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On the product formula on non-compact Grassmannians
P. Graczyk and P. Sawyer *

Abstract

We study the absolute continuity of the convolution 5EX * 5Ey of two orbital measures on
the symmetric space SOg(p,q)/SO(p) x SO(q), ¢ > p. We prove sharp conditions on X,
Y € a for the existence of the density of the convolution measure. This measure intervenes in
the product formula for the spherical functions. We show that the sharp criterion developed
for SOy (p,q)/SO(p) x SO(q) will also serve for the spaces SU(p,q)/S(U(p) x U(q)) and
Sp(p,q)/Sp(p) x Sp(q), ¢ > p. We also apply our results to the study of absolute continuity
of convolution powers of an orbital measure § .

1 Introduction

The spaces SOy(p, q¢)/SO(p) x SO(q) where ¢ > p (which we will assume throughout the paper),
are the noncompact duals of real Grassmannians. They are Riemannian symmetric spaces of
noncompact type corresponding to root systems of type =====B,<====. The harmonic
analysis on these spaces has been intensely developed in recent years ([1, 13, 14, 15]).

We use throughout the paper the usual notations of the harmonic analysis on Riemannian
symmetric spaces. The books [9, 10] constitute a standard reference on these topics.

Let X, Y € a and let mg denote the Haar measure of the group K. We define 52)( =

mg * 0.x * mg. The question of the absolute continuity of the convolution 52;( * 52Y of two K-
invariant orbital measures that we address in our paper has important applications in harmonic
analysis itself (the product formula for the spherical functions) and in probability theory (random
walks, [y characterization of Gaussian measures).

The spherical Fourier transform of the measure 5EX is equal to the spherical function ¢y (e*),
where A is a complex-valued linear form on a. Thus the product ¢y(e*)¢y(e¥) is the spherical
Fourier transform of the convolution mxy = 5EX *5gy. If we denote by px y the projection of the
measure mx y on a via the Cartan decomposition G = KAK, then

oA(e) pale") :/a%(eH) dpx,y(H).

Let 0 be the density of the invariant measure on a in polar coordinates. The existence of a kernel
in the last product formula

o) o) = [ on(e) KXY o) at 0

is equivalent to the absolute continuity of the measure px y with respect to the Lebesgue measure
on a and to the existence of the density of myy on G, with respect to the invariant measure dg.
When the formula (1) holds, we say that we have a product formula for X and Y € a. Provided
that X, Y € o, the product formula (1) has been shown previously (see [2] in the rank one case,
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[3] in the complex case and [4] in the general case). In [4] we were able to relax these conditions
and show that px y is absolutely continuous provided one of X or Y is in a™ as long as the other
is nonzero. The density can however exist in some cases when both X and Y are singular. It is a
challenging problem to characterize all such pairs X and Y.

This problem was solved in [7] for symmetric spaces with root system of type A,. We solve it
in this paper for the space SOy (p, ¢)/SO(p) x SO(q): we give a definition of an eligible pair (X, Y)
(Definition 3) and next we prove the necessity (Proposition 5) and the sufficiency (Proposition 5
and Theorem 13) of this property for the absolute continuity of myx y.

=====By [3, 4], the density k(H, X,Y) exists if and only if Sxy = a(e® K e¥), the support
of the measure p X,y‘a—+7 has nonempty interior. Similarly, the density of the measure my y exists
if and only if its support KeX Ke¥ K has nonempty interior as seen in [7]. These facts are crucial
in the proofs of the results of this paper.

We show in Corollary 15 that the result for the space SOq(p, q)/SO(p) x SO(q) also implies
the result for the spaces SU(p, q)/S(U(p) x U(q)) and Sp(p, q)/Sp(p) x Sp(q). We conclude the
paper with two further applications of our main result. One of them is a characterization of an
optimal convolution power [ of the measure 5EX, which is absolutely continuous for any X # 0,
X € a. Theorem 17 solves on non-compact Grassmannians a problem raised by Ragozin in [12].
P

2 Basic properties

We start by reviewing some useful information on the Lie group SOq(p, q), its Lie algebra so(p, q)
and the corresponding root system. Most of this material was given in [15]. For the convenience
of the reader, we gather below the properties we will need in the sequel.

In this paper, E;; is a rectangular matrix with 0’s everywhere except at at the position (4, j)
where it is 1.

Recall that SO(p, q) is the group of matrices g € SL(p + ¢, R) such that ¢ I, , g = I, , where
A [ _[p Opxq
P Ogxp 1
follow the same pattern.

The group SOq(p, q) is the connected component of SO(p, ¢) containing the identity. The Lie
algebra so(p, q) of SOq(p, q) consists of the matrices

A B
BT D
where A and D are skew-symmetric.
A very important element in our investigations is the Cartan decomposition of so(p,q) and
SO(p, ¢). The maximal compact subgroup K is the subgroup of SO(p, ¢) consisting of the matrices

o 5]

of size (p+ ¢) X (p+ q) such that A € SO(p) and D € SO(q) (hence K ~ SO(p) x SO(q)). If ¢

]. Unless otherwise specified, all 2 x 2 block decompositions in this paper



is the Lie algebra of K and p is the set of matrices

o 0]

then the Cartan decomposition is given by so(p, q) = € ® p with corresponding Cartan involution

(X)) = —XT.

