (1996; 1997) and Harder (2000). These authors have shown that a modest increase in the 499 

mantle viscosity with depth has a remarkable effect on the convection pattern, resulting in a 500 

long-wavelength structure up to degree-one flow. However, in their models the viscosity was 501 

only dependent on pressure and the temperature dependence was neglected, i.e., they did not 502 

consider the stagnant-lid regime. 503 

The convection pattern described by its dominant degree is an important parameter to 504 

constrain convection models of the terrestrial planets as it can be observed for instance by 505 

seismic tomography and also indirectly from the structures at the planet’s surface. 506 

Interestingly, for Earth, Mars and the Moon a low-degree convection pattern seems likely. For 507 

the Earth, this has been indicated by seismic tomography models (Grand et al., 1997; Masters 508 

et al., 1996). Moreover, the formation of supercontinents on the Earth suggests that an even 509 

lower degree flow structure than observed today may have once existed in the past (Gurnis, 510 

1988; Zhong and Zhang, 2007). For both Mars and the Moon, even a degree-one mantle flow 511 

structure (consisting of one upwelling and one downwelling) may have existed on these 512 

bodies, resulting in the observed hemispherical crustal dichotomy and the Tharsis rise on 513 

Mars (Roberts and Zhong, 2006; Schubert et al., 1990b; Wise et al., 1979; Zhong and Zuber, 514 

2001) and the hemispherical distribution of Mare basalts on the Moon (Stegman et al., 2003; 515 

Zhong et al., 2000). Considering that the Moon and Mars are in the stagnant-lid regime, the 516 

convection patterns underneath the stagnant lid obtained with the present models seem to be 517 

inconsistent with the planetary observations.  518 

In case of the Moon, the core-to-surface radius ratio of the convecting mantle of around 0.2 519 

(Wieczorek et al., 2006) may be sufficiently small to obtain a low-degree convection to 520 

explain the hemispherical distribution of Mare basalts on the Moon. For Mars, with a radius 521 

ratio of about 0.5 (e.g., Sohl and Spohn, 1997), the situation is different. According to our 522 

results, the convection pattern below the stagnant lid is larger than about degree five, even for 523 

a strong pressure dependence of the viscosity. Thus, possible low-degree convection requires 524 

additional constraints on the parameters influencing the convection pattern. For instance a 525 

stratified viscosity profile can result in a low degree convection structure (Keller and Tackley, 526 

2009; Roberts and Zhong, 2006; Zhong and Zuber, 2001), but phase transitions in the Martian 527 

mantle may cause a low degree pattern as well (Harder, 1998; Harder and Christensen, 1996; 528 

Weinstein, 1995).  529 
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4. ����	����530 

The table A1 summarizes the most important measurements conducted with each case. All 531 

values are or base on non-dimensionalized measurements. The symbols have the following 532 

meaning: 533 

Case  A number to identify the case following two characters to classify the case. 534 

 First character: Time-dependency, S = stationary, T = time-dependant 535 

Second character: Convective regime: S = stagnant-lid, L = low-degree, M = mobile, 536 

U = sluggish 537 

,0HRa  The surface Rayleigh number (input parameter) 538 

γ  The rheological gradient (input parameter) 539 

Pη∆  The pressure (or depth) dependent viscosity variation (input parameter) 540 

Nu  The Nusselt number 541 

iT  The temperature in the convecting interior 542 

η∆  The viscosity contrast 543 

,H iRa  The internal Rayleigh number 544 

HRa  The volume-averaged Rayleigh number 545 

T  The volume-averaged temperature 546 

rmsv  The root-mean-square velocity  547 

λ  The dominant (with the maximal power) degree 548 

ω  The power-weighted degree 549 

lδ  The lid-thickness in percent of the shell-thickness 550 

rha  The rheological constant 551 

0M  Standard-deviation of the maximal velocity 552 

1M  Stagnant-lid indicator as described in section 3 553 

,minrv  The highest downwelling velocity 554 

,maxrv  The highest upwelling velocity 555 

,minrT  The lowest temperature at mid-radius 556 

,maxrT  The highest temperature at mid-radius 557 

)( lσ δ  The spatial standard-deviation of the lid-thickness 558 
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latη∆  The maximal lateral viscosity contrast 559 
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TC 2.07e6 5 5.12 5.5 0.055 
TPC 2.07e6 5 2.23 5.5 0.047 
Table1. The result of a complete inversion of stagnant-lid cases for equation 12. Grayed values indicate fixed values from TC 
due to insufficient data. 