The Cartan space a C p is the set of matrices

Op Xp Dy Opx (g—p)
H = Dy Opxp OpX (¢—p)

Og-pxp O@—p)xp Otg—p)x(a—p)
where Dy = diag[Hy, ..., H,|. Its canonical basis is given by the matrices
Ai=FEipri+ Eprig, 1 <i <p.

The restricted roots and associated root vectors for the Lie algebra so(p, q¢) with respect to a
are given in Table 1.

root « multiplicity root vectors X,
a(H) = £H; q—p X;_; = Eiopir + Eopiri £ (Eprioprr — Eopirpti)
1§Z§p T:17"'7q_p
a(H) = +(H; — H;) 1 Yii = £(By — Eji + Epviprs — Eprjpri) + Eiprj + Epiji
1<i,j<p,i<j + Ejpri + Eptij
a(H) = +(H; + Hj) 1 Z5 = £(Eij — Eji — Bypyiptj + Eprjpri) — (Biprj + Epyji)
1<i,j<p,i<j + Eipri + Epiij

Table 1: Restricted roots and associated root vectors

The positive roots can be chosen as a(H) = H; £ H;, 1 <i < j<pand a(H) = H;, i =1,
.., p. We therefore have the positive Weyl chamber

ot ={H €a: H >Hy,>--->H,>0}.

The simple roots are given by o;(H) = H; — Hjy1, i =1, ..., p—1 and o,(H) = H,.

The action of the Weyl group. The elements of the Weyl group W act as permutations of
the diagonal entries of Dx with eventual sign changes of any number of these entries.

The Lie algebra ¢ is generated by the vectors X, + 0X,. We will use the notation

K = oH(Xat6Xa)
«

The linear space p has a basis formed by A; € a, 1 < ¢ < p and by the symmetric matrices
X$ == 1(X, — 0X,) which have the following form
Xip 1= Fiopir + Eopirin 1 <0 < p, 1<r<q-—p;
Yij: = Eiprj + Ejpri + Epyji+ Eprig, 1<0<j<p;
ZZ" = Lipyy — Ej,eri -+ Eerj,i — Ep+i,j7 1 S 1< j S p.



If we followed the notation of [7], we should write (X,)?, etc. but we simplify the notation to Xj,,
Y;; and Z;;. If we write a matrix from the space p in the form

0 8] _| g o
BT 0| | 7}
B 0 0

where Bj is a square p X p matrix and By is a p X (¢ — p) matrix, then the matrices

0 B, 0
BT 0 0
0 00

are generated by the vectors A; (for the diagonal entries of By and BY), Y;; and Z;; (for the
non-diagonal entries), whereas the matrices

B

N

0
0
T
2

o O O
o O

B

are spanned by the vectors X,.
We now recall the useful matrix S € SO(p + ¢) which allows us to diagonalize simultaneously
all the elements of a. Let

glp Opx (g—p) %_Jp
5= 72 Iy Opx(g-p) _72 Ip
Og-pxp  Lg—p  Otg—p)xp
0 Dy O
where J, = (§; p+1-¢) is amatrix of size pxp. f H= | Dy 0 0 | with Dy = diag[H,, ..., H)]
0 0 0
q—p
then ST H S = diag[H,, ..., H,,0,...,0,—H,,...,—H].
The “group” version of this result is as follows:
q—p
ST el § = diagle™, ... e 1,... 1,e7r ... e

Remark 1 The Cartan projection a(g) on the group SOq(p, q), defined as usual by
g=kie" Dy, alg) €at,ky, ko€ K

is related to the singular values of g € SO(p,q) in the following way. Recall that the singular
values of g are defined as the non-negative square roots of the eigenvalues of g*g. Let us write
H =a(g). We have

gl g= sz 2 ke = (sz S) (ST 2t S) (ST ks)



q—p

—
2Hy et ... 1, e 2

where ST 2 S is a diagonal matriz with nonzero entries e
e 2H1 Let us write a; = efi. Thus the set of p + q singular values of g contains the value 1
repeated q — p times and the 2p values ay, ..., ap, art, ..., a,

Hence, in order to determine a(g), we can compute the p + q singular values of g*g and omit
q — p values 1 always appearing among them. The 2p remaining singular values may be ordered

alz...Z%Zalle...Zafl with a; > ... > a, > 1. Then

ey ey

0 Do 0
a(g)=| Doy 0 0 with Dy = diag[logay, ..., logay)
0 0 O

Summarizing, if for g € SO(p,q) C SL(p + q) the SL(p + q)-Cartan decomposition writes
g = kie®Dky, ki, ks € SO(p + q), then Dy = my(alg)), where m, denotes the projection
my(diaglhy, ..., hyie)) = diaglha, ..., hy).

Singular elements of a. In what follows, we will consider singular elements X, Y € da™.
As in [7], we need to control the irregularity of X and Y, i.e. consider the simple positive roots
annihilating X and Y. A special attention must be paid to the last simple root c,, different from
the roots «;, © = 1,...,p — 1, that generate a root subsystem of type A,_;. We introduce the
following definition of the configuration of X € a™.

Definition 2 Let X € at. There exist nonnegative integers sy > 1, ..., s, > 1, u > 0 such that
Dx =diag[ T1,...,21,%2, -, T2y ey Ty ooy Tpy 00,0 ]
with xy > 9 > ... >x, >0 and > s;+u=p. We say that [s1,...,s,;u] is the configuration of

X. Writing s = (s1,...,5,), we will shorten the notation of the configuration of X to [s;u]. We
will also write X = X[s;u].

Note that X = 0 is equivalent to u = p and has configuration [0; p]. A regular X € a* has the
configuration [1;0] = [17;0]. We extend naturally the definition of configuration to any X € a,
whose configuration is defined as that of the projection 7(X) of X on at.

In what follows, we will write maxs = max; s; and max(s, u) = max(maxs,u) . We will show
that in the case of the symmetric spaces SOq(p, q)/SO(p) x SO(q), ¢ > p, the criterion for the
existence of the density of the convolution 52 X *5:1/ is given by the following definition of an eligible
pair X and Y:

Definition 3 Let X = X|[s;u] and Y = Y[t;v] be two elements of a. We say that X and Y are
eligible if

max(s, 2u) + max(t, 2v) < 2p.

Observe that if X and Y are eligible, then X # 0 and Y # 0.



3 Necessity of the eligibility condition

In the proof of the necessity of the eligibility condition we will use the result stated in [8, Step 1,
page 1767]:

r N—s
Lemma 4 Let U = diag([ug, ..., ug, u1, ..., uny_,] and V = diag([vo, ..., v, v1,...,0s]. where
s+1<r <N, s>1, and the u;’s and v; s are arbitrary. Then each element of a(eV SU(N,F)e")
has at least r — s entries equal to ug + vg.

We will use Lemma 4 with N = p + ¢ in the proofs of Proposition 5 and Theorem 17.

Proposition 5 If X[s;u| and Y[t,v] are not eligible then the measure puxy is not absolutely
continuous with respect to the Lebesque measure on a.

Proof: Suppose max(s,2u)+max(t,2v) > 2 p and consider the matrices a(e® ke¥), k € SO(p) x
SO(q). Applying Remark 1, the diagonal p x p matrix Dy(.x ;. contains the p biggest diagonal
terms of the matrix

eSTXS  c8O(p+q) €STYS
———
a(e*ke¥) = a((ST e S) (STEkS) (ST e 9))

If u+v > pthen there arer —s=r+ (N —s)—N=Q2u+q¢—p)+2v+qg—p)—(p+q) =
2(u+v —p) + (¢ — p) repetitions of 0+ 0 = 0 in coefficients of a(eXke¥). Therefore 0 occurs at
least u +v — p > 0 times as a diagonal entry of Dy for every H € a(eX K e¥) which implies that
a(e® K V) has empty interior.

If 2u + max(t) > 2p denote t = max(t). Let Y; # 0 be repeated ¢ times in Dy. Then there
arer —s=r+(N—s)—N=Q2u+q—p)+t—(p+q) =2u+t— 2p repetitions of ¥; + 0 in
coefficients of a(e*keY). Therefore Y; occurs at least 2u +t — 2p > 0 times as a diagonal entry of
Dy for every H € a(eX K €¥) which implies that a(eX K e¥) has empty interior. 1

4 Sufficiency of the eligibility condition

We use basic ideas and some results and notations of [7, Section 3].

Proposition 6 (i) The density of the measure mxy ezists if and only if its support KeX Ke¥ K
has nonempty interior.
(ii) Consider the analytic map T: K x K x K — SOq(p, q) defined by

T(kl, kg, ]{Zg) = kl €X kz €Y kg.

If the deriwvative of T is surjective for some choice of k = (ky, ka, k3), then the set T(K x K x K) =
KeXKeY K contains an open set.

Proof: Part (i) follows from arguments explained in [4] in the case of the support of the measure
pxy, equal to a(e® Ke¥'). Part (ii) is justified for example in [10, p. 479]. N



Proposition 7 Let Uy = ¢+ Ad(Z)e. If there exists k € K such that
U_x+ Ad(k)Uy =g (2)
then the measure mxy 1is absolutely continuous.

Proof: We want to show that the derivative of T is surjective for some choice of k = (k1, ko, k3).
Let A, B,C € ¢. The derivative of T" at k in the direction of (A, B, C') equals

d
di(A, B,C) - a‘tzo

= AkieXkye kst kie* Bhye' ks + ke kye¥ Chks (3)

€tAk1 €X €tB]€2 €Y etck3

We now transform the space of all matrices of the form (3) without modifying its dimension:
dim{Ak‘leX kfgeyk’g + ]{31 GXBkJQGYkg +k’16Xk’26YC]€3Z A,B,C € E}
= dim{k; ' Ak eX kye¥ +eX Bhye' +eXkye¥ C: A, B,C €t}
= dim{Ae* kye¥ +eX Bhkye¥ +eXkye¥ C: A B,C €t}
=dim{e X AeX + B4+ ke CeVky': A, B,C ce}
The space in the last line equals ¢ + Ad(e™*)(¢) + Ad(kq) (Ad(e¥)(¥)) = U_x + Ad(ke)Uy. N

In order to apply the condition (2), we will consider convenient root vectors and their sym-
metrizations. For Z € a, we define the space

Vz = span{X;, [ a(Z) # 0},
where X2 = X, — 6X,. Note that this space would be called VJ in the notation of [7].

Lemma 8 Let Z € a. The vector space Uz = ¢+ Ad(e?)(¢) contains the root vectors X, for which
a(Z) #0. =====Consequently, V; =V_; C Upy.<=====

Proof: =====-Suppose « is a root such that a(Z) # 0.<====Note that [Z, X,,] = a(Z) X,
and [Z,0(X,)] = —a(Z)0(X,) . Let U = X, + 0(X,) € ¢. Now,

k
=D X, +e D (X,).