 



  

 (number of cases) Steady-state 
convection 

Time-dependent  
convection 

TC 3.14 / 0.33 (5) 2.88 / 0.04 (24) 
Reese et al. (2005)  3.1 / 0.1 
Davaille and Jaupart (1993)  2 
Davaille and Jaupart (1994)  2.2 
Grasset and Parmentier (1998)  2.2 
Solomatov and Moresi (2000)  2.4 

TPC 6.46 / 2.44 (3) 3.71 / 0.16 (17) 
Table 2. The results for   with a lid defined as the root of the tangent through the inflexion point of the velocity profile, 
separated for different regimes and compared to previous studies. 

 



  

 Steady state convection Time-dependent convection 

TC 5.04 / 0.3 / 1.84e-2 (5) 2.34 / 0.231 / 1.6e-3 (24) 
Grasset 98  2.38 / 0.227 / ? 
Parmentier 94  ? / 0.2338 /  1.9e-3 (4)    

TPC 5.18 / 0.31 / 5e-2 (3) 1.02 / 0.178 / 3e-3 (17) 
Table3. The result of the iso-viscous fit of equation 19 in the stagnant-lid regime. The values are a /  /  (no. of cases) 
Grayed values indicate possibly wrong values due to insufficient data. 

 



  

 
 

Case                       

1 SS 1 40 1 1,115 0,314 2,74E+05 2,7E+05 8,1E+04 0,185 6,5 5 5,3 44,3% 3,49 0,0% 0,50 -0,7 3,3 0,230 0,296 4,05% 2,0E+01 

2 SS 1 50 1 1,232 0,284 1,19E+06 1,2E+06 4,6E+05 0,179 18,1 4 5,5 44,1% 2,90 0,3% 0,34 -6,6 11,7 0,211 0,281 1,58% 3,9E+01 

3 TS 1 60 1 1,381 0,253 3,71E+06 3,7E+06 1,7E+06 0,170 31,1 12 13,0 39,3% 2,85 2,7% 0,29 -36,6 50,9 0,210 0,259 1,80% 2,7E+01 

4 TS 1 70 1 1,530 0,229 8,53E+06 8,5E+06 4,3E+06 0,160 46,8 17 16,9 35,2% 2,87 3,3% 0,27 -103,5 104,9 0,196 0,236 1,52% 3,5E+01 

5 TS 1 80 1 1,672 0,209 1,77E+07 1,8E+07 9,7E+06 0,152 65,4 19 20,5 31,8% 2,96 1,4% 0,25 -212,6 139,2 0,188 0,217 1,33% 2,8E+01 

6 TS 1 90 1 1,810 0,193 3,41E+07 3,4E+07 2,0E+07 0,144 85,7 25 23,4 29,3% 2,92 1,9% 0,23 -354,8 209,1 0,176 0,199 1,26% 3,9E+01 

7 TS 1 100 1 1,963 0,178 5,23E+07 5,2E+07 3,3E+07 0,135 97,7 26 24,6 27,9% 2,95 4,7% 0,23 -403,7 284,2 0,165 0,182 1,22% 5,6E+01 

8 SS 3 40 1 1,205 0,291 1,05E+05 3,1E+05 1,2E+05 0,181 10,1 4 5,0 42,1% 2,90 0,3% 0,41 -2,2 6,7 0,213 0,291 2,92% 2,7E+01 

9 TS 3 50 1 1,311 0,267 5,61E+05 1,7E+06 7,1E+05 0,174 22,8 6 8,7 40,3% 2,85 1,3% 0,35 -17,0 23,9 0,209 0,271 1,72% 2,3E+01 

10 TS 3 60 1 1,473 0,238 1,45E+06 4,4E+06 2,1E+06 0,164 39,5 14 15,0 35,8% 2,81 4,2% 0,30 -68,4 71,6 0,202 0,244 1,80% 2,1E+01 

11 TS 3 70 1 1,627 0,215 3,31E+06 9,9E+06 5,2E+06 0,154 60,3 18 18,4 32,1% 2,92 4,0% 0,27 -175,8 136,8 0,189 0,224 1,56% 2,6E+01 