Therefore X, = (e*%) — @)= (—e=@) U + Ad(e?) U) € ¢+ Ad(e?)(¢) = Uz. The vector 60X,
is a root vector for the root —a, so we also have X, € Uz. 1

===



Proposition 9 If there exists k € K such that
then the measure mx y 1is absolutely continuous.

Proof: We want to prove formula (2). By Lemma 8, we know that Vx = V_y C U_x and
Vy C Uy. As ¢ C Uy, we see that the formula (4) implies (2). 1

e

Later in this section,(Theorem 13), we will show that the hypotheses of the last Proposition
are always satisfied for X and Y eligible. For technical reasons, in order to make an induction
proof work, we will show more, i.e. that a “better” matrix & € K exists such that the formula
(4) holds. The meaning of a “better” k will be similar to the notion of a total matrix given in
Definition 10. Here is a definition and a lemma about total matrices in K. The reasonning of
the proof of this lemma will be used in a more general setting in Steps 2 and 3 of the proof of
Theorem 13.

Definition 10 We say that a square n x n matriz k is total if by removing any r < n rows and
r columns of k we always obtain a nonsingular matriz.

Note that this definition of totality is more restrictive than in [7, Definition 3.7].
Lemma 11 The set of matrices in SO(n) which are total is dense and open in SO(n).

Proof: Consider first the set M ; = My, iy gy C SO(n) of orthogonal matrices which
remain nonsingular once the rows of indices 4,...,%; and the columns of indices j,...,, are
removed. To see that such matrices exist, take the identity matrix (whose determinant is 1 if we
remove, say, the first  rows and columns). By taking convenient permutations of the rows and
columns of the identity matrix, we obtain an element of M; ;. Given that SO(n)\M; ; corresponds
to the set of zeros of a certain determinant function, it must be closed and nowhere dense in SO(n).

To conclude, it suffices to notice that the set of total matrices in SO(n) is the finite intersection
of all the sets My ;. 1

In the proof of the main Theorem 13 we will need the following technical lemma.

Lemma 12 (i) For the root vectors X;., Z;%, YT we have

iry g Ty

Ad(e Kt XY (X,,) = cos(2t) Xir + 2 sin(2t) A,
Ad(e! YYD (Yy) = cos(41) Yy + 2 sin(4t) (A; — A;),
Ad(et (Zij++€ Z;;))<ZZJ) = COS(4 t) ZZ] + 2 sin(4 t) (AZ + A])

(i) The functions Ad(et Xi+0X0)) Ad(e! Y +0Y5)) and Ad(e' Z5975)) applied to the other sym-
metrized root vectors do not produce any components in a.



Proof: It is just a matter of carefully evaluating

o0 k
Ad(et DY (1) = ¢t ad(Z+ez Z ad(Z + 0 2))F (W) -
k=0 '

For (ii), use the well known properties of the root system: [g,,g5] € 9415 and [X,,0X,] € a. B

By Proposition 9, in order to justify the sufficiency of the eligibility condition, it is enough to
prove the following theorem. This is the main result of this section.

Theorem 13 Let G = SOy(p,q) and let X, Y € a. If X and Y are eligible then there exists a

matriz k € K such that

Proof: We will assume that X = X[s;u] and Y = Y'[t;v]. Observe that the spaces Vx and Vy
depend on the Weyl chambers where X and Y belong. However, see [7, Lemma 3.3 and Reduction
1, p. 759], the property (5) is equivalent to Vi, x + Ad(k") Viy,y = p for any wy,wy € W and a
convenient k' € K. Throughout the proof we will assume that the diagonal entries of Dx and Dy
are non-negative and we will arrange (permute) them conveniently.

To lighten the notation, for a matrix ¢ of size p x ¢, we will consider the (p + ¢q) x (p + q)

symmetric matrix
¢’ = 0 ¢ €
1o P

The proof will be organized in the following way:

1. Proof for ¢ = p + 1 using induction on p
(a) Proof forp=2and ¢=3
(b) Proof of the induction step
1. Proof in the case u > 0 or v > 0

ii. Proof in the case X|[p;0], Y[p;0]

2. Proof that the case (p,q) implies the case (p,q + 1).

1. Proof for ¢ = p + 1 using induction on p

(a) Proof for p=2 and ¢ =3

This corresponds to the space SOg(2,3). Only two configurations [2;0] and [1;1] may be
realized by singular non-zero X and Y. When Z € a*, we have Dyy,y) = diag[z, 0], and Dy =
diag|z, z], z # 0. It is easy to check that in all 3 possible cases:

() X[2;00,Y[2:0] (id)X[2:0],Y[1;1] orX[1;1], Y[2:0] (360)X[1; 1], Y[1; 1],



X and Y are eligible. Note that
[ oa b]
P—{ c hg d:| -h17h27a7bacad€R}7

[0 b1°
VZ[Q;O]:{ . g C} :a,b,ceR},

[0 a ¢’
VZ[l;l]—{ b 0 0:| .CL,Z),CER}.

V2/2 —V/2/2 0 0 0
V2/2 V2/2 00 0
If k1 = 0 0 1 0 0 then
0 0 0 v2/2 —V?2/2
0 0 0 v2/2 V2/2

B V2a/2 (a—b+¢)/2 (a+b—¢))2]
sat) Vs ={ [ 2500y (023 00a asnsogs | obeeR)

and
(=202 (a—0))2 (a+0¢)/2]
A Vi ={ | Voo (oo s (arasa | PbeER)
V2/2 —V/2/2 0 0 0
V2/2 V2/2 0 0 0
If ky = 0 0 Vv2/2 0 —/2/2 | then
0 0 0 1 0
0 0 V2/2 0 V2/2

B —(b+¢)/2 V2a/2 (=b+c)/2 S.
Mtk Vo ={ | WS Vi Gnae | obee )

We verify easily that in the cases (i) and (iii) we have Vx +Ad(k;) Vy = p. For X[2;0] and Y[1;1],
we can see that Vy + Ad(ky) Vy = p.
(b) Proof of the induction step

(i) Proof in the case u >0 or v > 0

We consider the space SOg(p,p+1)/SO(p) x SO(p+ 1) with p > 2 and the case when Xs; u]
and Y[t;v] are such that w > 0 or v > 0. We assume u > v. We choose the predecessors in
SOy(p — 1,p)/SO(p — 1) x SO(p) in the following way:

X' =X'[s;u—1], Y =Y'[t/;v]

where t' means that we supress one term from the longest block of size maxt. Note that if p > 2
then t’ is not the zero partition (otherwise, t would have been the partition [1] meaning that
u > v = p— 1 which would make X and Y ineligible).

10



We arrange X, X', Y, Y’ in the following way.
1. The first diagonal entry of Dy is zero and all the other zeros are at the end. The diagonal
entries of Dx- are those of Dy without the first zero:

#0 u—1 £0 u—1

Dx = diagl0,%1, ..., %p—u,0,...,0], Dx =diag[ri,...,Tp-u,0,...,0

2. We put a longest block of size t of equal diagonal entries y; of Dy in the beginning of Y.
The diagonal entries of Dy are those of Dy with the first entry omitted:
t t—1

Dy = diagy1, .-, U1, Y2, - - -, Ys), Dy = diag[l, .., y1, Y2, -+, Ys)-

It is easy to check that if X, Y are eligible in SOg(p,p + 1) then X', Y’ are eligible in
SOo(p — 1,p).
Step 1. By the induction hypothesis, there exists a matrix kg € SO(p — 1) x SO(p) such that

Vi + Ad(ko)Vyr = p'. (6)

We embed K’ = SO(p — 1) x SO(p) in SO(p) x SO(p + 1) in the following way

1
, SO(p — 1) SO(p)
K= 1 = SO(p+1) |
SO(p)
Hence, we have (taking the natural embedding of p" into p)
0 B
‘/1 = VX’ +Ad<k0)VY’ = P/ = |: B/T 0 :| (7)

lel ‘ lep

where B’ = [
0pX1 ‘ BE;FI)XP

must show that for some k € K, the space Vy + Ad(k) Vy = p, i.e. that

] and B” is arbitrary (note that p’ is of dimension (p — 1)p). We

(i) Vx + Ad(k) Vy contains p’ embedded into p as in (7).

(ii) Vx + Ad(k) Vi contains all the matrices of the form

New vectors in Vx and Vy. In order to prove the induction conclusion, we must now use the
elements of Vy and V4 which do not come from Vy: or V4. They appear by the interaction of,
respectively, the first diagonal entry of Dx with the others of Dx and the interaction of the first

11



entry of Dy with the others of Dy. We see that the new independent root vectors in Vx and Vy
are respectively

NX:{Kle],j:Q,,p—i—l—U,}, Ny:{Xh}/l“’l:t—Fl,,p, 21]7.722,]7}
where ¢ = maxt > 1 and we wrote X; for Xi;. Note that Nx has 2p — 2u elements while Ny has
2p—t.

Step 2. We show that there exists ki € SO(p — 1) x SO(p) for which (6) holds, and with the
following property:

The space Vo := Ad(kj)span(Ny) is of dimension 2p —t and its elements can be written in the
form

[ 0 o1 ... Op Q1 ... Gp_y |
1
Ts 0 (8)
Ap—r+1
L aZp—t _
withr = [(t—1)/2], s =t—1-r, a; € R arbitrary, o; = oi(a1, ..., a2p—¢) and 75 = 7j(aq, ..., a2p),

1<1,7<s.
We will not need to write explicitely the functions o; and 7;. Note that s = r if ¢ is odd and
s=r+1ift is even.

To justify Step 2, we write

where ko € SO(p — 1) and koy € SO(p). Let ay,...,q,_1 be the columns of the matrix kg; and
B1, ..., Bp the columns of the matrix kg2. A simple block multiplication to compute the action of
Ad(kg) on the elements of Ny gives the linearly independent matrices

0lsr 7" 0 |8E, 1" .
Ad(ko) X, = 0T 0 , Ad(ko)Yy = o ZO s i=1+1,....p,

Ad(h) 22 = |— 2 1B )
(0) 15 = 0 s =4,...,D. (9)

—Q—1

Let us write S for a column §; from which we have removed the first r entries and o} for a
column «; with the first s entries omitted. In order to prove the statement of Step 2, we must show
that the matrices obtained by replacing ; by ! and «; by o in (9) are still linearly independent.
This is equivalent to the linear independence of the matrices

0o |sr7 olpT1 . olo] .
{_O/ 50 ] ,i=1,...,t—1, {O BO ] ,i=1,...,p, [7’7] i=t,...,p—1. (10)
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We will reason in the same way as in Lemma 11.