12 TS 3 80 1 1,776 0,197 6,65E+06 2,0E+07 1,1E+07 0,146 88,7 21 22,0 29,5% 2,86 5,9% 0,25 -337,2 210,6 0,178 0,203 1,35% 2,5E+01 

13 TS 3 90 1 1,921 0,182 1,26E+07 3,8E+07 2,3E+07 0,139 102,9 25 25,0 27,0% 2,91 4,0% 0,24 -463,1 239,8 0,168 0,187 1,26% 3,5E+01 

14 TS 3 100 1 2,062 0,170 2,24E+07 6,7E+07 4,3E+07 0,132 132,6 29 27,5 25,3% 2,87 4,8% 0,23 -675,0 345,0 0,156 0,173 1,29% 5,4E+01 

15 TS 3 110 1 2,208 0,159 3,56E+07 1,1E+08 7,2E+07 0,126 162,8 29 29,0 23,5% 2,90 4,4% 0,23 -825,8 428,8 0,146 0,163 1,26% 7,6E+01 

16 TS 3 120 1 2,351 0,149 5,49E+07 1,6E+08 1,1E+08 0,120 199,4 30 30,0 22,0% 2,97 5,9% 0,22 -917,6 564,0 0,140 0,152 1,06% 9,7E+01 

17 SS 10 30 1 1,106 0,316 1,29E+04 1,3E+05 4,0E+04 0,185 4,8 4 4,6 37,7% 3,52 0,0% 0,68 -0,9 5,9 0,225 0,315 4,97% 1,6E+01 

18 SS 10 40 1 1,278 0,274 4,72E+04 4,7E+05 2,0E+05 0,176 14,1 5 6,0 38,1% 2,91 0,2% 0,41 -7,6 13,1 0,198 0,282 2,19% 3,0E+01 

19 TS 10 50 1 1,426 0,245 1,95E+05 2,0E+06 9,2E+05 0,166 27,9 11 11,8 35,3% 2,85 1,3% 0,34 -40,1 44,8 0,196 0,253 2,04% 2,4E+01 

20 TS 10 60 1 1,591 0,220 5,13E+05 5,1E+06 2,7E+06 0,156 45,9 14 16,4 31,9% 2,87 5,0% 0,31 -110,9 82,8 0,183 0,227 1,72% 3,2E+01 

21 TS 10 70 1 1,752 0,200 1,12E+06 1,1E+07 6,3E+06 0,147 67,6 21 19,5 28,9% 2,88 2,6% 0,28 -231,3 143,9 0,176 0,206 1,54% 2,5E+01 

22 TS 10 80 1 1,907 0,184 2,27E+06 2,3E+07 1,3E+07 0,139 93,2 21 22,6 26,5% 2,89 4,4% 0,27 -401,7 206,3 0,166 0,190 1,34% 3,3E+01 

23 TS 10 90 1 2,056 0,170 4,32E+06 4,3E+07 2,7E+07 0,132 125,6 26 26,8 24,8% 2,87 7,0% 0,25 -642,0 283,2 0,156 0,175 1,41% 4,5E+01 

24 SL 100 20 1 1,189 0,294 3,46E+02 3,5E+04 1,3E+04 0,175 4,9 2 2,2 0,0% 5,89 0,0% 1,19 -1,4 13,2 0,197 0,351 2,50% 2,6E+01 

25 SL 100 30 1 1,479 0,237 1,08E+03 1,1E+05 4,0E+04 0,159 14,5 1 1,1 0,0% 7,10 0,0% 1,04 -4,6 24,1 0,153 0,298 0,55% 1,2E+02 

26 TL 100 40 1 1,582 0,221 3,15E+03 3,2E+05 1,5E+05 0,154 28,2 1 1,6 0,0% 8,85 2,0% 0,91 -54,3 42,4 0,117 0,254 0,99% 4,5E+02 

27 TS 100 50 1 1,699 0,206 2,80E+04 2,8E+06 1,5E+06 0,149 40,1 13 14,6 27,2% 2,82 2,3% 0,37 -106,2 85,7 0,168 0,213 2,12% 2,3E+01 

28 TS 100 60 1 1,881 0,186 6,67E+04 6,7E+06 3,9E+06 0,140 60,5 17 18,1 24,7% 2,89 6,6% 0,34 -221,3 119,7 0,160 0,193 1,65% 2,5E+01 

Appendix



  

Case                       

29 TS 100 70 1 2,057 0,170 1,42E+05 1,4E+07 8,7E+06 0,132 84,2 21 21,4 23,0% 2,89 4,3% 0,31 -380,7 172,3 0,151 0,176 1,49% 3,0E+01 

30 TS 100 80 1 2,226 0,157 2,79E+05 2,8E+07 1,8E+07 0,124 112,9 23 24,3 21,4% 2,90 5,0% 0,30 -540,4 263,1 0,143 0,161 1,41% 4,6E+01 

31 SL 1000 10 1 1,581 0,221 9,12E+00 9,1E+03 6,0E+03 0,146 6,9 2 2,4 0,0% 2,21 0,3% 1,08 -5,4 14,9 0,119 0,301 0,08% 1,0E+00 

32 SL 1000 20 1 2,122 0,165 2,71E+01 2,7E+04 1,9E+04 0,125 13,4 2 2,2 0,0% 3,30 0,1% 1,07 -9,0 24,7 0,092 0,228 0,04% 1,0E+00 

33 TL 1000 30 1 2,221 0,158 6,77E+01 6,8E+04 4,3E+04 0,120 21,4 2 2,1 0,0% 4,73 1,6% 1,08 -16,8 35,7 0,076 0,197 0,05% 7,7E+01 

34 SL 1000 40 1 2,288 0,153 1,14E+02 1,1E+05 6,9E+04 0,113 35,3 1 1,3 0,0% 6,12 0,0% 1,06 -23,6 42,5 0,057 0,175 0,03% 2,2E+02 

35 TL 1000 50 1 2,292 0,153 4,47E+02 4,5E+05 2,4E+05 0,116 51,5 1 2,0 0,0% 7,64 6,2% 0,95 -128,9 59,1 0,046 0,166 0,09% 8,1E+02 

36 TL 1000 60 1 2,362 0,148 4,71E+03 4,7E+06 2,4E+06 0,116 91,0 1 3,1 0,0% 8,89 3,1% 0,86 -302,2 150,0 0,057 0,157 0,59% 1,5E+03 

37 TS 1000 70 1 2,501 0,140 1,72E+04 1,7E+07 1,1E+07 0,113 103,3 21 21,7 17,1% 2,94 4,6% 0,37 -500,4 205,7 0,122 0,145 1,66% 3,3E+01 

38 TS 1000 80 1 2,685 0,130 3,40E+04 3,4E+07 2,3E+07 0,107 134,3 26 25,6 16,5% 2,85 13,1% 0,34 -707,0 307,0 0,116 0,134 1,37% 1,0E+00 

39 SM 1e4 0 1 2,469 0,142 1,00E+00 1,0E+04 1,0E+04 0,108 11,5 4 4,1 0,0% 0,00 0,0% 1,06 -25,7 13,5 0,046 0,186 0,00% 1,0E+00 

40 SM 1e4 10 1 2,672 0,131 3,50E+00 3,5E+04 2,7E+04 0,099 18,9 3 3,4 0,0% 1,31 0,1% 1,04 -40,2 20,7 0,032 0,154 0,00% 3,9E+00 

41 SL 1e4 20 1 2,728 0,128 1,05E+01 1,0E+05 6,8E+04 0,096 29,7 2 2,4 0,0% 2,57 0,1% 1,04 -50,3 20,0 0,025 0,137 0,03% 1,2E+01 

42 SL 1e4 30 1 2,876 0,122 2,26E+01 2,3E+05 1,3E+05 0,091 51,9 1 1,5 0,0% 3,65 0,0% 1,04 -49,9 51,8 0,022 0,130 0,00% 3,6E+01 

43 SL 1e4 40 1 2,916 0,120 5,01E+01 5,0E+05 2,7E+05 0,089 61,2 1 1,8 0,0% 4,80 0,0% 1,04 -76,9 51,4 0,018 0,125 0,02% 9,7E+01 

44 TL 1e4 50 1 3,123 0,112 9,82E+01 9,8E+05 5,3E+05 0,085 67,8 1 3,2 0,0% 5,60 14,6% 1,01 -126,4 69,2 0,018 0,117 0,06% 2,3E+02 