It is enough to show that there exists at least a choice of matrices ky; and kgs such that the
matrices in (10) are linearly independent. Then, as in Lemma 11, it will follow that such matrices
form a dense open subset in SO(p— 1) x SO(p). By choosing k{, with the matrices in (10) linearly
independent and close enough to kg, the property (6) will be preserved for k.

Pick ko1 = I,—; which implies that o/ =0 fori =1, ..., s and o = e;_ for i > s. With this
choice, (10) becomes

T 18 T 78 T 78
{8 56 } ci=1,...,s, l_f__ 66 } ci=s+1,...,t—1, {8 66 } Li=1,...,D,

which are linearly independent provided that

o1 . (G .
[O 56 ] ,t=1,...,s, [O 50 } ,t=1,...,p

are linearly independent. This is the case for a total matrix kg € SO(p) or by taking convenient
permutations of the rows and columns of the identity matrix I,.

Step 3. We show that there exists a proper subset N of Nx such that, if
V3 :=span(NY) + Vyxr + Ad(ky)Vy = span(Ny) + Vi + V4
then dimV3 =pq—1=dimp — 1 and V3 is given by

0 ‘al Az ... Qp °

a
V; = P . ay,...a5 1 ER Y. (11)

A2p—1

Note that in matrices from the space V3, there are r = [(t —1)/2] pairs (o;, 7;) plus possibly an
extra 7y if ¢ is even and therefore s = r+ 1. Note also that t+2u < 2p implies that p—u > s > r.
T 18 T 18
0 lei AT 0 Jei of elements of Nx
€1 0 —€5;1 ‘ 0
allows us to replace o; and 7; by independent variables. If ¢ is odd, all the o;’s and 7;’s will be
taken care off and at least 2 elements of Ny will remain off N. If ¢ is even, all the o; and 7;’s,
1 < j < r will be replaced by independent variables and only 75 will remain. Now, letting the
coefficient a; “vis-a-vis” the remaining 7, be equal to 1 and all the other variables a; equal to 0,
either 7, =1 or —1 or 74, # £1. If 7, = 1 then Z;, allows us to introduce the missing independent
variable, if 7, = —1 then adding Yjs to N% will do the trick. In the case 7, # +1 we choose
indifferently between Y3, and Z;s. In all cases the set Nx \ N% has at least one element.

For j <r < p— u, each pair Y}; = {

Step 4. Let vy be the positive root vector corresponding to an element of Nx \ N%. We denote
ki = ki . There exists e > 0 such that for t € (0,¢)

V)= Ad(K}) (span(N%) + V) + Ad (ko) Vyr = Vs.
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Observe that v, is equal to Zfrj or ijr for one of the remaining Z;; or Y;; that was not used in
the preceding step. The space V! C V for all ¢ according to Lemma 12 (ii).

Recall the definition of k= e'Xat0Xa) ¢ > 0. Let d(t) = dim V{; for ¢ = 0 we have k{ = Id,
and Ad(k?)(span(N%) + Vy/) + Ad(k))Vy = Vs is of dimension pg — 1, so d(0) = pg — 1. The
equality d(t) = d(0) is equivalent to non-nullity of an appropriate determinant continuous in ¢.
Thus d(t) = pg — 1 holds for ¢t € (0,¢) for some € > 0. As V! C VJ, the statement of Step 4
follows.

Step 5. Generation of A;. By Lemma 12, we have Ad(k})v§ = avf + b Ay + ¢t A; with j # 1 and
by # 0 for t € (0,¢) with € small enough. Consequently

Ad(K})span(vf) + V) = p.

Conclusion. We have p = Ad(k})(Rvf + spanN% + Vy/) + Ad (k) Vy C Ad(KL)Vyx + Ad(kj)Vy,
so Ad(kH)Vx + Ad(ky)Vy = p. Tt follows that

Vx + Ad((K) k) Vy = p.

(ii) Proof in the case X|p;0],Y[p; 0]

This case must be treated separately because the predecessors X', Y’ and consequently the
sets Nx and Ny are different than in case (i). The structure of the induction proof is identical as
in (i), with the Steps 2 and 3 executed together.

We choose both predecessors X'[p — 1;0],Y'[p — 1;0] and arrange X, X', Y,Y” in the same
way as we did in the first part of the proof with Y[t;v] and Y’[t/;v]. In that case, Nx =
{X1,Z13,...,2Z1,} = Ny and the space Ad(k{)(Ny) is generated by

{_?% %Tr, i=1,...,p—1 and l%‘—%ir (12)

) L
0 ] L =2,...,p. (13)

Recall that

We want to show that the matrices in (12) together with those of (13) are linearly independent

for a k, € SO(p — 1) x SO(p) for which the equality (6) holds. Note that if kj = [ [pé [O ]
p
I

P _(1) IO } (p even) then the matrices (12) and (13) are linearly independent.
—p
Using once more the reasonning in Lemma 11, this implies that the set of matrices k{, for which
this is true, is open and dense in SO(p — 1) x SO(p).
We conclude that if N = Nx\{X;} then span (N% + Vx/) + Ad(k{)Vy has the form given in
(11).

We reproduce the previous Step 4 and Step 5 using v; = X;". The rest follows.

(p odd) or k) = [

2. Proof that the case (p,q) implies the case (p,q+ 1)
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=====>We will show by induction that for any ¢ > p, there exists a matrix k£ € K such that
(5) holds.<=====We know by the first part of the proof that this is true for SOqy(p,p + 1).