45 TL 1e4 60 1 3,332 0,105 2,06E+02 2,1E+06 1,1E+06 0,083 81,6 1 3,4 0,0% 6,30 6,3% 1,01 -205,1 66,2 0,019 0,112 0,05% 4,8E+02 

46 TL 1e4 70 1 3,509 0,100 2,37E+02 2,4E+06 1,3E+06 0,081 107,7 1 3,3 0,0% 6,98 5,5% 0,97 -335,0 86,1 0,016 0,105 0,19% 1,6E+03 

47 TL 1e4 90 1 3,813 0,092 9,54E+02 9,5E+06 5,0E+06 0,078 180,7 1 2,9 0,0% 8,26 7,0% 0,89 -847,8 183,9 0,016 0,099 0,62% 8,1E+03 

48 TL 1e4 110 1 4,000 0,087 1,36E+04 1,4E+08 8,1E+07 0,076 419,6 1 1,7 0,0% 9,62 7,7% 0,83 -1757,9 476,0 0,034 0,104 1,21% 3,3E+04 

49 TM 1e5 0 1 3,367 0,104 1,00E+00 1,0E+05 1,0E+05 0,079 35,1 3 6,7 0,0% 0,00 6,8% 1,04 -177,5 28,5 0,017 0,112 0,12% 1,0E+00 

50 TL 1e5 10 1 3,731 0,094 2,53E+00 2,5E+05 2,1E+05 0,073 46,3 2 7,4 0,0% 0,94 9,4% 1,02 -155,2 52,0 0,026 0,097 0,00% 2,4E+00 

51 TL 1e5 20 1 4,042 0,087 5,39E+00 5,4E+05 3,9E+05 0,068 56,3 2 8,9 0,0% 1,73 5,8% 1,00 -247,9 53,1 0,013 0,090 0,06% 5,8E+00 

52 TM 1e5 30 1 4,428 0,079 9,70E+00 9,7E+05 6,9E+05 0,064 55,4 9 12,6 0,0% 2,37 4,6% 0,98 -250,4 61,4 0,018 0,083 0,22% 1,1E+01 

53 TM 1e5 40 1 4,657 0,075 1,79E+01 1,8E+06 1,2E+06 0,062 68,7 5 12,3 0,0% 3,01 3,4% 1,00 -296,9 74,4 0,020 0,081 0,14% 2,4E+01 

54 TM 1e5 60 1 4,967 0,070 5,80E+01 5,8E+06 3,7E+06 0,059 93,4 6 10,7 0,0% 4,23 3,7% 1,02 -445,5 114,3 0,024 0,077 0,21% 9,3E+01 

55TM 1e6 0 1 6,405 0,055 1,00E+00 1,0E+06 1,0E+06 0,045 69,8 13 16,3 0,0% 0,00 4,9% 1,01 -382,7 102,7 0,016 0,058 0,41% 1,0E+00 

56 SS 1 50 100 1,099 0,318 1,07E+05 1,1E+05 4,0E+04 0,185 5,2 6 6,4 40,4% 5,36 0,2% 0,59 -1,1 13,1 0,231 0,319 5,26% 8,3E+01 



  

 
 

Case                       

57 TS 1 70 100 1,426 0,246 1,11E+06 1,1E+06 3,9E+05 0,167 22,4 7 8,8 36,0% 3,76 7,1% 0,33 -28,3 62,1 0,196 0,260 1,63% 1,2E+02 

58 TS 1 90 100 1,697 0,206 9,48E+06 9,5E+06 2,8E+06 0,150 52,2 12 14,0 30,5% 3,62 3,3% 0,27 -157,5 191,1 0,179 0,213 1,29% 1,1E+02 

59 TS 1 100 100 1,839 0,190 1,91E+07 1,9E+07 5,5E+06 0,143 76,0 15 17,0 27,9% 3,63 5,5% 0,26 -268,7 271,9 0,170 0,197 1,09% 1,0E+02 

60 TS 1 110 100 1,969 0,178 3,67E+07 3,7E+07 1,0E+07 0,136 87,4 15 16,6 25,9% 3,68 6,4% 0,25 -339,8 380,3 0,160 0,182 1,11% 1,3E+02 