Assume that X and Y are eligible in SOg(p, g+1). Their configurations are eligible in SOq(p, q).
We write X', Y’ when we work in SOg(p, q).

We embed K’ = SO(p) x SO(q) in K = SO(p) x SO(q + 1) in the following way

SO(p)
K = ! SO(q) | c {So(p)

1 SO(¢+1) |-

The space p’ is formed by matrices

0 B
BT 0 )

where B are p X ¢ matrices. We embed p’ in p by adding a last column of zeros to B.

Step 1. We suppose that there exists a matrix kg € K’ such that
VX’ + Ad(ko)Vy/ = pl. (14)

Then, by [7, Lemma 3.3], for any permutations s; and sy of the diagonal entries of Dx/ and
Dy, there exists kg € K’ such that

Vixr + Ad(ko)Vayyr =9

so we can permute the elements of X’ and Y’ in a convenient way and still have the equality (14).
We will arrange them in the following way (where the stars denote nonzero entries):

Dy = diagl0,...,0,%,...,%|, Dy =diag[x,...,*,0,...,0].

Let us denote ko € SO(p) and kos € SO(q) the matrices compositing ko corresponding in (14) to
such X’ and Y’. We can suppose that the matrix kq; is total.

By the eligibility of X and Y, u + v < p, so no two zeros in Dx, and Dy are at the same
position.

Let N = {X; 1}/, Weset Nx == Vx NN = {Xut1441,- s Xpgr1 ), Ny =y NN =
{X14415- -, Xp—vg+1}. We have p—v > u.

Step 2. Let

where ko1 € SO(p) and kos € SO(q) are the blocks compositing kg. We then have

s

Vi —I—Ad(/{}l)Vy/ = [ p' 0 } . (15)

The space Vx + Ad(k;)Vy contains, in addition to the matrices in (15), the linear span of
Ny + Ad(k1) Ny.
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Denote the columns of the matrix ko; by ¢4, ..., c,. By block multiplication in SO¢(p, ¢ + 1),
we obtain

Ad(k1) X g1 = [ Opxq Cj }8'

This implies that the linear span of Nx + Ad(k;) Ny contains the following symmetric matrices:

[Oqu cl]s,...,[()pxq cu} ,[Oqu eu+1]s,...,[0pxq ep]s,

which are linearly independent by the totality of ko;. Thus Vx + Ad(k)Vy =p. R

s

===
We conclude this section with an example to illustrate our proof.

Example 14 Consider X = X[2;1],Y =Y[1,1;1] in s0(3,4). We write X and Y in such a way
that Dx = diag|0, a,a| and Dy = diaglb,c,0]. Their predecessors in so(2,3) are X' and Y’ such
that Dy, = diag[a, a] and Dy, = diag|c, 0].

Note that X andY form an eligible pair and so are X' = X[2;0] and Y' = Y'[1;1]. In Step 1,

1 0 0 O
: : 0 ko1 0 O :
we show that there exists a matriz ko = 0 0 1 0 with ko € SO(2) and koo € SO(3)
0 0 0 ko
such that
00007
Vxr + Ad(ko) Vi = | 0 % % %
0 * * =%

where x designates an arbitrary element. We have
NX - {Z127}/127Z137}/13}7 NY = {X172127}/127Z137}/13}'
In Step 2, we observe that

0 ‘al o dAg
Ad(ko)span(Ny ) = ay
as

, ap,...a6 € R
0

since the matrices

0 8] [osr ] [0 |8 [0]8] [o]s]
—o1 |0 | {0 | [ —a2[ 0 | |a] O] |[0]O
are linearly independent. Note that in this case, there are no o; and no ;.
NX NY
NO’U}, VX == Span{Zlg,YiQ,Zlg,Yig} UVX/ while Vy = span {Xl,Zlg,Zlg,Z14,}/13} UVy/. We
can show that

Ad(e! P20 702 (Vi) + Ad(ko) (span Ny U Vi)

I
* % O
* K ¥
* X X
* K ¥
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for t small enough (with t small enough, the dimension will not decrease). Now,

cVx Vy x x % x|
Ad(e! (750 Zl+2)) (span{Z12} U Vx/) + Ad(ko) (span Ny U Vi) = | % % % % | =p
ok kK

if t close to 0 since Ad(e! Z2t0222))(Z1,) = cos(4t) Zip + 2 sin(4t) (A; + Ay). Therefore,
k

VX + Ad(eft (ZIL,QJFQ Zi’?) ]{Zo) Vy = Ad(eit (leL,QJr@ Zﬁz))p =9p

which means that the density exists.

===

5 Applications

=====We now extend our results to the complex and quaternion cases.<=====

Recall that SU(p, q) is the subgroup of SL(p + ¢, C) such that ¢* I, ,9 = I,, while Sp(p, q)
is the subgroup of SL(p + ¢,H) such that ¢*I,,9 = I,,. Their respective maximal compact
subgroups are S(U(p) x U(q)) and Sp(p) x Sp(q) = SU(p,H) x SU(¢q, H).
g* g where B is an arbitrary complex (respectively
quaternionic) matrix of size px ¢. The Cartan subalgebra a is chosen in the same way as for so(p, q).

Their subspaces p can be described as

Corollary 15 Consider the symmetric spaces SOq(p,q)/SO(p) x SO(q), SU(p,q)/S(U(p) x

U(q)) and Sp(p, q)/Sp(p) x Sp(q). ¢ > p
Let X, Y € a. Then the measure 55)( *5£Y 15 absolutely continuous if and only if X and Y are

eligible, as defined in Definition 3.
Proof: Let X, Y € a. If they are eligible then since
a(e”™ (SO(p) x SO(q)) e”) C a(e™ S(U(p) x U(g)) ") C a(e™ (Sp(p) x Sp(q)) e”),

it follows from Theorem 13 that these sets have nonempty interior. Hence the density exists in all
three cases.

On the other hand, given Lemma 4, one can reproduce Proposition 5 using F = C and F = H
to show that the eligibility condition is necessary in the complex and quaternionic cases. B

We will conclude this paper with two further applications.

*2 *2
Proposition 16 Let X and Y € a be such that (5EX> and <5zy> are absolutely continuous.

Then 52)( * 52Y is absolutely continuous.
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Proof: =====Let X = X|[s;u| and Y = Y[t; v].<=====We know that the couple (X, X) is
eligible; therefore

2 max{s,2u} < 2p.
In the same manner, max{t,2v} < p. Hence,
max{s,2u} + max{t,2v} <p+p=2p

which means that X and Y are eligible. Consequently, 5:;( * 5EY is absolutely continuous. o

If X € aand X # 0, it is important to know for which convolution powers [ the measure (52)()[
is absolutely continuous. This problem is equivalent to the study of the absolute continuity of
convolution powers of uniform orbital measures 55 =mg * 0y x my for g € K.

It was proved in [8, Corollary 7] that it is always the case for [ > r + 1, where r is the rank
of the symmetric space G/K. It was also conjectured ([8, Conjecture 10]) that r + 1 is optimal
for this property, which was effectively proved for symmetric spaces of type A,([8, Corollary
18]). In the following theorem, the conjecture is shown not to hold on symmetric spaces of type
=====B,<====, where r = p. Thanks to the rich structure of the root system B,, already
all p-th powers of orbital measures are absolutely continuous and p is optimal for this property.

Theorem 17 On symmetric spaces SOqy(p,q)/SO(p) x SO(q), SU(p,q)/S(U(p) x U(q)) and
Sp(p,q)/Sp(p) x Sp(q), ¢ > p, for every nonzero X € a, the measure (52)( )P is absolutely contin-
uous. Moreover, p is the smallest value for which this is true: if X has a configuration [1;p — 1]
then the measure (52)( P~ is singular.

Proof: We will write S% for the set a(e®X K ..., K eX) where the factor eX appears [ times. Note

that (52X)l is absolutely continuous if and only if S% has nonempty interior.

We prove first that for [ < p, the measure (55)()1 may not be absolutely continuous. Let

X = X[1;p — 1]. Using Lemma 4 repeatedly, as in the proof of Proposition 5, we show that for
[ < p, there are at least p — [ diagonal entries of Dy which are equal to 0 for every H € S’.
Consequently, S% has empty interior and (5ix)l is not absolutely continuous when [ < p — 1.

We will now show that (5EX )P has a density for every X # 0.

If X = X|[s;0] then the measure (52)()2 is already absolutely continuous (the couple (X, X) is
eligible). Suppose then that X = X[s;u] € a™, u > 0.

Remark that if H € S% then a(eX Kef) ¢ Si'. Indeed, we have eX ky EX ... kj_e¥X =
kq e ky, and therefore a(eX Kef) = a(eX K kyef ky) = a(eX KeXky ... k1 eX) C S

We claim that there exists H € S% ' such that H = H[1?~;1] or H € a™.

We prove the claim using induction on p. If p = 2 then Sﬂ’(_l = {X} and the result follows (in
that case, u cannot be higher than 1 for X # 0).

SO(p—1) 0 0 0

o 0 1 0 0

Suppose that the claim is true for p —1 > 2. Let Ky = 0 0 SO(g—1) 0
0 0 0 1

Consider the set B = a(eX Koe® ... eX) with p — 1 factors eX. By the induction hypothesis,
there exists Hy € B with Hy = Hy[1P72;2] or Hy = Hy[1P7%;1]. In the second case, we are done.
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If Hy = Ho[1P72;2] € B, we can assume that the diagonal entries which are 0 in Dy and in
Hy are at the end. We note that X and H, considered without their last entries are eligible in
SOg(p—1,q—1), their configurations being [s; u— 1] and [17~2; 1] respectively. Hence a(eX Kjef0)
has nonempty interior in the subspace a™ N{H, = 0}. Therefore, there exists H € a(eX K,ef°) C
SP~' with H = H[17~';1] which proves the claim.

To conclude, we take H € Sﬁ’{l with H € a™ or H = H[1P7!;1]. In both cases, X and H are
eligible, so by Corollary 15 the set a(e® K ) has nonempty interior. As a(e® K ef) C S%, this
ends the proof. N

6 Conclusion

With this paper and with [7], we have now obtained sharp criteria on singular X and Y for the
existence of the density of 5EX * 52Y for the root systems of type A, and type B,. Thanks to [§]
and Theorem 17 of the present paper, sharp criteria are now given for the [-th convolution powers
(52)()1 to be absolutely continuous for any X # 0, X € a.

Although there is considerable similarity between the criteria for both type of spaces, a char-
acterization of eligibility that would be applicable for all Riemannian symmetric spaces of non-
compact type has yet to emerge. The solution of the second problem in Theorem 17 seems to
indicate that the answer may depend on the type of the symmetric space.
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