61 TS 1 120 100 2,101 0,167 6,69E+07 6,7E+07 1,8E+07 0,130 117,4 20 19,3 24,5% 3,51 6,3% 0,23 -464,7 556,8 0,152 0,170 1,00% 1,5E+02 

62 TS 3 80 100 1,667 0,210 1,41E+06 4,2E+06 1,3E+06 0,152 39,3 11 13,6 29,9% 3,72 3,5% 0,30 -100,4 143,9 0,177 0,217 1,37% 1,1E+02 

63 TS 3 90 100 1,810 0,193 3,38E+06 1,0E+07 3,0E+06 0,144 57,1 14 15,4 27,5% 3,68 2,8% 0,28 -186,1 208,2 0,168 0,199 1,28% 1,0E+02 

64 TS 3 110 100 2,090 0,167 1,33E+07 4,0E+07 1,1E+07 0,130 102,1 20 19,2 24,2% 3,54 4,4% 0,25 -415,8 466,1 0,151 0,171 0,98% 1,2E+02 

65 TS 3 120 100 2,224 0,157 2,38E+07 7,1E+07 1,9E+07 0,124 130,3 21 20,8 22,8% 3,50 6,4% 0,24 -514,5 588,3 0,143 0,160 0,90% 1,6E+02 

66 SS 10 50 100 1,309 0,267 1,12E+04 1,1E+05 5,2E+04 0,171 10,6 6 6,1 31,5% 4,77 0,0% 0,43 -6,1 35,6 0,198 0,288 3,80% 1,2E+02 

67 TS 10 70 100 1,643 0,213 1,81E+05 1,8E+06 6,2E+05 0,153 30,5 9 11,4 28,8% 3,81 5,7% 0,34 -63,8 122,4 0,174 0,224 1,59% 1,1E+02 

68 TS 10 80 100 1,793 0,195 5,22E+05 5,2E+06 1,6E+06 0,145 45,1 12 14,0 26,9% 3,70 3,0% 0,32 -132,5 170,9 0,164 0,202 1,37% 1,1E+02 

69 TS 10 90 100 1,943 0,180 1,20E+06 1,2E+07 3,6E+06 0,137 63,5 14 15,7 25,0% 3,65 4,4% 0,29 -218,2 251,8 0,157 0,186 1,19% 1,1E+02 

70 SU 100 30 100 1,134 0,309 1,60E+02 1,6E+04 8,0E+03 0,179 3,4 4 4,7 0,0% 9,26 0,1% 1,13 -1,4 21,7 0,206 0,335 4,15% 6,5E+01 

71 TU 100 40 100 1,377 0.255 4,19E+02 4,2E+04 2,3E+04 0,163 8,6 6 6,0 0,0% 10,27 2,4% 0,88 -8,6 42,5 0,167 0,280 6,85% 2,4E+02 

72 TS 100 50 100 1,607 0,218 1,55E+03 1,5E+05 7,2E+04 0,153 16,4 8 5,3 23,9% 4,21 1,9% 0,47 -24,6 47,4 0,149 0,244 4,99% 3,4E+02 

73 TS 100 60 100 1,772 0,198 8,15E+03 8,1E+05 3,1E+05 0,145 26,2 9 9,4 23,7% 3,87 6,4% 0,41 -53,5 104,2 0,144 0,212 2,39% 2,5E+02 

74 TS 100 70 100 1,934 0,181 2,85E+04 2,8E+06 9,4E+05 0,137 39,8 12 12,2 22,7% 3,71 2,4% 0,37 -104,4 144,5 0,145 0,189 1,43% 1,3E+02 

75 TS 100 80 100 2,095 0,167 7,26E+04 7,3E+06 2,3E+06 0,129 57,1 13 14,3 21,3% 3,71 3,0% 0,35 -173,6 214,0 0,140 0,173 1,28% 1,2E+02 

76 TS 100 100 100 2,412 0,145 2,99E+05 3,0E+07 8,6E+06 0,116 99,8 18 17,7 18,9% 3,70 4,7% 0,31 -347,5 400,5 0,127 0,148 1,04% 1,3E+02 

77 TU 300 40 100 1,625 0,217 9,56E+01 2,8E+04 1,7E+04 0,145 10,9 4 4,3 0,0% 8,66 2,4% 0,86 -9,8 43,2 0,129 0,247 0,87% 3,8E+02 

78 SM 300 50 100 1,825 0,192 4,93E+02 1,5E+05 6,9E+04 0,141 18,9 3 4,2 0,0% 9,59 0,8% 0,89 -30,8 58,9 0,121 0,219 1,79% 5,7E+02 

79 SM 1000 20 100 1,307 0,268 4,66E+00 4,7E+03 3,4E+03 0,159 4,1 4 4,5 0,0% 5,36 0,5% 1,07 -3,2 18,3 0,153 0,305 0,15% 3,9E+01 

80 SL 1000 40 100 2,049 0,171 1,59E+01 1,6E+04 1,1E+04 0,120 16,3 2 2,3 0,0% 6,83 0,6% 0,89 -11,9 49,2 0,100 0,212 0,17% 4,2E+02 

81 TL 1000 60 100 2,464 0,142 8,23E+01 8,2E+04 4,8E+04 0,112 38,0 1 2,5 0,0% 8,52 1,5% 0,95 -58,6 103,3 0,074 0,171 0,14% 2,3E+03 

82 TL 1000 80 100 2,716 0,129 2,78E+02 2,8E+05 1,6E+05 0,104 85,8 1 1,9 0,0% 10,31 1,9% 0,85 -191,3 238,6 0,055 0,144 0,34% 1,4E+04 

83 TL 1000 100 100 2,895 0,121 3,15E+04 3,1E+07 9,3E+06 0,101 175,2 1 2,7 0,0% 3,27 9,0% 0,35 -484,5 655,4 0,096 0,127 2,67% 2,0E+03 



  

Case                       

84 SM 1e4 20 100 2,111 0,166 1,82E+00 1,8E+04 1,0E+04 0,106 10,3 5 5,3 0,0% 3,32 0,4% 0,69 -9,7 29,5 0,075 0,194 0,00% 2,2E+01 

85 SM 1e4 40 100 3,108 0,113 4,99E+00 5,0E+04 2,7E+04 0,084 20,1 4 4,7 0,0% 4,50 1,0% 0,84 -17,6 60,1 0,051 0,137 0,00% 9,7E+01 

86 SL 1e4 80 100 3,854 0,091 1,95E+01 2,0E+05 1,0E+05 0,073 83,3 1 1,4 0,0% 7,27 0,7% 1,02 -51,1 140,3 0,034 0,103 0,05% 1,2E+03 

87 TL 1e4 100 100 4,195 0,083 4,04E+01 4,0E+05 2,0E+05 0,070 114,1 1 1,5 0,0% 8,34 6,4% 0,93 -114,1 196,8 0,027 0,093 0,08% 9,3E+03 

88 TM 1e5 120 100 5,909 0,059 7,24E+01 7,2E+06 2,6E+06 0,050 127,5 3 6,4 0,0% 7,11 3,5% 0,98 -252,8 167,7 0,012 0,061 0,06% 5,4E+03 

89 TS 1 90 1e5 1,557 0,225 4,51E+05 4,5E+05 1,5E+05 0,154 25,7 6 8,0 27,5% 6,55 1,5% 0,34 -46,5 192,2 0,170 0,233 3,56% 9,0E+03 

90 SS 10 50 1e5 1,067 0,328 3,61E+03 3,6E+04 1,5E+04 0,185 3,6 5 6,1 28,7% 8,50 0,2% 1,07 -3,3 56,9 0,232 0,336 18,55% 5,6E+02 

91 SS 10 60 1e5 1,250 0,280 5,19E+03 5,2E+04 2,4E+04 0,169 10,4 6 6,9 23,7% 8,82 0,1% 0,52 -10,4 124,6 0,202 0,288 9,67% 5,4E+03 
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 881 

Highlights 882 

 883 

> Internally heated 3-D mantle convection models in a spherical shell with temperature and 884 

pressure dependent viscosity have been performed to provide new insights into the various 885 

convection regimes. 886 

>We were able to predict the pattern of convection (dominant degree) for high Rayleigh 887 

numbers in the stagnant-lid regime. 888 

>A case study of 91 3D simulations helped to identify a low-degree regime close to the border 889 

to the stagnant-lid regime. 890 

>We were able to determine the rheological constant through full inversion. 891 

 892 

 893 




